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ẁv T=U= Q@ w Ovm|t |UQQ@ =Q u}W=t Qy QO =yQ=m u=}=B w ẁQW u=tR w |O}rwD
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Ovm|t p=eW= 1 ẁv |xr}Uw R= u=} QDWt |=yVQ=iU xm |}=yC}iQ_ ẁtHt �
"CU= 1 ẁv p}=Uw pm C}iQ_ ẁtHt R= QDtm

Ovm|t p=eW= 2 ẁv |xr}Uw R= u=} QDWt |=yVQ=iU xm |}=yC}iQ_ ẁtHt �
"CU= 2 ẁv p}=Uw pm C}iQ_ ẁtHt R= QDtm

xr�Ut |=yQDt=Q=B
|QDWt |=yxOwOLt O=OaD C
c |QDWt |xOwOLt T}Ov= c

(C � N) sDU}U u=} QDWt pm ẁtHt N
(N = fn1 + n2 + � � �+ ncg) s=c |QDWt |xOwOLt u=} QDWt O=OaD nc

|y=oQ=m u=} QH sDU}U QO |O}rwD Cq;u}W=t O=OaD M
x@ =yVQ=iU p=kDv= Qw_vtx@ OwOLt C}iQ_ =@ 1 ẁv |x}rkv |xr}Uw O=OaD V

|QDWt |xOwOLt
QO =yVQ=iU p} wLD Qw_vtx@ OwOLt C}iQ_ =@ 2 ẁv |x}rkv |xr}Uw O=OaD �0c

s=c |QDWt |xOwOLt pN=O
(8c : i = f1; 2; 3; : : : ; ncg) s=c|QDWt|xOwOLt R= s=i|QDWtVQ=iUJic

Jic VQ=iU |wQ s=m u}W=t C=}rta Oicm
Oicm C=}rta VR=OQB u=tR Picm

"u=} QDWt xOwOLt uO=O u=Wv |=Q@ |m}i=Qo |xQ=wKQ] "1 pmW
"OwW|t xDio xWwN =yxDUO u}= x@ xm OvwW|t s}UkD 'OvQo}Om} x@=Wt u; |=[a=
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u=} QDWt |=yVQ=iU?}DQD� |y=oQ=m u=} QH sDU}U QO O}rwD j}kO?}DQD u}}aD �
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c=1

Y 0cv = 1 8� (5)

ncX
i=1

qicvYicv � QvY 0cv 8c; � (6)

STv � (Ticm + picm)� U(1� Yicv) 8c; i; v (7)

ST 0cv0c � (STv + fcv)� U(1� Yicv)

�U(1� Y 00icv0c) 8c; i; v; v0c
(8)

ncX
j=1

X0jcv0c = 1 8c; v0c
(9)

Xijcv0c � Y 00icv0cY 00jcv0c 8c; i; j; v0c; i 6= j

(10)
ncX
i=0

Xikcv0c �
ncX
j=0

Xkjcv0c = 0 8c; v0c;
k = 1; 2; : : : ; nc

(11)
ncX
i=1

q0icv0cY
00
icv0c � Q0v0c 8c; v0c

(12)

Bicv0c � ST 0cv0c � U(1� Y 00icv0c) 8c; i; v0c
(13)

B0cv0c � ST 0cv0c � U(1�
ncX
i=0

X0icv0c) 8c; v0c
(14)

(Bicv0c + sic + fijcv0c)� U(1�Xijcv0c) � Bjcv0c 8c; i; j; v0c
(15)

V 0cX
v0c=1

Y 00icv0c = 1 8c; i (16)

Y 00icv0c �
ncX
j=0

X 00jicv0c 8c; i (17)

MRT � (Bicv0c + sic + fi0cv0c)� U(1�Xi0cv0c) 8c; i; v0c
(18)8<:Zicjc0 ; Yicv; Y 0cv; Y 00icv0c ; Xijcv0c = f0; 1g

