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%OwW|t |R=UpOt Q} R CQwYx@ xr�Ut u}= OwU `@=D |rm pmW
max' = (P � cp)D � k� � hR (1)

CmQW l} pOt "1"3
p=@vO x@ CmQW u; QO xm |O}rwD CmQW l} |OwHwt pOt p}rLD x@ 'VN@ u}= QO
|=[=kD "OwW|t xDN=OQB 'CU= P Ct}k =@ w T lQ=OD u=tR QO |OwHwt u}}aD
|x]@=Q u=}@ |=Q@ "CU= Q_v Ot |q=m Ct}k w TQDUO QO |OwHwt R= |a@=D CmQW
QO q=m Ct}k w |OwHwt w Q=R=@ C}r@=k R= |@ Q[pY=L =Q u; �2 |x]@=Q� =[=kD
?}DQD x@ Q}F-=D u=R}t u=wD|t f w � |=yQDt=Q=B \UwD xm |DQwY x@ &s} Q}o|t Q_v
u}@t OW=@ QDnQR@ xJQy � Q=Okt xm OQm s}_vD =[=kD `@=D QO =Q Ct}k w |OwHwt
CQwYx@ xm OyO|t Q=Qk Q}F-=D CLD =Q =[=kD |QDW}@ Q=Okt x@ |OwHwt xm CU= u;

%OwW|t xO=O V}=tv Q} R
D = �R2�+1P�f (2)

|OwHwt R= pkDUt =[=kD xm CU= u}= Q@ ZQi |OwHwt l}Uqm |=yx} Q_v QO
u}= QO "OwW|t pY=L 3 |x]@=Q R= R TQDUO QO |OwHwt w CU= CUO QO
CQwYx@CN=wvm} `} RwD R= wCU= �(x) |r=oJ `@=D =@ |iO=YD |=[=kD x xrO=at
%=@ OwW|t Q@=Q@ CmQW |OwHwt u=R}t u}=Q@=v@ "Ovm|t |wQ}B u(m� �;m+ �)

R =
UZ

m��
(U � x)�(x)dx

= 1
2� (Ux� 1

2x
2)jx=U

x=m��

= 1
4� (U �m+ �)2 (3)

QO xm CU= |ivtQ}e |@} Q[ � w p} wLD u=tR QO =[=kD \UwDt m 'pOt u}= QO
%s} Q=O Q} R CQwYx@ w CU= Q}eDt [0; 1] |xR=@

m = TD = T�R2�+1P�f (4)

� = �TD = �T�R2�+1P�f (5)

OwW|t Q@=Q@ CmQW Ow@tm w |OwHwt u=R}t '5 w 4 |xrO=at wO R= xO=iDU= =@ u}=Q@=v@
%=@

U = m� � + 2p�R
= T�R2�+1P�f (1� �)

+2p�T�R2�+2P�f (6)

G = m+R� U
= T�R2�+1P�f +R

�T�R2�+1P�f (1� �)

�2p�T�R2�+2P�f (7)

xm CmQW l} |xr�Ut OwU `@=D '1 |x]@=Q QO 7 =D 2 |=yx]@=Q |Q=Po|=H =@ xm

uWwQ =yu; Q@ Q=PoQ}F-=D |=yQDt=Q=B w xr�Ut s}tYD Q}eDt xU R= l} Qy |=Q@ xv}y@
"OwW

xr�Ut h} QaD "2
C=Q}F-=D uDiQo Q_v QO =@ |O}rwD |=yCmQW |OwHwt pOt |UQQ@ x@ VywSB u}= QO
xr�Ut u}= w CU= xOW xDN=OQB Q=R=@ |=[=kD Q@ |OwHwt u=R}t w Ct}k 'lQ=OD u=tR
Q_v Ot |O}rwD CmQW l} pw= pOt QO "CU= xDi=} xaUwD hrDNt Cr=L wO QO
Ct}k w TQDUO QO |OwHwt 'xv}y@ lQ=ODu=tR R= xO=iDU= =@ OQ=O OYk xm CU=
|v=tR w Ct}k O}=@ CmQW u}= "Ov=UQ@ xv}W}@ u=R}t x@ =Q OwN \UwDt OwU XNWt
OwHwt |=y=[=kD s=tD Ov=wD@ =D Ovm u}}aD CU= U xm V=x}=B |OwHwt =@ ?U=vDt =Q

"OyO VWwB =Q
QO xm |wLv x@ "CU= xDi=} xaUwD ?}kQ CmQW wO |=Q@ p@k pOt 'swO pOt QO
|OwHwt x@ xDU@=w =[=kD w OyO|t VWwB =Q =[=kD R= |OYQO CmQW Qy pOt u}=
QO "CU= Q_v OQwt |q=m |=Q@ =yv; hQ] R= xOW KQ]t Ct}k w =yCmQW Q=@v= QO
Vv OQm} wQ R= swO |w} Q=vU QO ?}kQ |=yCmQW OQmrta |UQQ@ |=Q@ pOt u}=
|R=@ l} QO Qo}Om} R= `q]= uwO@ CmQW wO Qy 'OQm} wQ u}= QO "CU= xOW xO=iDU=
xO=iDU= =@ =yCmQW OwU uOQm xv}W}@ xr=kt hOy "Ovvm|t C@=kQ sy =@ xv=Q=mtyQ}e
"CU= � |OwHwt w lQ=OD u=tR 'VwQi Ct}k � s}tYD |=yQ}eDt |xv}y@ Q}O=kt R=
s}tYD |=yQ}eDt u}vJty w xr�Ut u}= |R=UpOt QO xOW xDiQoQ=m x@ |=yQDt=Q=B

