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[7]"Ovm |wQ}B Tw}vQ; |x]@=Q R= |OQmrta |xYNWt
�i1 = 1 exp(�1

Si
) (2)

�i2 = 2 exp(�2
Si

) (3)

"Cw=iDt |=y=tO QO hr= ẁv OQmrta |xYNWt |=Q@ p=wR Ov}=Qi "1 pmW

"Cw=iDt |=y=tO QO ? ẁv OQmrta |xYNWt |=Q@ p=wR Ov}=Qi "2 pmW

QO |rY= |@=QN Q=mwR=U |=Q@ xOW hPL |=yxO=O u=wvax@ =Q Qo}O |@=QN Q=mwR=U
xm |@=QN Q=mwR=U l} =@ uwtR; KQ] l} CQwYx@ =Q xr�Ut TBU "OvDiQo Q_v
23u=U w u=B 2013 p=U QO [27]"OvOQm pL 'OwW|t pt=W =Q xOW hPL |=yxO=O
|xYNWt u}OvJ w |}xrB VvD =@ xOW`} QUD p=wR |=yuwtR; |=Q@ xv}y@ |L=Q]
ZQi w OvOQm xO=iDU= =t=o Ov}=Qi R= OwN pOt QO =yu; "OvO=O x�=Q= |OQmrta
CLD =yu; "CU= |OwaY ,=O}m = w C@Ft xW}ty OQmrta |=yxYNWt xm OvOQm
=Q |Q}oxR=Ov= |r=wD w =yu=tR 'xvwtv |xR=Ov= Ovv=t xv}y@ C=t}_vD 'xv} Ry C}OwOLt
`} QUD p=wR uwtR; KQ] |xQ=@ QO |}xr=kt |k}kL 2014 p=U QO [28]"OvOQm u}}aD
xm CU= u}= Q@ ZQi xr=kt u}= QO "OQm x�=Q= |D@=kQ |=ylU} Q Qw[L QO xOW
"Ovm|t |wQ}B Qakt p=wR pOt R= p=wR Q}Ut w OwW|t p=ta= |}xrB CQwYx@ VvD
|}=tO |@=QN MQv pOt R= xO=iDU= \}=QW QO |r=oJ `@=wD |=yu}tND |=Q@ u}vJty
2017 p=U QO [29]"CU= xOW xO=iDU=VvD |q=@ Kw]U R= C=aq]= |@=}uwQ@ |=Q@
OvJ w `} QUD Q}eDt OvJ xm |Dr=L |=Q@ =Q |}xv}y@ KQ] Vv=Q=mty w 24nv=w
OvOQm ZQi OwN C=k}kLD QO =yu; u}vJty "OvOQm |UQQ@ 'OQ=O OwHw p=wR |xR=Ov=

[30]"OwW|t p=ta= pwYLt x@ |}xrB CQwYx@ VvD xm
OvJ =@ xOW `} QUD ?QNt p=wR |=yuwtR; p=L x@ =D xOW QwQt C=k}kLD QO
'OW=@ xOW xDiQo Q_v QO |rY= |@=QN u=wvax@ Q=mwR=U Qy xm |@=QN Q=mwR=U
?QNt |xOW`} QUD p=wR uwtR; pOt l} VywSB u}= QO "CU= xOWv |UQQ@
|xv}y@ KQ] u}}aD x@ TBU w CU= xOW x�=Q= |D@=kQ |=ylU} Q Qw[L QO
`} RwD s=p lOvJ |=Q@ nQR@ |xvwtv |@} QkD Tv=} Q=w uOQm xv}tm hOy =@ uwtR;
uwtR; OwOLt `@=vt x@ xHwD =@ "CU= xOW xDN=OQB xO=iDU= \}=QW QO |@=QN u=tR
u}tND CkO C}ty= w V}=tR; |=yxv} Ry '�uwtR; Cq}yUD w OL=w 'u=tR Ovv=ty�
`@=vt R= QF-wt |xO=iDU= |=Q@ uwtR; l} ?U=vt |L=Q] 'pwYLt Qta pw] j}kO
|Q}os}tYD |=yQ}eDt =D CU= R=}v p}rO u}ty x@ "CU= C}ty= R�=L OwOLt
VvD K]U Qy QO |Q}oxR=Ov= pm O=OaD w |UQR=@ |v=w=Qi 'xvwtv pm |xR=Ov= pt=W
x@ QHvt CU= umtt =yQ}eDt u}= CUQO=v ?=NDv= "OwW u}}aD xv}y@ CQwYx@
pwYLt u=v}t]= C}r@=k u}tND CkO Vy=m w |y=oW}=tR; |=yxv} Ry V}=Ri=
|}q=@ C}ty= R= =yQ}eDt u}= |xv}y@ u}}aD hrDNt `}=vY |=Q@ u}=Q@=v@ "OwW
Oy=wN pL w |UQQ@ VywSB u}= QO xm CU= |}xr�Ut ,=k}kO u}= "CU= Q=OQwNQ@

"OW
|r=Ft 2 VN@ QO "CU= xOW |yOu=tR=U Q} R CQwYx@ xr=kt u}= |xt=O=
C}=yv QO w OwW|t u=}@ 'CU= xOW u; pL w xr�Ut u}= uOW KQ]t x@ QHvt xm
pOt 3 VN@ QO "OwW|t xO=iDU= xOW xO=O xaUwD |=yVwQ K} QWD |=Q@ u; R=
"OwW|t u=}@ u; |rm |Ov@pwtQi w |iQat |D@=kQ |=ylU} Q Qw[L =@ 25ADDT

pOt pL VwQ 5 VN@ QO w OwW|t |Ov@pwtQi xv}y@ uwtR; KQ] 4 VN@ QO
6 VN@ QO TBU "CU= xOW K} QWD l}DvS sD} Qwor= R= xO=iDU= =@ xOW x�=Q=
C}=yv QO "Ov};|t CUO x@ 2 VN@ QO xOW x�=Q= p=Ft R= xO=iDU= =@ |OOa G}=Dv

