
�13
98

u=DU
tR�

'h}
QWC

}Q}O
tw

`}=v
Y

|U
Ovyt

18
�11

"X
'2/

1|
xQ=t

W'
35

�1
|xQ

wO

O
ri

gi
na

lA
rt

ic
leC=e}r@D K]U u}}aD |=Q@ |R=@ |x} Q_v l} OQm} wQ

pwYLt wO |Q=PoCt}k x=Qty x@ pwYLt l}
XNWt Ct}k OwHw =@ u}Wv=H ptmt

|rY= pwYLt |=Q@
�Q=}Wv=O� |mRQ@|DU=Q |[DQt

u=yiY= |DavY x=oWv=O '=ysDU}U w `}=vY |UOvyt |xOmWv=O
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"O} Q}o@ Q_v QO =Q OvDUy Qo}Om} u}Wv=H xm u; ptmt |q=m wO w |rY= |q=m l} pt=W
x=Qty x@ |rY= pwYLt C=e}r@D K]U u=tRsy u}}aD |xr�Ut 'Q=@ u}rw= |=Q@ xr=kt u}= QO

|=y?=wH "CU= xOW |UQQ@ |rY= pwYLt ptmt u}Wv=H pwYLt wO |Q=PoCt}k
OQm} wQ =@ |rO=aD C=e}r@D K]U |wQ Q@ l} QDt=Q=B |=yp}rLD x=Qtyx@ xr�Ut |rO=aD
'OvDUy wQ}B u}Wv=H CqwYLt w Q@yQ |rY= pwYLt u; QO xm OvQDQ@ - nQ@rmDU=

|x}=B |=[=kD xm OyO|t u=Wv l} QDt=Q=B C}U=UL p}rLD "CU= xOW x�=Q= w x@U=Lt
C=e}r@D |wQ Q@ |OwN Ct}k |v=UWm 'u}vJty "CU= QF=|@ |rO=aD C=e}r@D |wQ Q@ Q=R=@
G}=Dv "OQ=O C@Ft QF= |rO=aD C=e}r@D |wQ Q@ |OwNQ}e Ct}k |v=UWm w |ivt QF= |rO=aD

pwYLt C=e}r@D K]U |wQ Q@ C@Ft QF= '|rY= pwYLt Ct}k OyO|t u=Wv |r}rLD
"OQ=O |rY=

rasti@cc.iut.ac.ir "|R=@ |x} Q_v 'u}Wv=H w ptmt |=yq=m '|Q=PoCt}k 'C=e}r@D %|O}rm u=oS=w

xtOkt "1
CLD 7pwYLt wO Qy Ct}k x@ xDU@=w |=[=kD =@ ptmt pwYLt wO |Q=PoCt}k
u}Wv=H pwYLt wO |Q=PoCt}k C=t}tYD u}vJty w OvQDQ@ - nQ@rmDU= pOt
j@] Q@ S=Dvwt sDU}U l} QO pwYLt wO Qy |}=yv Ct}k x@ xDU@=w |=[=kD =@
|Q=PoCt}k C=t}tYD [6w5]"CU= xOW s=Hv= u=kkLt R= |O=OaD \UwD VQ=iU
VwQixOQN l} w xOvvmu}t-=D l} pt=W u}t-=D |xQ}HvR l} QO |yOVQ=iU w
Q=DN=U C=QF= "CU= xOW |UQQ@ [7]u=Q=mty w |q \UwD pwYLt l} |=Q@ w
[8]|wJ \UwD VwQixOQN j} Q] R= VwQi |=Q@ xOvvmO}rwD C=t}tYD Q@ CQOk
s=Hv= u}Wv=H CqwYLt |=Q@ =Q |y@=Wt Q=m [9]u=Q=mty w |; "CU= xOW |UQQ@
?}kQ u}t-=D |xQ}HvR wO QO nQ@rmDU= |R=@ QO |yOCtON w |Q=PoCt}k "Ov=xO=O
xOW s=Hv= R}v |a]kQ}e |=[=kD `@=D uDiQo Q_v QO =@ w u}Wv=H CqwYLt =@
u}t-=D |xQ}HvR l} QO =Q OwU u}}aD w |Q=PoCt}k [11]'u}i} Qo w lDQ= [10]"CU=
|Q=PoCt}k |xr�Ut l} |=Q@ OvQDQ@ - nQ@rmDU= |R=@ "Ov=xOQm |UQQ@ |}xrLQt wO
C}akwt w pwYLt|v} Ro}=H QF= '=yv; &CU= xOW|UQQ@ [12]u=Q=mty wnv=S\UwD
p}rLD =Q xv=owO `} RwD p=v=m =@ u}t-=D |xQ}HvR l} QO |Q=PoCt}k s}tYD Q@ p=v=m

