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|Qt= C=aq]= C}OwOLt x@ xHwD =@ xm CU= h=Oy= R= l} Qy |=Q@ u=tQ; ?=NDv=
u}vJty "Ovm|t QwO hOy R= =Q xOvQ}os}tYD 'u; ?=NDv= QO |DkO|@ w CU= Q=wWO
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u=oOvQ}os}tYD xm OwW|t xDiQo Q_v QO|}=yxv} RoCQwYx@ =yu=tQ;VywSBu}= QO
|}xR=@|OwyW|R=i O=Oa=CQwY x@ =Q u; =@ OwNCki=wt sOa wCki=wtu=R}thrDNt
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v=tQ;

|R}
Qxt=

vQ@Q
Ou

=tQ;
?=N

Dv=h} QaD u} Ro}=H =Q C}@ wr]t `@=D |xr}Uw x@ u=tQ; K]U x@ |@=}CUO w h} QaD
xOQm |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@ QO |OOa Q}O=kt |xr}Uw x@ u=tQ; Kw]U
=@ =Q �hOy Qy |=Q@ u=tQ; OvJ u}}aD� |v=tQ; K]U Q=OQ@ swyit w= `k=w QO "CU=
OYk xOvQ}os}tYD w= |O=yvW}B OQm} wQ QO "O=O xaUwD C}@ wr]t `@=D uDiQo Q_v QO
|]N C}@ wr]t `@=D wO Qw_vtu}O@ &Ovm xv}W}@ =Q OwN Q=_Dv= OQwt C}@ wr]t OQ=O
[3]"OwW|t QmP |]N pOt =yvD =Hu}= QO xm CU= xDiQo Q_v QO =Q S-Shape w
Cr=L QO |]N C}@ wr]t `@=D uDiQo Q_v QO =@ |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@ pOt

[3]%CU= 3 CqO=at xawtHt KQW x@ �|R=Uxv}W}@� |R=Uxv}tm
min

mX
i=1

[wi(d+
i + d�i ) + �i��i ]

s:t:

�i � fi(x)� gi;max

f�i � gi;max
= �ior�i � yi � gi;min

gi;max � gi;min

f1(x)� d+
i + d�i = yi

�i + ��i = 1
gi;min � yi � gi;max

x 2 F
d+
i ; d

�
i ; �

+
i ; �i � 0; i = 1; : : : ;m (3)

u=R}t R}v �i "CU= C}@ wr]t =@ \@DQt |L}HQD |xir-wt l} �i uRw pOt u}= QO
|=Q@ jyi � gi;maxj C=i=QLv= ẁtHt Q@=Q@ ��i u}vJty "CU= xr�Ut C}@ wr]t
|R=Uxv}tm |xr�Ut |=Q@ jyi�gi;maxjC=i=QLv= ẁtHt =} w |R=Uxv}W}@ |xr�Ut

"CU=
QO =@ |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@ pOt |xaUwD x@ [4]u=Q=mty w |O}OH
|v=tQ; |xR=@ GQ=N w pN=O pQDvm C}r@=k w |]N C}@ wr]t `@=D uDiQo Q_v
|R} Qxt=vQ@ pOt |xDi=}xaUwD pOt QO 'OW xO=O KQW ,q@k xm Qw]u=ty "OvDN=OQB
QO wi s}_vD =@ "OwW|t xDiQo Q_v QO u=tQ; |=Q@ xR=@ l} '|}xv} RoOvJ |v=tQ;
|v=tQ; |xR=@ QO xm yi |v=tQ; K]U CtU x@ fi(x) hOy Q=Okt 'p@k VwQ
QO �i s}_vD =@ u=tRsy Qw]x@ "OwW|t xOv=Q 'CU= OwOLt [gi;min; gi;max]

=Hv}= QO "OwW|t xOv=Q �|R=Uxv}tm |xr�Ut |=Q@� gi;minCtU x@ R}v yi 'pOt
gi;min |va} u}}=B OL |R=Uxv}tm |xr�Ut |=Q@ �1� %OwW xHwD Q} R C=mv x@ O}=@
|v=QL@ |x]kv gi;max |va} q=@OL �2� &OwW s}_vD C@Ft p;xO}= ?=wH u=wvax@
=yxOvvmO}rwD ,qFt "OwW QDW}@ u; R= |Q=O=vat CQwYx@ O}=@v hOy Q=Okt xm CU=
xm =Q |t=N O=wt w C=a]k Ct}k |xv}W}@ 'OwN |=yxOvvmu}t-=D ?=NDv= R= V}B
"Ovvm|t u}}aD =Q C=mQ=OD |xv} Ry |xv}W}@ |DQ=@a x@ =} OvDUy u; CN=OQB x@ QO=k
x@ "OwW|t xDiQo Q_v QO |v=QL@ |x]kv C=mQ=OD |xv} Ry |xv}W}@ OQwt u}= QO
OL 'OQ}o@ Q=Qk [gi;min; gi;max] |v=tQ; |xR=@ QO hOy Q=Okt Qo = Qo}O CQ=@a
OwN CtU x@ =Q hOy xm OwW|t xDiQo Q_v QO |QwLt |x]kv l} u=wva x@ u}}=B
GQ=N |Qo}O hOy 'u}}=B OL CtU x@ hOy l} ?PH =@ Qo = "Ovm|t ?PH
q=@ OL '�hrDNt h=Oy= u}@ O=[D w Zk=vD Cra x@� ODi}@ V=|v=tQ; |xR=@ R=
|aU xm OwW|t xDiQo Q_v QO O}OH |QwLt |x]kv l} u=wva x@ gi;max |va}
KQW x@ |OQm} wQ [4]u=Q=mty w |O}OH [4]"Ovm ?PH OwN CtU x@ =Q hOy Ovm|t
|}xS} w xHwD O}OH OQm} wQ u}= "OvOQm O=yvW}B \}=QW u}= uDiQo Q_v QO |=Q@ Q} R
QO=k =Q xOvQ}os}tYD xm OQ=O |QwLt |x]kv wO u=wva x@ gi;max w gi;min x@

=yu=tQ; u}}aD |=yQ=mwR=U |xaUwD OvwQ xt=O= QO 'CU= |}xv} RoOvJ |v=tQ;
"OwW|t u}}@D |rY= |=yxir-wt p}rLD w |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@ QO
1 CqO=at |xawtHt CQwY x@ l}Uqm |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@ |xr�Ut

[1]%CU=
min

mX
i=1

d+
i + d�i

s:t:

f1(x)� d+
i + d�i =

nX
j=1

gijsij(B)

sij(B) 2 Ri(x); i = 1; : : : ;m
x 2 F
d+
i ; d

�
i � 0; i = 1; : : : ;m (1)

|a@=D Ri(x) w CU= |} wOwO |=yQ}eDt R= `@=D l} Qou=}@ Sij(B) pOt u}= QO
xrtH R= u=tQ; x@ \w@ Qt C}OwOLt CU=Q CtU "CU= `@=vt |=yC}OwOLt R=
CU= QDy@ OW=@ QDW}@ xJ Qy �1� %OW=@ xDW=O Cr=L xU Ov=wD|t gijSij(B)

uOQm xv}tm � CU= QDy@ OW=@ QDtm xJ Qy �2� '�Pn
j=1 gijSij(B) uOQm xv}W}@�

"OW=@ xDW=O C}ty= uOw@ u=tQ; Q@=Q@ =yvD �3� w '�Pn
j=1 gijSij(B)