"CU= xOW x�=Q= 7 VN@ QO |Q}oxH}Dv

|WR}ov= p=Ft "2
xOW ?Um C=aq]= R= xO=iDU= =@ Oa@ |=yVN@ QO xDi=} xaUwD |=yVwQ w pOt
K} QWD 'CU= xDiQo Q=Qk QDq=@ |=y=tO ZQat QO xm |}=}t}W pwYLt ẁv l} R=
Q=Qk O=Qo|Dv=U xHQO 90 w 70 '50 |=y=tO QO xOW |Q}oxvwtv |=yOL=w "OwW|t
'uwtR; u}= QO "OwW|t V}=tR; pwYLt R= OL=w 24 `} QUD |=tO Qy QO "OvQ}o|t
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xOW

`}QU
Dp=

wR|
=yu

wtR;
|xv

}y@
|L

=Q]u=tR QO s=i OL=w |ak=w Q}Ut Dij = D(tij ; �li; : : : ; �ki) '5 |xrO=at QO
OL=w x@ OL=w |Q}PB Q}}eD xm CU=yxOv=t|k=@ h=QLv= |xOvyOu=Wv "ij "CU= tij
`} RwD `@=D l} �(Z) xm ' "ij� � �(Z) s} Q=O =Hu}= QO "Ovm|t h}YwD =Q
"CU= �nor(Z) xOW OQ=Ov=DU= p=tQv |atHD `} RwD `@=D Ovv=t XNWt |atHD
xO=iDU= =@ xm OvDUy pwyHt |rw C@=F '� = (�; �1i; : : : ; �1k) pOt |=yQDt=Q=B
|=Q@ u=mt QDt=Q=B D '|rm Cr=L QO "OvwW|t xOR u}tND p=wR uwtR; |=yxO=O R=
Q}eDt R= |a@=D w (�1; : : : ; �k) pwyHt |=yQDt=Q=B x@ xDU@=w xm CU= L `} RwD

%Qo}O CQ=@a x@ "CU= u=tR w (S) `} QUD

L = �(t; S) + " (6)

u}ov=}t w CU= |]N S R= |YNWt K]U QO xOW x�=Q= p=wR pOt xr=kt u}= QO
%u}=Q@=v@ "CU= |]N t x@ C@Uv R}v p=wR Q}Ut

L = �+ �t+ " (7)

|xOvyOu=Wv �Ctqa "Ow@ Oy=wN u=mt QDt=Q=B � w t = 0 xm|v=tR '7 |x]@=Q QO
uwv=k R= � p=wR MQv OW xO=O u=Wv 2 VN@ QO xm Qw]u=ty w CU= p=wR MQv

%Qo}O CQ=@a x@ "Ovm|t |wQ}B Tw}vQ;
� =  exp(�

S
)t (8)

=yQDt=Q=B x@ C@Uv xm Ovm|t |wQ}B 9 |x]@=Q R= p=wR pOt xm Cio u=wD|t C}=yv QO
� w CU= u} wrm |xHQO T=}kt ?UL Q@ (S) =tO x]@=Q u}= QO "CU= |]NQ}e

"CU= p=wR Q=mwR=U =@ Q_=vDt |R=Up=ai |SQv= =@ pO=at
L = �+  exp(�

S
)t+ " (9)

|atHD `} RwD `@=D "2"3
t u=tR QO S0 xO=iDU= \}=QW CLD pwYLt OQmrta |xYNWt hQat L(tjS0)

%CU= xOW u=}@ 10 |xrO=at QO xm CU=

L(tjS0) = �+ �0t+ " t > 0 (10)

=@ p=tQv `} RwD R= " |iO=YD |=]N w OvDUy pwyHt =t= C@=F |=yQDt=Q=B �0 w �
CqwYLt Qta pw] "Ovm|t |wQ}B (N(0; �2)) '� Q=}at h=QLv= w QiY u}ov=}t
u}=Q@=v@ "Ovm|t Qw@a Df |v=QL@ K]U R= L(tjS0) xm |v=tR =@ CU= Q@=Q@ (T )

K]U R= OQmrta |xYNWt Qw@a =@ Q@=Q@ (t) xOW xO=O u=tR QO |@=QN p=tDL=
x�=Q= =Q swyit u}= |[=} Q CQ=@a 11 |x]@=Q "CU= t u=tR QO xOW h} QaD |v=QL@

"OyO|t
F (t) =

P (T � t) = P (L(tjS0) � Df ) = 1� �(Df � �� �0t
�

)

(11)

pO=at |v=tR FL(tjS0) w FT (t) Q=Okt "CU= p=tQv |atHD `} RwD `@=D �(:) xm
's=p lOvJ TBU "Ovm Q=}DN= Df Q=Okt D |iO=YD Q}eDt xm OvwW|t Qo}Om}

|=Q@ u}wrm |xHQO Twmat ?UL Q@ =tO Twmat Q@=Q@ QO ln(�1i) Q=Owtv "3 pmW
"(i = 1; 2; 3)

|=Q@ u}wrm |xHQO Twmat ?UL Q@ =tO Twmat Q@=Q@ QO ln(�2i) Q=Owtv "4 pmW
"(i = 1; 2; 3)

xawtHt |wQ Q@ p=wR Ov}=Qi VR=Q@ |=Q@ 3 w 2 |=yx]@=Q R= xO=iDU= =@ 'u}=Q@=v@
"OwW|t O=yvW}B 4 pOt |OQmrta |xYNWt ẁv wO Qy |=yxO=O

