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=Q sDU}U |D=}rta |=yxv} Ry =t= &OwW|tv sDU}U hkwD Ea=@ u=yvB |@=QN "2
"OyO|t V}=Ri=

"CU= |}=U=vW p@=k |UQR=@ s=Hv= =@ \ki u=yvB |@=QN "3
OwHw |UQR=@ u=tR QO u; |}=U=vW w u=yvB |@=QN ẁkw u}@ Q}N-=D *u=tR l} "4
QDW}@ |oO=Di= Q=m R= u=tR |va}� u=yvB |@=QN |}=U=vW QO QDW}@ Q}N-=D "OQ=O

"Ovm|t p}tLD sDU}U x@ =Q |QDW}@ |xv} Ry '�pw= |xir-wt
"?=QN w ?w}at 'sr=U %CU= C}a[w xU |=Q=O swO |xir-wt "5

?=QN C}a[w =t= &CU= |}=U=vW p@=k |UQR=@ s=Hv= =@ \ki ?w}at C}a[w "6
"Ovm|t Q=mW; =Q OwN w OwW|t sDU}U hkwD Ea=@

|xir-wt |wQ lwW O=H}= Ea=@ swO |xir-wt Q=mW; |@=QN Qy w ?}a Qy ẁkw "7
V}=Ri= OYQO pR w pD u=R}t x@ ?}DQD x@ =Q u; |@=QN MQv w OwW|t pw=

"OyO|t
wO u}vJty w pw= |xir-wt u=yvB |=y|@=QN ẁkw u=tR |=Q@ p@}=w `} RwD l} "8
|=Q@ |Qo}O w =y?}a ẁkw u=tR |=Q@ |m}� swO |xir-wt |=Q@ Qo}O p@}=w `} RwD

"OwW|t xDiQo Q_v QO �Q=mW; |=y|@=QN ẁkw u=tR
'k� |xOW |R} Qxt=vQ@ |=yu=tR QO |}xQwO |UQR=@ CU=}U j@] sDU}U "9
w pw= |xir-wt u=yvB |=y|@=QN |}=U=vW Qw_vt x@ '(k = 1; 2; :::; n)

'u}=Q@=v@ "OwW|t |UQR=@ T *OwOLt |v=tR ji= QO 'swO |xir-wt |=y?}a
|xir-wt 'u}= Q@ xwqa "� < � xm |}=H 'T = (n� 1)� + � =} T = n�

xv=@r]CYQi CQwY x@ swO |xir-wt Q=mW; |@=QN ẁkw ZLt x@ R}v pw=
"�1 pmW� OwW|t |UQR=@

|�RH Q}taD ,=Qwi '|UQR=@ u=tR QO u=yvB |@=QN |}=U=vW CQwY QO pw= |xir-wt "10
"OwW|t Z} waD =}

ẁkw CQwY QO =} |UQR=@ u=tR QO ?}a |}=U=vW CQwY QO swO |xir-wt "11
"OwW|t Z} waD =} |�RH Q}taD ,=Qwi 'Q=mW; |@=QN

Qta V}=Ri= =@ |va} 'CU= u; Qta R= |rwRv |a@=D xir-wt Qy |�RH Q}taD p=tDL= "12
"O@=}|t V}=Ri= 'u; Z} waD p=tDL= w Vy=m 'u; |�RH Q}taD p=tDL= 'xir-wt Qy

"OwW|t Q_v hQY =yxir-wt Z} waD w Q}taD '|UQR=@ u=tR R= "13
|=yxv} Ry 'xv=@r]CYQi w|}xQwO|UQR=@ |=yxv} Ry pt=W sDU}U pm |xv} Ry "14
|�RH Q}taD |=yxv} Ry 'u}vJty w u=yvB |=y|@=QN p}rO x@ |oO=Di= Q=m R= u=tR
'hOy "CU= Q=mW; |=y|@=QN w =y?}a 'u=yvB |=y|@=QN p}rO x@ Z} waD w
|xv} Ry \UwDt xm |}xvwo x@ CU= '�� 'xv}y@ |}xQwO |UQR=@ |xrY=i uDi=}

"OwW xv}tm T |xNQJ QO sDU}U pm

"T |xNQJ QO sDU}U |UQR=@ CU=}U "1 pmW
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"""O
wOL

t|
v=tR

ji=Q
O|

UQR
=@p

Y=w
i|

R=Ux
v}y@�H(�ja; b) = �H(�jND(�) = a;NR(�) = b)

= (1 + pD)a(1 + pR)b�H(�j0; 0); (10)

MQv Qou=}@ �H(�jo; o) = (�H=�H)(�=�H)�H�1 '8 ZQi j@] xm |}=H
"Ov=t@ |k=@ sr=U � u=tR =D swO |xir-wt xm |]QW x@ 'CU= u=yvB |@=QN ẁkw

"OW=@ pw= |xir-wt u=yvB |@=QN ẁkw u=tR Qou=}@X |iO=YD Q}eDt O}vm ZQi
'u}=Q@=v@ "X1 � Z1 � � 'xH}Dv QO "X1=minfX;Z1g O}vm ZQi 'u}vJty
w ND(x) = i 'Xo=t \QW x@ X1 p=tDL= |r=oJ `@=D w |atHD `} RwD `@=D

=@ CU= Q@=Q@ NR(x) = j

FX1(xjt; i; j)
= P (X1 � xjX0 = t;ND(x) = i;NR(x) = j)