Ticm; STv; ST 0cv0c ; Bicv0c ;MRT � 0
8c; c0; i; j; v; v0c;m

(19)

x}rkv |xr}Uw u} QN; CWoR=@ u=tR |R=Uxv}tm xm =Q pOt hOy `@=D 1 |x]@=Q
u=Wv 'CU= |QDWt |xOwOLt pN=O QO |}=yv u=} QDWt x@ =yVQ=iU p} wLD R= Oa@
l} VR=OQB \ki x_Lr Qy QO xm OvyO|t u=Wv 2 |x]@=Q QO |w=Ut=v wO "OyO|t
VR=OQB s=Hv= ?}DQD u}vJsy w OQ}o|t s=Hv= |O}rwD u}W=t Qy |wQ Q@ VQ=iU
uwO@ hrDNt u=} QDWt |=yVQ=iU "CU= u=Um} =yu}W=t s=tD |wQ Q@ =yVQ=iU
|xOvvmu=}@ 3 |x]@=Q "OvwW|tVR=OQB |O}rwD sDU}U QO|QDWt|xOwOLt x@ xHwD

s=� |x}rkv |xr}Uw \UwD s=c |QDWt |xOwOLt w RmQt u}@ xOW |] u=tR fc�
1 ẁv

1 ẁv s=� |x}rkv |xr}Uw R= Jic \UwD xOW p=eW= C}iQ_ qic�
\UwD s=c |QDWt |xOwOLt R= s=j w s=i |QDWt u}@ xOW |] u=tR f 0ijc�0c

2 ẁv s=�0 |x}rkv |xr}Uw
2 ẁv s=�0 |x}rkv |xr}Uw R= Jic \UwD xOW p=eW= C}iQ_ q0ic�0c

1 ẁv s=� |xr}Uw C}iQ_ Q�
2 ẁv s=�0c |xr}Uw C}iQ_ Q0�0c

s=c |QDWt |xOwOLt pLt QO s=i VQ=iU |yOCtON u=tR sic
nQR@ |r}N C@Ft OOa U
%xr=Ut s}tYD |=yQ}eDt

s=Oicm C=}rta VR=OQB ẁQW u=tR Ticm
OQwt s=Jjc0 VQ=iU R= QDOwR s=Jic VQ=iU Qo = %l} Q=Okt '|Qv}=@ Q}eDt Zicjc0

CQwYu}= Q}e QO %QiY &OQ}o@ Q=Qk VR=OQB
x@ �1 ẁv� s=� |xr}Uw \UwD Jic VQ=iU Qo = %l} Q=Okt '|Qv}=@ Q}eDt Yicv

CQwYu}= Q}e QO %QiY &OwW pkDvt s=c |QDWt |xOwOLt
s=c |xOwOLt |=yVQ=iU �1 ẁv� s=� xr}Uw Qo = %l} Q=Okt '|Qv}=@ Q}eDt Y 0cv

CQwYu}= Q}e QO %QiY &OyO ptL =Q
QO �2 ẁv� s= �0 |xr}Uw \UwD Jic VQ=iU Qo = %l} Q=Okt '|Qv}=@ Q}eDt Y 00ic�0c

CQwYu}= Q}e QO %QiY &OwW p} wLD |}=yv |QDWt x@ s=c |QDWt |xOwOLt
|xOwOLt CtU x@ |O}rwD RmQt R= 1 ẁv s=� |xr}Uw CmQL ẁQW u=tR ST�

|QDWt
s=c |QDWt |xOwOLt pLt pN=O QO 2 ẁv s=�0 |xr}Uw CmQL u=tR ST 0c�0cQiU QO u=} QDWt VQ=iU p} wLD Qw_vtx@
QO s= c |QDWt |xOwOLt QO (i; j) u=tm Qo = %l} Q=Okt '|Qv}=@ Q}eDt Xijc�0c
Q=Qk p} wLD |=Q@ 2 ẁv s=�0 |xr}Uw \UwD xOW |] Q}Ut QO s= xOW |] Q}Ut

CQwYu}= Q}e QO %QiY &OW=@ xDW=O
s=c |QDWt |xOwOLt pLt QO s=i |QDWt x@ |yOCtON ẁQW u=tR Bic�0c

2 ẁv s=�0 |xr}Uw \UwD
|Q}oQ=@ pLt� x}rw= pLt x@ 2 ẁv |x}rkv |xr}Uw u} QN; CWoR=@ u=tR MRT

�|QDWt |xOwOLt
|[=} Q pOt

"OwW|t x�=Q= \rDNt |]NQ}e K}LY OOa |R} Qxt=vQ@ pOt CtUk u}= QO
Minimise(MRT ) (1)

Subject to8<:Ticm + picm � Tjc0m + U(1� Zicjc0)
Zicjc0 = 1� Zjc0ic

8c; c0; i; j;m
(i; c) 6= (j; c0)

(2)

Ticm + picm � Tic(m+1) 8c; i;m
(3)

VX
v=1

Yicv = 1 8c; i
(4)
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Xijcv0c � Y Yijcv0c 8i; j; c; v0c; i 6= j (20)

