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|xrY=i "CU= |k}kL O=Oa= s=tD |xawtHt R w CU= xR=@ CU=Q w AJ OL aR

pmW x@ `=aW w RmQt CQwY x@ Ov=wD|t u}vJty A
h} QaD A = haC ; aW i = fx : aC � aW � x � ac + aW ; x 2 Rg
ac = (aL + aR)=2 xm CU= `=aW w RmQt hQat ?}DQD x@ aW w aC xm OwW
OOa l} u=wva x@ Ov=wD|t |ak=w OOa Qy 'Ck}kL QO "aW (aR � aL)=2 w
xrY=i l} u=wva x@ u=wD|t =Q x; x 2 R Qy |=Q@ uwJ OwW h} QaD |}xrY=i

"OQm h} QaD 0 `=aW =@ [x; x]

s}UkD '?Q[ 'Qr=mU= ?Q[ 'j} QiD '`tH Ovv=t |[=} Q |=yQorta =Hu}= QO
xO}t=v |}xrY=i ?=UL =yQorta u}= "OvwW|t K} QWD [18]|}xrY=i O=Oa= u=wD w
B = [bL; bR] = hbC ; bW i w A = [aL; aR]haC ; aW i Qo = "OvwW|t

%OW=@
A+B = [aL + bL; aR + bR]; A+B = hac + bci
A�B = [aL � bR; aR � bL]

�A =

"
�aL; �aR
�aR; �aL

# if �� 0
�A = �haC ; aW i = h�a0C ; j�jaW i

if � < 0
A�B = [min(aLbL; aLbR; aRbL; aRbR);

max(aLbL; aLbR; aRbL; aRbR)]

B
A

= B � 1
A

= [bL; bR]� [ 1
aR

; 1
aL

]; 0 =2 [aL; aR]

An =

8>>>>>>><>>>>>>>:
[1; 1] if n = 0
[anL; anR] if aL � 0or n OQi
[anR; anL] if aR � 0 ; nGwR
[0;max(anL; anL)] if aL � 0 � aR; n > 0GwR

(A)
1
n = [aL; aR]

1
n = n

p
[aL; aR] =8>>>><>>>>:

[ n
p
aL; n
p
aR] if aL � 0 or n OQi

[0 n
p
aR] ifaL � 0; aR � 0; nGwR

[�] ifaR < 0 ; nGwR
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1
n

nX
i=l

��
xiL � 1
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u}= [18]10u=Q=mty w =}vw@ "CU= xOW|UQQ@ |O}rwD |=ysDU}U C=}rta w|L=Q] Q@
|=yC}OwOLt ZQi w|}xrY=i |=yxO=O =@ |R=wt - |QU sDU}Ul} |=Q@ =Q xr�Ut
11u=Q=mty w wy=W u}vJty "Ov=xOQm pL l}DvS sD} Qwor= =@ w xO=O xaUwD |iO=YD
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|=yQDt=Q=B =@ |}=tv =yu}W=t Qta `} RwD w CU= |r=tDL= =[=kD "CU= pwYLt |=Q@
x=Qty x@ |[=} Q pOt TBU w |}xrY=i C=}[=} Q =OD@= xt=O= QO "CU= |}xrY=i

"OwW|t K} QWD pL VwQ w |OOa p=Ft xU w u; C=[wQit
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sDU}U "OwW KQ]t pOt C=[wQit xm CU= sRq xr�Ut |[=} Q pOt u=}@ R= V}B
sDU}UQ} R Qy "CU= sDU}UQ} R �k |=Q=O sDU}U u}= "Ow@ Oy=wN 1 pmW j@=]t Qw@ Rt
Qy w OvDUy =yu}W=t =RH= =Hu}= QO xmCU= <RH j |=Q=Oh}OQ Qy wh}OQ i |=Q=O
p@=k Qwiw x@CavY QO sDU}U u}= OQ@ Q=m "CU= O}rwD\Nl} |xOvyOu=Wvh}OQ
pweWt Q}aWr=<=t w|vOat ?; 'x@=Wwv O}rwD x@ u=tRsy xm|DmQW,qFt "CU= xOy=Wt
%R= Ov=CQ=@a pOt u}= C=[wQit "OW=@ Ov=wD|t sDU}U ẁv u}= R= |}xvwtv 'CU=
|=y|}=}=B |=Q=O u}=Q@=v@ &OvDUy Qo}Om} R= pkDUt |O}rwD |=ysDU}UQ} R "1