Ot;Q=m \UwDt w lJwm |xR=Ov= =@ p�=Ut |=Q@ |R=U|]N |=yVwQ ,=twta
|xR=Ov= |=Q@ |} wOwO Q}eDt |O=} R O=OaD OwHw Cra x@ pOt u}= pL =t= "OvDUy

"Ow@ Oy=wN Q=wWO nQR@ xr�Ut
|R=}v xm OQm O=yvW}B =Q |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@ |]N pOt [2]nv=J
l} R= |} wOwO |=yQ}eDt |=Hx@ u; QO w OQ=Ov l} w QiY |=yQ}eDt R= xO=iDU= x@
|v=tQ; |R} Qxt=vQ@ |xr�Ut pOt [2]"CU= xOW xO=iDU= u=tQ; Qy |=Q@ xDUw}B Q}eDt

%CU= �2� CqO=at xawtHt CQwYx@ xOW Q_v O}OHD |}xv} RoOvJ
min

mX
i=1

[wi(d+
i + d�i ) + �i(e+

i + e�i )]

s:t:

f1(x)� d+
i + d�i = yi

yi � e+
i + e�i = gi;maxorgi;min

gi;min � yi � gi;max

x 2 F
d+
i ; d

�
i ; e

+
i ; e
�
i � 0; i = 1; : : : ;m (2)

"CU= gi;min � yi � gi;max |xOwOLt QO xDUw}B Q}eDt yi jwi pOt QO
C=i=QLv= uRw Q@=Q@ w s=i hOy x@ \w@ Qt u=tQ; x@ |@=}CUO C}ty= Qou=}@ wi
|xr�Ut |=Q@ jyi � gi;maxj C=i=QLv= ẁtHt uRw �i "CU= jfi(x) � yij
"CU= |R=Uxv}tm |xr�Ut |=Q@ jyi� gi;minj C=i=QLv= ẁtHt =} w |R=Uxv}W}@
xm OvW=@ xDW=O u=Uwv |Dw=iDt Q=}U@ OwOL QO Ovv=wD|t C=i=QLv= pOt u}= QO

"OwW|t |OtaQ}e h=QLv= l} ?Hwt Qt= u}=
\UwD Q=@ u}rw= C}@ wr]t `@=D uDiQo Q_v QO =@ |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@
R= l} Qy |=Q@ |OOa Q}O=kt u}}aD xmu}= x@ xHwD=@ `k=w QO "OW KQ]t [3]nv=J
O}OH swyit [3]nv=J 'CU= Ot;Q=m =v |Qt= C=aq]= C}OwOLt Cra x@ hOy `@=wD
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|Q}os}tYD QO O}OQD w C}a]k sOa uDiQo Q_v QO |=Q@ VwQ u}= "Ovm|t Tmavt
xm CU= xOW xO=O u=Wv |OOa |=yV}=tR; =@ "Ov=xO=O x�=Q= [8w7]u=Q=mty w w}r =Q
p�=Ut |=Q@ PCA |r@k |xDi=} xaUwD |=yVwQ x@ C@Uv IVIF-PCA VwQ

"CU= QDOt;Q=m xO}J}B |ywQo |Q}os}tYD
|v=tQ; |R} Qxt=vQ@ |=ypOt |xaUwD |=Q@ xOW s=Hv= |=yVywSB =@ s=oty
xt=O= QO xm CU= xDiQo CQwY R}v =yv; OQ@ Q=m |xRwL QO |}=yVywSB '|}xv} RoOvJ

"OwW|t xQ=W= =yv; R= |NQ@ x@
xOvvmu}t-=D ?=NDv= |=Q@ =Q |R=i|}xv} RoOvJ|v=tQ; |R} Qxt=vQ@ [9]u=Q=mty w|r
Q=DiQ 'u=tQ; u}OvJ uDiQo Q_v QO "Ov=xDiQo Q=m x@ TFT-LCD |=yQoW}=tv
|wUm =B "CU= xOw@ =yv; pOt Cwk \=kv R= `@=vt C}OwOLt w 'u=oOvQ}os}tYD
pQDvm |xr�Ut |=Q@ =Q xOWKqY= |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@ [10]nv=J w
|=yxQHvB j} Q] R= VwQi w u}t-=D |xQ}HvR K]U QO |}xQwO OvJ |OwHwt
[11]u=Q=mty w wy "Ov=xDiQo Q=m x@ '�Popup� Ov=xO=O Q=Qk =yC}=U QO xm |D=e}r@D
?=NDv= |xr�Ut |=Q@ =Q |@D=QtxrUrU p}rLD w |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@
Q=m x@ Q=m w ?Um pLt =} |vwmUt pRvt |xQ=H= =} O} QN |=Q@ ?U=vt u=mt

"Ov=xOQ@
|xr�Ut|=Q@ =QK}LYOOa|}xv} RoOvJ|v=tQ; |R} Qxt=vQ@ [12]u=Q=mty w =wr}U
|R} Qxt=vQ@ G}=Dv =yv; "Ov=xOQ@ Q=m x@ p} RQ@ QO pwv=D= w QmW CmQW O}rwD |R} Qxt=vQ@
|R} Qxt=vQ@ |QDQ@ wxOQm xU}=kt |vRw |v=tQ; |R} Qxt=vQ@ =@ =Q |}xv} RoOvJ |v=tQ;

"Ov=xDiQo xH}Dv =Q |}xv} RoOvJ |v=tQ;

|R=i O=Oa= |=Q@ |rY= |=yxir-wt p}rLD VwQ "3
|}xR=@ |OwyW

O=OaD OwHw CQwY QO xm OwW|t xOy=Wt 'PCA l}Uqm pOt |UQQ@ =@
O}OH |=yQ}eDt O=H}= |=Q@ =Q =yv; |]N ?}mQD u=wD|t xDU@sy |=yQ}eDt O=} R
IVIF |=yQ}eDt |]N ?}mQD xmu; Cra x@ u}= OwHw =@ "CiQo Q=m x@ pkDUt
IVIF OOa [8]u=Q=mty w w}r |DL=Q |=Q@ 'OW=@v IVIF Q}eDt l} CU= umtt
w s}y=it "Ov=xOQm h} QaD =Q |O}OH s}y=it w xO=O s}taD =Q IVIF |xawtHt w
xOW u=}@ 1 CUw}B QO (IF) |OwyW |R=i |=yxawtHt x@ \w@ Qt |x}rw= h} Q=aD

"CU=

IVIF-PCA sD} Qwor= "1"3
|wQ Q@ |rY= |=yxir-wt p}rLD |=Q@ O}OH sD} Qwor= l} IVIF-PCA sD} Qwor=
s}vm|t ZQi %OwW|t xO=O K}[wD xt=O= QO xm [8]'CU= |}xR=@ � |R=i C=aq]=
PCA VwQ =@ x@=Wt xm OQ=O OwHw _A1; _A2; : : : ; _Am s=v x@ IVIF Q}eDt m
_A1; _A2; : : : ; _Am R= |]N?}mQDl} _YK |va} |rY= |xir-wt u}t=k 'l}Uqm
_A = ( _A1; _A2; : : : ; _Am) xm |Qw]x@ CU= Yk =

