
�13
98

u=DU
@=D�

'h}
QWC

}Q}O
tw

`}=v
Y

|U
Ovyt

�| :v
iC

W=O
O=}�

'12
1�1

13
"X

'1/
2|

xQ=t
W'

35
�1

|xQ
wO

R
es

ea
rc

h
N

ot
e|rYi |=[=kD COtx=Dwm |v}@V}B

|=ypOt R= xO=iDU= =@ xD}U} QDmr=
sQv OvtWwy |@}mQD

�OWQ= |U=vWQ� |wHWv=O� �|y=Dwmy=J xt]=i
�Q=}O=DU=� |aW=N |Oyt

u=yiY= |DavY x=oWv=O '=ysDU}U w `}=vY |UOvyt xOmWv=O

QO |D} Q}Ot C=t}tYD P=ND= Qw_vtx@ OwHwt |=yQ=R@= u} QDOt;Q=m R= |v}@V}B |=yVwQ
Q@ QF-wt |=ypt=a u} QDsyt R= |m} =y|v}@V}B CkO "OvDUy swra hrDNt |=yxRwL
"OvQ=O C=t}tYD u}= C}i}m =@ |t}kDUt |x]@=Q xm CU= |P=ND= C=t}tYD C}i}m
"CU= |v}@V}B |=yxRwL u} QDR}ov=Q@Vr=J R= |m} xDU} QDmr= |=[=kD |v}@V}B

|O}rwD |=yq=m Q}=U =@ xU}=kt QO =Q |v}@V}B xm 'xDU} QDmr= OQi x@ QYLvt |xYNWt
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w s=y@= '|rYi |=ywor= |UQQ@ sOa u}W=t w xDW=@v= lQLDt u}ov=}t uw}UQoQOwN |m} QDmr= Q=@ |v}@V}B 2012 [32]u=Q=mty w |v=yxO=O QO OwHwt C}a]ksOa u=@}DWB Q=OQ@ COtx=Dwm

�q(B) = 1� w �p(B) = 1�Pp
i=1 �iB

i "OvDUy (t = 1; 2; : : : ; k)

lQLDtu}ov=}t w (AR)|rYiQ}euw}UQoQOwN|=yQorta?}DQD x@Pq
i=1 �iB

i

�Q(Bs) = w �P (Bs) = 1�PP
i=1 �isBis "OvDUy (MA) |rYiQ}e

"OvDUy |rYi lQLDt u}ov=}t w uw}UQoQOwN |=yQorta 1�PQ
i=1 �isBis

|Q}op[=iD Qorta rd = (1 � B)d "CU= wQUB p=kDv= Qorta B Qorta
O=OaD s "CU= |rYi |Q}op[=iD Qorta rDs = (1 � Bs)D w |rYiQ}e
|x@DQt q '|rYi uw}UQoQOwN |x@DQtP '|rYiQ}e uw}UQoQOwN |x@DQt p '=yxQwO
|Q}eDt at "CU= |rYi lQLDt u}ov=}t |x@DQt Q w |rYiQ}e lQLDt u}ov=}t
C=Oy=Wt R= pkDUt w �2 Tv=} Q=w w QiY u}ov=}t =@ p=tQv `} RwD =@ |iO=YD
|xDW=@v= lQLDt u}ov=}t uw}UQoQOwN pOt |Ov@pwtQi Ov}=Qi |rm Cr=L QO "CU=

%CU= Q} R j@=]t |Q=QmD |xrLQt Q=yJ pt=W |rYi

ẁv "OQ=O OwHw ?w=vD ẁv wO |rYi |v=tR |=y|QU QO '|rm Cr=L QO
xm CU= |Q}_v x@ Q}_v C=Oy=Wt u}@ swO ẁv w |r=wDt C=Oy=Wt u}@ pw=
xDW=@v= lQLDt u}ov=}t uw}UQoQOwN pOt ,=U=U= "Ov=|r=wDt |=ypYi x@ jraDt
xm|r=L QO "OwW|t xO=iDU= |r=wDt C=Oy=Wt Q}O=kt u}@ x]@=Q h}YwD |=Q@
u}@ x]@=Q |R=UpOt Qw_vtx@ |rYi |xDW=@v= lQLDt u}ov=}t uw}UQoQOwN pOt
|QU l} ,=Lq]Y= "OwW|t xO=iDU= |r=wDt |=ypYi Q}_v x@ Q}_v C=Oy=Wt
Ov}=Qi \UwD Rv}mvH - Tmw@ |v=tR |QU pOt R= fytjt = 1; 2; : : : ; kg |v=tR