Y Yijcv0c � Y 00icv0c 8i; j; c; v0c; i 6= j (21)

Y Yijcv0c � Y 00jcv0c 8i; j; c; v0c; i 6= j (22)

1 + Y Yijcv0c = Y 00icv0c + Y 00jcv0c 8i; j; c; v0c; i 6= j

(23)

C}U=UL p}rLD w |D=@U=Lt G}=Dv "3
|OOa p�=Ut x@ u=oOvU} wv |UQDUO sOa w |O=yvW}B pOt uOw@ O}OH x@ xHwD =@
|iO=YD CQwYx@ =OD@=VN@ u}= QO '|O=yvW}B pOt OQmrtaVHvU |=Q@ OQ=Ov=DU=
R= Qw_vt u}= x@ "OvwW|t pL p�=Ut u}= TBU w O}rwD OQ=Ov=DU= |OOa p�=Ut
xDUO xU w xOW xO=iDU= O}rwD |Ov@u=tR |xv}W}B QO OwHwt OQ=Ov=DU= |=yxO=O
&CU= xOW O}rwD nQR@ w \UwDt 'lJwm |=yxr�Ut |xR=Ov= QO |OOa p�=Ut

"Ov=xOW O}rwD |iO=YD CQwY x@ 1 pwOH ltm x@ =yu; |=yxO=O
p�=Ut 'hrDNt |=yxR=Ov= QO |OOa p�=Ut |=yxO=O |iO=YD O}rwD R= TB
QO p}YiD x@ =yu; |}=yv ?=wH w xOW pL Rto j}kO pL Q=Ri=sQv R= xO=iDU= =@
|xR=Ov= ?}DQD x@ sQ=yJ =D pw= |=yuwDU '2 pwOH QO "CU= xOW xOQw; 2 pwOH
|=yOv}=Qi |O}rwD RmQt QO OwHwt |=yu}W=t O=OaD 'xm@W u=} QDWt pm O=OaD 'xr�Ut
xOwOLt Qy u=} QDWt O=OaD w u=} QDWt |xOwOLt O=OaD w |y=oQ=m u=} QH sDU}U
CmQL ?}DQD xm CU= xm@W O}rwD VN@ ?=wH sHvB uwDU "OvyO|t u=Wv =Q
p=kDv= sWW uwDU "OyO|t u=Wv =Q |O}rwD sHvB =D pw= |=yu}W=t x@ =yVQ=iU
VwQ x@ w |QDWt |xOwOLt x@ C}iQ_ T=U= Q@ xm l} ẁv |xr}Uw =@ =yVQ=iU
uwQO |@=} Q}Ut R}v QN; uwDU w OyO|t u=Wv =Q 'OwW|t s=Hv= s}kDUt p=UQ=
=Q xOwOLt pN=O QO =yVQ=iU p} wLD |=Q@ 2 ẁv |xr}Uw =@ |QDWt |xOwOLt
CU= |QDWt xOwOLt RmQt Q}Ut Qy |=yDv= w =OD@= xm CU= |vDio "OyO|t u=Wv
=@ pw= |xr�Ut QO xvwtv u=wvax@ "OwW|t sDN =Hu; x@ w R=e; =Hu; R= p} wLD xm
QO |QDWt 4 |=Q=O s=Om Qy xm OQ=O OwHw |QDWt |xOwOLt wO lJwm |xR=Ov=
ẁv |xr}Uw l} =@ xOwOLt Qy |=yVQ=iU 'pOt ?=wH QO "OvDUy OwN |xOwOLt