Pm
j=1 eik _Aj Q}_v

"CU= Q=QkQ@ R}veTk e1 = 0weTk ek = 1\QWwCU=ek = (e1k; : : : ; emk)T w
%CU= 6|x]@=Q CQwYx@ _YkTv=} Q=w 'OWu=}@p@kVN@ QO xm 1|xOa=k =@j@=]t
D( _Yk) = COV ( _Yk; _Yk) = eTkCek (6)

uDi=} xr�Ut hOy "CU= _A1; _A2; : : : ; _Am Tv=} Q=wwm T} QD=t C x]@=Q u}= QO
D( _Yk) � \QW =@ =Q Pm

k=1 D( _Yk) xm CU= e1; : : : ; em Ot=aDt Q=OQ@ m

KQW x@ =yv; |O=yvW}B pOt "Ovm pQDvm =Q |v=tQ; |xR=@ GQ=N w pN=O =D OR=U|t
%CU= Q} R

min
mX
i=1

wi�i

s:t:

f�i � fi(x)
f�i � f+

i
= �i

0 � �i � 1
x 2 F (4)

Q=Okt |xOW p=tQv |xrY=i u:}@t xm CU= xDUw}B ?} Q[ l} �i pOt u}= QO
CQwY x@ pOt O}OH |=yQ}eDt R= xO=iDU= =@ "CU= f�i R= xOWpY=L hOy `@=D

%OwW|t |U} wvR=@ 5 CqO=at xawtHt
min

mX
i=1

(w�i �i � w�i �i)

s:t:

fi(x) = �igi;min + (1� �i)gi;max + �i(f�i � gi;max)

�i � yi � 1 + �i

�i + yi � 1
yi 2 f0; 1g
0 � �i; �i � 1
x 2 F (5)

=Hu; R= u}vJty "Ovm|t u}t[D =Q fi(x) xHwt ?=wH x@ |@=}CUO pOt u}=
pqDN= uwO@ w |DL=Q x@ Ov=wD|t xOvQ}os}tYD C=L}HQD '0 � �i; �i � 1 xm

"OwW |R=UpOt =yhOy T=}kt Cw=iD R= |W=v
CU= 1 (PCA) |rY= |=yxir-wt p}rLD 'xr=kt u}= QO xO=iDU= OQwt Qo}O Q=R@=
|xr}Uw x@ (PCA) QO "CU= xOW xDN=vW |xQ}eDt OvJ |Q=t; p}rLD VwQl} xm
|O=OaD |wQ Q@ p}rLD x@ xDU@ty Q}eDt |O=OaD |wQ Q@ p}rLD Ot=aDt p}O@D l}
u}rw= R= |OwOLt O=OaD |Q}oQ=m x@ =@ VwQ u}= ?re= "OwW|t p}O@D xDU@ty=v Q}eDt
Vy=m |=Q@ 'Ovvm|t Tmavt =Q |rY= |=yxO=O QO |Q}PB Q}}eD xm |rY= |=yxir-wt
|rY= |=yxir-wt p}rLD VwQ |xQ=@ QO QDW}@ |xar=]t |=Q@ "OwW|t xO=iDU= O=a@=

"OwW ẁHQ [5]QJvQ ?=Dm x@
|=yxO=O p}rLD |=Q@ l}Uqm Q=R@= l} (PCA) |rY= |=yxir-wt p}rLD
EL@ V}=O}B =@ Q}N= |=yp=U QO "CU= |v}@V}B |=ypOt O=H}= w |i=WDm =
&OwW|t T=UL= q=@ |}=Q=m =@ xDi=}xaUwD PCA |=yVwQ x@ R=}v nQR@ |=yxO=O
R= xDi=} xaUwD VwQ l} xm =Q 2 CIPCA VwQ [6]u=Q=mty w nv=w Qw_vtu}O@
CIPCA R}=tD xHw "Ov=xOQm x�=Q= 'CU= |}xR=@ |=yxO=O |=Q@ PCA l}Uqm VwQ
CU= u}= QO 4 CPCAw 3 VPCAQ}_v PCA |xDi=}xaUwD |=yVwQ Q}=U =@
CIPCA "OQ}oQ@ QO =Q |}xR=@ C=Oy=Wt QO pt=m C=aq]= Ov=wD|t VwQ u}= xm
sy=Qi nQR@ T=}kt QO |OOa |=yxO=O |=Q@ PCA u} Ro}=H Ot;Q=m OQm} wQ l}

"O@=}@ =Q nQR@ |=yxO=O QO u=yvB Q=DN=U CU= QO=k w Ovm|t
l}Uqm VwQ R= Qo}O |xDi=} xaUwD VwQ l} R}v 5 IVIF-PCA VwQ
|=Q@ |}xR=@ |OwyW |R=i O=Oa= |Q}oQ=m x@ "CU= |}xR=@ |=yxO=O |=Q@PCA
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"""|
v=tQ;

|R}
Qxt=

vQ@Q
Ou

=tQ;
?=N

Dv=Qy |=[a= �C} w[a sOa |xHQO |q=@ OL� w �C} w[a |xHQO |q=@ OL�
x@U=Lt Q} R CQwYx@ T=}kt Q}}eD w Ow@ Oy=wN Q} R CQwYx@ lk u=wva =@ uwDU

%OwW|t
lk = maxf�̂uik + �̂uikg

l = maxflkg(k = 1; : : : ; P ) (10)

CQwY u}= Q}e QO w OwW|t s=Hv= Q} R CQwYx@ T=}kt Q}}eD '1 > 1 Qo =
%OwW|tv s=Hv= T=}kt Q}}eD

~yik = ([�̂Lik=sk; �̂
u
ik=sk]; [�̂Lik=sk; �̂

u
ik=sk]) (11)

T} QD=t |=yxir-wt xm |t=ovy "CU=yQ}eDt R= |}xvwtv T} QD=t R= \N Qy
QO p}]DUt ?amt l} u=wva x@ T} QD=t R= \N Qy OvW=@ |}xR=@ O=Oa=
O=Oa= |=yxir-wt xm |t=ovy x@=Wt Qw]x@ "OwW|t xDiQo Q_v QO |UO}rk= |=[i
xO=iDU= xvwtv Qy QO C=aq]= V}=tv |=Q@ p}]DUt ?amt wO R= OvW=@ IVIF

x@ "OwW xO=O V}=tv |UOvy ^=Lr R= Ov=wD|t p}O@D p=wQ u}= u}=Q@=v@ "OwW|t
'OwW|t p=ta= u=Um} CQwYx@ =yxvwtv s=tD |wQ Q@ p}O@D u}= xm Cra u}=
|k=@ pkDUt |rY= |=yxir-wt w OyO|tv Q}}eD =Q =yxvwtv |@Uv C}akwt p}O@D

"Ovv=t|t
xOy=Wt|}xv} RoOvJ|v=tQ; |R} Qxt=vQ@ pOt|xQ=@ QOj}kLD |xv}W}B x@ xHwD =@
x@ w OW=@ KQ]t u=oOvQ}os}tYD R= |oQR@ xwQo `i=vt xr�Ut QO xm |DQwY QO OW
OOaDt |=yQ}eDt h} QaD x@ OwHwt |=ypOt QO 'OW=@ R=}v OOaDt |=yu=tQ; h} QaD
O}OQD OwHwt |=ypOt u}vJty &OQ@|t q=@ =Q |D=@U=Lt |oO}J}B xm CU= R=}v
QO=k |O=yvW}B OQm} wQ "OvQ}o|tv Q_v QO R}v =Q =yu=tQ; ?=NDv= QO u=oOvQ}os}tYD
O}OQD |xHQO w nQR@ |=yxwQo QO hrDNt `i=vt =@ u=oOvQ}os}tYD C=Q_v CU=
j} Q] R= |D=@U=Lt |oO}J}B Vy=m ?Hwt w Ovm OQ=w pOt QO =Q u=oOvQ}os}tYD
sD} Qwor= R= xO=iDU= =@ j}kO w |tra CQwY x@ u=tQ; |OwOLt O=OaD =} l} ?=NDv=