"Ov=xOQm
xm CU= |D=aw[wt u} QDsyt R= |m} C=e}r@D ẁ[wt OW xQ=W= xm Qw]u=ty
|UQQ@ w EL@ |Q=PoCt}k Q=vm QO ?re= w CU= xDiQo Q=Qk u=kkLt xHwD OQwt

xHwD OQwt ,=Q}N= xm Ov=|OQ@ Q=m w syt C=aw[wt R= 2C=e}r@D w 1|Q=PoCt}k
|=yxt=vQ@ |x�=Q= w =yCt}k K]U ?U=vt u}}aD "Ov=xDiQo Q=Qk u=kkLt R= |Q=}U@
"OQ=O =yCmQW |Qw;OwU C}=yv QO w =[=kD OWQ QO |}=RU@ Q}F-=D ?U=vt |D=e}r@D
R= xO=iDU= =@ Q=@ u}rw= |=Q@ |Q=PoCt}k w C=e}r@D p�=Ut R= |m} xr=kt u}= QO
|R=@ |x} Q_v u=ty =} |rt=aOvJ |Q}os}tYD Vv=O "OwW|t |UQQ@ |R=@ |x} Q_v
"OQ=Po|t Q}F-=D Qo}Om} |wQ Q@ pt=a OvJ C=t}tYD xm OR=OQB|t |r�=Ut |UQQ@ x@
OR=OQB|t |r�=Ut |UQQ@ x@ 3|R=@ |x} Q_v =} |rt=aOvJ |Q}os}tYD� `k=w QO
=Q OwN |O}=a =} C}@ wr]t =D OvDUy |D=t}tYD |B QO um} R=@ =} 4pt=a OvJ xm
Q=PoQ}F-=D =ypt=a Q}=U C}@ wr]t `@=D Q@ pt=a Qy C=t}tYD xm |Qw]x@ &Ovvm xv}W}@

�[1]"OW=@
"CU= xOw@ u=kkLt xHwD OQwt =yp=U |Q=PoCt}k ẁ[wt 'Qo}O hQ] R=
Q=Okt u}}aD |xRwL C=k}kLD R= |Q=}U@ T=U= w x}=B [3]OvQDQ@ w [2]wvQwm |=ypOt
pwYLt l} |Q=PoCt}k ẁ[wt [4]Rw} w w nv}U "OvDUy |Q=PoCt}k w O}rwD
|xr�Ut "OvOQm |UQQ@ =Q6ptmt pwYLt =} 5u}Wv=H x@=Wt pwYLt OwHw =@
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m}wQ|mRQ@ |DU=Q x@=Wt xr=kt u}= QO "CU= xOW |iQat [1]|mRQ@ |DU=Q \UwD Q=@
w CU= XNWt �QiY xQ=tW pwYLt� |rY= pwYLt Ct}k OwW|t ZQi
|Q=PoCt}k x@ C@Uv |rY= pwYLt Ct}k T=U= Q@ Qo}O |xOvvmO}rwD wO
xOW xDiQo Q_v QO C=e}r@D Q[=L VywSB QO "Ovvm|t s=Ok= OwN pwYLt
|=[=kD `@=D �[22w21]'Ovv=t� ẁ[wt |xv}W}B QO OwHwt |=yVywSB x@=Wt "CU=
=yQDt=Q=B OQwt QO C=aq]= |xty "CU= xOW ZQi |]N CQwYx@ CqwYLt
C=aq]= =@ |R=@� CU= xOW xDN=vW u=oOvvmO}rwD |xty |=Q@ =[=kD `@=wD Q=DiQ w