=

8><>:1� exp
�
� t+xR

t
�H(�ji; j)d�

�
; O � x < z;

1; x � z;
(11)

fX1(xjt; i; j) = @
@x
FX1(xjt; i; j)

= �H(t+ xji; j) exp(�
t+xZ
t

�H(�ji; j)d�); 0 � x < z: (12)

'Ov=t@ sr=U z u=tR =D pw= |xir-wt xmu}= p=tDL= '11 |x]@=Q R= xO=iDU= =@ 'u}=Q@=v@
=@ CU= Q@=Q@ ' NR(z) = j w ND(z) = i 'X0 = t \QW x@

PX1(zjt; i; j)
= P (X1 = zjX0 = t;ND(z) = i;NR(z) = j)

= exp
�
�

t+zZ
t

�H(�ji; j)d�
�
: (13)

OW=@ |R=}v OQwt |iO=YD |=yQ}eDt R= l} Qy hQat 'V |iO=YD Q}eDt O}vm ZQi
'xv=@r]CYQi |UQR=@ O=OaD |va} &OwW x@U=Lt 1 |x]@=Q QO =yv; \UwDt O}=@ xm
O}vm ZQi 'u}vJty "uOw@ sr=U u=tR COt =} 'Z} waD O=OaD '|�RH Q}taD O=OaD
\QW x@ [O; �] |xR=@ QO V |iO=YD Q}eDt \UwDt Qou=}@ G1(�; t; �; i; j)
|x@U=Lt Qw_vt x@ "OW=@ NR(O) = j w ND(O) = i 'Z0 = � 'X0 = t

xDU@ xm O} Q}o@ Q_v QO =Q '(X1; I1; U1; Z1; I2) u=@}=H `@=D 'G1(�; t; �; i; j)
xm |}=H Ovm|t Q=}DN= Q} R CQwY x@ =Q |Dw=iDt Q}O=kt V |iO=YD Q}eDt ẁv x@
(k = 1; 2) s=k |xir-wt |wQ xOW s=Hv= C=Q}taD w |Q=Oyov s=Ok= ẁv Qou=}@ Ik
uwO@ w Z} waD '|�RH Q}taD Qou=}@ ?}DQD x@ Ik = 2 w Ik = 1; Ik = 0� CU=

"�CU= s=Ok=
%(VOI) pw= |xir-wt |xv=@r]CYQi |UQR=@ O=OaD |x@U=Lt |=Q@ ��

'(X1; I1U1; Z1; I2) =

8<:1; Z1 < �;

0; CQwYu}= Q}e QO
%(V HM )u=yvB |@=QN p}rO x@ |�RH Q}taD O=OaD |x@U=Lt |=Q@ ��

'(X1; I1U1; Z1; I2) =

8<:1; I1 = 0wX1 < Z1;

0; CQwYu}= Q}e QO

=
zZ

0
fU1(uj�)FH1(z � uj�)du; 0 � z < �; (2)

fZ1(zj�) = @
@z
Fz1(zj�)

=
zZ

0
fU1(uj�)fH1(z � uj�)du; 0 � z < �: (3)

ẁkw MQv Qou=}@ �D(�) = (�D=�D)(�=�D)�D�1 '8 ZQi R= xO=iDU= =@ Qo =
p=tDL= |r=oJ `@=D w |atHD `} RwD `@=D x=ou; 'OW=@ � u=tR QO swO |xir-wt ?}a

=@ CU= Q@=Q@ Z0 = � \QW x@ U1

FU1(uj�) = P (U1 � ujZ0 = �)

=

8><>:1� exp
�
� �+uR

�
�D(�)d�

�
; 0 � u < �;

1 u � �;
(4)

fU1(uj�) = @
@u
FU1(uj�)

= �D(� + u) exp
�
�

�+uZ
�

�D(�)d�
�
; 0 � u < �: (5)

sr=U [0; �] |xR=@ |=yDv= =D swO |xir-wt xmv}= p=tDL= '4 |x]@=Q j@] 'u}=Q@=v@
=@ CU= Q@=Q@ 'Z0 = � \QW x@ 'Ov=t@ |k=@

PU1(�j�) = P (U1 = �jZ0 = �) = exp
�
�

�+�Z
�

�D(�)d�
�
: (6)

ẁkw MQv Qou=}@ �R(�) = (�R=�R)(�=�R)�R�1 '8 ZQi R= xO=iDU= =@ Qo =
|atHD `} RwD `@=D x=ou; 'OW=@?}a ẁkw R= TB u=tR OL=w � QO swO |xir-wt |@=QN

=@ CU= Q@=Q@ Z0 = � \QW x@ H1 p=tDL= |r=oJ `@=D w
FH1(hj�) = P (H1 � hjZ0 = �)

=

8><>:1� exp
�
� �+hR

�
�R(�)d�

�
; 0 � h < � � u;

1; h � � � u;
(7)

fH1(hj�) = @
@h
FH1(hj�)

= �R(� + h) exp
�
�

�+hZ
�

�R(�)d�
�
; 0 � h < � � u: (8)

[0; �] |xR=@ |=yDv= =D swO |xir-wt xmu}= p=tDL= '7 |x]@=Q R= xO=iDU= =@ 'u}=Q@=v@
=@ CU= Q@=Q@ 'Z0 = � \QW x@ 'OwWv ?=QN w Ov=t@ |k=@ ?w}at C}a[w QO