%R= Ov=CQ=@a
=yQDt=Q=B

� > 0 'Q=R=@ C}r@=k %�
0 < � < � 1

2 '=[=kD |OwHwt VWm u=R}t %�
=[=kD QO QF-wt Ct}k VWm u=R}t %f

u=tR OL=w QO =[=kD MQv %D
lQ=OD u=tR QO =[=kD \UwDt %m

=[i uOw@ C@Ft R= u=v}t]= |=Q@ [0; 1] |xR=@ QO |ivt Q}e ?} Q[ %�
lQ=OD u=tR QO =[=kD Tv=} Q=w %�

=yVQ=iU Q}N-=D \UwDt %G
Q=_Dv= OQwt VwQi Q=Okt w |OwHwt ẁtHt %U
u=tR OL=w l} QO VQ=iU Q}N-=D |xv} Ry %K

u=tR OL=w l} QO |Q=Oyov |xv} Ry %h
u=tR OL=w QO q=m OL=w Qy |=R= x@ O}rwD |xv} Ry %cp

pw= |w} Q=vU QO CmQW OwU `@=D %'
swO |w} Q=vU QO s=i CmQW OwU `@=D %'i

%s}tYD |=yQ}eDt
u=tR OL=w QO CmQW TQDUO QO |OwHwt %R

u=tR OL=w QO q=m OL=w Qy |=R= x@ q=m VwQi Ct}k %P
lQ=OD u=tR %T

|R=UpOt "3
'O}rwD |=yxv} Ry w VwQi Ot;QO R= pY=L hqDN= CU= sRq OwU uOQm xv}W}@ |=Q@
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"""Q
=R=@

QO?
}kQ

|=y
CmQ

WQ
=DiQ

p}rL
D

i = 1; 2 |=Q@ i CmQW OwU `@=D 1 |x]@=Q QO 14 =D 9 |=yx]@=Q |Q=Po|=H =@
%OwW|t pY=L

max'i = (Pi � cpi � �kTi)�Ri
�(Ri +R3�i)2�(Pi + P3�i)�f

+2kRi(Ri +R3�i)�

�p��Ti(Pi + P3�i)�f

�(h+ k)Ri (15)

pL VwQ "4
u}O@ &CU=yCmQW OwU uOQm xv}W}@ hOy 'OW KQ]t QDV}B xm Qw]u=ty
pw= |w} Q=vU 'OQm |UQQ@ xv=o =OH |w} Q=vU wO QO =Q xr�Ut u=wD|t Qw_vt
?}kQ CmQW wO Q=DiQ |UQQ@ swO |w} Q=vU w OQivt CmQW l} Q=DiQ |UQQ@
QO "CU= OwU u} QDxv}W}@ w =yQ}eDt |=Q@ xv}y@ Cr=L x@ uO}UQ |=DU=Q QO
R 'T |xv}y@ Q}O=kt R= xO=iDU= =@ CmQW hOy `@=D O}=@ 'CmQWlD pOt
|=R= x@ OwU `@=D stQDUm = x]kv CU= |i=m Qw_vt u}O@ "OwW xv}W}@ P w
CmQW wO Q=DiQ |UQQ@ xm 'swO |w} Q=vU OQwt QO "OwW u}}aD s}tYD |=yQ}eDt
Oy=wN |UQQ@ pt=m Qw]x@ C@=kQ Vv |R=@ |x} Q_v R= xO=iDU= =@ 'CU= ?}kQ

"OW

CmQW l} "1"4
TQDUO QO |OwHwt 'q=m Ct}k s}tYD |=yQ}eDt x@ xDU@=w pOt u}= QO OwU `@=D
|awv x@ O}=@ =yQ}eDt u}= R= l} Qy Q=Okt uOQm xv}y@ Qw_vtx@ w CU= lQ=OD u=tR w
xOt; CUO x@ OwU `@=D R= Qw_vt u}O@ &CiQo Q_v QO =Q |D@=F Q=Okt u} Q}=U |=Q@
=yQ}eDt Q}=U =yv; R= l} Qy QO xm xDiQo jDWt T w R w P x@ C@Uv 8 |x]@=Q QO

"OwW u=}=tv OwU `@=D QO Q_vOt Q}eDt Q}F-=D =D OwW|t ZQi C@=F
@'
@T

= �k�R2�+1P�f

+k�R2�+1P�f (1� �)

+kR�+1T�
12
p
��P�f (16)

@'
@R

= (2� + 1)�R2�P 1�f

�(2� + 1)cp�R2�P�f

�(2� + 1)kT�R2�P�f � k
+(2� + 1)kT�R2�P�f

�(1� �) + 2(� + 1)kR� �p�T�P�f � h (17)

@'
@P

= (1� f)�R2�+1P�f

+(cp + kT )�fR2�+1P�f�1

�fkT�R2�+1P�f�1

�(1� �)� fkR�+1

�p��TP� f2 �1 (18)

%OwW|t pY=L 'CU= xOW xO=O u=Wv 8 |x]@=Q QO
max' = �R2�+1P 1�f � cp�R2�+1P�f

�kT�R2�+1P�f � kR
+kT�R2�+1P�f (1� �)

+2kR�+1p�T�P�f � hR (8)

?}kQ CmQW wO pOt "2"3
u}= "OwW|t KQ]t ?}kQ CmQW wO |=Q@ w O@=}|t s}taD p@k pOt 'VN@ u}= QO
O}=@ ,=tDL w OvDUy Qo}Om} ptmt xm Ovvm|t O}rwD |DqwYLt |O}rwD CmQW wO
wQu} R= &OvDUy Qo}Om} swRrt w sRq Qo}O |v=}@ x@ w OvUQ@ VwQi x@ Qo}Om} =@ x=Qty
u}= QO |QDWt |=[=kD "CUq=m wO u}= Ct}k ẁtHt x@ xDU@=w R}v =[=kD `@=D
u=R}t x@ |oDU@ |QDWt |=[=kD u=R}t xm OwW|t u=}@ 9 |x]@=Q CQwYx@ Cr=L

