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Q

n
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0 � y � minf�Q; ng
E(y j�) = n�

E(y) =
1Z

0
E(y j�)g(�)d� =nE(�)

"OvwW|t xDN} Q QwO |oty =} u} Ro}=H |oty =} j@]vt=v sqk= "3
"CU= xOW xDiQo Q_v QO R=HtQ}e sDU}U QO Ow@tm '|D@=kQ \}=QW p}rO x@ "4

|Q=PoO=tv "1"1"3
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"VwQi R= pY=L Ot;QO %R
|Q}os}tYD |=yQ}eDt "2"1"3

&xDW=@v= |xR=Ov= %Q
&xvwtv |xR=Ov= %n
&VQ}PB OOa %c

"VwQi Ct}k %p

|v} Ro}=H uwO@ |]N |=[=kD ZQi =@ |R=UpOt "2"3
xDU@=w |=[=kD `@=D uOQm XNWt |=Q@ |awvDt |=ypOt u}W}B |=yVywSB QO
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%pt=W |UQR=@ |=yCU=}U "Ovm|t |wQ}B =D@ |xOW xDN=vW `} RwD R= xm CU= (�)

"CU= |Q=t; |UQR=@ |xt=vQ@ w OYQO 100 |UQR=@ '|UQR=@ uwO@
QO w OwW|t xDW=OQ@ xDW=@v= R= n |xR=Ov= x@ |}xvwtv xm CQwY u}O@
'OW=@ VQ}PB OOa =@ |w=Ut =} R= QDsm (y) xvwtv QO ?w}at sqk= O=OaD xm|DQwY
xm|DQwY QO "OwW|t OQ xDW=@v= CQwY u}= Q}e QO w OwW|t xDiQ}PB xDW=@v=
VQ}PB OOa R= QDnQR@ xvwtv ?w}at sqk= O=OaD w OW=@v R}t;C}kiwt |UQR=@
�xOvWwQi� xOvvmu}t-=D |xv} Ry x@ =Q (Q � n) xDW=@v= |k=@ VwQixOQN 'OW=@
|UQR=@ |xv}y@ CU=}U C}=yv QO "Ovm|t sr=U |xDW=@v= l} |=[=kD w ẁHQt
u}= QO |OwHwt u=} QH "OwW |QDW}@ OwU x@ QHvt xm CU= |DU=}U u;
uOQm ^=Lr =@ xr=kt u}= QO "CU= xOW xO=O u=Wv 1 pmW QO u}t-=D |xQ}HvR
CU= xOW u}}aD |Q}oxvwtv KQ] 2|vDiQ}PB C}i}m K]U w xOvvmO}rwD lU} Q
l} uOW OQ p=tDL= xOvvmO}rwD lU} Q "OW=@ xv=iYvt hQ] wO Qy |=Q@ xm
Q} R CQwYx@ u; |x]@=Q w xOW xO=O u=Wv � =@ xm 'CU= pw@k p@=k |xDW=@v=

%CU=
1� � =

cX
y=0

n!
(n� c)!�

c(1� �)n�c (1)

|@ w}at sqk= |xv}W}@ w OwW|t u}}aD xOvvmhQYt \UwD |vDiQ}PB C}i}m K]U
|Dkw "OwW |krD VN@C}=[Q Ov=wD|t VQ}PB Qw_vtx@ |Q}oxvwtv |=Q@ xm CU=
l} u=wD|t 'OW=@ swrat u; x@ \w@ Qt |vDiQ}PB C}i}m K]U w xOvvmO}rwD lU} Q

%OQm u}}aD Q} R |x]@=Q R= xO=iDU= =@ |Q}oxvwtv KQ]
n =

p01��
AQL

(2)

=yZQi w |Q=PoO=tv "1"3
Q} R KQW x@ |}=yO=tv w =yZQi |UQR=@ w |OwHwt |xJQ=Bm} pOt |UQQ@ Qw_vtx@

%CU= xOW xDiQo Q_v QO
xDiQo Q_v QO Q} R CQwY wO x@ w VwQi Ct}k R= |Wy=m |a@=wD =[=kD `@=wD "1