PH1(� � uj�) = P (H1 = � � ujZ0 = �)

= exp
�
�

�+��uZ
�

�R(�)d�
�
: (9)

|@=QN MQv '?}DQD x@ 'swO |xir-wt Q=mW; |@=QN Qy w ?}a Qy ẁkw xm =Hu; R=
|@=QN ẁkw MQv 'OyO|t V}=Ri= OYQO pR w pD u=R}t x@ =Q pw= |xir-wt u=yvB

=@ CU= Q@=Q@ NR(�) = b w ND(�)=a \QW x@ � u=tR QO u=yvB
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%(V RR ) Q=mW; |@=QN p}rO x@ Z} waD O=OaD |x@U=Lt |=Q@ ��

'(X1; I1U1; Z1; I2) =

8<:1; I2 = 1wU1 < Z1; �

0; CQwYu}= Q}e QO
|xir-wt uOw@ |D}a[wxU w �?=QN w sr=U� pw= |xir-wt uOw@ |D}a[w wO x@ xHwD =@
ODi=}@ j=iD= [O; �] |xR=@ QO Ov=wD|t Q} R Cr=L VW '�?=QN w ?w}at 'sr=U� swO

'u}=Q@=v@ "�2 pmW�

G1(�; t; �; i; j) =
8X
k=1

G1Casek(�; t; ; i; j): (14)

|xir-wt "OwW|t sDU}U hkwD Ea=@ w OwW|t ?=QN swO |xir-wt �1 Cr=L
hkwD ZLt x@ "OwW|t ?=QN swO |xir-wt ?}a ẁkw R= Oa@ =} p@k pw=
CQwY x@ pw= |xir-wt w OwW|t Z} waD =} |�RH Q}taD swO |xir-wt 'sDU}U
|�RH Q}taD pw= |xir-wt 'xv=@r]CYQi |UQR=@ QO "OwW|t |UQR=@ xv=@r]CYQi
=} 'V [o;�] = '(u + x; I1u; z; I2) + V [z;�] 'xH}Dv QO "OwW|t Z} waD =}
"I2 2 fo; 1g wI1 2 fo; 1g xm|}=HV [o;�] = '(x; I1; u; z; I2)+V [z;�]

"O}v}@@ =Q 15 |x]@=Q
|xir-wt "OwW|t sDU}U hkwD Ea=@ w OwW|t ?=QN swO |xir-wt �2 Cr=L
pw= |xir-wt 'sDU}U hkwD ZLt x@ "Ov=t|t |k=@ sr=U x_Lr u}= =D pw=
|xir-wt |wQ |t=Ok= I}y 'u}=Q@=v@ "OwW|t |UQR=@ xv=@r]CYQi CQwY x@
'xH}Dv QO "OwW|t Z} waD =} |�RH Q}taD swO |xir-wt |rw OwW|tv s=Hv= pw=
"I2 2 fo; 1g w I1 = 2 xm |}=H V [0;�] = '(z; I1; u; z; I2) + V [z;�]

"O}v}@@ =Q 16 |x]@=Q

%(V HR ) u=yvB |@=QN p}rO x@ Z} waD O=OaD |x@U=Lt |=Q@ ��

'(X1; I1U1; Z1; I2) =

8<:1; I1 = 1wX1 < Z1;

0; CQwYu}= Q}e QO

% (V HU )pw= |xir-wt uOv=t sr=U u=tR COt |x@U=Lt |=Q@ ��

'(X1; I1U1; Z1; I2) = X1

%(V DM ) ?}a p}rO x@ |�RH Q}taD O=OaD |x@U=Lt |=Q@ ��

'(X1; I1U1; Z1; I2) =

8<:1; I2 = 0wU1 < Z1 = �;

0; CQwYu}= Q}e QO

%(V DR ) ?}a p}rO x@ Z} waD O=OaD |x@U=Lt |=Q@ ��

'(X1; I1U1; Z1; I2) =

8<:1; I2 = 1wU1 < Z1 = �;

0; CQwYu}= Q}e QO

%(V RM ) Q=mW; |@=QN p}rO x@ |�RH Q}taD O=OaD |x@U=Lt |=Q@ ��

'(X1; I1U1; Z1; I2) =

8<:1; I2 = 0wU1 < Z1; �

0; CQwYu}= Q}e QO

GCase11 (�; t; �; i; j) =
�R
0

zR
0

uR
08>>>>><>>>>>:

['(x; 0; u; z; 0) +G1(� � z; t+ x; � + z; i+ 1; j + 1)]r1(t+ x)r2(� + z)+

['(x; 1; u; z; 0) +G1(� � z; 0; � + z; 0; 0)]r1(t+ x)r2(� + z)+

['(x; 0; u; z; 1) +G1(� � z; t+ x; 0; i+ 1; j + 1)]r1(t+ x)r2(� + z)+

['(x; 1; u; z; 1) +G1(� � z; 0; 0; 0; 0)]r1(t+ x)r2(� + z)

9>>>>>=>>>>>;
0BB@fX1 (xjt; i; j)

fU1 (uj�)
fH1 (z � uj�)

1CCA dxdudz

+
�R
0

zR
0

z�uR
0

8>>>>><>>>>>:
['(u+ x; 0; u; z; 0) +G1(� � z; t+ u+ x; � + z; i+ 1; j + 1)]r1(t+ u+ x)r2(� + z)+