"OwW IVIF-PCA

IVIF-PCA Q@ |vD@t |O=yvW}B VwQ "4
Q@|vD@t |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@ pOt l} |x�=Q= j}kLD u}= R= hOy
xm =Hu; R= "CU= nQR@ |=yxwQo QO xOvQ}os}tYD |O=OaD \UwD xOW x�=Q= C=Q_v
u=oOvQ}o s}tYD C=Q_v |oDU@ty w |v=WwBty 'u=oOvQ}os}tYD O=OaD V}=Ri= =@
u}= hPL =@ umtt C=aq]= u} QDW}@ G=QNDU= Q@|vD@t OQm} wQ u}= 'O@=}|t V}=Ri=
=yxO=O p}rLD R= TB 'OW u=}@IVIF-PCA VwQ QO xmu=vJ "CU=y|v=WwBty
s}y=wN |rY= |xir-wt 'OvDUy PCA QO =yQ}eDt u=ty xm u=oOvQ}os}tYD O=OaD x@
Vy=m |=Q@ TB "OvQ}o|tQ@ QO =Q Vv=O u} QDW}@ |rY= |=yxir-wt u}rw= xm CW=O
|Q=}at T=U= Q@ ,qwtat xm |rY= |=yxir-wt u}rw= R= |OwOLt O=OaD xr�Ut O=a@=
VwQ |=y s=o "OwW|t xDiQo Q_v QO 'OvwW|t XNWt |atHD CmQ=Wt MQv Q}_v

%CU= Q} R KQW x@ |O=yvW}B
OvJ|v=tQ; |R} Qxt=vQ@ QO xJu; x@=Wt u=tQ; |O=OaD %s}tYDT} QD=t O=H}= "1 s=o
Cki=wt |xQ=@ QO xOvQ}os}tYD Qy TBU &OwW|t ?=NDv= CU= pw=ODt |}xv} Ro
X}YND l} w QiY |xR=@ QO |OOa u=tQ; Qy x@ C@Uv OwN Cki=wt sOa w
Qy u; |=yQ]U xm OwW|t pY=L m QO n T} QD=t l} C}=yv QO "OyO|t

%CU= 7 |x]@=Q KQW x@ |R=Uxv}y@ pOt "Ovm xv}W}@ : : : � D( _Ym)

max
mX
k=1

eTkCek

s:t:

eTk ek = 1
eTk el = 0
eT1 Ce1 � : : : � eTmCem
1 = 1; 2; : : : ;m
1 6= k (7)

x@ =yxS} w Q}O=kt =@ Q_=vDt xm CU= C |=yxS} w Q=OQ@ e1; : : : ; em xv}y@ ?=wH
%OwW|t xYqN Q} R CQwYx@ sD} Qwor= |=y s=o "CU= |rwRv ?}DQD

CQwYx@ xm _A = ( _A1; _A2; : : : ; _Am) |}xvwtvT} QD=t uOQw; CUO x@ "1 s=o
%OwW|t xO=O u=Wv 8 |x]@=Q

_̂A = ( _A1; : : : ; _Am) = ( _�ij)n�m =

0BBBBB@
_�11 : : : _�1m
: : :

: : :

_�n1 : : : _�nm

1CCCCCA
D( _A) = 1

n� 1
nX
i=1

d( _�xi; E( _A))2

COV ( _A; _A) = COV (8)

"CU= IVIF Q}eDtu}t= jC=Oy=Wt Qou=}@ _Aj = ( _�1j ; : : : ; _�nj)T xm |Qw]x@
"OwW|t x@U=Lt Tv=} Q=wwm T} QD=t "2 s=o

"OwW|t x@U=Lt |rY= |=yxir-wt |=yTv=} Q=w w ?}=Q[ "3 s=o
"OwW|t ?=NDv= pw= |rY= |xir-wt p C=t=Rr= =@ j@=]t "4 s=o

"OwW|t x@U=Lt R=}Dt= T} QD=t "5 s=o

|rY= |=yxir-wt uOw@ IVIF u}t[D "2"3
O=Oa= CU= umtt |rY= |=yxir-wt 'OW=@v l} Q@=Q@ xS} w Q=OQ@ |=yxir-wt ẁtHt Qo =
Q}}eD R= 'OvDUy IVIF O=Oa= |}=yv C=aq]= xmv}= u}t[D Qw_vtx@ "OvW=@v IVIF

%s}vm|t xO=iDU= Q} R KQW x@ p=kDv= w T=}kt
%(traslation) p=kDv=

u}}=B OL� |xv}tm (Score Matrix) C=Qtv T} QD=t R= uwDU Qy |=Q@ Qw_vtu}O@
?=NDv= sk u=wva x@ =Q �C} w[a sOa |xHQO u}}=B OL� w �C} w[a xHQO

%OwW|t xO=O p=kDv= sk |xr}Uwx@ _yik QYva Qy TBU "s}vm|t
ŷik = ([ _�Lik � sk; _�uik � sk]; [ _�Lik � sk; _�uik � sk]) =

([�̂Lik; �̂
u
ik]; [�̂Lik; �̂

u
ik]) (9)

%(scaling) T=}kt Q}}eD
ẁtHt |xv}W}@ (Score Matrix) C=Qtv T} QD=t R= uwDU Qy |=Q@ Qw_vtu}O@
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2/
1|

xQ=t
W'

34
�1

|xQ
wO'

�13
97

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "CU= xOW xDiQo Q_v QO u=tQ; 7 hOy

Goals : (G1)5x1 + 2x2 + x3 = 70; 75; 80; 85; 90; 95; 100
(G2)4x1 + 3x22x3 = 70; 75; 80; 85; 90; 95; 100
(G3) 3=5x1 + 5x2 + 3x3 = 80; 85; 90; 95;
100; 105; 110
Constraints : x2 + x3 � 10; x2 � 4; x1 + x2 + x3 � 15:

(14)

R= |atH |Qmi u=iw] R= TB hOy `@=wD R= l} Qy |=Q@ 'OW u=}@ xJv; j@]
=Hu}= QO xm &OwW|t xDiQo Q_v QO hrDNt u=tQ; |O=OaD u=U=vWQ=m w u=YYNDt
xDiQo Q_v QO |[Qi CQwYx@ =yxO=O u}= CU= |[Qi QwmPt p=Ft xmu; Cra x@
xOvQ}os}tYD |O=OaD R= OwW ?=NDv= OvtiOy CQwYx@ u=tQ; Q=Okt xmu; |=Q@ "Ov=xOW
R= l} Qy x@ =D OwW|t CU=wNQO �\w@ Qt |xRwL QO XYNDt 20 pk=OL�
|}xR=@ Q} R CQwY x@ � Cki=wt sOa |xHQO l} w Cki=wt |xHQO l} =yu=tQ;
"s}yO|t x�=Q= =Q |r=Ft u=oOvQ}os}tYD x@ ,qFt "OvyO X=YDN= � l} w QiY R=
CQwY u}= x@ _� Q}UiD x=ov; _� = ([0 6; 0 7]; [0 2; 0 3]) s}W=@ xDW=O Qo =
w 'OQ=O Q=Qk [0 6; 0 7] |xR=@ QO Q_v OQwt u=tQ; R= C}=[Q |xHQO xm CU=
u}vJty "OQ=O Q=Qk [0 2; 0 3] |xR=@ QO Q_v OQwt u=tQ; R= C}=[Q sOa |xHQO
"OW=@ l} =@ |w=Ut =} R= QDlJwm O}=@ xR=@ wO |q=@ OL ẁtHt xm s}vm|t xQ=W=
'OwW u=oOvQ}os}tYD s=y@= ?Hwt CU= umtt xDmv u}= u=}@ s}v=O@ xm |DQwY QO
Qorta ltm x@ |r}rLD xvwoQy s=Hv= R= p@k =t= &s}vm|tv ẁ[wt u}= x@ |}xQ=W=