%OvwW|t
D(P ) = ap�b a > 0; b > 1
D = (a� bp) a > 0b > 0
?w}at sqk= O=OaD 'u}=Q@=v@ &Ovm|t |wQ}B =D@ `} RwD R= � xDW=@v= |@=QN C@Uv "2

%CU= |UOvy jwi `} RwD |=Q=O (y) xvwtv QO
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=Q} R &OQ=Ov Ck@=]t C}ak=w =@ |]N |=[=kD `@=D R= xO=iDU= OQ=wt R= |Q=}U@ QO
- wR}= pOt "s}DUy Ct}k |=Q@ |y=vDt |q=@ OL uDW=O x@ sRrt Cr=L u}= QO
|Dt}k VWm u; QO xm CU= hwQat R}v C@=F VWm `@=D x@ =[=kD |=Q@ 3l}DUq=
xm |}=[=kD `@=D ZQi =@ pOt VN@ u}= QO "CU= �b Q@=Q@ w C@=F xW}ty =[=kD

"CU= xOW |UQQ@ 'CU= Ct}k x@ xDU@=w |}=tv CQwYx@
|Q=Oyov '|yOVQ=iU |xv} Ry pt=WCtUk u}= QO =yxv} Ry %|UQR=@ uwO@ �hr=

"CU= xDW=@v= ?w}at sqk= VQ}PB w
z(Q; p) = p(ap�b)� A(ap�b)

Q

�hQ2 � cd(ap
�b)E(�) (9)

|UQR=@ |xv} Ry pt=W Cr=L u}= QO |i}m |=yxv} Ry %OYQO 100 |UQR=@ �?
%CU= u; ?w}at sqk= |Q=mxQ=@ wO w xDW=@v= pm

z(Q; p) = (ap�b)p� ap�bA
Q(1� E(�))

�hQ(1� E(�))
2 � ap�bci

1� E(�)
(10)

x@ xvwtv |UQR=@ |xv} Ry pt=W CtUk u}= QO |i}m |=yxv} Ry %|Q}oxvwtv �G
"Ov=xOWv =O}B|UQR=@ Ov}=Qi|] xmCU=|@ w}at sqk=VQ}PB |xv} Ry wn|xR=Ov=

z(Q; p; n) = (ap�b)p� ap�bA
(Q� nE(�))

�h(Q� nE(�))
2 � ap�b

(Q� nE(�))

(nci + cd(QE(�)� nE(�))) (11)

|v} Ro}=H =@ |}=tv |=[=kD ZQi =@ |R=UpOt "5"3
|Q=mxQ=@ wO |}xv} Ry hQY =@ '|UQR=@ |] QO xOWhWm ?w}at sqk=VN@ u}= QO

"OvwW|t
|Q=Oyov '|yOVQ=iU |xv} Ry pt=WCtUk u}= QO =yxv} Ry %|UQR=@ uwO@ �hr=

"CU= xDW=@v= ?w}at sqk= VQ}PB w

z(Q; p) = p(ap�b)� A(ap�b)
Q

�hQ2 � cd(ap
�b)E(�) (12)

|UQR=@ |xv} Ry pt=W Cr=L u}= QO |i}m |=yxv} Ry %OYQO 100 |UQR=@ �?
"CU= u; ?w}at sqk= |Q=mxQ=@ wO w xDW=@v= pm

z(Q; p) = p(ap�b)� A(ap�b)
Q

�hQ2 � (ap�b)(ci + crE(�)) (13)

%CU= Q} R KQW x@ ?w}at sqk= |v} Ro}=H =@ w
R = p:D(p)

"CU= xOW x�=Q= =yxv} Ry ẁtHt R= Ot;QO p[=iD CQwYx@ OwU `@=D
|xv} Ry '|yO VQ=iU |xv} Ry pt=W CtUk u}= QO =yxv} Ry %|UQR=@ uwO@ �hr=

"CU= ?w}at sqk= VQ}PB |xv} Ry w |Q=Oyov
z(Q; p) = (a� bp)p� (a� bp)A

Q
� hQ

2
�(cd(a� bp)E(�)) (3)

'|Q=Oyov |xv} Ry pt=W =yxv} Ry CtUk u}= QO %OYQO 100 |UQR=@ �?
sqk= xm|}=Hu; R= u}vJty "CU= xDW=@v= pm |UQR=@ |xv} Ry w |yOVQ=iU
|OwHwt Q=Okt 'OvwW|t xDN} Q QwO OYQO 100 |UQR=@ R= TB xDW=@v= ?w}at