"Ov=pkDUt
"OvDUy hrDNt ẁv j R= |}=yu}W=t |=Q=O sDU}UQ} R Qy |=yh}OQ s=tD "2

"CU= |}xrY=i QDt=Q=B =@ |}=tv `} RwD u}W=t Qy O}it Qta "3
"OwW|t h} QaD [0; T ] |R} Qxt=vQ@ ji= l} QO pOt "4

"CU= Z=te= p@=k CN=U u=} QH QO |q=m |Q=Oyov |xv} Ry "5
Z=te= p@=k Qo}O u}W=t x@ u}W=t l} R= xDN=Uxt}v pwYLt |}=Hx@=H u=tR "6

"CU=
"CU= XNWt `} RwD `@=D l} |=Q=O w |iO=YD |}=yv pwYLt |=[=kD "7

"CU= |rwYLt Q=QkDU= T=U= Q@ O}rwD sDU}U "8
"CU=yC}OwOLt |x} Q_v T=U= Q@ O}rwD |R} Qxt=vQ@ OQ@y=Q "9

|Q=PoO=tv
&Q=@v= QO |}=yv pwYLt Qy |Q=Oyov |xv} Ry %h

&OL=w Qy |=R= x@ Ow@tm |xv} Ry % 
&(k = 1; 2; :::; �k) OwW|t O}rwD s=k pwYLt u; QO xm |tDU}UQ} R %k

s=j ẁv R= u}W=t Qy O}it Qta |=Q@ |}=tv `} RwD QDt=Q=B %�j = [�jkL; �jkR]

&s=k sDU}UQ} R QO (j = 1; 2; :::; n)

&s=k sDU}UQ} R QO O}rwD \N Qy |R=Ov=x=Q |xv} Ry %Ck
&O}rwD \w]N |R=Ov=x=Q |=Q@ Q=}DN= QO pm |xHOw@ %B

&s=k sDU}UQ} R QO O}rwD \N Qy |R=Ov=x=Q |=Q@ R=}v OQwt O}it |=[i %sk

"|QU - |R=wt sDU}U "1 pmW

|}xrY=i O=Oa= �|w=Ut w QDnQR@ 'QDlJwm � \@=wQ "2"2
%CW=O Ovy=wN =Q Q} RCr=L xUR=|m} OOa wOu}= 'OvW=@|}xrY=i OOa wOB wA Qo =

"Ov=sy R= =OH B w A %1 ẁv
"OvQ=O l =QDW= Qo}Om} =@ B w A %2 ẁv

"B � A =} CU= A � B %3 ẁv
xOW KQ]t |}xrY=i O=Oa= u=}t \@=wQ |=Q@ |vwo =vwo h} Q=aD [18]`@vt QO
"xv=v}@O@ w xv=v}@VwN |Q}os}tYD "OQ=O OwHw |Q}os}tYD ẁv wO |rm Qw] x@ "CU=
u=v}t]= sOa uDiQo Q_v QO uwO@ =Q xv} Ro u} QDy@ xOvQ}os}tYD 'xv=v}@VwN ẁv QO
sOa |tm =@ =Q xv} Ro u} QDy@ xOvQ}os}tYD 'xv=v}@O@ ẁv QO xm|r=L QO "Ovm|t ^=Lr

"Ovm|t ?=NDv= u=v}t]=
A = [aL; aR] = haC ; aW i|}xrY=i OOa wO|=Q@�0min|x]@=Q "1h} QaD
|R=Uxv}tm |xr�Ut |=Q@ xv=v}@VwN Cr=L QO B = [bL; bR] = hbC ; bW i w

%OwW|t h} QaD Q} R CQwY x@ (0min)

A �0min B , aL � bL; A <0min B ^A 6= B

"CU}v 12uQ=kDt�0min |x]@=Q "OQ}PB|t =QA xOvQ}os}tYD 'h} QaD u}= T=U= Q@
"�CU= �|k]vt AND� �|k]vt w� |vat x@ ^�

A = [aL; aR] = haC ; aW i|}xrY=i OOa wOu}@�0max |x]@=Q "2h} QaD
|R=Uxv}W}@ |xr�Ut |=Q@ xv=v}@VwN Cr=L QO B = [bL; bR] = hbC ; bW i w

%OwW|t h} QaD Q} R CQwY x@ (0max)

A �0max B , aR � bR; A >max B ^A 6= B

|x]@=Q "Ovm|t ?=NDv= =Q A u}@VwN |xOvQ}os}tYD 'h} QaD u}= T=U= Q@
"CU}v uQ=kDt =t= 'CU= 14|OaD w 13|U=mav= �omax

|}xrY=i Oa wO u=}t <pmin |x]@=Q "3 h} QaD
xv=v}@O@ Cr=L QO B[bL; bR] = hbC ; bW i w A = [aL; aR] = haC ; aW i

%Ow@ Oy=wN Q} R CQwY x@ (pmin) |R=Uxv}tm w xr�Ut |=Q@
A <pmin B , ac < bc

2w1 ẁv |}xrY=i O=Oa= |=Q@
A <pmin B , aC � bC ^ aW < bW

3 ẁv |}xrY=i O=Oa= |=Q@
xm|v=tR 'OwW P=ND= Ov=wD|tv xv=v}@O@ s}tYD swU ẁv |}xrY=i OOa |=Q@ =t=

"aC < bC ^ aW > bW
A = [aL; aR] = haC ; aW i|}xrY=i OOa wOu}@>pmax|x]@=Q "4h} QaD
|R=Uxv}W}@ |xr�Ut |=Q@ xv=v}@O@ Cr=L QO B = [bL; bR] = hbC ; bW i w

%OwW|t h} QaD Q} R CQwY x@ (pmax)

A >pmax B , aC > bC

2w 1 ẁv |}xrY=i O=Oa= |=Q@
A >pmax B , aC � bC ^ aW < bW

3 ẁv |}xrY=i OOa |=Q@
'ac < bC ^ aW < bW xm|v=tR xv=v}@O@ s}tYD 3 ẁv |}xrY=i OOa |=Q@ '=t=

"OwW|tv P=ND=
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"""O}
rwD\

N|
L=Q]

|=Q@
|[

=}Q
|rO

t

TC =
�kX
k=1

�
h

QkZ
LQx

(Qk � dk)f(dk)ddk + 	

UQkZ
Qk

(dk �Qk)f(dk)ddi (4)

%OQm xO=U 5 |x]@=Q CQwY x@ u=wD|t =Q 4 |x]@=Q

TC =
�kX
k=1

�
h

qxkZ
qIxk

(qkxk � dx)f(dk)ddk + 	:

q:UxkZ
qxk

(dk � qkxk)f(dk)ddk
�

(5)

'pw= |xQ=Ro x]@=Q u}= QO "OwW xv}tm O}=@ xm CU= xr�Ut swO hOy `@=D 5 |x]@=Q
"CU= T |xQwO QO s=k pwYLt |=[=kD Q@ O=R=t |q=m |Q=Oyov |xv} Ry Qou=}@
O=R=t Q=Okt QO ?Q[ q=m OL=w l} |Q=Oyov |xv} Ry ẁtHt =@CU= Q@=Q@ xv} Ry u}=
(qkxk � dk) Q=R=@ |=[=kD w xOW O}rwD pwYLt u=}t Cw=iD "T |xQwO QO q=m
Ow@tm |xv} Ry hQat swO |xQ=Ro "CU= O=R=t |q=m |OwHwt K]U |xOvvm u}}aD
Ow@tm Q=Okt QO ?Q[ q=m OL=w l} Ow@tm |xv} Ry ẁtHt =@ Q@=Q@ xm CU= pwYLt
O}rwD pwYLt w Q=R=@ |=[=kD u=}t Cw=iD =@ Q@=Q@ xm CU= T |xQwO QO pwYLt
x@ xr=kt u}= QO |O=yvW}B |[=} Q pOt T=U= u}= Q@ "CU= (dk � qkxk) xOW