Lkp(tjSi) = �P + P exp(�P
Si

)tj + "ijk

i = 0; 1; 2; 3
P = 1; 2
K = 1; 2; 3; 4
j = 1; 2; :::::::; li
"ijk � N(0; �2) (4)

xr�Ut |Ov@pwtQi "3
p=wR pOt "1"3

|iQat t > 0 'D(t) \UwD u=tR pw] QO X=N OL=w l} |=Q@ |ak=w p=wR Q}Ut
't1; t2; : : : 'xDUUo |v=tR \=kv QO D(t) Q}O=kt =yOQ@ Q=m R= |Q=}U@ QO "OwW|t
u=tR QO s=i OL=w |=Q@ (Lij) xOW xOy=Wt |xvwtv p=wR u=R}t "OvwW|t |Q}oxvwtv

%=@ CU= pO=at tj
Lij = Dij + "ij i = 1; 2; :::; n

j = 1; 2; :::;mi (5)
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|xQ
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�13
98

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt xDN=OQB 'tp 's=p lOvJ |x@U=Lt x@ O}=@ pwYLt Qta `@=D uDW=O CUO QO =@ p=L

CQ=@a x@ "O};|t CUO x@ F (t) = P xrO=at pL =@ s}kDUt CQwYx@ tp "OwW
"OwW|t pY=L 18 |x]@=Q pL R= tp '|@=QN Cr=L wO =@ |vwtR; |=Q@ Qo}O
=@ O}=@ w CU= umttQ}e ,=@} QkD 18 |x]@=Q R= s}kDUt CQwYx@ tp |x@U=Lt =t=

"OwW x@U=Lt |OOa |=yVwQ R= xO=iDU=

F (t) = 1�R(t) = 1� [1� F1(t)] : [1� F2(t)] (18)

%CU= Q} R CQwYx@ uwtR; u}= |=QH= |=Q@ X=N \}=QW R= |NQ@
S0 < S1 < CQwYx@ VvD K]U m R= ?QNt |xOW `} QUD p=wR uwtR; �

"CU= xO=iDU= \}=QW =@ pO=at S0 xm Ovm|t xO=iDU= � � � < Sm

R=}v OQwt |=yOL=w pm O=OaD w OQ}o|t jraD uwtR; x@ OL=w Ni 'Si VvD CLD �
"CU= N =

mP
i=1

Ni =@ Q@=Q@ uwtR; |=Q@
hQat f xm tli = f � li � tu =@ Q@=Q@ uwtR; u=}=B u=tR 'Si VvD CLD �
w =y|Q}oxR=Ov= O=OaD hQat li '�|Q}oxR=Ov= |r=wD� =y|Q}oxR=Ov= u}@ |xrY=i
'|Q}oxR=Ov= u=tR w VvD K]U Qy QO Qo}O hQ] R= "CU= |v=tR OL=w l} tu
"OwW|t |Q}oxR=Ov= ?QNt CQwYx@ w ?=NDv= |iO=YD CQwYx@ OL=w n

%u}=Q@=v@
Ni = n� li (19)

VvDCLD s=k OL=w OQmrta |xYNWt hQat LkP (tj jSi) xm OwW|t ZQi �
%Qo}O CQ=@ax@ "CU= s=P |@=QN Cr=L |=Q@ t u=tR QO Si

LkP (tjSi) = �P + �iP tj + "ijk

i = 0; 1; :::;m
S0 < S1 < ::: < Sm

P = 1; 2; :::; p
k = 1; 2; :::; n
j = 1; 2; :::; li
"ijk � N(0; �2) (20)

"Ovm|t |wQ}B Tw}vQ; |x]@=Q R= Si VvD x@ C@Uv �ip 'xOW ZQi p=wR pOt QO

�iP = P exp(�P
Si

) (21)

xv}y@ uwtR; KQ] "4
|=yxv} Ry Q}F-=D CLD lm w : : : 'l2 'l1 'f 'n |=yQ}eDt xm CU= OwyWt ,qt=m
ZQi u}=Q@=v@ "OvQ=O Q=Qk pwYLt s=p lOvJ u}tND CkO u}vJty w |y=oW}=tR;
pw] s=p lOvJ =@ pO=at t̂p w p=wR V}=tR; pm |xv} Ry hQat TC xm OwW|t
(n; f; l1; l2; : : : ; lm) uwtR; KQ] l} |=v@t Q@ pwYLt R= xOW xORu}tND Qta
%O=O x�=Q= Q} R CQwYx@ u=wD|t =Q Q_v OQwt |Q}os}tYD |xr�Ut C}=yv QO "CU=

x@ 12 |x]@=Q R= xO=iDU= =@ pwYLt Qta pw] `} RwD R= |v=U; x@ u=wD|t =Q 'tp
%OQw; CUO

tp = Df � ���1(1� p)� �
�0

(12)

"OwW|t pY=L F (t) = p |xrO=at pL R= 12 |x]@=Q xm OwW xHwD
Cr=L l} \ki xm CU= ?U=vt |Dr=L |=Q@ 12 |x]@=Q R= xO=iDU= =t=
Cr=L l} |=Q@ xrO=at u}= "OW=@ xDW=O OwHw p=wR Q=mwR=U l} =} |@=QN
=t= "CU= ?U=vt |@=QN Cr=L l} \ki w (S0) xO=iDU= \}=QW QO X=N
OvJ =@ xOW `} QUD p=wR |=yuwtR; |R=UpOt xr=kt u}= hOy xm|}=Hu; R=
xDN=OQB `t=H CQwYx@ Cr=L u}= |R=UpwtQi x@ xt=O= QO 'CU= p=wR Ov}=Qi

"OwW|t
CLD s=k OL=w OQmrta |xYNWt hQat LkP (tj jSi) xm OwW|t ZQi
|]N p=wR Q}Ut xmu}= ZQi =@ "CU= s=P |@=QN Cr=L |=Q@ ti u=tR QO Si VvD

"CU= Q=QkQ@ 13 |x]@=Q 'CU=
LkP (tjSi) = �P + �iP tj + "ijk tj > 0
i = 0; 1; :::;m
So < S1 < ::: < Sm