"OQ=O =yCmQW R= l} Qy Ct}k w |OwHwt
D = �(R1 +R2)2�+1(P1 + P2)�f (9)

"Ovm|t xOQw;Q@ =Q Q=R=@ |=[=kD R= |WN@ VOwN |OwHwt C@Uv x@ CmQW Qy
10 |xrO=at CQwY x@ CmQW Qy |=[=kD &i = 1; 2 |=Q@D =

2P
i=1

Di 'u}=Q@=v@
"OwW|t KQ]t

Di = �Ri(Ri +R3�i)2�(Pi + P3�i)�f (10)

h} QaD Q} R CQwY x@ �i w mi Q}O=kt 'O}OH |=[=kD `@=D uDiQo Q_v QO =@ TBU
%OwW|t

mi = TiDi

= Ti�Ri(Ri +R3�i)2�(Pi + P3�i)�f (11)

�i = �TiDi

= �Ti�Ri(Ri +R3�i)2�(Pi + P3�i)�f (12)

Q@=Q@ i CmQW Ow@tm w |OwHwt u=R}t '12 w 11 |x]@=Q wO R= xO=iDU= =@ u}=Q@=v@
%=@ OwW|t

Ui = mi � �i + 2p�iRi
= (1� �)Ti�Ri(Ri +R3�i)2�

�(Pi + P3�i)�f

+2p�Ti�(Pi + P3�i)�f

�Ri(Ri +R3�i)� (13)

Gi = mi +Ri � Ui
= Ri + �Ti�Ri(Ri +R3�i)2�

�(Pi + P3�i)�f

�2p�Ti�(Pi + P3�i)�f

�Ri(Ri +R3�i)� (14)
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xQ=t
W'

34
�1

|xQ
wO'

�13
97

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt %1 CmQW |=Q@

@'1
@T1

= �k��R1(R1 +R2)2�(P1 + P2)�f

+kT�
121
p
��(P1 + P2)�f

�R1(R1 +R2)� (22)

@'1
@P1

= �R1(R1 +R2)2�

�
"

((P1 + P2)�f � f(P1 + P2)�f�1P1)
+(f(cp1 + k�T1)(P1 + P2)�f�1)

#
�fkpT1��R1(R1 +R2)�

�(P1 + P2)�
f
2 �1 (23)

@'1
@R1

= (P1 � cp1 � k�T1)�(P1 + P2)�f

�
"

(R1 +R2)2�

+2�(R1 +R2)2��1R1

#
+2kpT1��(P1 + P2)�f

�
"

(R1 +R2)�

+�(R1 +R2)��1R1

#
� (k + h)

(24)

Qw_vtx@ 'OwN |OwHwt u}t-=D OOYQO =yCmQW R= l} Qy xm CW=O xHwD O}=@
|OwHwt pm u}t-=D =yv; lQDWt hOy wQ u}= R= "OvDUy Q=R=@ |=[=kD uDN=U xOQw;Q@
u}= u}t-=D QO =yCmQW R= l} Qy "(R = R1 +R2) CU= R |va} Q=R=@ R=}v OQwt
1 +2 = 1 xm |Qw]x@ "OwW|th} QaD 2 w 1 ?}=Q[ =@ xm OvQ=O syU |OwHwt
CQwYx@ 15 |x]@=Q R2 w R1 |=H x@ R2 w R1 uDiQo Q_v QO =@ "CU=

"O};|t QO 25 |x]@=Q

max'i = (Pi � cpi � �kTi)
��iR2�+1(Pi + P3�i)�f

+2kiR�+1p��Ti(Pi + P3�i)�f

�(h+ k)Ri (25)

'24 =D 22 |=yx]@=Q QO C=Q}}eD u}= p=ta= w OwU `@=D u}= R= |Q}ojDWt =@ p=L
Q@=Q@ R= "OQw; CUO x@ Q} R CQwYx@ =Q CmQW wO Qy |=Q@ xv}y@ Q}O=kt u=wD|t
pY=L 26 |x]@=Q '�22 |x]@=Q� lQ=OD u=tR x@ C@Uv jDWt u}rw= uDW=Po QiY
lQ=OD u=tR QO CmQW wO |OwHwt w Ct}k Q}F-=D u=R}t |xOvyOu=Wv xm OwW|t

%CU=

TN�i =
(PN�i + PN�3�i)f
��(RN�)2� ; i = 1; 2 (26)

|xv}y@ Q}O=kt 'CqO=at u}= pL w 24 w 23 |=yx]@=Q QO 26 |x]@=Q |Q=Po|=H =@
%=@ OwW|t Q@=Q@ syR= pkDUt CQwYx@ |OwHwt w Ct}k

PN�i = f 2cpi � fcpi + fcp3�i
(f � 1)2 � 1 ; i = 1; 2 (27)

|OwHwt u=R}t w lQ=OD u=tR 'Ct}k Q}eDt xU R= l} Qy xv}y@ Q=Okt O}=@ TBU
"OwW|t pL w xDiQo Q=Qk QiY Q@=Q@ 18�16 |=yx]@=Q jDWt u}=Q@=v@ &O}; CUO x@
"Ow@ Ovy=wN s}tYD |=yQ}eDt |xv}y@ Q}O=kt CqO=at u}= |=yxW} Q ?}DQD u}=x@
u=R}t |xOvyOu=Wv xm OwW|t pY=L 19 CQ=@a '16 |x]@=Q pL R= xm |Qw]x@