"s}vm|t p}O@D IVIF O=Oa= x@ =Q O=Oa= �T=}kt Q}}eD w p=kDv=� p}O@D
uwDU 20 w Q]U 7 =@ T} QD=t l} h=Oy= R= l} Qy |=Q@ xOt; CUO x@ O=Oa=
=@ ,qwtat xm CU= hrDNt u=oOvQ}os}tYD C=Q_v uwDU 20 u}= "OyO|t p}mWD =Q
umtt C=aq]= u} QDW}@ G=QNDU= hOy "OvQ=O �|oDU@sy w� |v=WwBsy Qo}Om}

"OwW|t s=Hv= IVIF-PCA pL=Qt Qw_vtu}O@ "CU=y|v=WwBsy u}= hPL =@
xO=O u=Wv 2 CUw}B QO Q=YDN= x@ u=tQ; Qy x@ C@Uv u=oOvQ}os}tYD C=Q_v
C@Uv u=oOvQ}o s}tYD Q_v s}vm|t ZQi C=@U=Lt sHL Vy=m |=Q@ "CU= xOW
hOy `@=D Qy |=Q@ O}=@ CQwY u}= Q}e QO 'CU= u=Um} hrDNt h=Oy= u=tQ; x@
|=RH= R= l} Qy =yxO=O O=}OR= Cra x@ "OwW s=Hv= =RHt CQwY x@ Q} R C=}rta
u}vJty "CU= xOW xO=O u=Wv 2 CUw}B QO =RHt CQwY x@ ([a; b]; [c; d]) O=Oa=

%CU= Q} R CQwYx@ pw= |rY= |xir-wt xvwtv u=wva x@
pc1 = 0=0228x1 + 0=0494x2 + 0=0732x3 + 0=0881x4

+0=0980x5 + 0=1004x6 + 0=1038x7 + 0=1275x8

+0=1428x9 + 0=1645x10 + 0=1993x11 + 0=2200x12

+0=2325x13 + 0=2574; x14 + 0=2922x15 + 0=3053x16

+0=3179x17 + 0=3416x18 + 0=3654x19 + 0=3891x20
(15)

u}= j@] =Hv}= QO "s} Q}o|t Q_v QO =Q pw= |xir-wt =yvD C=@U=Lt Vy=m Qw_vtx@
R= l} Qy |=Q@ u=oOvQ}os}tYD |xOW s=eO= C=Q_v pw= |rY= |xir-wt |=Q@ x]@=Q
xOy=Wt xm Qw]u=ty "CU= 1 pwOH KQW x@ G}=Dv xm CU= xOW x@U=Lt u=tQ; 7
Qw_vtu}O@ "OvwWp}O@D IVIF O=Oa= x@CU= sRq w OvDU}v IVIF O=Oa= u}= OwW|t

w �xOvQ}os}tYD m � u=oOvQ}os}tYD u; |=yuwDU w �u=tQ; n� =yu=tQ; R= l}
sOa =} Cki=wt u=R}t u:}@t xm OvDUy |}xR=@ |OwyW |R=i O=Oa= u; |=yx}=QO

"OvDUy u=tQ; u; =@ xOvQ}os}tYD Qy Cki=wt
=OD@= Tv=} Q=wwm T} QD=t |x@U=Lt Qw_vtx@ %Tv=} Q=wwm T} QD=t |x@U=Lt "2 s=o

%OwW|t x@U=Lt xDi=}s}taD IVIF |=yQ}eDt |=Q@ |}xvwtv u}ov=}t

E( _A) = ([E( _�L_A(x)); E( _�U_A(x))]; [E( _�L_A(x)); E( _�U_A(x))])

= ([ 1
n

nX
i=1

_�L_A(xi);
1
n

nX
i=1

_�U_A(xi)]; [
1
n

nX
i=1

_�L_A(xi);
1
n

nX
i=1

_�U_A(xi)])

(12)

T} QD=t |=yx}=QO� xDi=}s}taD IVIF Q}eDt wO Qy |=Q@ |}xvwtv Tv=} Q=wwm TBU
%OwW|t x@U=Lt �Tv=} Q=wwm Tv=} Q=w

COV ( _A; _B) = 1
n� 1

nX
i=1

d( _�xi; E( _A))d( _�xi:E( _B)) (13)

|HwQN xmu; x@ xHwD =@ %|rY= |=yxir-wt ?}=Q[ w xS} w Q}O=kt |x@U=Lt "3 s=o
|=yxir-wt |=yTv=} Q=w w ?}=Q[ |x@U=Lt 'OvDUy |k}kL O=Oa= p@k |xrLQt
Q}O=kt ?}DQD u}O@ [8]"OwW|t s=Hv= l}Uqm PCA sD} Qwor= j@=]t |rY=

"OwW|t x@U=Lt |rY= |=yxir-wt ?}=Q[ w xS} w
|}=yT=}kt uDiQo Q_v QO =@ ,qwtat %u=tQ; Qy |xOW s=eO= VRQ= u}}aD "4 s=o
'OvQ}o|tQ@ QO =Q C=aq]= u} QDW}@ xm pw= |xir-wt OvJ|atHDCmQ=Wt MQv Q}_v
xOW pY=L IVIF-PCA p}rLD R= xm |rY= |xir-wt u}rw= "OvwW|t ?=NDv=
|]N ?}mQD u}= QO =yQ}eDt O=OaD xm CU= Q}eDt |O=OaD R= |]N ?}mQD l}
xOW u}}@D IVIF O=Oa= uO=O Q=Qk =@ C}=yv QO "CU= u=oOvQ}os}tYD O=OaD Q@=Q@
s=eO= |}=yv C=aq]= x@ |]N ?}mQD QO 'u=tQ; Qy |=Q@ xOvQ}os}tYD Qy \UwD

"s}@=}|t CUO xOW
sRq w OvW=@v IVIF pY=L O=Oa= CU= umtt %IVIF O=Oa= x@ p}O@D "5 s=o
2�4�2 VN@ QO xJu; j@=]t pta u}= "OvwW p}O@D IVIF O=Oa= x@ CU=

"OwW|t s=Hv= 'OW xO=O KQW
|}xR=@ |OwyW |R=i OOa l} u=tQ; Qy |=Q@ C}=yv QO %=yu=tQ; |xU}=kt "6 s=o
"OwW xDiQo Q_v QO u=tQ; u} QDy@ w OvwW xU}=kt Qo}Om} =@ O}=@ xm OwW|t h} QaD

"s}vm|t pta 4 h} QaD j@] xU}=kt Qw_vtx@
O=OaD =@ =Q xr�Ut u=wD|t w OwW|t XNWt =yu=tQ; u} QDKHQt ?}DQD u}O@
hOy `@=wD R= l} Qy |=Q@ O}=@ Ov}=Qi u}= "OQm pL xOW XNWt u=tQ; |OwOLt