P = 1; 2; :::; p
k = 1; 2; :::; n
j = 1; 2; :::; li (13)

T}Ov= "OwW|t XNWt iT}Ov= =@ xm OQ=O OwHw VvD K]U m '13 |x]@=Q QO
|xOW |Q}oxR=Ov= OL=w O=OaD Qou=}@ kT}Ov= w CU= |@=QN Cq=L O=OaD hQat P
|v=w=Qi O=OaD j T}Ov= u}vJty "CU= tj u=tR QO VvD K]U Qy QO ?QNt
|oO=U |=Q@ xr=kt |xt=O= QO "OyO|t u=Wv =Q Si VvD K]U QO =y|Q}oxR=Ov=
ZQi u}= T=U= Q@ w (P = 2) OQ=O OwHw |@=QN Cr=L wO \ki xm OwW|t ZQi
'OvQo}Om} R= pkDUt xm |@=QN Cr=L Qy x@ xHwD =@ "OW Oy=wN |R=UpOt xr�Ut
14 |=yx]@=Q QO ?}DQDx@ swO w pw= ẁv |@=QN Cq=L |=Q@ |@=QN |}x}W=L `@=wD

"CU= xOW x�=Q= 15 w
P (T1 � t) = P (L1(tjSi) � D1) = 1� �(D1 � �1 � �i1t

�1
)

(14)

P (T2 � t) = P (L2(tjSi) � D2) = 1� �(D2 � �2 � �i2t
�2

)

(15)

Q=@ u}rw= |=Q@ xm |v=tR =@ CU= Q@=Q@ |@=QN u=tR Q_v OQwt pwYLt |=Q@ xH}Dv QO
%Qo}O CQ=@a x@ =} OyO MQ |@=QN Cr=L wO R= |m}

T = min(T1; T2) (16)

%OwW|t pY=L 17 |x]@=Q R= =k@ `@=D u}=Q@=v@
R(t) = 1� F (t) = P (T > t) = P (min(T1; T2) > t)

= R1(t):R2(t) = (1� F1(t)):(1� F2(t)) (17)
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wtR;
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}y@
|L

=Q]hPL xO=O Qo = w l} Q=Okt �ijk OW=@ j}kO xO=O xm|DQwY QO '25 |x]@=Q QO xm
xOW hPL |xO=O p=wR |=yuwtR; QO ,qwtat "Ovm|t Q=}DN= QiY Q=Okt OW=@ xOW
j}kO |xO=O OwHw |=v@t Q@ p=wR uwtR; R}v xr=kt u}= QO "OwW|t KQ]t CQOvx@
26 |x]@=Q CQwYx@ Q_v OQwt |}=tvCUQO `@=D sD} Q=or u}=Q@=v@ "OW Oy=wN pOt

%CU=
lnL(�) =

mX
i

liX
j

nX
k

ln(f1(Lk1(tj jSi))�f2(Lk2(tj jSi)))

=
mX
i

liX
j

nX
k

ln(f1(Lk1(tj jSi))) + ln(f2(Lk2(tj jSi)))

=
mX
i

liX
j

nX
k

ln� 1
�1
p2� exp

�
� (Lk1(tj jSi)� �1 � �i1tj)2

2�21

��
+ ln

� 1
�2
p2� exp

�
� (Lk2(tj jSi)� �2 � �i2tj)2

2�22

��
(26)

OwW|t (�1; 1; �1; �1; �2; 2; �2; �2) |=yQDt=Q=B pt=W � '26 |x]@=Q QO
"CU= x@U=Lt p@=k |}=tvCUQO |xv}W}@ VwQ \UwD (�̂) =yQDt=Q=B u}= u}tND xm
u}tND |xr}Uw x@ =yxO=O x@ pOt VR=Q@ |}=tvCUQO |xv}W}@ VwQ |rm |xO}=
VwQ "OwW xv}W}@ xOW xOy=Wt |=yxO=O p=tDL= xm CU= |}xvwo x@ =yQDt=Q=B
sy=Qi =yxO=O `=wv= x@ pOt VR=Q@ |=Q@ Q}PBj}@]D w |rm |Q=R@= |}=tvCUQO |xv}W}@
=@ |QDt=Q=B=v w |QDt=Q=B |=ypOt R= |a}Uw |xOwOLt |=Q@ Ov=wD|t VwQ u}= "Ovm|t
u}t[D |}=tvCUQO |xv}W}@ |x} Q_v "OwQ Q=mx@ pt=m w xOW hPL |=yxO=O `=wv=

[6]"OvDUy =Q=m =yu}tND |Q=t; Q_v R= 'nQR@ |=yxvwtv |xR=Ov= QO xm Ovm|t
x@ xDU@=w uwtR; KQ] |=Q@?U=vt Q=}at 'xOW `} QUD p=wR |=yuwtR; |L=Q] QO
R= |m} "OW=@ xO=iDU= \}=QW QO tp u}tND Ov=wD|t hOy u}= "CU= V}=tR; hOy
|xv}W}@ QoOQw;Q@ R= |@v=Ht Tv=} Q=w uOQm xv}tm uwtR; KQ] |=Q@ =yQ=}at u} QDG}=Q
=O}B hOy Qo}O CQ=@ax@ "CU= xOW XNWt |@=QN u=tR lOvJ |}=tvCUQO
x@ 27 |x]@=Q R= AV ar(t̂p) "OwWxv}tm AV ar(t̂p) xm CU= |vwtR; KQ] uOQm