%CU= lQ=OD u=tR QO |OwHwt w Ct}k Q}F-=D

T � = P �f
��R�2� (19)

w Ct}k |xv}y@ Q}O=kt 18 w 17 |=yx]@=Q QO '19 |x]@=Q |Q=Po|=H =@ p=L
u=}@ 21 w 20 |=yx]@=Q QO xm O};|t CUO x@ sy R= pkDUt CQwY x@ '|OwHwt

%Ov=xOW

P � = fcp
f � 1 (20)

R� = h
12��

(2� + 1)�

"
( fcpf�1 )1�f

�cp( fcpf�1 )�f

# � 12�
(21)

lQ=OD u=tR |xv}y@ Q=Okt 19 |x]@=Q QO 20 w 21 |=yx]@=Q |Q=Po|=H =@ xm
"O};|t CUO x@ CmQW

?}kQ CmQW wO "2"4
C@=kQ QO sy =@ CmQW wO "CU= xDi=} VQDUo xDmQWlD pOt 'w} Q=vU u}= QO
VwQi Ct}k w |OwHwt u=R}t x@ |oDU@ |QDWt |=[=kD uOW xOQw;Q@ w OvDUy
"OvyO|t MU=B =Q |QDWt |=[=kD R= |WN@ l} Qy w OQ=O =yCmQW R= l} Qy
xOW xO=iDU= CmQW wO Q=DiQ |xar=]t |=Q@ =y|R=@ |x} Q_v R= 'pOt u}= QO

"CU=
QO |R=@ l} QO =Q =yCmQW Q=DiQ 'C=}[=} Q R= xO=iDU= =@ =y|R=@ |x} Q_v
Q@ QF-wt |=yQ}eDt w QDt=Q=B uOQm ?=NDv= QO CmQW l} C}kiwt u; QO xm |]}=QW
|}=yv hOy w Ovm|t OQw;Q@ 'CU=yCmQW Qo}O ?=NDv= x@ xDU@=w Vv=} R w OwU
|=Q@ Vv OQm} wQ VN@ u}= QO "CU= CmQW wO Qy |=Q@ xv}y@ OQ@y=Q l} uDi=} u;

"CU= xOW xDiQo Q=m x@ =yCmQW Q=DiQ |R=UpOt
Vv OQm} wQ "1"2"4

CmQW wO OQmrta |xwLv X}NWD w lQ=OD u=tR w Ct}k '|OwHwt Q}F-=D u}}@D |=Q@
xO=iDU= Vv |R=@ |x} Q_v R= |R=@ ?U=vt |HwQN uDi=} |=Q@ sy=@ C@=kQ p=L QO
|OwHwt\UwDt w lQ=OD u=tR T=U= Q@ 'CmQW MU=B `@=D u} QDy@?}DQD u}O@ =D "OW
l} QO Qo}Om} \}=QW R= `q]= uwO@ CmQW wO 'Vv OQm} wQ QO "OwW u}}aD Ct}k w
VqD QO CmQW Qy 'OQm} wQ u}= QO &Ovvm|t C@=kQ Qo}Om} =@ xv=Q=mty Q}e |R=@
CmQW wO |=Q@ =RHt OwU `@=D wO 'u}=Q@=v@ "CU= V} wN OwU `@=D uOQm xv}W}@ |=Q@
|=Q@ s=i CmQW |=Q@ OwU `@=D |xOvyOu=Wv 'i '15 |x]@=Q j@] xm OQ=O OwHw
x@ C@Uv OwU `@=D R= xv=o =OH CQwY x@ =yCmQW R= l} Qy |=Q@ "CU= i = 1; 2
wO uDW=O xov C@=F =@ Q=@ Qy =D CU= xOW xDiQo jDWt Ri w Ti w Pi |=yQ}eDt
"O}; CUO x@ l} Qy |xv}y@ u=R}t w OwW |UQQ@ Q_vOt Q}eDt \}=QW Qo}O Q}eDt
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"""Q
=R=@

QO?
}kQ

|=y
CmQ

WQ
=DiQ

p}rL
D"OQivt CmQW l} pOt |=Q@ =yv; R= pY=L P � w R� w T � Q}O=kt w xOW xDiQo Q_v QO |=yQDt=Q=B "1 pwOH

� � cp k h f � P � R� T �

20000 �0 25 0 5 0 1 4 0 1 0 67 71191000 0 833
20000 �0 25 0 5 0 1 10 0 1 0 56 3=93E10 0 278
20000 �0 25 0 5 0 1 12 0 1 0 545 4=29E11 0 2273
20000 �0 25 0 7 0 0 4 10 0 1 0 7778 576080000 0 9722
20000 �0 3 0 6 0 0 7 9 1 0 6750 28110000 0 0429
20000 �0 3 0 6 0 0 7 8 5 0 9 0 680 20320000 0 0508
20000 �0 2 0 6 0 0 7 9 1 0 675 4=1E11 0 0643

"(2 = 1� 1) CmQW wO Vv OQm}wQ |=Q@ i = 1; 2 PN�i w RN�i w TN�i Q}O=kt w =yQDt=Q=B "�1�2� pwOH
1 TN�1 PN�1 PN�2 RN�1 RN�2 '1 '2 '1 + '2
0 1 0 898 0 7571 0 6571 146 5 1318 2 1538 1384 2 1538
0 2 0 0898 0 7571 0 6571 292 9 1171 8 307 6 1230 4 1538
0 3 0 0898 0 7571 0 6571 439 4 1025 3 461 4 1076 6 1538
0 4 0 0898 0 7571 0 6571 585 9 878 8 615 2 922 8 1538
0 5 0 0898 0 7571 0 6571 732 4 732 4 769 769 1538
0 6 0 0898 0 7571 0 6571 878 8 585 9 922 8 615 2 1538
0 7 0 0898 0 7571 0 6571 1025 3 439 4 1076 6 461 4 1538
0 8 0 0898 0 7571 0 6571 1171 8 292 9 1230 4 307 6 1538
0 9 0 0898 0 7571 0 6571 1318 2 146 5 1384 2 153 8 1538