"�pt=m

s�qa "1"2
%R= Ov=CQ=@a xr=kt u}= QO xO=iDU= OQwt s�qa

x}=tv
"xOvvmO}rwD T}Ov= %i

=yQDt=Q=B
&(i = 0; 1; 2) i xOvvmO}rwD Q=R=@ |x}=B %�i

(Self-price OwN pwYLt Ct}k Q}}eD R= |W=v pwYLt Qy |=[=kD |v=UWm %�
& elasticity)

CqwYLt Qo}O pwYLt Ct}k Q}}eD R= |W=v pwYLt Qy |=[=kD |v=UWm %
&(Cross-price elasticity)

|rY= pwYLt Ct}k Q}}eD R= |W=v ptmt CqwYLt |=[=kD |v=UWm %�
& (Cross-price elasticity)

&|rY= pwYLt VwQi Ct}k %p0
&=[=kD Q=Okt QO C=e}r@D QF= ?} Q[ %�

xOvvmO}rwD hOy `@=D QO C=e}r@D |xv} Ry ?} Q[� C=e}r@D |}xv} Ry QF= ?} Q[ %�
"�|rY= pwYLt

s}tYD |=yQ}eDt
&|rY= pwYLt |xOvvmO}rwD C=e}r@D K]U %a0

"(i = 1; 2) i pwYLt VwQi Ct}k %pi
OwU w =[=kD `@=wD

&(i = 0; 1; 2) i pwYLt |=[=kD %Di
"(i = 0; 1; 2) i xOvvmO}rwD OwU `@=D %�i

�q=@ T}Ov=� |Q=YDN= Ctqa
"OvQDQ@-nQ@rmDU= |R=@ %SB

CU= xOW xDiQo Q_v QO |Q=R=@ |x}=B 'wO w l} CqwYLt R= l} Qy |=Q@
OwW|t ZQi |ak=w |=}vO j@=]t "Ovm|t Q}}eD CqwYLt Ct}k C=Q}}eD =@ xm
u}vJty "(�) O@=}|t Vy=m pwYLt u; |=[=kD pwYLt l} Ct}k V}=Ri= =@
pwYLt� Qo}O pwYLt |=[=kD ptmt pwYLt Ct}k V}=Ri= =@ OwW|t ZQi
pwYLt l} Ct}k V}=Ri= =@ u=} QDWt R= |O=OaD =Q} R &O@=}|t V}=Ri= �u}Wv=H
QO C=e}r@D QF= � "() OvwW|t u}Wv=H pwYLt |[=kDt w hQYvt u; O} QN R=
C=e}r@D QF= ?} Q[ OwW|t ZQi "CU= xOW xDiQo Q_v QO pwYLt |=[=kD Q=Okt

"OW=@ � xv} Ry QO

C=}[Qi "2"2
%R= Ov=CQ=@a xr=kt u}= QO xOW xDiQo Q_v QO C=}[Qi

OwHw =@ =Q C=e}r@D |xr�Ut [14]|r w nv;wy w [13]QwmR w uUvHQwH ,qFt "OwW|t
`@=D uOwRi= =@ [15]u=Q=mty w w} "OvOQm |UQQ@ VwQixOQN l} w xOvvmO}rwD l}
w nv;wy pOt '|QDWt x@ xOvvmO}rwD s}kDUt h}iND w Ct}k x@ xDU@=w |=[=kD
OQm} wQ =@ =Q C=e}r@D w |Q=PoCt}k [16]nv=S w |mRwmQtU= "OvO=O xaUwD =Q |r
"OvO=O Q=Qk xHwD OQwt u}t-=D |xQ}HvR QO 'RmQtDt OQm} wQ w xOvvmO}rwD - nQ@rmDU=
w RmQtDt OQm} wQ =@ Cw=iDt |}=[=kD `@=D =@ =Q C=e}r@D w |Q=PoCt}k [17]|w w |R
=@ =Q C=e}r@D w |Q=PoCt}k [18]CQ}v w |R "Ov=xOQm |UQQ@ xOvvmO}rwD - nQ@rmDU=
w |Q=PoCt}k [19]u=Q=mty w |y "OvOQm |UQQ@ Vv w nQ@rmDU= 'RmQtDt |R=@ xU
|v=yiY=O}U "OvOQm|UQQ@ nQ@rmDU=|r=tDL= |R=@ =@ u}t-=D |xQ}HvR QO =Q C=e}r@D