[27w24'7]"O};|t CUO
Avar(t̂p) = hI(�)�1h0 (27)

xm CU= h |xO=yv=QD h0 w CU= QW}i C=aq]= T} QD=t Qou=}@ I(�) x]@=Q u}= QO
"O};|t CUO x@ 28 |x]@=Q R= h Q=Okt

h = @tp
@�

h =
�
@tp
@�1

; @tp
@1

; @tp
@�1

; @tp
@�1

; @tp
@�2

; @tp
@2

; @tp
@�2

; @tp
@�2

�
(28)

tp uOQw; CUO x@ 'OQ=O OwHw |@=QN Cr=L wO xm |v=tR 'OW u=}@ ,q@k xm Qw]u=ty
q=@ |x]@=Q R= xO=iDU= =@ h |x@U=Lt u}=Q@=v@ &CU= Q=wWO Q=}U@ s}kDUt VwQ R=
|}xQ}HvR jDWt |xOa=k R= u; |x@U=Lt |=Q@ p}rO u}tyx@ "CU= umttQ}e ,=@} QkD

%Qo}O CQ=@ax@ "s}vm|t xO=iDU=
@F (t)
@�

= @F (t)
@t

� @t
@�
) @tp

@�
=

@F (t)
@�

@F (t)
@t

F (t) = 1� [(1� F1(t)) � (1� F2(t))] (29)

minAV ar(t̂pjn; f; l1; l2; :::; lm);

s:t :

Tc(n; f; l1; l2; :::; lm) � Cb
f:li � tmax

N � Nmax

n � nmin

n; f; l1; l2; :::; lm 2 Nm+2 (22)

R= |xHOw@ pm hQat Cb 't̂p |@v=Ht Tv=} Q=w hQat AV ar(t̂p) '22 pOt QO
|Q}oxR=Ov= u=tR |xv}W}@ hQat tmax 'p=wRV}=tR; |=QH= |=Q@ xOWXNWtV}B
R= xm pm |xvwtv |xR=Ov= |xv}W}@ hQat Nmax 'OwW|t XNWt V}B R= xm xOW
VvD K]U Qy QO pm |xvwtv |xR=Ov= |xv}tm hQat nmin w OwW|tXNWtV}B
|R=Uxv}y@ |xr�Ut pL ?wJQ=yJ =@ x]@=Q QO xt=O= QO "CU= |Q}oxR=Ov= u=tR w
VN@ wO pt=W 22 pOt QO xOW x�=Q= |xr�Ut pL "OW Oy=wN EL@ xOW x�=Q=
s=p lOvJ (MLE) |}=tvCUQO |xv}W}@ |@v=Ht Tv=} Q=w |x@U=Lt "1 %CU=
"V}=tR; |=QH= |xv} Ry pm |x@U=Lt "2 "xO=iDU= \}=QW CLD pwYLt Qta pw]

AV ar(t̂p) |x@U=Lt |xwLv "1"4
`@=D 'xOW hPL w j}kO |xO=O Qw[L QO w LkP (tj jSi) C=Oy=Wt |=v@t Q@
ẁv Qy |=Q@ =OD@= QO "CU= Q} R CQwYx@ xOW KQ]t p=wR pOt |=Q@ |}=tvCUQO
`@=D "OwW|t x@U=Lt pm |}=tvCUQO `@=D TBU w x@U=Lt |}=tvCUQO `@=D xO=O

%OwW|t x@U=Lt 23 |x]@=Q R= j}kO |=yxO=O |=Q@ |}=tvCUQO

Le(�) =
mY
i=1

liY
j=1

nY
k=1

1
�1
p2� exp

�
� (Lk1(tj jSi)� �1 � �i1tj)2

2�21

�
� 1
�2
p2� exp

�
� (Lk2(tj jSi)� �2 � �i2tj)2

2�22

�
(23)

%=@ CU= pO=at xOW hPL |=yxO=O |=Q@ |}=tvCUQO `@=D w

Ls(�) =
mY
i=1

liY
j=1

nY
k=1

�
1� �

�
(Lk1(tj jSi)� �1 � �i1tj)

�1

��
�
�

1� �
�

(Lk2(tj jSi)� �2 � �i2tj)
�2

��
(24)

%=@ CU= Q@=Q@ pm |}=tvCUQO `@=D C}=yv QO

A = 1
�1
p2� exp

�
� (Lk1(tj jSi)� �1 � �i1tj)2

2�21

�
� 1
�2
p2� exp

�
� (Lk2(tj jSi)� �2 � �i2tj)2

2�22

�
B =

�
1� �

�
(Lk1(tj jSi)� �1 � �i1tj)

�1

��
�
�

1� �
�

(Lk2(tj jSi)� �2 � �i2tj)
�2

��
L(�) =

mY
i

liY
j

nY
k

A�ijk �B1��ijk (25)
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|U
Ovyt x@U=Lt 32 |x]@=Q R= ?QNt |xOW `} QUD p=wR uwtR; |=QH= pm |xv} Ry xH}Dv QO

%OwW|t

TC(n; f; l1; :::; lm) = Copf
mX
i=1

li + Cmean
mX
i=1

li + Citn
mX
i=1

li

(32)

=@ ?QNt |xOW `} QUD p=wR |=yuwtR; |xv}y@ |L=Q] |xr�Ut pOt C}=yv QO
%OQm |Ov@pwtQi Q} R CQwYx@ u=wD|t =Q |D@=kQ |=ylU} Q Qw[L

minhI(�)�1h0

s:t :

Copf
mX
i=1

li + Cmean
mX
i=1

li + Citn
mX
i=1

li � Cb
f:li � tmax

mX
i=1

n:li � Nmax

n � nmin

n; f; l1; l2; :::; lm 2 Nm+2 (33)

pL VwQ "5
|R=Uxv}y@ |xr�Ut |=Q@ |r}rLD pL VwQ l} |x�=Q= 'hOy `@=D |oO}J}B p}rO x@
|=Q@ pt=m VQ=tW VwQ R= xO=iDU= u}vJty "OUQ|t Q_v x@ umttQ}e Q_v OQwt
QmP |=yC}OwOLt x@ xHwD =@ "OQ=O |vqw] Q=}U@ pL u=tR x@ R=}v R}v xr�Ut u}=
xOW x�=Q= pOt pL |=Q@ l}DvS sD} Qwor= R= xr=kt u}= QO =D OW xDiQo s}tYD xOW
2011 ?rDt Q=Ri=sQv R= xO=iDU= =@ xOW |L=Q] sD} Qwor= |R=UxO=}B "OwW xO=iDU=
"CU= xOW x�=Q= VwQ u}= x@ \w@ Qt C=}�RH VN@ u}= xt=O= QO "CU= xOW s=Hv=