"O@=}|t p}rkD E(Q�Q�) x@
z(Q; p) = (a� bp)p� (a� bp)A

Q(1� E(�))

�hQ(1� E(�))
2 � (a� bp)ci

(1� E(�))
(4)

x@ xvwtv |UQR=@ |xv} Ry pt=W CtUk u}= QO |i}m |=yxv} Ry %|Q}oxvwtv �G
=O}B |UQR=@ Ov}=Qi |] QO xm CU= |@ w}at sqk= VQ}PB |xv} Ry w n |xR=Ov=
x@ QHvt 'OvwW|t xDN} Q QwO w hWm |UQR=@ |] QO xm |@ w}at sqk= "Ov=xOWv

"OvwW|t E(Q� y) Q=Okt x@ |OwHwt Vy=m
z(Q; p; n) = (a� bp)p� (a� bp)A

Q� nE(r)
� h(Q� nE(�))

2
� (a� bp)
Q� nE(�)

(nci + cd(Qr � nE(�))) (5)

|v} Ro}=H =@ |]N |=[=kD ZQi =@ |R=UpOt "3"3
|xv} Ry '|yOVQ=iU |xv} Ry pt=W CtUk u}= QO =yxv} Ry %|UQR=@ uwO@ �hr=

"CU= xDW=@v= ?w}at sqk= VQ}PB |xv} Ry w |Q=Oyov

z(Q; p) = (a� bp)p� (a� bp)A
Q

�hQ2 � (cd(a� bp)E(�)) (6)

hWm ?w}at sqk= |Q=mxQ=@ wO |xv} Ry VN@ u}= QO %OYQO 100 |UQR=@ �?
"OwW|t xOwRi= R}v |UQR=@ Ov}=Qi |] QO xOW

z(Q; p) = (a� bp)p� (a� bp)A
Q

� hQ
2

�(a� bp)(ci � cr�) (7)

|] QO xOW hWm ?w}at sqk= |Q=mxQ=@ wO |xv} Ry Cr=L u}= QO %|Q}oxvwtv �G
"OwW|t xOwRi= R}v |UQR=@ Ov}=Qi

z(Q; p; n) = (a� bp)p� (a� bp)A
Q

� hQ
2

� (a� bp)
Q

(nci + cd(Q�� nE(�)) + crnE(�))) (8)
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Q� = @z(Q; p; n; c)

@Q
= 0 (15)

p� = @z(Q; p; n; c)
@p

= 0 (16)

Qw_vtx@ 'Ov=xDU@=w Qo}Om} x@ s}tYD |=yQ}eDt |xv}y@ Q}O=kt xmu}= x@ xHwD =@
T=U= Q@ Q} R sD} Qwor= '|Q}os}tYD |=yQ}eDt |=Q@ xv}y@ ?=wH uOQw; CUO x@

%CU= xOW O=yvW}B pOt |[=} Q |=y|oS} w
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"O}vm =QH= =Q 7 =D 3 |=ys=o OwHwt n |=R= x@ "2 s=o
O}vm ẁQW p1 Q=Okt =@ 'Ov=xDU@=w Qo}Om} x@ Q w p Q}O=kt xm|}=Hu; R= "3 s=o
x@ 15 |xrO=at j} Q] R= =Q Q1 Q=Okt 'O}yO Q=Qk =yxv} Ry pk=OL Q@=Q@ =Q u; w

"O} Qw; CUO
=Q u; w O}vm x@U=Lt =Q p Q=Okt 16 |xrO=at QO Q1 Q=Okt |Q=Po}=H =@ "4 s=o

"O}t=v@ p2

O}vm |Q=Po}=H xDW=@v= |xR=Ov= x@ \w@ Qt CqO=at QO =Q p2 Q=Okt TBU "5 s=o
"O} Qw; CUO x@ =Q Q2 w

Q w p Q}O=kt QO |O=} R Q}}eD Qo}O =D O}yO xt=O= QOku; =Q 6 =D 3 |=ys=o "6 s=o
"O}t=v@ Q� w p� =Q =yu; w OwWv xOy=Wt