['(u+ x; 1; u; z; 0) +G1(� � z; 0; � + z; 0; 0)]r1(t+ u+ x)r2(� + z)+

['(u+ x; 0; u; z; 1) +G1(� � z; t+ u+ x; 0; i+ 1; j + 1)]r1(t+ u+ x)r2(� + z)+

['(u+ x; 1; u; z; 1) +G1(� � z; 0; 0; 0; 0)]r1(t+ u+ x)r2(� + z)

9>>>>>=>>>>>;
0BBBBB@

PX1 (ujt; i; j)
fX1 (xjt+ u; i+ 1; j)

fU1 (uj�)
fH1 (z � uj�)

1CCCCCA dxdudz:

�15�

GCase21 (�; t; �; i; j) =
�R
O

zR
O

0BBB@
8<:['(z; 2; u; z; 0) +G1(� � z; t+ z; � + z; i+ 1; j + 1)]r2(� + z)+

['(z; 2; u; z; 1) +G1(� � z; t+ z; 0; i+ 1; j + 1)]r2(� + z)

9=;
PX1 (ujt; i; j)PX1 (z � ujt+ u; i+ 1; j)fU1 (uj�)fH1 (z � uj�)

1CCCA dudz

GCase31 (�; t; �; i; j) =
�R
O

uR
o

0BBB@
8<:'(x; 0; u; �; 0)r1(t+ x)r2(� + �) + '(x; 1; u; �; 0)r1(t+ x)r2(� + �)+

'(x; 0; u; �; 1)r1(t+ x)r2(� + �) + '(x; 1; u; �; 1)r1(t+ x)r2(� + �)

9=;
fX1 (xjt; i; j)fU1 (uj�)PH1 (� � uj�)

1CCCA dxdu

�16�
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"""O
wOL

t|
v=tR

ji=Q
O|

UQR
=@p

Y=w
i|

R=Ux
v}y@

+
�R
O

��uR
O

0BBB@
8<:'(u+ x; 0; u; �; 0)r1(t+ u+ x)r2(� + �) + '(u+ x; 1; u; �; o)r1(t+ u+ x)r2(� + �)+

'(u+ x; 0; u; �; 1)r1(t+ u+ x)r2(� + �) + '(u+ x; 1; u; �; 1)r1(t+ u+ x)r2(� + �)

9=;
PX1 (ujt; i; j)fX1 (xjt+ u; i+ 1; j)fU1 (uj�)PH1 (� � uj�)

1CCCA dxdu:

�17�

GCase41 (�; t; �; i; j) =
�R
O

=

0@ n
'(�; 2; u; �; 0)r2(� + �) + '(�; 2; u; �; 1)r2(� + �)

o
PX1 (ujt; i; j)PX1 (� � ujt+ u; i+ 1; j)fU1 (uj�)PH1 (� � uj�)

1A du

�18�

|UQR=@ u=tR QO 'u}=Q@=v@ "Ovv=t|t |k=@ sr=U xir-wt wO Qy �6 Cr=L
V [0;�] = 'xH}Dv QO "OwW|tv s=Hv= sDU}U |=yxir-wt |wQ |t=Ok= I}y '|}xQwO

"O}v}@@ =Q 20 |x]@=Q '(�; 2; �; �; 2)

GCase51 (�; t; �; i; j) =
�Z
O

f'(x; 0; �; �; 2)r1(t+ x)+

'(x; 1; �; �; 2)r1(t+ x)gfX1(xjt; i; j)PU1(�j�)dx: (19)

GCase61 (�; t; �; i; j) = '(�; 2; �; �; 2)PX1(�jt; i; j)PU1(�j�):
(20)

l} w xOW xO=O xaUwD |}xQwO |UQR=@ n |=Q@ V Q=Okt \UwDt 21 |x]@=Q QO
|x@U=Lt "CU= xOW xOQw; Gn(�; t; �; i; j) |x@U=Lt |=Q@ |DWoR=@ |x]@=Q
xO}J}B |D=@U=Lt ^=Lr R= '|DWoR=@ |x]@=Q u}= j} Q] R= R=}v OQwt \UwDt Q}O=kt
j} Q] R= '|OOa CQwY x@ O}=@ xm CU= xv=oOvJ |=yp=QoDv= pt=W =Q} R &CU=
VN@ QO 'u}=Q@=v@ [21w20]"OwW xOQw; CUO x@ CqO=at sDU}U pL w |R=UxDUUo
|x@U=Lt =@ "OwW|t xOQw; Gn |x@U=Lt |=Q@ |R=Ux}@W sD} Qwor= l} '|Oa@
1 |x]@=Q R= xO=iDU= =@ sDU}U pm |xv} Ry \UwDt '|R=Ux}@W j} Q] R=Gn Q}O=kt
|xv} Ry\UwDt O}=@ 'xv}y@|}xQwO|UQR=@ |xrY=i uDi=} Qw_vt x@ "OwW|t x@U=Lt
s=Om |=R= x@ OwW XNWt =D OwW x@U=Lt � *hrDNt Q}O=kt |=R= x@ sDU}U pm

"OwW|t xv}tm pm |xv} Ry \UwDt '=yv; R= l}

wrQ=mCvwt |R=Ux}@W sD} Qwor= "4
|R=Ux}@W sD} Qwor= l} 'OW xQ=W= ,q@k xm |Dr=L VW x@ xHwD =@ 'VN@ u}= QO
u=Wv =Q sD} Qwor= CQ=Jwri 3 pmW "OwW|t x�=Q= Gn |x@U=Lt |=Q@ wrQ=mCvwt
MQv |=yQDt=Q=B '(�; t) =yxir-wt |x}rw= Qta %R= Ov= CQ=@a |OwQw |=yQDt=Q=B "OyO|t
'(pR; pD; �R; �R; �D; �D; �H ; �H) Q=mW; w u=yvB |=y|@=QN w ?}a ẁkw