?=wH V}=tv |xwLv "1"5
%OQ=O OwHw ?=wH V}=tv |xwLv =} =yQ}eDt uOQm Om QO |rY= |xw}W Q=yJ
K}LY OOa Om V}=tv "3 |k}kL O=Oa= Om V}=tv "2 |} wOwO Om V}=tv "1
pOt |=Q@ ?=wH V}=tv |xwLv |=Q@ xw}W u} QDy@ "|DWo}=H Om V}=tv "4 w
|}xvwtv 5 pmW "CU= K}LY O=Oa= R= xO=iDU= =@ |DWo}=H V}=tv 'xOW x�=Q=
?=wH Qo}O CQ=@ax@ "OyO|t u=Wv =Q xv}y@ uwtR; KQ] |=Q@ ?=wH V}=tv R=
OL=w O=OaD Qou=}@ pw= |xv=N xm CU= xOW xDiQo Q_v QO x}=Q; l} CQwYx@ xr�Ut
pO=at ?}DQDx@ swU =D swO |=yxv=N w CU= |}=tO \}=QW w u=tR Qy QO |Q}oxR=Ov=
u}@ |xrY=i Qou=}@ QN; |xv=N w OvDUy swU =D pw= Kw]U QO |Q}oxR=Ov= O=OaD =@

"CU=y|Q}oxR=Ov=

x}rw= ?=wH uDN=U "2"5
O=Oa= R= |@}mQD Qy =Q} R "CU}v pmWt x}rw= ?=wH uDN=U Q_v OQwt |xr�Ut QO

"?=wH V}=tv xwLv "5 pmW

u=oOvv=wN Q=}DN= QO R=}v CQwY QO @F (t)
@� w @F (t)

@t |=yjDWt |r}rLD C=@U=Lt
Q}O=kt ' @F (t)

@� w @F (t)
@t |=yjDWt uDW=O Q=}DN= QO =@ C}=yv QO "OwW|t xO=O Q=Qk

"Ow@ Oy=wN x@U=Lt p@=k |DL=Q x@ h0 w h
T} QD=t |x@U=Lt 'hOy `@=D |x@U=Lt |=Q@ 'h0 w h Q=Okt |x@U=Lt Q@xwqa
QW}i C=aq]= T} QD=t |x@U=Lt |=Q@ VwQ wO "CU= |QwQ[ R}v QW}i C=aq]=
T} QD=t "C=Oy=Wt QW}i T} QD=t "2 "Q=_Dv= OQwt QW}i T} QD=t "1 %OQ=O OwHw
Q} R CQwYx@ u; |x]@=Q w OwW|t x@U=Lt |[=} Q O}t= |=v@t Q@ Q=_Dv= OQwt QW}i

%O};|t CUO x@

I(�) = E

" �
@ log f(x; �)

@�

�2
j�
!#

=

1Z
�1

�
@ log f(x; �)

@�

�2
f(x; �)dx (30)

C=Oy=Wt QW}i T} QD=t =t= "CU= |}=tvCUQO `@=D u=ty f 0(x; �) q=@ |x]@=Q QO
xm CU=yQDt=Q=B x@ C@Uv |}=tvCUQO |xv}W}@ T} QD=t swO jDWt |ivt =@ pO=at

%OwW|t pY=L 31 |x]@=Q R=

I(�) = �@2L(�)
@�2 = �

nX
i=1

@ log f 0(x; �)
@�2 (31)

w C=Oy=Wt QW}i T} QD=t R= u=wD|t nQR@ |=yxvwtv |xR=Ov= QO |rm Qw]x@
QO xm CU= u; xHwD p@=k |xDmv "OQm xO=iDU= Qo}Om} |=H x@ Q=_Dv= OQwt
QDy@ 'OW=@ xDW=O OwHw Q=_Dv= p@=k QW}i T} QD=t |x@U=Lt u=mt= xm |DQwY
OwHw |r}rLD |Q}ojDWt u=mt= xm |DQwY QO w OwW xO=iDU= u; R= CU=
xHwD =@ u}=Q@=v@ "OQm xO=iDU= |OOa |Q}ojDWt |=yVwQ R= O}=@ 'OW=@ xDW=Ov
jDWt |[=} Q O}t= pt=W QW}i C=aq]= T} QD=t |=RH= 'xOW xO=O C=L}[wD x@
|=RH= C=@U=Lt |=Q@ xr=kt u}= QO "CU= � |=RH= x@ C@Uv � ln L(�) swO
O}t= |x@U=Lt QO w xOW xO=iDU= |r}rLD |=yjDWt R= QW}i C=aq]= T} QD=t
xO=iDU= |OOa |Q}op=QoDv= R= � |=RH= x@ C@Uv � ln L(�) swO jDWt |[=} Q

"CU= xOW

V}=tR; pm |xv} Ry |x@U=Lt "2"4
O}=@ xm Ov=x=Qty xHOw@ C}OwOLt =@ xOW `} QUD p=wR |=yuwtR; |=QH= ,qwtat
p=wR uwtR; l} |=QH= |=yxv} Ry pm "OwW xDiQo Q_v QO uwtR; l} |L=Q] QO
OL=w |xv} Ry w |Q}oxR=Ov= |xv} Ry 'V}=tR; |=QH= |xv} Ry xU pt=W xOW `} QUD
Q} R CQwYx@ xv} Ry xU u}= R= l} Qy |x@U=Lt |xwLv [7]"OwW|t uwtR; CLD