%Ow@ Oy=wN Q} R CQwY
Maximize

Rs(X) =
�kX
k=1

�
1�

xkY
i=1

(1�
nY
j=1

e��ijkRT ); 1�
xkY
i=1

(1�
nY
j=1

e��ijkLT )
�

(6)

Minimize

TC =
�kX
k=1

�
h

qkxkZ
qkLxk

(qkxk � dk)f(dk)ddk + 	:

qkUxkZ
qkxk

(dk � qkxk)f(dk)ddk (7)

St:
2X
k=1

ckxk � B (8)

2X
k=1

skxk � S (9)

prob[Dk � qkxk] � 1� � 8k = 1; 2; :::; �k (10)

Lxk � xk � Uxk; int 8k = 1; 2; :::; �k (11)

|=Q@ O}rwD \N O=OaD xJ xmu}= Q@ |v@t CU= xHOw@ C}OwOLt %pw= C}OwOLt
"OQm |R=Ov=x=Q u=wD|t TQDUO QO |xHOw@ x@ xHwD =@ pwYLt Qy O}rwD

s=tD |=Q@ O}rwD \w]N |=[i ẁtHt "CU=[i C}OwOLt %swO C}OwOLt
"OW=@ TQDUO QO O}it |=[i pm =@ |w=Ut =} QDlJwm O}=@ CqwYLt

&O}rwD \N |R=Ov=x=Q |=Q@ Q=}DN= QO |=[i pm %S
ẁv R= u}W=t \UwD CN=U u=} QH QO |q=m OL=w l} O}rwD |=Q@ sRq u=tR %tjk

&s=k sDU}UQ} R QO (j = 1; 2; :::; n) s=j
&|R} Qxt=vQ@ ji= %T

|iO=YD |Q}eDt xm [0; T ] |v=tR |xQwO QO s=k |}=yv pwYLt |=Q@ =[=kD %Dk
&Dk = f(dk)w CU= XNWt `} RwD =@

&Dk |iO=YD Q}eDt Q}O=kt %dk
Q_v QO =@ s=k sDU}UQ} R QO O}rwD \N Qy QO xOW O}rwD |}=yv pwYLt Q=Okt %qk

&[0; T ] |R} Qxt=vQ@ |xQwO QO xO=O MQ |=y|@=QN uDiQo
&|@=QN Qy R= TB Q}taD u=tR |[=} Q O}t= %MRT

&s=k pwYLt O}rwD pm Q=Okt %Qk
pwYLt O}rwD |=Q@ sRq O}rwD \w]N O=OaD |xOvyO u=Wv xm s}tYD Q}eDt %xk

&CU= s=k
&(Lxk � xk � Uxk) s}tYD Q}eDt |q=@ u=Qm w u}}=B u=Qm %Uxk w Lxk

&(LQ = qk:Lxk ) Ovm O}rwD O}=@ s=k sDU}UQ} R xm|rwYLt Q=Oktu} QDtm %LQk
OQ=O =Q u; O}rwD C}r@=k s=k sDU}UQ} R xm |rwYLt O=OaD u} QDW}@ %UQk

"(UQk = qk:Uxk)

Q} R |x]@=Q pmW x@ |}=}=B 'sDU}UQ} R k =@ |QU � |R=wt sDU}U l} QO
%CU=

Rs(x) =
nY
j=1

[RSL(X); RSR(X)]

%xm
RSL(X) =

�kX
k=1

�
1�

xY
i=1

(1�
nY
j=1

rijkL)
�
;

RSR(X) =
�kX
k=1

�
1�

xY
i=1

(1�
nY
j=1

rijR)
�

(1)

Qta uOw@ |}=tv x@ xHwD =@ "OwW|t h} QaD u}W=t Qy |}=}=B T=U= Q@ x]@=Q u}=
sOa x@ xHwD =@ s=k sDU}UQ} R QO s=j ẁv R= u}W=t Qy |}=}=B 'u}W=t Qy O}it

%CU= 2 x]@=Q CQwY x@ w |}xrY=i |Q=Okt `} RwD QDt=Q=B C}a]k
rijk = [e��jkrT ; e��jkLT ] 8 i = 1; 2; :::; xk (2)