"(2 = 1� 1) CmQW wO Vv OQm}wQ |=Q@ i = 1; 2 PN�i w RN�i w TN�i Q}O=kt w =yQDt=Q=B "�2�2� pwOH
1 TN�1 PN�1 PN�2 RN�1 RN�2 '1 '2 '1 + '2
0 1 0 0655 0 6917 0 5917 158 3 1428 8 111 1 1000 1 1111 3
0 2 0 655 0 6917 0 5917 317 5 1270 222 3 889 1111 3
0 3 0 655 0 6917 0 5917 476 3 1111 3 333 4 777 9 1111 3
0 4 0 655 0 6917 0 5917 635 952 5 444 5 666 8 1111 3
0 5 0 655 0 6917 0 5917 793 8 793 8 555 6 555 6 1111 3
0 6 0 655 0 6917 0 5917 952 5 635 666 8 444 5 1111 3
0 7 0 655 0 6917 0 5917 1111 3 476 3 777 9 333 4 1111 3
0 8 0 655 0 6917 0 5917 1270 317 5 889 222 3 1111 3
0 9 0 655 0 6917 0 5917 1428 8 158 3 1000 1 111 1 1111 3

xm 'f QDt=Q=B 'pwOH u}= G}=Dv j@] "CU= xOW xO=O u=Wv QDnvQQB 1 pwOH QO
x@ w OQ=O TQDUO QO |OwHwt u=R}t QO |}=RU@ Q}F-=D 'CU= Ct}k VWm u=ty
w O@=} Vy=m f xJQy 'Qo}O u=}@ x@ "OyO|t Q=Qk Q}F-=D CLD =Q lQ=OD u=tR xwqa
\UwD pwYLt O}rwD hQY |QDW}@ u=tR COt 'OW=@ T=UL Ct}k x@ QDtm pOt

"OW Oy=wN CmQW
'cp1 = 0=6 '� = �0=3 '� = 20000 =yQDt=Q=B Q}O=kt xm|DQwYQO p=L
Q}O=kt 'OvwW xDiQo Q_v QO � = 1 w f = 9 'h = 0=7 'k = 0 'cp2 = 0=5
Oy=wN 1�2 pwOH CQwYx@ 'Vv OQm} wQ R= |wQ}B =@ CmQW wO s}tYD |=yQ}eDt
'cp1 = 0=6 w � = �0=25 '� = 20000 =yQDt=Q=B Q}O=kt xm|DQwY QO w "Ow@
Q}O=kt 'OvwW xDiQo Q_v QO � = 1 w f = 14 'h = 0=7 'k = 0 'cp2 = 0=5
2�1 pw=OH QO "Ow@ Oy=wN �2�2� pwOH CQwYx@ CmQW wO s}tYD |=yQ}eDt
OwU x@ xm |Q}O=kt w Ov=xOW xU}=kt pOt |=yQDt=Q=B |=Q@ |Dw=iDt Q}O=kt '2�2 w
xwqa x@ "Ov=xOW xO=O u=Wv QDnvQQB CQwYx@ OvOW QHvt CmQW wO |=Q@ QDW}@

RN� = h
12�0BB@

�
f2cpi�fcpi+fcp3�i

(f�1)2�1 � cpi
�
��

f2(cpi+cp3�i)
(f�1)2�1

��f
(1 + 2�)

1CCA
12�

(28)

lQ=OD u=tR |xv}y@ Q=Okt '26 |x]@=Q QO 28 w 27 |=yx]@=Q |Q=Po|=H =@ xm
"O};|t CUO x@ s=i CmQW

|OOa p=Ft "5
=yQDt=Q=B Q}F-=D u=R}t =DCU= xOW pt=m |r}rLD G}=Dv |OOa |=yp=Ft =@ 'VN@ u}= QO
u=Wv =Q OQivt CmQW l} pOt x@ \w@ Qt G}=Dv 1 pwOH "OQ}o Q=Qk |@=} RQ= OQwt
xv}y@ Q=Okt "OvR=OQB|t Vv OQm} wQ G}=Dv |UQQ@ x@ 2�2 w 1�2 pw=OH w OyO|t
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u=DU
tR�
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Q}Ot

w`}
=vY

|U
Ovyt QO CmQW wO w OQivt CmQW l} |w} Q=vU wO QO s}tYD |=yQ}eDt |wQ xrY=L Q}F-=D w � '� 'f |=yQDt=Q=B |wQ C=Q}}eD |xOvyOu=Wv C}U=UL p}rLD "3 pwOH

"Qo}Om} =@ C@=kQ
C=Q}}eD � OQivt CmQW l} C@=kQ QO CmQW wO
w =yQDt=Q=B (�1 = 0=5) Vv OQm} wQ