"(�) |}xQwO |UQR=@ |xrY=i w (T ) |R} Qxt=vQ@ ji= pw]
8 ZQi R= xO=iDU= =@ x=ou; 'OW=@ Ag2 =@ Q@=Q@ swO |xir-wt |rai Qta Qo =
'	 QDt=Q=B "OwW|t O}rwD Q} R |x]@=Q j@] �TD |va}� ?}a ẁkw u=tR '4 |x]@=Q

"[0; �] |UQR=@ |xR=@ QO sDU}U hrDNt Cq=L "2 pmW
Oa@ =}p@kpw=|xir-wt "OwW|tv?=QN|rw OwW|t?w}at swO|xir-wt �3Cr=L
|=yxir-wt '|}xQwO|UQR=@ u=tR QO 'u}=Q@=v@ "OwW|t ?=QN swO |xir-wt?}a ẁkw R=
=} V [0;�] = '(x; I1u; �; I2) 'xH}Dv QO "OvwW|t Z} waD =} |�RH Q}taD sDU}U
"I2 2 f0; 1g w I1 2 f0; 1g xm|}=H V [o;�] = ' = (u+x; I1; u; �; I2)

"O}v}@@ =Q 17 |x]@=Q
pw= |xir-wt "OwW|tv ?=QN |rw OwW|t ?w}at swO |xir-wt �4 Cr=L
|xir-wt |wQ |t=Ok= I}y '|}xQwO |UQR=@ u=tR QO 'u}=Q@=v@ "Ov=t|t |k=@ sr=U
'xH}Dv QO "OwW|t Z} waD =} |�RH Q}taD swO |xir-wt |rw OwW|tv s=Hv= pw=
18 |x]@=Q "I2 2 f0; 1g w I1 = 2 xm |}=H ' V [0;�] = '(�; I1; u; �; I2)

"O}v}@@ =Q
'u}=Q@=v@ "OwW|t ?=QN pw= |xir-wt w Ov=t|t|k=@ sr=U swO |xir-wt �5Cr=L
I}y |rw OwW|t Z} waD =} |�RH Q}taD pw= |xir-wt '|}xQwO |UQR=@ u=tR QO
V [O;�] = '(x; I1�; �; I2) 'xH}Dv QO "OwW|tv s=Hv= swO |xir-wt |wQ |t=Ok=

"O}v}@@ =Q 19 |x]@=Q "I2 = 2 w I1 =2 f0; 1g xm |}=H
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Gn(�; t; �; i; j) =
�R
O

zR
O

uR
O

8>>>>><>>>>>:
['(x; 0; u; z; 0) +Gn(� � z; t+ x; � + z; i+ 1; j + 1)]r1(t+ x)r2(� + z)+

['(x; 1; u; z; 0) +Gn(� � z; 0; � + z; 0; 0)]r1(t+ x)r2(� + z)+

['(x; 0; u; z; 1) +Gn(� � z; t+ x; 0; i+ 1; j + 1)]r1(t+ x)r2(� + z)+

['(x; 1; u; z; 1) +Gn(� � z; 0; 0; 0; 0)]r1(t+ x)r2(� + z)

9>>>>>=>>>>>;
0BB@fX1 (xjt; i; j)

fU1 (uj�)
fH1 (z � uj�)

1CCA dxdudz+

�Z
O

zZ
O

z�uZ
O

8>>>>><>>>>>:
['(u+ x; 0; u; z; 0) +Gn(� � z; t+ u+ x; � + z; i+ 1; j + 1)]r1(t+ u+ x)r2(� + z)+

['(u+ x; 1; u; z; 0) +Gn(� � z; 0; � + z; 0; 0)]r1(t+ u+ x)r2(� + z)+

['(u+ x; 0; u; z; 1) +Gn(� � z; t+ u+ x; 0; i+ 1; j + 1)]r1(t+ u+ x)r2(� + z)+

['(u+ x; 1; u; z; 1) +Gn(� � z; 0; 0; 0; 0)]r1(t+ u+ x)r2(� + z)

9>>>>>=>>>>>;
0BBBBB@

PX1 (ujt; i; j)
fX1 (xjt+ u; i+ 1; j)

fU1 (uj�)
fH1 (z � uj�)

1CCCCCA dxdudz

| {z }
pw= Cr=L

+
�Z
O

zZ
O

8<:['(z; 2; u; z; 0) +Gn(� � z; t+ z; � + z; i+ 1; j + 1)]r2(� + z)+

['(z; 2; u; z; 1) +Gn(� � z; t+ z; 0; i+ 1; j + 1)]r2(� + z)

9=;
0@PX1 (ujt; i; j)PX1 (z � ujt+ u; i+ 1; j)

fU1 (uj�)fH1 (z � uj�)

1A dudz+| {z }
swO Cr=L

+
�R
O

zR
O

8>>>>><>>>>>:
['(x; 0; u; �; 0) +Gn�1(�; t+ x; � + �; i+ 1; j)]r1(t+ x)r2(� + �)+