"OwW s=Hv=

|OOa p=Ft "5
pL |O=yvW}B OQm} wQ =@ [1]nv=J p=Ft |O=yvW}B OQm} wQ OQmrta |UQQ@ Qw_vtx@
Q_v uDiQo Q_v QO w =yu=tQ; O=OaD V}=Ri= nv=J p=Ft =@ p=Ft Cw=iD "CU= xOW
Qy |=Q@ u}=Q@=v@ "CU= u=tQ; ?=NDv= |=Q@ hrDNt `i=vt =@ OOaDt u=oOvQ}o s}tYD
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"""|
v=tQ;

|R}
Qxt=

vQ@Q
Ou

=tQ;
?=N

Dv="pw= hOy `@=D |=Q@ u=tQ; Qy R=}Dt= "5 pwOH
R=}Dt= `@=D Q=Okt u=tQ; |xQ=tW

�0 24355 pw= u=tQ;
�0 12812 swO u=tQ;
0 182602 swU u=tQ;
�0 18148 sQ=yJ u=tQ;
�0 20855 sHvB u=tQ;
�0 64406 sWW u=tQ;
�0 68077 sDiy u=tQ;

u=tQ; Qy R=}Dt= C}=yv QO "s}yO|t s=Hv= =Q pL=Qt u}= s=tD swO hOy `@=D |=Q@
OQwt |=yu=tQ; u=}t R= %Ow@ Oy=wN 5 pwOH CQwYx@ swO hOy `@=D =@ \@DQt
`i=vt =@ u=oOvQ}os}tYD Q_v p=ta= |=Q@ IVIF-PCA sD} Qwor= x@ xHwD =@ Q_v
xmu; ZQi =@ C}=yv QO "OwW|t ?=NDv= 80 Q=Okt |va} u=tQ; u}twU 'hrDNt
hOy `@=D u}twO |=yu=tQ; x@=Wt hOy `@=D u}twU |=yu=tQ; =@ \=@DQ= QO C=Q_v
Q@=v@ "OwW|t ?=NDv= 90 Q=Okt |va} u=tQ; u}twU R}v swU hOy `@=D |=Q@ 'OW=@
p}O@D Q} R KQW x@ l}Uqm |v=tQ; |R} Qxt=vQ@ |xr�Ut x@ xr�Ut OW QmP xJu;

%OwW|t
Goals : (G1)3x1 + 2x2 + x3 = 100

(G2)4x1 + 3x2 + 2x3 = 80
(G3) 3=5x1 + 5x2 + 3x3 = 90
Constraints : x2 + x3 � 10; x2 � 4; x1 + x2 + x3 � 15:

(16)

"OwW|t pY=L 43 33333 |xv}y@ ?=wH LINGO QO xr�Ut u}= pL =@
w 6 666667 '13 33333 Q@=Q@ ?}DQD x@ x3 'x2 'x1 |xv}y@ Q}O=kt u}vJty
xHwt ?=wH LINGO QO xr�Ut u}= pL =@ xm |DQwY QO "CU= 3 333333
|rY= |xir-wt wO O}=@ �1� %OQ=O OwHw pL x=Q xU xrLQt u}= QO 'OwWv pY=L
�2� "OwW Q=QmD jwi pL=Qt ,=OOHt w OwW xDiQo Q_v QO =yu=tQ; ?=NDv= |=Q@ pw=
u=tQ; |va}� u=oOvQ}os}tYD O}O R= QDy@ u=tQ; u}twO =@ l}Uqm |v=tQ; |R} Qxt=vQ@
QDy@ u=tQ; wO =@ w |}xv} Ro OvJ CQwY x@ |v=tQ; |R} Qxt=vQ@ �3� "OwW pL �sHvB

"OwW pL u=oOvQ}os}tYD O}O R=

|D; C=k}kLD |=yxv}tR w |Q}oxH}Dv "6
?=NDv= |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@ |=ypOt QO CqmWt u} QDsyt R= |m}
Q=wWO |Qt= C=aq]= C}OwOLt x@ xHwD =@ xm CU= h=Oy= R= l} Qy |=Q@ u=tQ;
|@=}CUO R= =Q u=oOvQ}os}tYD u=tQ; ?=NDv= QO |DkO|@CU= umtt u}=Q@=v@ "CU=
|=Q@ hrDNt |=ypOt |x�=Q= OwHw =@ u}vJty "Ovm QwO u=WQ_v OQwt hOy x@
uDiQo Q_v QO x@ QO=k |vwvm |=ypOt u=vJty '|Q}os}tYD QO |Q}PBh=]av= V}=Ri=
`k=w QO xr�Ut u}= QO xOvQ}os}tYD O}OQD "OvDU}v u=oOvQ}os}tYD O}OQD |xHQO
=yu=tQ;VywSB u}= QO "CU= u=tQ; uOw@?U=vt=v =}?U=vt QO w=lW |xOvvmu=}@
Cki=wt u=R}t hrDNt u=oOvQ}os}tYD xm Ov=xOW xDiQo Q_v QO |}=yxv} Ro CQwY x@

"u=tQ; Qy x@ \w@ Qt C=Q_v s=eO= "1 pwOH
��0 9897,1 5801� '�1 5708,1 9621�� pw= u=tQ;
��0 3612,0 7536� '�2 2025,2 7491�� swO u=tQ;
��0 3282,0 8566� '�2 2569,2 6534�� swU u=tQ;
��1 0634,1 6585� '�1 5838,1 6781�� sQ=yJ u=tQ;
��0 8638,1 5276� '�1 5168,1 9651�� sHvB u=tQ;
��1 1710,1 6869� '�1 5228,1 9120�� sWW u=tQ;
��1 6938,2 1228� '�1 2126,1 6091�� sDiy u=tQ;

"IVIF O=Oa= x@ p}O@D pw= s=o u=wva x@ p=kDv= "2 pwOH
��0,0 5904� '�0 5811,0 9723�� pw= u=tQ;
��0,0 3923� '�1 8413,2 3879�� swO u=tQ;
��0,0 5284� '�1 9286,2 3251�� swU u=tQ;
��0,0 5950� '�0 52041,0 6147�� sQ=yJ u=tQ;
��0,0 6637� '�0 6529,1 1012�� sHvB u=tQ;
��0,0 5158� '�0 3518,0 7410�� sWW u=tQ;
��0 4811,0 9102� '�0,0 3965�� sDiy u=tQ;

"IVIF O=Oa= x@ p}O@D swO s=o u=wva x@ T=}kt Q}}eD "3 pwOH
��0,0 2069� '�0 2036,0 3407�� pw= u=tQ;
��0,0 13749� '�0 6452,0 8368�� swO u=tQ;
��0,0 1851� '�0 6758,0 8148�� swU u=tQ;
��0,0 2085� '�0 1823,0 2154�� sQ=yJ u=tQ;
��0,0 2325� '�0 2288,0 3859�� sHvB u=tQ;
��0,0 1807� '�0 1232,0 2596�� sWW u=tQ;
��0 1686,0 3189�'�0,0 1389�� sDiy u=tQ;