x]w@ Qt Q}O=kt P � R� T � ' PN�1 PN�2 RN�i TN�i 'Ni
NP
'i

�

�75 0 675 71438000 0 043 75010000 0 757 0 657 1861 2 0 0898 1954 2 3908 4
�50 0 675 55252000 0 043 58015000 0 757 0 657 1439 5 0 0898 1511 5 3023
�25 0 675 40774000 0 043 42813000 0 757 0 657 1062 3 0 0898 1115 4 2230 8
�25 0 675 17403000 0 043 18274000 0 757 0 657 453 41 0 0898 476 08 952 16
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Ov}=Q@ OwU V}=Ri= ?Hwt '�V}=Ri= xm OwW|t xOy=Wt pmW u}= QO "CU= xOW
Ot=Hv=|t xOvy=m |@}W =@ OwU Ov}=Q@ Vy=m x@ f V}=Ri= w OwW|t xOv}=Ri ?}W =@
u=R}t QO � Vkv p}rLD =@ '3 pmW R= 'OwU =@ � |xU}=kt CtUk QO C}=yv QO w
?}W =@ OwU '� u=R}t V}=Ri= =@ � = �1=5 =D xm OwW|t xOy=Wt OwU Ov}=Q@
|}xOv}=Ri ?}W =@ 'OwU V}=Ri= u}= � > �1=5R= =t= O@=}|t V}=Ri= |t}qt
ZQi x@ xHwD =@ xm CU= QiY x@ � uOW l}ORv R}v Qt=u}= p}rO &OQ}o|t s=Hv=
OwU `@=D QO |OwHwt Q}F-=D V}=Ri= x@ 'QDt=Q=B u}= uOW QiY '0 < � < �0=5
u} QDy@ TB "CU}v Q}PBu=mt= w Ot=Hv=|t |Q=Oyov |=yxv} Ry Vkv uOQm QDtm =@

"OwW|t XNWt �0=5 < � < �0=15 'QDt=Q=B u}= |=Q@ Q=Okt

|Q}oxH}Dv "7
u=R}t w lQ=OD u=tR 'Ct}k x@ T=UL |=[=kD OwHw =@ =yCmQW Q=DiQ 'j}kLD u}=
xDN=OQB pOt u}= p}rLD x@ w} Q=vU wO QO xm Ovm|t |UQQ@ =Q CUO QO |OwHwt
Q=DiQ QO CUO QO |OwHwt w 'lQ=OD u=tR 'Ct}k C=Q}F-=D 'pw= |w} Q=vU QO &CU=

�References� `@=vt
1. Lee, J.Y. and Schwarz, L.B. \Lead time reduction in

a (Q, r) inventory system: an agency perspective", In-
ternational Journal of Production Economics, 105, pp.
204-212 (2007).

2. Heydari, J., Baradaran Kazemzadeh, R. and Chahar-
sooghi, S. K. \A study of lead time variation impact on
supply chain performance", The International Journal of
Advanced Manufacturing Technology, 40, pp. 1206-1215
(2008).

3. Lo, M. C. \Economic ordering quantity model with lead
time reduction and backorder price discount for stochas-
tic demand", American journal of applied sciences, 6,
pp. 387-392 (2009).

4. Wu, Z., Kazaz, B., Webster, S. and et al. \Ordering,
pricing, and lead-time quotation under lead-time and
demand uncertainty" Production and Operations Man-
agement Society, 21, pp. 576-589 (2012).

5. Hoque, M.A. \A vendor-buyer integrated production-
inventory model with normal distribution of lead time",
International Journal of Production Economics, 144, pp.
409-417 (2013).

6. Kaman, C., Savasaneril, S. and Serin, Y. \Production
and lead time quotation under imperfect shop oor in-

formation", International Journal of Production Eco-
nomics, 144, pp. 422-431 (2013).

7. Arikan, E., Fichtinger, J. and Ries, J.M. \Impact of
transportation lead-time variability on the economic and
environmental performance of inventory systems", In-
ternational Journal of Production Economics, 157, pp.
279-288 (2014).

8. Wu, Z., Zhai, X. and Liu, Z. \The inventory billboard
e�ect on the lead time decision", International Journal
of Production Economics, 170, pp. 45-53 (2015).

9. Kouki, C., Jemai, Z. and Minner, S. \A lost sales ( r,
Q) inventory control model for perishables with �xed life
time and lead time", International Journal of Production
Economics, 168, pp. 143-157 (2015).

10. Urban, T. L. \Inventory models with inventory -level-
dependent demand: a comprehensive review and unifying
theory", European Journal of Operational Research, 162,
pp. 792-804 (2005).

11. Koschat, M. A. \Store inventory can a�ect demand: em-
pirical evidence from magazine retailing" , Journal of
Retailing, 84, pp. 165-179 (2008).

12. Olivares, M. and Cachon, G.P. \Competing retailers and
inventory: an empirical investigation of general motors'
dealer ships in isolated US markets" , Management Sci-
ence, 55, pp. 1586-1604 (2009).

85



"""Q
=R=@

QO?
}kQ

|=y
CmQ

WQ
=DiQ

p}rL
D

13. Chang, C.T., Chen, Y.J., Tsai, T.R. and et al. \Inven-
tory models with stock - and price- dependent demand
for deteriorating items based on limited shelf space" ,
Yugoslav Journal of Operations Research, 20, pp. 55-69
(2010).

14. Qin, Y., Wang, R., Vakharia, A.J. and et al. \The
newsvendor pro- blem: review and directions for future
research", European Journal of Operational Research,
213(2), pp. 361-374 (2011).

15. Liu, L., Parlar, M. and Zhu, S. X. \Pricing and lead time
decisions in decentralized supply chains", Management
science, 53, pp. 713 - 725 (2007).

16. Hua, G., Wang, S. and Cheng, T. E. \Price and lead time
decisions in dual-channel supply chains", European Jour-

nal of Operational Research, 205, pp. 113-126 (2010).
17. Adida, E. and Perakis, G. \Dynamic pricing and inven-

tory control: robust vs. stochastic uncertainty models-a
computational study", Annals of Operations Research,
181, pp. 125-157 (2010).

18. Zu, S. X. \Joint pricing and inventory replenishment de-
cisions with returns and expediting", European Journal
of Operational Research, 216, pp. 105-112 (2012).

19. Lee, J. \Dynamic pricing inventory control under �xed
cost and lost sales", Applied Mathematical Modelling, 38,
pp. 712-721 (2014).

20. Zang, G., Shang, J. and Yildirim, P. \Optimal pricing
for group buying with network e�ects" , Omega, 63, pp.
69-82 (2016).