|xOwOLt u=} QDWt |=yVQ=iU xOwOLt pN=O QO w OwW|t pkDvt xv=o =OH l}
QO xm|DQwY QO "OvwW|t |}=yv p} wLD w |@=} Q}Ut 2 ẁv |xr}Uw l} =@ 1
2 ẁv |xr}Uw wO R= C}iQ_ C}OwOLt w =yVQ=iU O=OaD Cra x@ 2 |xOwOLt
|xOwOLt xm swO |xr�Ut QO "CU= xOW xO=iDU= |}=yv p} wLD w |@=} Q}Ut |=Q@
C=}rta |r=wD =OD@= 'CU= xO=O |=H OwN QO |QDWt 12 swO |xOwOLt w 8 pw=
ẁv |x}rkv |xr}Uw C}iQ_ x@ xHwD =@ TBU "CU= xOt; CUO x@ |y=oQ=m u=} QH
p} wLD |@=} Q}Ut QO w Ov=xOW pkDvt xr}Uw l} =@ \ki xOwOLt Qy |=yVQ=iU 1
C}iQ_ C}OwOLt Cra x@ |@=} Q}Ut |=Q@ 2 ẁv |xr}Uw 2 x@ swO |xOwOLt R}v
xOW xDiQo Q_v QO xOwOLt 4 =@ |QDWt 40 xm nQR@ |xR=Ov= =@ xr�Ut QO "OQ=O R=}v
2 ẁv |xr}Uw 3 w 3 '2 '2 =@ ?}DQD x@ u=} QDWt |xOwOLt QO p} wLD R}v CU=
xO=O u=Wv =Q pw= |xr�Ut |xv}y@ ?=wH R= |Q} wYD |}xvwtv 2 pmW "OwW|t s=Hv=
OOa w |QDWt |xQ=tW OQ=O Q=Qk xOvvm =OHAJCtU xm |OOa 2 pwOH QO "CU=
1 |xQ=tW |QDWt |xOvyOu=Wv 1 2 ,qFt "CU= |QDWt |xOwOLt CU=Q CtU
2"1 xm|r=L QO "�swO |xOwOLt R= pw= |QDWt� CU= 2 |xQ=tW |xOwOLt R=

xm CU= |r=wDt |=yu}W=t |wQ VQ=iU Qy hrDNt |=yVR=OQB C=}rta ?}DQD
"OwW|t ẁQW |Oa@ C=}rta |rai C=}rta s=tD= R= Oa@

\UwD \ki |QDWt |xOwOLt Qy R= VQ=iU Qy xm Ovm|t u=}@ 4 C}OwOLt
xDUmW p@=k w OwW|t ptL |QDWt |xOwOLt pLt x@ 1 ẁv |x}rkv |xr}Uw l}
Q=@l} \ki 1 ẁv |x}rkv xr}Uw Qy xm Ovm|t u=}@ �5� C}OwOLt "CU}v uOW
\ki `k=w QO "OwW|t xO=iDU= |QDWt |xOwOLt l} \ki |=yVQ=iU ptL |=Q@
OwOLt C}iQ_ |xOvvmu=}@ R}v �6� C}OwOLt "Ovm|t Ct} Ra xOwOLt l} x@
s=tD= R= Oa@ x}rkv |xr}Uw xm Ovm|t u=}@ �7� C}OwOLt "CU= 1 ẁv x}rkv |xr}Uw
=Q ptL Ov=wD|t u; x@ xOW xO=O X}YND |=yVQ=iU |xty |O}rwD |=yOv}=Qi

"Ovm CmQL w xOQm R=e;
QO |@=} Q}Ut VwQ x@ p} wLD xm CU= C}OwOLt u}= |xOvvmu=}@ 8 |x]@=Q
|xOwOLt x@ QiU u=} QDWt |=yVQ=iU |xty ptL R= TB |QDWt |xOwOLt
"OwW|t R=e; 'OvW=@ xOW ptL hrDNt 1 ẁv p}=Uw \UwD CU= umtt xm |QDWt
x@ Ct} Ra =@ \ki |QDWt xOwOLt QO xr}Uw Qy xm Ovm|t u=}@ 9 C}OwOLt
R=e; =Q |}=yv |QDWt x@ p} wLD Qw_vtx@ OwN QiU 'xOwOLt pN=O |QDWt l}
\UwD |QDWt wO u}@ Q}Ut |DQwY QO xm Ovm|t u=}@ 10 C}OwOLt "Ovm|t
X}YND Q}Ut QU wO |QDWt wO Qy x@ xr}Uw u; xm OwW|t |] x}rkv |xr}Uw
Ovm|t u=}@ =Q |QDWt Qy x@ |HwQN w |OwQw u=} QH 11 C}OwOLt "OW=@ xDi=}
w OwW GQ=N u; R= O}=@ xr}Uw u=ty |QDWt l} x@ xr}Uw OwQw CQwY QO xm
|x}rkv |xr}Uw OwOLt C}iQ_ |xOvvmu=}@ R}v 12 C}OwOLt "OyO xt=O= =Q Q}Ut
u=} QDWt x@ |yOCtON ẁQW u=tR xm Ovm|t u=}@ 13 C}OwOLt "CU= 2 ẁv
u=}@ u}vJty 13 C}OwOLt "OwW|t R=e; xOwOLt R= Ct} Ra R= Oa@ QiU Qy
pLt R= CmQL R= Oa@ OwN pLt QO |QDWt x@ |yOCtON u=tR xm Ovm|t
xm Ovm|t u=}@ 14 C}OwOLt "OwW|t R=e; xr}Uw QiU Q}Ut QO |r@k |QDWt
R=e; |QDWt |xOwOLt pLt x@ uO}UQ R= Oa@ p} wLD |=Q@ xr}Uw CmQL u=tR
s=tD= u=tR R= TB |QDWt Qy |yOCtON u=tR Ovm|t u=}@ 15 C}OwOLt "OwW|t
|vDio ut[ QO "CU= |Y}YND |xr}Uw Q}Ut QO |r@k |QDWt |yOCtON
pOt |@=} Q}Ut VN@ |=Q@ QwDQ} R |xOvvmW u=wva x@ 15 C}OwOLt xm CU=
Ea=@ C}OwOLt u}= "Ovm|t |Q}owrH |vOWv ?=wH O}rwD R= w Ovm|t pta R}v
C}OwOLt u}= x@ xm OwWv O=H}= QwD l} R= V}@ QiU l} pN=O QO xm OwW|t
O}rwD xm OwW|t R=e; |QDWt l} R= |QiU |Dkw \ki "Ov} wo|t QwDQ} R xOvvmW
u}ty xm OW=@ xOW xO=O X}YND u; x@ sy x}rkv |xr}Uw w OW=@ xOW s=Hv= u;
[35]u=Q=mty w Qr}t w [34]wo} w w EwD "OwW|t QwDQ} R O=H}= R= |Q}owrH Ea=@ Qt=
xm Ovm|t u=}@ 16 C}OwOLt "Ov=xDN=OQB QwDQ} R |xOvvmW x@ OwN C=k}kLD QO
"OwW|t p} wLD ptL xr}Uw l} =@ \ki |QDWt xOwOLt Qy R= |QDWt Qy |=[=kD
|DQwY QO |QDWt l} x@ |}=yv ptL |xr}Uw xm Ovm|t u=}@ 17 C}OwOLt
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"OvOQo|t R=@ xOwOLt RmQt x@ w OvyO|t p} wLD |QDWt x@ u=tR u} QDtm =@ |@=} Q}Ut