%Ow@ Oy=wN 3 |x]@=Q CQwY x@ CUNv hOy `@=D 'u}=Q@=v@
Maximize

Rs(X) =
�kX
k=1�

1�
xkY
i=1

(1�
nY
j=1

e��ijkRT ); 1�
xkY
i=1

(1�
nY
j=1

e��ijkLT )
�

(3)

pwYLt |=Q@ (Dk) =[=kD R= QDW}@ =} QDtm Ov=wD|t (Qk) O}rwD Q=Okt xm =Hu; R=
Oy=wN p}tLD sDU}U Q@ pwYLt |Q=Oyov w pwYLt Ow@tm |=yxv} Ry 'OW=@ s=k
s=yr= =@ xH}Dv QO ' LQk � Qk � UQk w Qk = qkxk xm s}v=O|t "OW
R= |m} =@ uOW xH=wt CQwY QO sDU}U x@ xOW p}tLD pm |xv} Ry [23]`HQtR=

%=@ Ow@ Oy=wNQ@=Q@ pwYLt O=R=t =} Ow@tm Cr=L wO
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1 2
|xQ

=tW
'35

�1|
xQwO

'�1
39

8u
=DU@

=D�h
}QW

C}
Q}Ot

w`}
=vY

|U
Ovyt C=L}[wD� OyO|t u=Wv =Q |R} Qxt=vQ@ |xQwO |=yDv= O=R=t|v=tR |xR=@ 14 |x]@=Q

'uwU=wB w |}=tv `} RwD X=wN j@] Qo}O hQ] R= "�O}v}@@ 2 CUw}B QO =Q QDW}@
|=y|@=QN |va} "CU= 1

� =@ Q@=Q@ |@=QN u}rw= O=ONQ =D |v=tR |xrY=i |[=} Q O}t=
"OvwW|t `} RwD CN=wvm} CQwY x@ 1

� pY=wi =@ T |v=tR ji= pw] QO |r=wDt
O=R=t |v=tR |xR=@ RH x@� CU= 1

� sDU}U CtqU |v=tR |=yxR=@ Q} R pw] u}=Q@=v@
12 |x]@=Q j@] xH}Dv QO "�OQ=O 1

� R= QDtm |rw] xm � u=ty =} xQwO |=yDv=
O}rwD O=OaD |=vat x@ xm � s=k pwYLt |=Q@ xOW s=Hv= O}rwD pt=m |=yxNQJ O=OaD

%=@ CU= Q@=Q@ |v=tR |=yxR=@ Q} R u}= R= l} Qy QO �CU= s=k |}=yv pwYLt

�m =
� 1
� � � + 





�
8k = 1; 2; :::; �k (15)

|=yDv= O=R=t |xR=@ QO s=k pwYLt |=Q@ xOW s=Hv= O}rwD pt=m |=yxNQJ O=OaD w
%=@ CU= Q@=Q@ xQwO

��m
�

�� � + 




�
(16)

%=@ CU= Q@=Q@ T |v=tR ji= pw] QO |}=yv s=k pwYLt O}rwD O=OaD u}=Q@=v@
qk = #: �m+ ��m 8k = 1; 2; :::; �k (17)

Xk=v |=yxNQJ QOCU= umtt xm|tr=U|}=yv CqwYLt O=OaD R= 17 |x]@=Q QO
xv=v}@O@ Cr=L QO |}=yv pwYLt O=OaD qk '|va} &CU= xOW Q_v hQY 'OwW O}rwD
"CU= |}xrY=i |OOa R}v qk '14w 13 \@=wQ QO � uOw@ |}xrY=i p}rO x@ "CU=

xiOyOvJ |R=Uxv}y@ "4
xiOywO |]NQ}e |R} Qxt=vQ@ pOt l} xr=kt u}= QO |O=yvW}B |R} Qxt=vQ@ pOt
|=yVwQ xiOyOvJ |R} Qxt=vQ@ p�=Ut pL |=Q@ "CU= |]N |=yC}OwOLt =@
"OvQ=O =Q OwN X=N ?}=at w =}=Rt =yVwQ u}= R= s=Om Qy xm OQ=O OwHw |vwo =vwo
=Q} R &CU}v =yVwQ Qo}O =@ Q@=Q@ ,=twRr VwQ Qy R= xOt; CUO x@ ?=wH xmu}= ut[
Cw=iDt pL Ov}=Qi QO xOvQ}os}tYD CmQ=Wt u=R}t u}vJty w VwQ Qy C=[wQit
xOW xO=iDU= |}=yv pOt pL |=Q@ `t=H Q=}at VwQ R= j}kLD u}= QO [24]"CU=