"pw= hOy `@=D |=Q@ u=tQ; Qy R=}Dt= "4 pwOH
R=}Dt= `@=D Q=Okt u=tQ; |xQ=tW

�0 337 pw= u=tQ;
�1 344 swO u=tQ;
�1 305 swU u=tQ;
�0 189 sQ=yJ u=tQ;
�0 382 sHvB u=tQ;
�0 202 sWW u=tQ;
0 3486 sDiy u=tQ;

u=Wv T=}kt Q}}eD s=o 3 pwOH QO "CU= xOW xO=O u=Wv p=kDv= s=o 2 pwOH QO
h} QaD u=tQ; 7 xmu; x@ xHwD =@ OwW|t xOy=Wt xm Qw]u=ty "CU= xOW xO=O
Qo}Om} =@ O}=@ xm OwW|t h} QaD jwi CQwY x@ xR=@ l} u=tQ; Qy |=Q@ s}Ow@ xOQm
4 h} QaD j@] xU}=kt Qw_vtx@ "OwW xDiQo Q_v QO u=tQ; u} QDy@ w OvwW xU}=kt
x@ xHwD =@ Q_v OQwt |=yu=tQ; u=}t R= "CU= xOW u=}@ 4 pwOH QO 1 CUw}B QO
u}tDiy 'hrDNt `i=vt =@ u=oOvQ}os}tYD Q_v p=ta= |=Q@ IVIF-PCA sD} Qwor=

"CU= u} QDy@ 100 Q=Okt |va} u=tQ;
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Ovyt sD} Qwor= R= xO=iDU= =@ j}kO w|tra CQwY x@ u=tQ;l} ?=NDv= j} Q] R=|D=@U=Lt

"CU= IVIF-PCA

IVIF O=Oa= CQwY x@ =yu=tQ; R= C}=[Q sOa w C}=[Q u=R}t xr=kt u}= QO
|O=yvW}B pOt |xaUwD |=Q@ KQ]t |=yxO}= R= |m} u}=Q@=v@ &CU= xOW xDiQo Q_v QO
|Q}oQ=m x@ w IVIF O=Oa= CQwY x@ =yu=tQ; OwN uDiQo Q_v QO |D; |=yVywSB QO
Qo}O R= "CU= |}xv} RoOvJ |v=tQ; |R} Qxt=vQ@ pOt QO u; |x}@aD |=Q@ |Q=mwR=U
p�=Ut Q}_v |ak=w p�=Ut QO Q=mwR=U u}= |Q}oQ=m x@ VywSB u}= |xaUwD |=yxv}tR

"CU= u}t-=D |xQ}HvR |R} Qxt=vQ@ QO KQ]t

"Ovvm|t u=}@ |}xR=@ |OwyW |R=i O=Oa= CQwY x@ =Q u; =@ OwN Cki=wt sOa w
|=yxir-wt p}rLD VwQ R= u=oOvQ}os}tYD hrDNt C=Q_v s=eO= Qw_vtx@ u}vJty
xO=O xaUwD Q=mwR=U "CU= xOW xO=iDU= |}xR=@ |OwyW |R=i O=Oa= |=Q@ |rY=
|=yxwQo QO hrDNt `i=vt =@ u=oOvQ}os}tYD C=Q_v CU= QO=k xr=kt u}= QO xOW
x@ u}W}B |=ypOt QO xm Ovm OQ=w pOt QO =Q u=oOvQ}os}tYD O}OQD |xHQO w nQR@

"CU= xOWv xHwD u;
=@ u=oOvQ}os}tYD C=Q_v uDiQo Q_v QO Q@ xwqa |O=yvW}B Q=mwR=U |=}=Rt R=
|oO}J}B Vy=m 'u=oOvQ}os}tYD O}OQD |xHQO w nQR@ |=yxwQo QO hrDNt `i=vt

=yCWwv=B
1. Principal Component Analysis
2. Complete-Information-Based Principal Component Analysis
3. Vertices Principal Component Analysis
4. Centers Principal Component Analysis
5. Interval-Valued Intuitionistic Fuzzy PrincipalComponent Anal-

ysis
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Q=Okt l} [13]hwU=v=D; "OwW|t xO}t=v �C} w[a |xHQO� =} �CLY |xHQO�
|xHQO� =} �CLY sOa |xHQO� u=wva =@ =Q [0; 1] |xrY=i R= Qo}O |k}kL
|R=i |=yxawtHt swyit R= hwU=v=D; h} QaD "OwRi= swyit u}= x@ �C} w[a sOa

"CU= Q} R KQW x@ (IF) |OwyW
|xawtHt "OW=@ |yDQ}e |k}kL O=Oa= |xawtHt l} X O}vm ZQi "1 h} QaD

CUw}B
|}xR=@ |OwyW |R=i w |OwyW |R=i "1 CUw}B

QO =t= "CU= l} =} QiY Q=Okt Q@=Q@ xQ=Ro l} CLY |[=} Q l}Uqm j]vt QO
CLY u=R}t u}= xm CU= [0; 1] |xR=@ QO |k}kL |Q=Okt CLY u}= |R=i j]vt
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"""|
v=tQ;

|R}
Qxt=

vQ@Q
Ou

=tQ;
?=N

Dv="CU= 4 h} QaD KQW x@ xm xO=O O=yvW}B IVIF

`@=D w R=}Dt= `@=D "OW=@ IVIF OOal} ~� = ([a; b]; [c; d]) s}vm ZQi "4h} QaD
h(~� 1

2 (a+b+c+d) w s(~�) = 1
2 (a�c+b�d)CQwY x@?}DQD x@ u;CLY

%s} Q=O '~� w ~� CQwY x@ IVIF OOa wO uDW=O =@ ?}DQD u}O@ "OwW|t xO=O u=Wv
~a < ~� x=ov; s ~(�) < s( ~�) Qo = �
~� = ~� x=ov; s(~�) = s( ~�) Qo = �
~� = ~� x=ov; h(~�) = h( ~�) Qo = �
~� < ~� x=ov; h(~�) < h( ~�) Qo = �

OOa |=Q@ "OW=@ |k}kL O=Oa= R= |yD=v |xawtHt l} X s}vm ZQi "6 h} QaD
"CU= 22 |x]@=Q CQwYx@ IVIF

(~� ~A(X); ~� ~A(X)) =

~�x = ([~�L~A(X); ~�U~A(X)]; [~�L~A(X); ~�U~A(X)]) (22)

jraD C}OwOLt Qw_vt� s}vm|t hPL =Q ~� ~A(X) w ~� ~A(X) |=yxR=@ C}OwOLt
~� ~AU(X)+ ~� ~AU(X) � 1 |x]@=Q |=[Q=C}OwOLt w [0; 1] |xR=@ x@ uDW=O

"s} Qw;|t CUO x@ _� _A(X) w _� _A(X) CQwY x@ O}OH |xR=@ wO w �CU=
`tH pta 'OW u=}@ u}= R= V}B xm |}xR=@ O=Oa= ?Q[ w `tH pta x@=Wt
h} QaD Q} R CQwY x@ xOW xO=O s}taD IVIF O=Oa= |=Q@ =Q |]N ?Q[ w |]N

%s}vm|t
_� = ([a2; b2]; [c2; d2]) w _� = ([a1; b1]; [c1; d1]) s}vm|t ZQi "7h} QaD
23 |x]@=Q CQwY x@ _� w _� |]N `tH "OvW=@ xOWxO=O s}taD IVIF OOa wO

%OwW|t xO=O u=Wv
_�+ _� = ([a1 + a2; b1 + b2]; [c1 + c2; d1 + d2]) (23)

|=yQ}eDt |=Q@ |}xvwtv Tv=} Q=wwm w |}xvwtv Tv=} Q=w s}y=it |x�=Q= x@ xt=O= QO
%xDi=}s}taD IVIF Q}eDt |=Q@ |}xvwtv u}ov=}t %OwW|t xDN=OQB xDi=}s}taD IVIF