['(x; 1; u; �; 0) +Gn�1(�; 0; � + �; 0; 0)]r1(t+ x)r2(� + �)+

['(x; 0; u; �; 1) +Gn�1(�; t+ x; 0; i+ 1; j)]r1(t+ x)r2(� + �)+

['(x; 1; u; �; 1) +Gn�1(�; 0; 0; 0; 0)]r1(t+ x)r2(� + �)

9>>>>>=>>>>>;
0BB@ fX1 (xjt; i; j)

fU1 (uj�)
PH1 (� � uj�)

1CCA dxdu+

�Z
O

��uZ
O

8>>>>><>>>>>:
['(u+ x; 0; u; �; 0) +Gn�1(�; t+ u+ x; � + �; i+ 1; j)]r1(t+ u+ x)r2(� + �)+

['(u+ x; 1; u; �; 0) +Gn�1(�; 0; � + �; 0; 0)]r1(t+ u+ x)r2(� + �)+

['(u+ x; 0; u; �; 1) +Gn�1(�; t+ u+ x; 0; i+ 1; j)]r1(t+ u+ x)r2(� + �)+

['(u+ x; 1; u; �; 1) +Gn�1(�; 0; 0; 0; 0)]r1(t+ u+ x)r2(� + �)

9>>>>>=>>>>>;
0BBBBB@

PX1 (ujt; i; j)
fx1 (xjt+ u; i+ 1; j)

fU1 (uj�)
PH1 (� � uj�)

1CCCCCA dxdu

| {z }
swU Cr=L

+
�Z
O

8<:['(�; 2; u; �; 0) +Gn�1(�; t+ �; � + �; i+ 1; j)]r2(� + �)+

['(�; 2; u; �; 1) +Gn�1(�; t+ �; 0; i+ 1; j)]r2(� + �)

9=;
0@Px1 (ujt; i; j)Px1 (� � ujt+ u; i+ 1; j)

fU1 (uj�)PH1 (� � uj�)

1A du| {z }
sQ=yJ Cr=L

+
�Z
O

8<:['(x; 0; �; �; 2) +Gn�1(�; t+ x; � + �; i; j)]r1(t+ x)+

['(x; 1; �; �; 2) +Gn�1(�; 0; � + �; 0; 0)]r1(t+ x)

9=;
0@fX1 (xjt; i; j)

PU1 (�j�)

1A dx| {z }
sHvB Cr=L

+['(�; 2; �; �; 2) +Gn�1(�; t+ �; � + �; i; j)]PX1 (�jt; i; j)PU1 (�j�):| {z }
sWW Cr=L

�21�

TH = �H
��

Ag1
�H

��H � log(	)
(1 + pD)ND (1 + pR)NR

�1=�H �Ag1:

(24)

x@U=Lt T |xNQJ QO V |iO=YD Q}eDt Q=Okt 'sD} Qwor= u}= |=QH= R= Q=@ Qy QO
xOt; CUO x@ Q}O=kt u}ov=}t '|i=m O=OaD x@ sD} Qwor= |=QH= R= TB ',=D}=yv "OwW|t

"OwW|t xDiQo Q_v QO �Gn |va}� V |iO=YD Q}eDt \UwDt |=Q@ |v}tND

C}U=UL p}rLD w |OOa p=Ft "5
|xir-wt wO R= xm O} Q}o@ Q_v QO =Q jQ@ `} RwD CUB QO |iQYt u=wD u}t-=D *sDU}U
O}vm ẁHQ� CU= xOW p}mWD �swO |xir-wt� Tv=QD w �pw= |xir-wt� |vR=N lv=@

"CU= CN=wvm} `} RwD R= l} w QiY w u}@ |iO=YD OOa l}

TD = �D((Ag2=�D)�D � log(	))1=�D �Ag2: (22)

|xir-wt Q=mW; |@=QN ẁkw u=tR '7 |x]@=Q w 8 ZQi R= xO=iDU= =@ 'TBU
%OwW|t O}rwD Q} R |x]@=Q j@] �TR |va}� swO

TR = TD + �R((Ag2=�R)�R � log(	))1=�R �Ag2: (23)

|@=QN w?}a ẁkw R= |W=v |=ylwW O=OaD wAg1 =@ Q@=Q@ pw= |xir-wt |rai Qta Qo =
8 ZQi R= xO=iDU= =@ x=ou; 'OW=@ NR w ND =@ Q@=Q@ ?}DQD x@ swO |xir-wt Q=mW;

%OwW|t O}rwD Q} R |x]@=Q j@] (TH) u=yvB |@=QN ẁkw u=tR '11 |x]@=Q w
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"� = 1; 2; 3; :::; 12 |=R= x@ (�$100) =yxv} Ry "4 pmW

&O@=}|t Vy=m |}xQwO |UQR=@|=yxv} Ry ��
QO =yv; R= |QDtm O=OaD 'u}=Q@=v@ "OvwW|t |}=U=vW QDQ}O 'u=yvB |=y|@=QN ��
"O@=}|t V}=Ri= |oO=Di= Q=m R= |=yu=tR w OvwW|t |}=U=vW |UQR=@ |=yu=tR
|=yxv} RyVy=m w |oO=Di= Q=m R= u=tR |xt} QH |=yxv} RyV}=Ri=Ea=@ Qt= u}=