"CU=

`t=H Q=}at VwQ "1"4
|Ov@ C} wrw= x@ |R=}v xiOyOvJ p�=Ut pL Qo}O |=yVwQ hqN Q@ VwQ u}= QO
xDU@ '15`t=H Q=}at VwQ "CU}v C}OwOLt x@ h=Oy= p}O@D =} '|yO uRw 'h=Oy=
xv}tm =Q u=Wxv}y@ Q=Okt R= h=Oy= |@Uv C=i=QLv=: : :'swO 'pw= u=wD ẁtHt 'OQwt x@
x@ 'CU= xHwD OQwt u; |R=Uxv}tm xQ=wty xm hOy `@=D 'VwQ u}= QO "Ovm|t

%OwW|t h} QaD Q} R CQwY

min Z =
kX
i=1

�
f�i � fi
f�i

�p
(18)

"CU= �Qo}O h=Oy= uDiQo Q_v QO uwO@� s=i hOy `@=D |xv}y@ Q=Okt f�i u; QO xm
|va}� Ovv=O|t ?U=vt =Q p = 1 "OQ=O OwHw p Q=Okt |=Q@ |irDNt |=yO=yvW}B
|va}� Ovv=O|t QD ?U=vt =Q p = 2 R}v |NQ@ w �OwW xv}tm C=i=QLv= |@Uv ẁtHt

[24]�"OwW xv}tm C=i=QLv= swO u=wD ẁtHt

=} QDnQR@ p=tDL= OyO|t u=Wv xm CU= |r=tDL= C}OwOLt l} %swU C}OwOLt
(�) u=v}t]= K]U |=yvt 1 R= QDW}@ O}=@ =[=kD x@ C@Uv x[Qa =@ uOw@ |w=Ut
C}OwOLt l} x@ Q} R h} QaD T=U= Q@ u=wD|t =Q |r=tDL= C}OwOLt u}= "OW=@

[18]%OQm p}O@D |a]k
' Dk � N(�dk ; �

2
dk ) 'Cr=L u}= QO "CU= p=tQv `} RwD |=Q=O Dk |Dkw

R= Tv=} Q=w Qou=}@ �2
Dk w Dk = E(Dk) R= u}ov=}t hQat �dk u; QO xm

x@ Ov=wD|t prob[Dk � qkxk] � 1� � 'u}=Q@=v@ "CU= Dk = V ar(Dk)

CU= OQ=Ov=DU= p=tQv Q=Okt 
 xm OwW xDWwv qkxk � �Dk + 
:�Dk CQwY
=Hu}= QO O}; |t CUO x@ �(
) = � |x]@=Q R= xm

jwi C}OwOLt |=H x@ u}=Q@=v@ "CU= �(z) = 1p2�
+1R
z
exp
�
� t2

2

�
dt

CN=wvm} `} RwD |=Q=O Dk |Dkw "OwW|t u} Ro}=H qkxk � �Dk + 
:�Dk
prob[Dk � qk:xk] � |r=tDL= C}OwOLt TB Dk � U(lk; uk) 'CU=
u; QO xm OwW xDWwv �k � qkxk |a]k C}OwOLt CQwY x@ Ov=wD|t 1 � �
"CU= � = 1� � u; QO xm � = uk� + lk� =} �kR

lk

1
uk�lk ddk = 1� �

"OwW|t u} Ro}=H qkxk � uk� + lk� jwi C}OwOLt |=H x@ Cr=L u}= QO
xOW |L=Q] k pwYLt CN=U |=Q@ xm =Q |QU O}rwD \N l} =@ sDU}U l}
xvwoI}y uwO@ |}=yv pwYLt u}rw= |QU O}rwD sDU}U QO "O} Q}o@ Q_v QO 'CU=
�\N QO u}W=t n \UwD VR=OQB u=tR ẁtHt� � =