%CU=
OL=w |xv} Ry O=tv Cop xm 'Copf mP

i=I
li =@ CU= Q@=Q@ V}=tR; |=QH= |xv} Ry �

"CU= C=}rta
|xv} Ry O=tvCmea xm 'Cmean mP

i=I
li =@CU= Q@=Q@ ?QNt |Q}oxR=Ov= |xv} Ry �

"CU= ?QNt |Q}oxR=Ov= OL=w l}
Qy |xv} Ry O=tv Cit xm ' Citn mP

i=I
li =@ CU= Q@=Q@ uwtR; |=yOL=w |xv} Ry �

"CU= uwtR; �|xOW |Q}oxR=Ov= pwYLt� OL=w
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wR|
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wtR;
|xv

}y@
|L

=Q]

"|}x]kv l} `]=kD "6 pmW

"|}x]kv wO `]=kD "7 pmW

hkwD Q=}at "7"5
R= |O=OaD "OwQ Q=mx@ l}DvS sD} Qwor= l} |=Q@ Ov=wD|t |Dw=iDt |xtD=N \}=QW
pm O=OaD uO}UQ 'R=Ht CPU u=tR |xv}W}@ R= uDWPo %R= Ov=CQ=@a \}=QW u}=
|xQwO l} |=Q@ uOWv pY=L Ow@y@ 'u}at |xv=DU; l} x@ |oOvR=Q@ |=y|@=} RQ=
R= xr=kt u}= QO xOW x�=Q= sD} Qwor= QO "=ypUv R= |v}at O=OaD O}rwD w u=tR R= u}at
xO=iDU= xtD=N \QW u=wvax@ OwW|t u}}aD V}B R= xm Q=QmD |xv}W}@ C}OwOLt

"CU= xOW

=yC}OwOLt C} Q}Ot "8"5
|=yC}OwOLtC} Q}Ot|ovwoJ 'l}DvS|=ysD} Qwor=|L=Q] QO sytp�=Ut R=|m}
u}}aD =Q |O}rwD |=y?=wH uOw@|vOWv =}|vOW xr�Ut |=yC}OwOLt "CU= xr�Ut
xHwD 'Q}}eD |=yQorta xr}Uw x@ O}OH |=y?=wH O}rwD s=ovy QO 'u}=Q@=v@ "Ovm|t
C} Q}Ot |=Q@ |irDNt |=yOQ@y=Q "CU= |QwQ[ w sRq xr�Ut |=yC}OwOLt x@
x@ xt} QH X}YND VwQ wO R= |O=yvW}B sD} Qwor= QO "OQ=O OwHw =yC}OwOLt
=yC}OwOLt C} Q}Ot |=Q@ |vOWv |=y?=wH O}rwD R= |Q}owrH w |vOWv |=y?=wH
xOW xDiQo Q=mx@ xt} QH X}YND VwQ xv} Ry C}OwOLt |=Q@ "CU= xOW xO=iDU=
xO=iDU= |vOWv |=y?=wH O}rwD R= |Q}owrH VwQ R= =yC}OwOLt Q}=U |=Q@ w CU=

"CU= xOW

=yQDt=Q=B s}_vD "9"5
w x}rw= Q=Okt "OwW|t s=Hv= Q_v OQwt |xr�Ut |=Q@ =yQDt=Q=B s}_vD 'xrLQt u}= QO
C}atH O=OaD ?=NDv= "CU= xOW x�=Q= 1 pwOH QO =yQDt=Q=B Q}}eD |xvt=O u}vJty
|}=Qosy Q=JO xr�Ut 'OW=@ sm C}atH O=OaD Qo = "CU= Q=OQwNQ@ |}q=@ C}ty= R=
O=OaD Qo = w O}UQ s}y=wNv |QU=QU |xv}y@ w Q_vOQwt ?=wH x@ w OwW|t TQOwR
O=OaD O}=@ 'u}=Q@=v@ "s}UQ@ |}=Qosy x@ =D CU= sRq |O=} R u=tR 'OW=@ O=} R C}atH
G}=Dv x@ pw@k p@=k |v=tR QO u=wD@ =D OW=@ xDW=O Q=Qk |rw@k p@=k OL QO C}atH
xOW xDiQo xQy@ MU=B K]U OQm} wQ R= =yQDt=Q=B s}_vD |=Q@ "Ci=} CUO |@ wr]t
?}mQD Qy QO Q=QmD wO w ?}mQD 32 =@ |RmQt ?mQt KQ] l} Qw_vt u}tyx@ "CU=
2 pwOH T=U= Q@ xv}W}@ w xv}tm Q=Okt wO pt=a Qy |=Q@ "OwW|t xDiQo Q_v QO
MU=B K]U OQm} wQ T=U= Q@ =yQDt=Q=B s}_vD |}=yv G}=Dv C}=yv QO "OwW|t ?=NDv=

"O};|t CUO x@ 2 pwOH CQwYx@

QO x}rw= ?=wH u=wva x@ u=wD|t 'Ovm jOY xr�Ut |=yC}OwOLt QO xm =Q K}LY
xOW O}rwD |iO=YD CQwYx@ x}rw= ?=wH sD} Qwor= u}= QO p}rO u}ty x@ "CiQo Q_v
xOW xDN=U |iO=YD CQwYx@ sD} Qwor= u}= QO x}rw= C}atH Qo}O CQ=@ax@ "CU=

"CU=

|oOvR=Q@ `@=D "3"5
T=U= w x}=B `@=D u}= "CU= ?=wH Qy |oOvR=Q@ u=R}t uO=O u=Wv '|oOvR=Q@ `@=D Vkv
^=Lr R= "Ovm|t p}yUD =Q =yOw@y@ xH}Dv QO w OyO|t p}mWD =Q ?=NDv= |=Q@
X}YND =yswRwtwQm x@ |oOvR=Q@ |xR=Ov= l} xm CU= |a@=D |oOvR=Q@ `@=D '|vi
xr=kt u}= QO l}DvS sD} Qwor= |xr}Uw x@ xOW pL |xr�Ut xm =Hu; R= "OyO|t
Tv=} Q=w |va} xr�Ut hOy `@=D u=ty |oOvR=Q@ `@=D 'CU= |R=Uxv}y@ |xr�Ut l}