&OwW|t u=yvB |=y|@=QN Cra x@ |LqY= C=Q}taD w |Q=Oyov
O=OaD 'u}=Q@=v@ "O@=}|t V}=Ri= Q=mW; |@=QN x@ |xwkr=@ |=y?}a p}O@D p=tDL= ��
=yv; R= |QDtm O=OaD w OvwW|t Q=mW; |@=QN x@ p}O@D xwkr=@ |=y?}a R= |QDW}@
|Q=Oyov |=yxv} Ry Vy=m Ea=@ Qt= u}= "OvwW|t |}=U=vW |UQR=@ u=tR QO
|Q=Oyov |=yxv} Ry V}=Ri= w xwkr=@ |=y?}a Cra x@ xv=Q}oW}B C=Q}taD w
|=yxv} Ry 'u}vJty "OwW|t Q=mW; |=y|@=QN Cra x@ |LqY= C=Q}taD w

"O@=}|t V}=Ri= xv=@r]CYQi |UQR=@
|xv} Ry w |oO=Di= Q=m R= u=tR |xt} QH |xv} Ry '|UQR=@ |xv} Ry xm CU= |y}O@
|}xQwO |UQR=@ |xrY=i u}}aD QO =Q |}xOvvmu}}aD Vkv Z} waD w |�RH Q}taD
pL ,=OOHt |OOa p=Ft 'Q}O=kt u}= Q}}eD =@ ' ẁ[wt u}= |UQQ@ |=Q@ "OvQ=O xv}y@
|xv} Ry Qo = xm OyO|t u=Wv G}=Dv "CU= xOW xOQw; 5 pmW QO G}=Dv w CU= xOW
u} QDtm =@ Q@=Q@ |}xQwO |=y|UQR=@ u}@ xv}y@ |xrY=i 'OW=@ QiY =@ Q@=Q@ |UQR=@
Q=_Dv= xm Qw] u=ty '|UQR=@ |xv} Ry V}=Ri= =@ "OwW|t x=t l} |va} OwN Q=Okt
|xv} Ry "OwW|t O=yvW}B pOt \UwD QDW}@ pY=wi =@ |}xQwO |UQR=@ 'CiQ|t
&OwW|t |UQR=@ |xrY=i uOW QDx=Dwm Ea=@ QDW}@ |oO=Di= Q=m R= u=tR |xt} QH
u=yvB |=y|@=QN QDs=ovy x@ |}=U=vW Ea=@ QDx=Dwm pY=wi =@ |}xQwO |UQR=@ =Q} R
|UQR=@ |xrY=i '?}a p}rO x@ Z} waD w |�RH Q}taD |xv} Ry V}=Ri= =@ "OwW|t
|=yxv} Ry x@ w Ov@=} V}=Ri= QDW}@ =yxv} Ry u}= xJ Qy =Q} R &OwW|t QDOvr@ |}xQwO
s=Hv= x@ p}=tD 'OvwW =Qoty QDW}@ '|@=QN ẁkw Cra x@ Z} waD w |�RH Q}taD
|�RH Q}taD |xv} Ry V}=Ri= "O@=}|t Vy=m xwkr=@ |=y?}a |}=U=vW |=Q@ |UQR=@
&OwW|t QDx=Dwm pY=wi =@ |}xQwO |UQR=@ x@ QHvt Q=mW; |@=QN p}rO x@ Z} waD w
w OwW|t xwkr=@ |=y?}a QDs=ovy x@ |}=U=vW Ea=@ QDx=Dwm |UQR=@ pY=wi =Q} R

"OvwW|t p}O@D Q=mW; |@=QN x@ =yv; R= |QDtm O=OaD xH}Dv QO

"|R=Ux}@W CQ=Jwri "3 pmW
"xr�Ut |=yQDt=Q=B "1 pwOH

�H 1 8 pD �20 CPI 60 CDM 15
�H 10 pR �20 COI 60 CDR 60
�D 2 1 a1 0 9 CHM 25 CRM 75
�D 4 6 b1 0 0912 CHR 75 CRM 300
�R 2 5 a2 0 5 CHD 120
�R 2 2 b2 0 0371

'�� 'xv}y@ |}xQwO |UQR=@ |xrY=i u}}aD 'hOy "�xtOkt QN; R= p@k h=Qo =Q=B x@
"OwW|t xv}tm T |xNQJ QO sDU}U pm |xv} Ry \UwDt xm |}xvwo x@ CU=

'|R} Qxt=vQ@ ji= w x=tl} =@ Q@=Q@|UQR=@ |xrY=i pw] *pk=OL xm OwW|t ZQi
x@ ẁQW wvC}a[w R= sDU}U xm OwW|tZQi 'u}vJty "(T = 12)CU= xr=Ul}
"rx(x) = ak exp(�bkx) w �j = 0 w i = 0 '� = 0 't = 0� Ovm|t Q=m
|=yQDt=Q=B w rk(x) |=yQDt=Q=B 'Q=mW; w u=yvB |=y|@=QN w?}a ẁkw MQv |=yQDt=Q=B