@2'
@T 2 = �1

2kR
�+1T�

32
p
��P�f �5 � hr=�

@2'
@T@R

= @2'
@R@T

= ��k�(2� + 1)R2�P�f

+k(� + 1)R�T�
12
p
��P�f �6 � hr=�

@2'
@R2 = 2�(2� + 1)�R2��1

�P 1�f � 2�(2� + 1)cp�R2��1P�f

�2�(2� + 1)�kT�R2��1P�f

+2�(� + 1)kR��1p�T�P�f �7 � hr=�

xOW xO=O u=Wv jHj1 =@ xm 'pw= O=ym pwtQi &OwW|t |UQQ@ =yO=ym Ctqa p=L
� hr=� CQ=@a uOw@ |ivt \QW =@ w OwW|t xDiQo Q_v QO Q} R CQwY x@ 'CU=
CQ=@a QO xm swO O=ym uOw@ C@Ft \QW =@ "OwW|t |UQQ@ `@=D |Oa@ |=yO=ym '�8
T} QD=t u=v}tQDO xm swU O=ym uOw@ |ivt ZQi w xOW xO=O u=Wv �9 � hr=�
OwU `@=D 'CU= xOW xO=O u=Wv �10 � hr=� CQ=@a QO w CU= �1 � hr=� u}Uy

"OwW|t xDiQo Q_v QO Qakt ,=O}m = Q_v OQwt

jHj1 = @2'
@P 2 < 0

= �f(1� f)�R2�+1P�f�1 � f
�(f + 1)cp�R2�+1P�f�2

��f(f + 1)kT�R2�+1P�f�2

+f(f2 + 1)kR�+1

�p�T�P (� f2 �2) < 0 �8 � hr=�

=yCUw}B
pw= w} Q=vU QO CmQW l} OwU `@=D uOw@ Qakt C=@F= %hr= CUw}B

w xO=O p}mWD u; u}Uy T} QD=t CU= |i=m 'CmQW l} OwU `@=D QakD C=@F= |=Q@
Q}=U w OW=@ |ivt pw= O=ym xm |DQwY QO Qakt `@=wD QO "OwW |UQQ@ u; |=yO=ym
xt=O= QO "CU= Qakt `@=D x=ov; 'OvwW |ivt w C@Ft ?}DQD x@ u=}tQO |m} =yO=ym

"CU= xOW p}mWD `@=D u}Uy T} QD=t

H =

2664
@2'
@P 2

@2'
@P@T

@2'
@P@R

@2'
@T@P

@2'
@T 2

@2'
@T@R

@2'
@R@P

@2'
@R@T

@2'
@R2

3775 �1 � hr=�

%Ov};|tCUO x@ Q_vOt `@=D R= |Q}ojDWt =@ 'Q} R CQwY x@ =yx}=QOlDlD u; QO xm
@2'
@P@T

= @2'
@T@P

= �fk�R2�+1P�f�1

�1
2T

�1
2 fkR�+1p��P� f2 �1 �2 � hr=�

@2'
@P 2 = �f(1� f)�R2�+1

�P�f�1 + f(�f � 1)cp

��R2�+1P�f�2

+�f(�f � 1)kT�R2�+1P�f�2

�f(�f2 � 1)kR�+1p�T�P (� f2 �2) �3 � hr=�
@2'
@P@R

= @2'
@R@P

= (2� + 1)�R2�

�P�f�1[(1� f)P + fcp + fkT�]

�f(� + 1)kR�
p
�T�P�

f
2 �1 �4 � hr=�

86



2/
1|

xQ=t
W'

34
�1

|xQ
wO'

�13
97

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt @2'i

@P 2
i

= �Ri(R3�i +Ri)2�266666664
�f(P3�i + Pi)�f�1 + f

�(f + 1)(P3�i + Pi)�f�2

�Pi � f(P3�i + Pi)�f�1

+cpi � k�Ti)f
�(f + 1)(P3�i + Pi)�f�2

377777775
+fk

p
Ti��Ri(R3�i +Ri)�

�(f2 + 1)(P3�i + Pi)�
f
2 �2 �3 � ?�

@2'i
@Pi@Ri

= @2'i
@Ri@Pi

=

2666664
 

(P3�i + Pi)�f

�f(P3�i + Pi)�f�1Pi

!
+

 
(�cpi � k�Ti)

(�f)(P3�i + Pi)�f�1

!
3777775�

�
"

(R3�i +Ri)2�

+2�(R3�i +Ri)2��1Ri

#
�fkpTi��(P3�i + Pi)�

f
2 �1

�
"

(R3�i +Ri)�

+�(R3�i +Ri)��1Ri

#
�4 � ?�

@2'i
@T 2

i
= �1

2kT
� 32
i

p
��(P3�i + Pi)�f

�Ri(R3�i +Ri)� �5 � ?�
@2'i
@Ti@Ri

= @2'i
@Ri@Ti

= kT�
12

i
p
��(Pi + P3�i)�

f
2

�
"

(Ri +R3�i)�

+�(Ri +R3�i)��1Ri

#
�k��(Pi + P3�i)�f

�
"

(Ri +R3�i)2�

+2�(Ri +R3�i)2��1Ri

#
�6 � ?�

@2'2
@R22

= (Pi � cpi � k�Ti)�(P3�i + Pi)�f

�
2664 2�(R3�i +Ri)2��1

+2�(2� � 1)(R3�i +Ri)2��2Ri
+2�(R3�i +Ri)2��1

3775
+2kpTi��(P3�i + Pi)�f

�
2664 �(R3�i +Ri)��1+
�(� � 1)(R3�i +Ri)��2Ri

+�(R3�i +Ri)��1

3775 �7 � ?�

jHj2 = @2'
@P 2 � @2'