nP
j=1

tjk u=tR |] QO w xikw
Q=m u=tR COt 'CU= hrDNt xOW |QU |=yu}W=t ẁv xm =Hu; R= "OwW|t O}rwD
xm |v}W=t 'C}a[w u}= QO "CU= Cw=iDt xDN=Uxt}v pwYLt |wQ Q@ u}W=t Qy
Qo = "OwW|t ?wULt O}rwD \N x=owro 'CU= |QDW}@ VR=OQB u=tR COt |=Q=O
pwYLt OwQw w pw= u}W=t uOW |r=N ZLt x@ swO |}=yv pwYLt O}rwD |=Q@
CqwYLt R= |iY |y=owro u}W=t CWB QO 'OwW s=Ok= swO u}W=t x@ xDN=Uxt}v
uO=O MQ R= ?=vDH= |=Q@ 'u}=Q@=v@ "OW Oy=wN O=H}= VR=OQB Q=_Dv= QO xDN=Uxt}v
pwYLt x@ C@Uv |v=tR |xikw l} =@ O}=@ |r=wDt CqwYLt O}rwD '|D}a[w u}vJ
u}W=t VR=OQB u=tR COt =@ CU= Q@=Q@ xikw u}= u=tR COt "OwW ẁQW u}W}B
u=tR COt uOw@ Q@=Q@ CQwY QO xm CU= |y}O@ "
 = max

j;k
(tjk) |va} |y=owro

"CU= tjk =} =yVR=OQB u=tR COt Q@=Q@ xikw u}= u=tR COt =yu}W=t |xty VR=OQB
u=Wv I =@ =Q u; w s}t=v@ xDUw}B |v=tR |xR=@ l} =Q |@=QN uwO@ |v=tR |xR=@ l} Qo =
|xNQJ l} u=tR COt w (
) |y=owro u}W=t VR=OQB u=tR x@ xHwD =@ 's}yO
O}rwD |=vat x@ xm s=k pwYLt |=Q@ xO=O MQ O}rwD pt=m |=yxNQJ O=OaD '(�) O}rwD

%O};|t CUO x@ Q} R |x]@=Q R= 1 CUw}B j@] 'CU= s=k |}=yv pwYLt

m =
�1� � + 





�
8k = 1; 2; :::; �k (12)

Q=JO sDU}UT |v=tRji=l} QO,qwtat xmCU=u}= 'OQ=O OwHwC}ak=w QO xJu; =t=
|=yxR=@ O=OaD O}=@ u}=Q@=v@ "Ow@ Oy=wNv xDUw}B |xR=@l} T 'wQ u}= R= &OwW|t|@=QN
|=yx]@=Q j} Q] R= syt u}= "OQw; CUO x@ =Q T |R} Qxt=vQ@ ji= QO xDUw}B |v=tR
%OwW|t pY=L �CU= xOW K} QWD =yv; |x@U=Lt |xwLv 2 CUw}B QO xm � Q} R
# =

�
T +MRT
1
� +MRT

�
(13)

� = T � #(1
�

+MRT ) (14)

w 'CU= 1
� Q@=Q@ ,=k}kO =yv; pw] xm =Q sDU}U CtqU R= |}=yxR=@ O=OaD 13 |x]@=Q
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"""O}
rwD\

N|
L=Q]

|=Q@
|[

=}Q
|rO

t"=yp=Ft pL R= pY=L |}=yv |=yxDi=} "1 pwOH
xt=vQ@ |=QH= u=tR sDU}U pm |xv} Ry \N |}=}=B �|}xrY=i� \N |}=}=B

(Xk) \w]N O=OaD O}rwD \N ẁv p=Ft�x}v=F� �Ow@tm � |Q=Oyov� CU=Q OL AJ OL
0 284 118628462 0 83280855 0 839594793 0 8260223 4 1 10 69865527 0 717029406 0 68028114 5 2

58 98 264607959

0 85992699 0 920257227 0 79959675 6 1

2
0 45233555 0 574807252 0 32986384 7 2
0 61860443 0 709749954 0 5274589 4 3
0 73067398 0 803386049 0 65796191 4 4
0 78001406 0 855185827 0 70484229 5 5