|Q}oxH}Dv "5
|Ov@u=tR xm|DQwYQOp} wLD w O}rwD |=yOv}=Qi|R=UxJQ=Bm} swRr =OD@= 'xr=ktu}= QO
p=UQ= VwQ x@ |QDWt x@ pwYLt p} wLD w p=kDv= w |y=oQ=m u=} QH sDU}U QO O}rwD
|xv}y@ |xm@W Q=@u}rw= |=Q@ TBU &CU= xOW u}}@D 'OvW=@ |@=} Q}Ut w s}kDUt
xOW x�=Q= OwOLt C}iQ_ =@ OwOLt |x}rkv p}=Uw =@ `} RwD w p=kDv= 'O}rwD xJQ=Bm}
|=Q@ xm@W u}= "CU= xOW x�=Q= \rDNt |]NQ}e K}LY OOa |R} Qxt=vQ@ pOt w
?U=vt Q=}U@ OvQ=O Q=Qk |}=}i=QeH `}Uw |xQDUo QO u=Wv=} QDWt xm |}=ysDU}U
pOt hOy `@=D "CU= xOW |iQat |QDWt |xOwOLt swyit p}rO u}tyx@ w CU=
CWoR=@ w x]w@ Qt |QDWt x@ VQ=iU u} QN; p} wLD u=tR xm CWoR=@ u=tR u} QDW}@
QO "CU= xOW xDiQo Q_v QO 'CU= |QDWt |xOwOLt RmQt x@ Q_v OQwt |xr}Uw
|O}rwD RmQt R= s}kDUt p=UQ= VwQ |=Q@ |QDWt |xOwOLt swyit R= VywSB u}=
CQwYx@ hrDNt |=yxR=Ov= QO |OOa p�=Ut "CU= xOW xO=iDU= xOwOLt RmQt x@
u=Wv xOt; CUO x@ G}=Dv w Ov=xOW pL Rto Q=Ri=sQv ltm =@ w xOW O}rwD |iO=YD
`@=D |wQ Q@ hrDNt C=t}tYD Q}F-=D |UQQ@ Qw_vtx@ "CW=O pOt |q=@ |}=Q=m R=
p=kDv= |q=@ Q}F-=D R= u=Wv xm OW s=Hv= C}U=UL p}rLD p}YiD x@ R}v |}=yv hOy
OQ@ Q=m R= |ak=w |xvwtv l} R}v =yDv= QO "CW=O hOy `@=D |wQ Q@ 1 ẁv |xr}Uw w
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