"CU= |@=QN u=tR lOvJ |@v=Ht

Or=w ?=NDv= "4"5
xR=H= |va} &CU= |oOvR=Q@ T=U= Q@ O=Qi= u}@ uOW p�=k R}=tD 'Or=w ?=NDv= Vkv
?=NDv= x=Qty x@ Or=w ?=NDv= "OvW=@ Oa@ pUv u}Or=w xmu}= |=Q@ QDy@ O=Qi= x@ uO=O
?=NDv= Ov}=Qi 'l}DvS sD} Qwor= QO "OQ=O =Q C}atH QO C}i}m Ow@y@ Vkv xOv=tR=@
uOW Or=w |=Q@ |QDW}@ Tv=W QDq=@ |oOvR=Q@ =@ O=Qi= u}=Q@=v@ "CU= |r=tDL= Or=w
OwHw |irDNt |=yVwQ 'Or=w ?=NDv= |=Q@ "OvQ=O QDu}}=B |oOvR=Q@ =@ O=Qi= x@ C@Uv
|oOvR=Q@ T=U= Q@ pt=m CQwYx@ CrwQ MQJ sD} Qwor= Ovv=t =yVwQ R= |NQ@ "OQ=O
?=NDv= w xOW |Ov@x@DQ ?=NDv= Ovv=t |}=yVwQ p@=kt QO "Ovvm|t ?=NDv= =Q Or=w
|@Uv CQwYx@ w OvQ=Ov RmQtD |oOvR=Q@ Q@ pt=m CQwYx@ xm OvQ=O OwHw |}xk@=Ut

"OvyO|t Q=Qk xHwD OQwt =Q |oOvR=Q@

?}mQDR=@ "5"5
=yu; QDW}@ "OQ=O OwHw K}LY O=Oa= V}=tv |=Q@ ?}mQDR=@ R= |OQ=Ov=DU= |=yVwQ
OwHw =yu; R= |irDNt `=wv= xm OvJQy "Ovvm|t O}rwD OvRQi wO w ẁQW Or=w wO R=
l} \ki '=yu; R= |a=wv= u}vJty w Ovvm|t xO=iDU= Or=w wO R= V}@ R= xm OQ=O
|}x]kvwO `]=kD w |}x]kv l} `]=kD wO R= xr�Ut u}= QO "OvQw;|t OwHw x@ =Q OvRQi
QO |iO=YD OOa l} ?=NDv= |xr}Uw x@ '|}x]kv l} `]=kD "CU= xOW xO=iDU=
u}= QO =Q u}Or=w wO Qy TBU w CU= xDWQ pw] L xm Ovm|t Q=m [0;L� 1] |xR=@
6 pmW "Ovm|t O}rwD =yu; |xr=@vO uOQm =Hx@=H =@ =Q OvRQi wO w OvmW|t x]kv
xU x@ Q_v OQwt V}=tv |}x]kvwO `]=kD QO "CU= `]=kD ẁv u}= |xOvyOu=Wv
pta u}= "OwW|t Z} waD Qo}Om} =@ Or=w wO |v=}t CtUk TBU w s}UkD CtUk

"CU= xOW xO=O u=Wv 7 pmW QO

VyH "6"5
l} |wQ Q@ VyH Qorta "OQ=O s=v VyH 'l}DvS sD} Qwor= QO |mD Q}}eD Qorta
'OvRQi l} O}rwD "Ovm|t O=H}= =Q xDi=}VyH OvRQi l} w OwQ|t Q=mx@ swRwtwQm
'Q_vt u}= R= "CU=[i u}= QO O}OH |x]kv l} CtU x@ uDW=OQ@ s=o |=vat x@
w ẁv "Ovm u}t[D =Q wHDUH |=[i |=y?=wH s=tD x@ |UQDUO Ov=wD|t VyH
VwQ QO "OQ=O |oDU@ =y?=wH V}=tv VwQ x@ VyH |=Q@ xOW ?=NDv= |=yQDt=Q=B
p=tDL= =@ w ?=NDv= |iO=YD Qw]x@ uS l} xr=kt u}= sD} Qwor= QO xOW xO=iDU=

"OwW|t sm w xi=[= u; x@ l} Q=Okt 0 5
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u=DU
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h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "hrDNt |=yxHOw@ |=Q@ uwtR; |xv}y@ KQ] "3 pwOH

xHOw@ n� l�1 l�2 l�3 f�
xv} Ry hOy `@=Dpm

500 4 4 2 2 5 500 473736255
600 2 10 7 2 2 589 431124227
700 2 11 7 4 2 682 366016816

"uwtR; |=yOL=w w =QH= '|Q}oxR=Ov= l}miD x@ =yxv} Ry "4 pwOH
xHOw@ |=yOL=w |xv} Ry xv} Ry xv} Ry xv} Ry

uwtR; |Q}oxR=Ov= =QH= pm
500 320 160 20 500
600 380 190 19 589
700 440 220 22 682

25 |=tO QO pwYLt |Q=Oyov w xO=iDU= \}=QW ?UL Q@ tp Q=Okt Q_v OQwt p
OL=w 61 054 Q=Okt 'p = 0=5 |=Q@ '|va} "OwW|t x@U=Lt O=Qo|Dv=U |xHQO

"OwW|t pY=L tp |=Q@ u=tR

xv}y@ uwtR; KQ] "1"6
lOvJ xmu}=x@ xHwD =@ "OW Oy=wN x�=Q= p=Ft |=Q@ uwtR; |xv}y@ KQ] VN@ u}= QO
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