"O}t=v@z2(Q�; p�; n) =Q u; wO}vm x@U=Ltn wQ� wp�|=R= x@ =Q OwUQ=Okt "7 s=o
p� = p;Q� =O}yOQ=Qk 'CU=z2(Q�; p�; n) � zopt(Q; p; n) Qo = "8 s=o

"O} wQ@ 10 s=o x@ CQwY u}= Q}e QO 'Q;n� = n zopt = z2

n < 10�Q� xm|v=tR =D =Q Q=mu}= w O} wQ@ 2 s=o x@ wn = n+1 O}yO Q=Qk "9 s=o
"O}yO xt=O= CU=
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|atHD `} RwD pwOH R= xO=iDU= =@ xOvvmO}rwD lU} Q w Q=O} QN pw@k p@=k C}i}m
|}xrtHwO pQDvm CLD O}rwD Ov}=Qi xm OwW|t ZQi� "O} Qw; CUO x@ uwU=wB
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|xQ}HvR |=Q@ |QDW}@ pm OwU x@ QHvt xm CU= |DU=}U xv}y@ ?=wH C}=yv
u=Wv u}O=tv CQwYx@ |O=yvW}B sD} Qwor= |=ys=o 2 pmW QO "OwW|t x[Qa

"CU= xOW xO=O

|OOa |xar=]t "5
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�hQ2 �
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OvOW x�=Q= 3 VN@ QO xm |]NQ}e |=ypOt |ov}y@ \}=QW w |[=} Q |=y|oS} w

"CU= xOW |UQQ@ Q} R |x}[k x@ xHwD =@
xv} Qi |x]kv l} x0 |x]kv xmu; |=Q@ sRq \QW �|ov}y@ sRq \QW� %1 x}[k
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"CU= jr]t |xv}W}@
|x]kv l} x0 |x]kv 'OW=@ u}at C@Ft x0 |x]kv QO u}Uy T} QD=t Qo = �

"CU= jr]t |xv}tm
Qakt =} �|R=Uxv}tm � ?OLt hOy `@=wD w ?OLt |vOW |x}L=v xm =Q |}xr�Ut
|xv}y@ |x]kv p�=Ut u}= QO "Ovt=v|t 4?OLt |R} Qxt=vQ@ 'OvW=@ �|R=Uxv}W}@�
R= xOW x�=Q= |=ypOt s=tD xm |}=Hu; R= [17]"CU= |twta |xv}y@ xOt; CUO x@
C@=F hOy `@=wD QakD =D CU= |i=m 'OvDUy C}OwOLt uwO@ w |R=Uxv}W}@ ẁv
|xv}y@ Q=Okt TBU w CU= xOW C@=F `@=wD QakD 1 |x}[k j@] xH}Dv QO "OwW
x@ C@Uv pw= x@DQt C=kDWt uO=O Q=Qk QiY Q@=Q@ j} Q] R= |Q}os}tYD |=yQ}eDt
QO OwU `@=wD xm O=O u=Wv u=wD|t "CU= xOW xOQw; CUO x@ =yQ}eDt R= l} Qy
u}vJty "OvDUy Qakt Q w p x@ C@Uv OYQO 100 |UQR=@ w |UQR=@ uwO@ Cr=L
xm OwW|t C@=F (n; c) |=Q@ XNWt Q}O=kt ZQi =@ R}v |Q}oxvwtv Cr=L |=Q@
OwU `@=D |=Q@ ?OLD p}rLD CtUk u}= QO "CU= ?OLt |R} Qxt=vQ@ ẁv R= xr�Ut
CU= xOW C@=F w CU= xOW |UQQ@ |]N |=[=kD |=Q@ |UQR=@ uwO@ Cr=L QO

"CU= 5 u}at |ivt z(Q; p) OwU `@=D x@ \w@ Qt u}Uy T} QD=t xm

H =

"
a11 a12
a21 a22

#
a11 = @2z1(Q; p).

@Q2 = �2A(a� bp)
Q3 < 0

jHj = �Ab(Ab� 4Q(a� bp))
Q4

CQwYx@ QakD \QW u}=Q@=v@ &CU= Qakt OwU `@=D 'OW=@ C@Ft jHj Qo = Cr=L u}= QO
%OwW|t u=}@ Q} R

Q > Ab
4(a� bp)
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