"OvO=O VQDUo =[=kD `@=D s}taD =@ =Q CQ}v w |R pOt [20]u=Q=mty w
x@ |rY= pwYLt l} C=e}r@D K]U u}}aD 'xr=kt u}= QO |UQQ@ OQwt |xr�Ut
pwYLt ptmt =yv; R= l} Qy xm u}Wv=H pwYLt wO u=tRsy |Q=PoCt}k x=Qty
Qo}Om} u}Wv=H Q_v OQwt ptmt pwYLt wO u}=Q@=v@ &OW=@|t 'OvDUy |rY=
[1]|mRQ@ |DU=Q \UwD Q=@ u}rw= C=e}r@D OwHw uwO@ xr�Ut u}= "OvwW|t ?wULt
|Q=PoCt}k 'CU=|iQat p@=k xr�Ut u}= |=Q@ |O=} R |=yOQ@ Q=m "CU= xOW|iQat
|}xvwtv �|rY= pwYLt� wQOwN |=Q@ Qo}Om} u}Wv=H |=yq=m u=wvax@ R=o w u} Rv@
w CQ=m s}U ẁv wO x=Qty x@ x=Qty |Wwo "CU= |UQQ@ OQwt |xr�Ut OQ@ Q=m R=
ptmt |rY= pwYLt xm �u}Wv=H pwYLt wO� Q=mOwN w O=Ot |Q=PoCt}k R}v
OwW ẁHQ QDW}@ |=yp=Ft |=Q@� CU= xr�Ut u}= R= Qo}O |}=yp=Ft 'CU= QDiO u;
Cw=iDt [1]|mRQ@ |DU=Q |xr�Ut =@ x@vH wO R= VywSB u}= 'xYqN Qw]x@ "�[1]x@

%CU=
pwYLt |xOvvmO}rwD� QiY |xOvvmO}rwD |=Q@ Q[=L VywSB QO Q=@ u}rw= |=Q@ "1
l} R= |ak=w |=}vO j@=]t C=e}r@D "CU= xOW xDiQo Q_v QO C=e}r@D �|rY=

"OwW|t =[=kD V}=Ri= Ea=@ Qo}O hQ] R= w CU= xv} Ry |=Q=O hQ]
- Q@yQ Q=DiQ u=ty =} OvQDQ@ - nQ@rmDU= |R=@ xr=kt u}= QO xO=iDU= OQwt |R=@ "2
u}= Q@yQ '|rY= pwYLt |xOvvmO}rwD "CU= [1]|xr=kt R= Cw=iDt xm CU= wQ}B
u}Wv=H CqwYLt |xOvvmO}rwD wO 'wQ}B w C=e}r@D K]U s}tYD Q}eDt =@ xr�Ut
u=oOvvmO}rwD u}@ OvQDQ@ |R=@� OvDUy OwN pwYLt Ct}k s}tYD |=yQ}eDt =@

"�u}Wv=H CqwYLt
xOW |Ov@pwtQi 3 VN@ QO xr�Ut "CU= xOW xOQw; 2 VN@ QO xr�Ut h} QaD
pt=W '5 VN@ "CU= xOW x@U=Lt 4 VN@ QO OvQDQ@ - nQ@rmDU= pO=aD "CU=
xDN=OQB |OOa p=Ft l} |UQQ@ w pL x@ 6 VN@ QO "CU= C}U=UL p}rLD