E( _A) = ([E( _�L_A(x)); E( _�U_A(x))]; [E( _�L_A(x)); E( _�U_A(x))])

= ([ 1
n

nX
i=1

_� _AL(xi) =; 1
n

nX
i=1

_�U_A(xi)]; [
1
n

nX
i=1

_�L_A(xi);

1
n

nX
i=1

_�U_A(xi)]) (24)

% _� w _� xDi=} s}taD IVIF Q}eDt wO u}@ Cw=iD
d( _�; _�) = 1

2 ((a1 + b1 � a2 � b2)� 1
2 (c1 + d1 � c2 � d2) (25)

% _� w _� xDi=}s}taD IVIF Q}eDt wO u}@ Cw=iD swyit
%CU= VN@ wO pt=W d( _�; _�) =} _� w _� xDi=}s}taD IVIF Q}eDt wO u}@ Cw=iD
|xHQO xmu; Cra x@ "C} w[a sOa |xHQO Cw=iD w C} w[a |xHQO Cw=iD
IVIF Q}eDt wO Cw=iD 'OvDUy O=[Dt swyit wO C} w[a sOa |xHQO w C} w[a
C} w[a |xHQO Cw=iD R=C} w[a sOa |xHQO Cw=iD j} QiD =@ Ov=wD|t xDi=}s}taD

"OwW pY=L
%xDi=}s}taD IVIF Q}eDt |=Q@ |}xvwtv Tv=} Q=w

D( _A) = 1
n� 1

nX
i=1

d( _�xi; E( _A))2 (26)

%OwW|t h} QaD 17 |x]@=Q CQwY x@ X QO A s=v x@ IF

A = f(x; �A(x); (�A(x)jx 2 Xg (17)

x C} w[a sOa w C} w[a |xHQO u:}@t ?}DQD x@ �A(x) w �A(x) xm|Qw]x@
18 \@=wQ KQW x@ CW=ov u}= &OQ=O CW=ov A |xawtHt x@ xm CU= X QO |}=y

%CU=
�A : X ! [0; 1]; or x 2 X ! �A(x) 2 [0; 1]

�A : X ! [0; 1]; or x 2 X ! �A(x) 2 [0; 1] (18)

|twyit 1 h} QaD QO 0 � �A(x) + �A(x) � 1 %s} Q=O x 2 X Qy |=R= x@ xm
|x]@=Q CQwY x@ xm OQ=O OwHw A QO x O}OQD |xHQO =} |OwyW XN=W u=wva =@

%OwW|t h} QaD 19
�A(x) = 1 = �A(x)� �A(x) (19)

"OQ}o|t Q=Qk 0 � �A(x); 1 |xR=@ QO Q=Okt u}= X w[a x Qy |=R= x@ xm
OOa 'IF |xawtHt QO xir-wt V}=tv |=Q@ [14]Qo =} w wS |R=UxO=U Qw_vtx@
Cra x@ |rm Qw]x@ "Ov=xO=O u=Wv �x = (�A(x); �A(x)) =@ =Q |OwyW |R=i
|xHQO j}kO u=}@ |=Q@ |k}kL O=Oa= R= xO=iDU= 'C=aq]= |v}at=v w |oO}J}B
xm |r=L QO &CU= R}ov=Q@ Vr=J IF |xawtHt QO C} w[a sOa =} C} w[a
(IVIF)|}xR=@ |OwyW |R=i QO u}=Q@=v@ "OvDUy QD?U=vt ?re= |}xR=@ O=Oa=
CQwY x@ �C} w[a sOa =} CLY sOa |xHQO� w �C} w[a =} CLY |xHQO�

"OwW|t u=}@ [0; 1] |xR=@ R= |}xDU@ |=yxR=@ Q} R
|xawtHt 'OW=@ |k}kL O=Oa= R= |yD=v |xawtHt l} X s}vm ZQi "2 h} QaD

%OwW|t h} QaD 20 |x]@=Q CQwY x@ IVIF

~A = f(x; � ~A(X); ~� ~A(X))jx 2 Xg (20)

w ~� ~A(X) = [~�L~A(X); ~�U~A(X)] � [0; 1] xm|Qw] x@
" ~�U ~A(X) + ~�U~A(X) � 1 w ~� ~A(X) = [~�L~A(X); ~�U~A(X)] � [0; 1]

x@ IVIF |xawtHt '~�U~A(X) = ~�L~A(X) w ~�U~A(X) = ~�L~A(X) Qo = u}vJty
"OwW|t p}O@D IF |xawtHt

|=yxR=@ R= Ov=CQ=@a IVIF |xawtHt |}x}=B |=yxir-wt h} QaD j@=]t
CW=ov ~A x@ xm X QO |}=yx C} w[a sOa =} C} w[a |xHQO |xOW?DQt

"OQ=O

~�2 = ([a2; b2]; [c2; d2]) w [~�1 = ([a1; b1]; [c1; d1])s}vmZQi "3h} QaD
xawtHt KQW x@ OvwW s=Hv= =yv; |wQ Ovv=wD|t xm pta Q=yJ "OvW=@ IVIF OOa wO

%CU= 21 \@=wQ
~�1 � ~�2 = ([a1 + a2 � a1a2; b1 + b2 � b1b2]; [c1c2; d1d2])

~�1 
 ~�2 = ([a1a2; b1b2]; [c1 + c2 � c1c2; d1 + d2 � d1d2])

�~�1 = ([1� (1� a1)�; 1� (1� b1)�]; [c�1 ; d�1 ]); � > 0
~��1 = ([a�1 ; b�1 ]; [1� (1� c1)�; 1� (1� d1)�]); � > 0 (21)

|Q}os}tYD |=Q@ C=aq]= s=eO= R= TB IVIF O=Oa= |Ov@x@DQ w xU}=kt ,qwtat
O=Oa= |Ov@x@DQ |=Q@ CLY `@=D l} w R=}Dt= `@=D l} [15]wS "CU= sRq |}=yv
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D( _A) = COV ( _A; _A) = COV (
mX
j=1

�j _Aj ;
mX
j=1

�j _Aj)

= (�1; : : : ; �m)

 
cov( _A1; _A1) cov( _A1; _Am)

cov( _Am; _A1) cov( _Am; _Am)

!
0BB@ �1

:

�m

1CCA�TC� (28)

%xDi=} s}taD IVIF Q}eDt wO |=Q@ |}xvwtv Tv=} Q=wwm

COV ( _A; _B) = 1
n� 1

nX
i=1

d( _�xi; E( _A))d( _�xi; E(_b)) (27)

'OQ=O OwHw _A1; _A2; : : : ; _A3 s=v x@ IVIF Q}eDt m s}vm|t ZQi "1 xOa=k
28 |x]@=Q CQwY x@ _A1 =

Pm
j=1 �j _Aj Q}_v =yv; |]N ?}mQD Tv=} Q=w

"([a,b],[c,d]) QO a

"([a,b],[c,d]) QO b

"([a,b],[c,d]) QOc
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"""|
v=tQ;

|R}
Qxt=

vQ@Q
Ou

=tQ;
?=N

Dv=

"([a,b],[c,d]) QO a

"([a,b],[c,d]) QO b

"([a,b],[c,d]) QOc

"([a,b],[c,d]) QO d
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