"CU= xOW xOQw; 1 pwOH QO (�$100) xv} Ry
'E[CT ] 'sDU}U pm |xv} Ry \UwDt =D CU= sRq �� uOQw; CUO x@ |=Q@
u}}aD u; |xv}tm =D OwW x@U=Lt � = 1; 2; 3; :::; 12 hrDNt Q}O=kt |=R= x@
hrDNt Q}O=kt |=R= x@ Gn(�; 0; 0; 0; 0) Q}O=kt =OD@= 'Qw_vt u}= x@ "OwW
x@U=Lt =QH= 10000 =@ |R=Ux}@W sD} Qwor= R= xO=iDU= =@ � = 1; 2; 3; :::; 12
xO=iDU= =@ E[CT ] '� = 1; 2; 3; :::; 12 hrDNt Q}O=kt |=R= x@ 'TBU "OwW|t
u=ty "CU= xOW xOQw; 4 pmW w 2 pwOH QO G}=Dv "OwW|t x@U=Lt 1 |x]@=Q R=
CUO x@ x=t 3 =@ Q@=Q@ xv}y@ |}xQwO |UQR=@ |xrY=i 'OwW|t xOy=Wt xm Qw]
OwN Q=Okt u} QDtm QO E[CT ] = 944=4825 '|UQR=@ OQ@y=Q u}= =@ "CU= xOt;

"p=U QO $94=448=25 |va} 'Ow@ Oy=wN
|xrY=i pw]V}=Ri= =@ 'OwW|t xOy=Wt 4 pmW w 2 pwOH QO xm |Qw] u=ty

'�|}xQwO |=y|UQR=@ O=OaD Vy=m � |}xQwO |UQR=@
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"� = 1; 2; 3; :::; 12 |=R= x@ (�$100) =yxv} Ry "2 pwOH
� CTPI E[CTOI ] E[CTCMH ] E[CTDH ] E[CTPMD] E[CTCMR] E[CT ]

1 720 48 3360 71 7975 84 1667 87 5445 169 5675 118 4122
2 360 68 7120 66 6950 150 7344 65 6070 238 8675 950 6159
3 240 88 1820 63 3200 202 3390 48 6240 302 0175 944 4825
4 180 101 6460 61 8925 242 7697 37 3410 343 5525 967 2017
5 180 105 8580 62 8125 237 4409 35 0130 355 0050 976 1294
6 120 116 4840 58 7850 294 8395 25 1715 388 9200 1004 2000
7 120 118 8840 59 9175 286 2970 24 1710 394 4175 1003 6870
8 120 121 3260 60 9225 279 4987 22 3020 402 3525 1006 4017
9 120 122 3880 61 6375 278 7332 21 6015 403 5675 1007 9277
10 120 124 5480 60 7775 285 4458 20 8785 410 4750 1022 1248
11 120 129 4200 60 2050 298 1366 17 2845 425 6775 1050 7236
12 60 136 7700 57 4325 339 0465 10 7925 447 5775 1051 6190

"xv} Ry |=yQDt=Q=B C}U=UL p}rLD "5 pmW

pw= |xir-wt 'u}= Q@ xwqa "OwW|t |UQR=@ 'xwkr=@ |=y?}a w u=yvB |=y|@=QN
x@ R}v �swO |xir-wt Q=mW; |@=QN ẁkw ZLt x@ |va}� sDU}U hkwD ZLt x@
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w |}xQwO |UQR=@ |=yxv} Ry V}=Ri= Ea=@ |iQ] R= 'O=} R QD=wD =@ sDU}U |UQR=@
R= "OwW|t xwkr=@ |=y?}a w u=yvB |=y|@=QN p}rO x@ Z} waD w Q}taD |=yxv} Ry
OwW|txwkr=@ |=y?}a w u=yvB |=y|@=QN QDs=ovy x@ |}=U=vW ?Hwt 'Qo}O hQ]
u=tR |xt} QH |=yxv} Ry 'xH}Dv QO "Ovm|t |Q}owrH Q=mW; |=y|@=QN ẁkw R= w
ẁkw p}rO x@ Z} waD w Q}taD |=yxv} Ry 'u=yvB |=y|@=QN p}rO x@ |oO=Di= Q=m R=

|Q}oxH}Dv "6
|}xir-wtwO sDU}U l} |=Q@ xv}y@ |}xQwO |UQR=@ |xrY=i u}}aD 'xr=kt u}= QO
ẁv R= pw= |xir-wt |@=QN "OW xar=]t |}xrLQtwO Q=mW; w u=yvB |=y|@=QN =@
|}=U=vW p@=k |UQR=@ =@ \ki w OwW|tv sDU}U hkwD Ea=@ |va} &CU= u=yvB
"OwW|t sDU}U |D=}rta |=yxv} Ry V}=Ri= Ea=@ 'u; |}=U=vW QO Q}N-=D |rw CU=
C}a[w xU |=Q=O swO |xir-wt |va} &CU= |}xrLQtwO Q=mW; 'swO |xir-wt |@=QN
|rw OwW|t |}=U=vW |UQR=@ =@\ki ?w}atC}a[w "?=QN w ?w}at 'sr=U %CU=
Qy w ?}a Qy ẁkw "OwW|t sDU}U hkwD Ea=@ w OwW|t Q=mW; ?=QN C}a[w
|@=QN MQv w OwW|t pw= |xir-wt |wQ lwW O=H}= Ea=@ swO |xir-wt Q=mW; |@=QN
|}=U=vW Qw_vt x@ |}xQwO |UQR=@ CU=}U j@] sDU}U "OyO|t V}=Ri= =Q u;
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OwHw |v=wD 'sDU}U pm |xv} Ry w �|}xQwO |UQR=@ |xrY=i� |}xQwO |=y|UQR=@
pm |xv} Ry xm |}xvwo x@ CU= xv}y@ |}xQwO |UQR=@ |xrY=i uDi=} 'hOy "OQ=O
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