"CU= xOW xOQw; |Ov@`tH '7 VN@ QO 'C}=yv QO w OwW|t

xr�Ut h} QaD "2
"O} Q}o@ Q_v QO =Q sy=@ \@DQt pwYLt xU |=Q=O (i = 0; 1; 2) xOvvmO}rwD xU
wO R= |m} x@ '|QDWt \UwD xO=iDU= |=Q@ 0 pwYLt s=v =@ |rY= pwYLt
'u}=Q@=v@ &OvDUy Qo}Osy u}Wv=H wO w l} CqwYLt "OQ=O R=}v Qo}O pwYLt
x@ "OvwW|t ?wULt |rY= pwYLt ptmt 'wO w l} CqwYLt R= l} Qy
xU u}= R= l} Qy |=[=kD "OW xQ=W= xtOkt QO xr�Ut u}= |ak=w |=yOQ@ Q=m
Qy |=Q@ 'u}=Q@=v@ &CU= xDU@=w Qo}O pwYLt wO Ct}k w OwN Ct}k x@ pwYLt
pwYLt Ct}k R= QF-=Dt xm OQ=O OwHw |Dt}k x@ T=UL |=[=kD `@=D xOvvmO}rwD
u}rw= xr�Ut u}= OW xDio xm Qw]u=ty "CU= Qo}O pwYLt wO Ct}k w OwN
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=vY

|U
Ovyt OvQDQ@ - nQ@rmDU= pO=aD "4

w wQ}B w Q@yQ �|}xrLQt� |=} wB |Q}os}tYD |=v@t Q@ OvQDQ@ - nQ@rmDU= pO=aD
OwW|t ZQi Qw_vtu}O@ "OwW|t x@U=Lt u=wQ}B u=tRsy |Q}os}tYD u}vJty
u}= QO "OvDUy K]Usy CQOk |=Q=O Qo}Om} u}Wv=H |=ypwYLt xOvvmO}rwD wO
wO |=yCt}k |va} s}tYD |=yQ}eDt x@ \w@ Qt OvQDQ@ - nQ@rmDU= pO=aD VN@
xOvvmO}rwD OW xDio xm Qw]u=ty "OwW|t xOQw; C=e}r@D K]U w u}Wv=H pwYLt
xr�Ut pL |=Q@ 'u}=Q@=v@ &OvDUy wQ}B Qo}O |xOvvmO}rwD wO w Q@yQ |rY= pwYLt
R= |a@=D u=wva x@ u}Wv=H CqwYLt Ct}k =OD@= '|rO=aD |=y?=wH uDi=} w
QO =yv; |Q=Po}=H =@ TBU w x@U=Lt |rY= pwYLt xOvvmO}rwD C=e}r@D K]U
w OwW|t u}}aD C=e}r@D K]U xv}y@ Q=Okt '|rY= pwYLt xOvvmO}rwD OwU `@=D
u}}aD =yv; QO C=e}r@D |xv}y@ K]U |Q=Po}=H =@ |rO=aD |=yCt}k C}=yv QO

"OvwW|t
"CU= Qakt pi x@ C@Uv (i = 1; 2)�i "1 sr

%C=@F=
C@Uv OwU `@=wD u}=Q@=v@ &CU= d2�i

dp2
i

= �2� < 0; i = 1; 2 xmu}= x@ xHwD =@
"� OvDUy Qakt =yCt}k x@

pwYLt C=e}r@D K]U?ULQ@ wO wl} CqwYLt|rO=aD |=y?=wH "2 sr
"Ov};|t CUO x@ 9 w 8 \@=wQ R= |rY=

p1 = 2��1 + �2 � (2� + ) (p0� � a0�)
4�2 � 2 (8)

p2 = �1 + 2��2 � (2� + ) (p0� � a0�)
4�2 � 2 (9)

%C=@F=
x=oDUO u=tRsy pL R= wO w l} CqwYLt |rO=aD |=yCt}k '1 sr x@ xHwD =@

%O};|t CUO x@ pw= x@DQt jDWt8<: d�1
dp1 = 0! p1 = p2�p0�+a0�+�12�
d�2
dp2 = 0! p2 = p1�p0�+a0�+�22�

C=@F= 'u}=Q@=v@ &O};|t CUOx@ |rO=aD |=yCt}k Q}O=kt 'x=oDUO u}= u=tRsy pL =@
� "OwW|t pt=m

OwU `@=D QO wO w l} CqwYLt |rO=aD |=yCt}k uDiQo Q_v QO =@ "3 sr
"CU= Qakt � x@ C@Uv �0 '|rY= pwYLt xOvvmO}rwD

%C=@F=
%s} Q=O 6 |x]@=Q QO 9 w 8 \@=wQ |Q=Po|=H =@

�SB0 = �2p20�� + 2a0p0��+ a20 (�2� + ) �+ p0� (�1 + �2)
2� � 

%xmu}= x@ xHwD =@
d2�0
da20

= 2 (�2� + ) �
2� �  < 0

� "CU= Q=QkQ@ sr u}=Q@=v@

"OvDUy C@Ft =yCt}k |xty "1
"OvDUy |ivtQ}e =[=kD `@=wD |xty "2

"CU= u; ptmt CqwYLt |=y=[=kD ẁtHt Q@=Q@ |rY= pwYLt |=[=kD "3
=@ x@=Wt |=yVywSB� OvQ=O =Q =[=kD x@ MU=B |=Q@ sRq C}iQ_ u=oOvvmO}rwD "4

"�[24w23]ZQi u}=
Qo}O pwYLt wO x@ =[=kD |v=UWm R= QDW}@ OwN pwYLt x@ =[=kD |v=UWm "5

"�[26w25],qFt� &� >  |va} &CU=
"�[28w27]x@=Wt� CU= u=Um} 'ptmt pwYLt wO Ct}k R= QF-=Dt =[=kD |v=UWm "6

"CU= xOW xDiQo Q_v QO QiY 'O}rwD |=yxv} Ry [29]`HQt x@=Wt "7
|xRwL QO ZQi u}= &OwW|t Qy=_ hOy `@=D QO wO u=wD =@ C=e}r@D |xv} Ry "8

"CU= pw=ODt |R=@ |x} Q_v Cq=kt QO xS} w x@ C=e}r@D EL=@t

xr�Ut |Ov@pwtQi "3
|]N|a@=D ptmt CqwYLt |=[=kD xOW x�=Q= C=}[Qi w xr�Uth} QaD x@ xHwD =@
pwYLt Ct}k 'u; u}Wv=H pwYLt Ct}k w pwYLt Qy Ct}k 'Q=R=@ |x}=B R=
QO Q} R CQwYx@ pwYLt xU |=[=kD `@=D u}=Q@=v@ &CU= C=e}r@D K]U w |rY=

%CU= xOW xDiQo Q_v
D1 = �1 � �p1 + p2 � �p0 + �a0 (1)

D2 = �2 � �p2 + p1 � �p0 + �a0 (2)

D0 = D1 +D2 (3)

Vy=m pwYLt u; Ct}k V}=Ri= =@ pwYLt l} |=[=kD Q=Okt 1 |x]@=Q j@=]t
|=[=kD Q=Okt 'u}vJty "O@=}|t V}=Ri= u; u}Wv=H pwYLt Ct}k V}=Ri= =@ w
Ct}k V}=Ri= =@ =Q} R &O@=}|t Vy=m |rY= pwYLt Ct}k V}=Ri= =@ pwYLt l}
u; ptmt pwYLt |=[=kD xH}Dv QO w |rY= pwYLt |=[=kD |rY= pwYLt
ptmt pwYLt |=[=kD Q=Okt '|rY= pwYLt C=e}r@D V}=Ri= =@ "O@=}|t Vy=m
x]@=Q u; QO C@Ft Ctqa =@ 1 |x]@=Q QN; CtUk 'u}=Q@=v@ &O@=}|t V}=Ri= R}v
|=[=kD 3 |x]@=Q w CU= 1 |x]@=Q x@=Wt R}v 2 |x]@=Q K}[wD "CU= xOW Qy=_
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