@T 2

� @2'
@P@T

� @2'
@T@P

� 0

= �

266666664
f(1� f)�R2�+1P�f�1

f(f + 1)cp�R2�+1P�f�2

+�f(f + 1)kT�R2�+1

�P�f�2 � f( f2 + 1)kR�+1

�p�T�P (� f2 �2)

377777775
� h� 1

2kR
�+1T� 32

p
��P�f

i
�
2664 �fk�R2�+1P�f�1

� 1
2T
�1
2 fkR�+1

�p��P� f2 �1

3775
2

> 0 �9 � hr=�

jHj3 == @2'
@P 2

@2'
@T 2

@2'
@R2

+2 @2'
@T@R

@2'
@P@R

@2'
@P@T

�2664
@2'
@P 2 ( @2'

@T@R )2

+( @2'
@P@T )2 @2'

@R2

+( @2'
@P@R )2 @2'

@T 2

3775 < 0 �10 � hr=�

Vv OQm} wQ QO i CmQW OwU `@=D QakD C=@F= %? CUw}B
u; u}Uy T} QD=t CU= |i=m 'Vv OQm} wQ QO CmQW OwU `@=D QakD C=@F= |=Q@
R2 = R2 wR1 = R1 OWh} QaD xJu=vJ "OwW|UQQ@ u; |=yO=ym w p}mWD
l} =yO=ym Q}=U w OW=@ |ivt pw= O=ym xm |DQwY QO 'R2 w R1 uDiQo Q_v QO =@ w
'�1 � ?� CQ=@a QO "CU= Qakt `@=D x=ov; 'OvwW |ivt w C@Ft ?}DQD x@ u=}tQO
Q_v QO =@ s=i CmQW |=Q@ ?}DQD u}O@ TB "CU= xOW p}mWD `@=D u}Uy T} QD=t

%i = 1; 2 uDiQo

H =

26664
@2'i
@P 2
i

@2'i
@Pi@Ti

@2'i
@Pi@Ri

@2'i
@Ti@Pi

@2'i
@T 2
i

@2'i
@Ti@Ri

@2'i
@Ri@Pi

@2'i
@Ri@Ti

@2'i
@R2

i

37775 �1 � ?�

|=yQ}eDt x@ C@Uv OwU `@=D R= jDWt uDiQo =@ '=yx}=QO |x@U=Lt |=Q@ u; QO xm
%OwW|t pta Q} R CQwY x@ 'swO CmQW |=Q@ s}tYD

@2'i
@Pi@Ti

= @2'i
@Ti@Pi

= �f2kT
� 12
i
p
��

�(Pi + P3�i)�
f
2 �1Ri(Ri +R3�i)�

+fk��Ri(Ri +R3�i)2�

�(Pi + P3�i)�f�1 �2 � ?�

87



"""Q
=R=@

QO?
}kQ

|=y
CmQ

WQ
=DiQ

p}rL
D

jHj2 = @2'i
@P 2

i
� @2'i
@T 2

i

� @2'i
@Pi@Ti

� @2'i
@Ti@Pi

> 0

=

266666666666664

�Ri(R3�i +Ri)2�

�

2666664
�f(P3�i + Pi)�f�1

+f(f + 1)(P3�i + Pi)�f�2Pi
�f(P3�i + Pi)�f�1

+(�cpi � k�Ti)f(f + 1)(P3�i + Pi)�f�2

3777775
+fk
p
Ti��Ri(R3�i +Ri)�

�( f2 + 1)(P3�i + Pi)�
f
2 �2

377777777777775h
� 1

2kT
� 32
i

p
��(P3�i + Pi)�fRi(R3�i +Ri)�

i�2664�k��Ri(R3�i +Ri)2�(�f)(P3�i + Pi)�f�1

+kT�
12

i Ri(R3�i +Ri)�
p��

�(� f2 )(P3�i + Pi)�
f
2 �1

3775 > 0

�9 � ?�
jHj3 = @2'i

@P 2
i

@2'i
@T 2

i

@2'i
@R2

i

+2 @2'i
@Ti@Ri

@2'i
@Pi@Ri

@2'i
@Pi@Ti

�24 @2'i
@P 2
i

( @2'i
@Ti@Ri

)2 + ( @2'i
@Pi@Ti

)2 @2'i
@R2

i

+( @2'i
@Pi@Ri

)2 @2'i
@T 2
i

35 < 0

�10 � ?�

u=ty `k=w QO pw= O=ym "OwW|t |UQQ@ pw= O=ym '`@=wD uOw@ Qakt \}=QW =@ j@=]t
p=ta= u; Q@ QiY =@ uOw@ |w=Ut =} R= QDlJwm \QW xm CU= T} QD=t pw= |x}=QO
CQ=@a xm swO O=ym "CU= xOW xO=O u=Wv �8 � ?� |x]@=Q QO xJ u=vJ "OwW|t
u=v}tQDO u=ty =} swU O=ym w uOw@ QiY R= QDnQR@ \QW =@ 'CU= u; Qou=}@ �9 � ?�
"OwW|t xDiQo Q_v QO |ivt w x@U=Lt �10 � ?� CQ=@a j@] `@=D u}Uy T} QD=t

"Ow@ Oy=wN Qakt ,=O}m = `@=D '\}=QW u}= =@
jHj1 = @2'i

@P 2
i
< 0

= �Ri(R3�i +Ri)2�

�

2666664
�f(P3�i + Pi)�f�1

+f(f + 1)(P3�i + Pi)�f�2Pi
�f(P3�i + Pi)�f�1

+(�cpi � k�Ti)f(f + 1)(P3�i + Pi)�f�2

3777775
+fk

p
Ti��Ri(R3�i +Ri)�

�(f2 + 1)(P3�i + Pi)�
f
2 �2 < 0 �8 � ?�

88