19784 467868052

0 73613995 0 814734641 0 65754527 4 1

3

0 49945006 0 564779755 0 43412036 4 2
0 69758571 0 786957931 0 60821348 5 3
0 73067398 0 803386049 0 65796191 4 4
0 78001406 0 855185827 0 70484229 5 5
0 64185176 0 716917974 0 56678554 4 6
0 91194183 0 930244909 0 89363874 5 7
0 68237598 0 772600593 0 59215138 5 8
0 69513626 0 715632438 0 67464007 4 9
0 84678891 0 871979462 0 82159837 4 10

x@ xHwD =@ xt=O= QO "OwW|t x@U=Lt 17 |x]@=Q ltm x@ O}rwD \N Qy |=Q@
x@ \w@ Qt C}OwOLt ltm x@ s}tYD |=yQ}eDt u}}=B OL Q=Okt xr�Ut |=yxO=O
u; Q=Okt |=H x@ Q}eDt l} u}}=B OL uO=O Q=Qk =@ "CU= xOW x@U=Lt 10 |x]@=Q
|q=@ OL Q=Okt '=yv; l =QDW= u}}aD w 9 w 8 \@=wQ x@ \w@ Qt |=yC}OwOLt QO
'CU= K}LY OOa s}tYD |=yQ}eDt TvH xm =Hu; R= "O};|t CUO x@ Qo}O Q}eDt
|=Q@ 's}OW xH=wt |Q=Wa= O=Oa= =@ xJv=vJ u}}=B w q=@ OwOL |x@U=Lt s=ovy QO
OOa u} QDoQR@ x@ q=@ OL |=Q@ w �q=@ x@� QDnQR@ K}LY OOa u}rw= x@ u}}=B OL
|]NQ}e |R=Uxv}y@ TvH R= xr�Ut u}= "s}vm|t OQo �u}}=B x@� QDlJwm K}LY
VwQ R= xr�Ut u}= pL |=Q@ "CU= |}xrY=i |=yQDt=Q=B =@ K}LY OOa xiOyOvJ
VwQ u}= j@] Q@ "CU= xOW xO=iDU= 'OW xQ=W= u=O@ p@k VN@ QO xm `t=H Q=}at
QO uO=O Q=Qk =@ w OW x@U=Lt xv=o =OH Qw] x@ hOy `@=wD R= l} Qy |xv}y@ Q=Okt
|xv=oQ=yJ |=yC}OwOLt x@ xHwD =@ xiOywO |xr�Ut u}= |}=yv ?=wH 18 |x]@=Q

"CU= xOW xO=O V}=tv 1 pwOH QO xm OW x@U=Lt u;

|Q}oxH}Dv "6
=@ K}LY OOa |xiOyOvJ |]NQ}e |R} Qxt=vQ@ pOt l} u=oOvU} wv xr=kt u}= QO
|x} Q_v uDiQo Q_v QO =@ O}rwD \N |L=Q] |xr�Ut pL |=Q@ |}xrY=i |=yQDt=Q=B
\w]N |R=Ov=x=Q |xQ=@ QO =D Ovm|t ltm u=Q}Ot x@ pOt u}= "Ov=xOQm x�=Q= |}=}=B

|OOa p=Ft "5
|L=Q]hrDNt |=yxR=Ov= QO |OOa p=Ft xU '|O=yvW}B pOt Q=@Da= u}}aD Qw_vt x@
xOW pL K} QY VQ=tW sD} Qwor= R= xO=iDU= =@ w MATLAB Q=Ri=sQv \UwD w
xO=O u=Wv 3 CUw}B w 5 w 4'3 |=ypwOH QO =yp=Ft u}= x@ \w@ Qt C=aq]= "CU=
OvDUy O}rwD \N ẁv 10 w 5 '2 |=Q=O ?}DQD x@ 3 w 2 '1 |=yp=Ft "CU= xOW
VR=OQB u=tR "CU= xOW u}}aD hrDNt \w]N |=Q@ u}W=t 4 xv}W}@ w 2 xv}tm xm
|}xR=@ CQwY x@ |@=QN MQv w CU= xOW xDiQo Q_v QO xk}kO x@ =yu}W=t |=Q@
|=Q@ R=}v OQwt |xHOw@ w =[i =yp=Ft R= l} Qy QO O}rwD \N Qy |=Q@ "Ow@ Oy=wN
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