%Qo = 'OwW|t O}rwD � u}ov=}t =@ SARIMA(p; d; q)(PD;Q)s

�p(B)�P (Bs)rdrDs (yt � �) = �Q(Bs)�q(B)at (1)

|v=tR |xQwO QO |iO=YD |=]N w xOW xOy=Wt Q}O=kt at w yt xm |tUk x@
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"Q}N= |=yp=U QO xOW |UQQ@ ẁ[wt C=}@O= "1 pwOH
|O=yvW}B VwQ x@ C@Uv VwQ ?}=at =ypOt xRwL p=U u=oOvU}wv xOvU}wv



"""|
rYi

|=[
=kDC

Otx=
Dwm|

v}@V
}Bw |]N |=yQ=DN=U |O=yvW}B pOt QO "OQm |R=UpOt u=tRsy CQwYx@ =Q =yxO=O

lQLDt u}ov=}t uw}UQoQOwN |=ypOt \UwD ?}DQD x@ =yxO=O QO OwHwt |]NQ}e
"Ov=xOW |R=UpOt x}qOvJ |=yuwQDBUQB w |rYi |xDW=@v=

QO OwHwt (Lt) |]N Q=DN=U =OD@= QO '|O=yvW}B pOt Ov}=Qi =@ j@=]t
u}ov=}t uw}UQoQOwN pOt l} \UwD fytg xar=]t OQwt |v=tR |QU |=yxO=O
Q}O=kt |=yOQw;Q@ 'xrLQt u}= G}=Dv "OwW|t xO=O VR=Q@ |rYi |xDW=@v= lQLDt
C=@U=Lt "Ow@ Ovy=wN pOt|]N |=yQDt=Q=B w (L̂t) xar=]t OQwt|v=tR|QU|ak=w

%CU= xOW u=}@ xYqN CQwYx@ Q} R \@=wQ QOxrLQt u}= x@ \w@ Qt

zt =
pX
i=1

�izt�i +
PX
j=1

+�jszt�js+

pX
i=1

PX
j=1

�i�jszt�i�js + at+

+
qX
i=1

�iat�i + � � �+
QX
j=1

�js � at�js+

+
qX
i=1

QX
j=1

�i�jsat�i�js; (2)

|=yQDt=Q=B ?}DQD x@ �q(q = 1; 2; : : : ; q) w �p(p = 1; 2; : : : ; p) 'u; QO xm
|=yQDt=Q=B �Q(Q = 1; 2; : : : ; Q) w �p(P = 1; 2; : : : ; P ) w |rYiQ}e
zt = rdrDs (yt� '|rYi |xDW=@v= lQLDt u}ov=}t uw}UQoQOwN pOt |rYi
R}v d w D 'wQUB p=kDv= Qorta B ' �) = (1 � Bs)D(1 � B)d(yt � �)

xO}t=v |rYiQ}e w |rYi |r[=iD |x@DQt ,=Lq]Y= xm OvDUy |L}LY O=Oa=
"OvwW|t

<RH l} |]N ?}mQD CQwYx@ |v=tR |QU l} uDiQo Q_v QO =@ p=L
QmP ?r=]t x@ xHwD =@ w s} Q=O yt = Nt + Lt |]NQ}e <RH l} w |]N
|rYi |xDW=@v= lQLDt u}ov=}t uw}UQoQOwN pOt xm OQm \=@vDU= u=wD|t xOW
u}= Q@ "Ovm |R=UpOt =Q =yxO=O QO OwHwt (Nt) |]NQ}e |=ywor= Ov=wD|tv
|xDW=@v= lQLDt u}ov=}t uw}UQoQOwN pOt R= pY=L |=yxOv=t|k=@ 'T=U=
"Ow@ Ovy=wN (et = yt � L̂t) |]NQ}e |rYi |=ywor= pt=W \ki '|rYi
pOt |=yxOv=t|k=@ |R=UpOt |=Q@ 'x}qOvJ |=yuwQDBUQB 'swO |xrLQt QO u}=Q@=v@
|R=UpOt =@ "OW Ovy=wN xO=iDU= |rYi |xDW=@v= lQLDt u}ov=}t uw}UQoQOwN
|rYi \@=wQ '|awvYt |@Ya |xm@W R= xO=iDU= w pw= |xrLQt |=yxOv=t|k=@
M uDiQo Q_v QO =@ p=L "OQm |R=UpOt u=wD|t R}v =Q =yxO=O QO OwHwt |]NQ}e
=yxOv=t|k=@ "Ow@ Oy=wN 3 |x]@=Q j@=]t x}qOvJ uwQDBUQB pOt G}=Dv '|OwQw uwQv

%Ow@ Oy=wN Q} R CQwYx@
et = f(et�1; : : : ; et�M ) + "t = w0+

+
NX
j=1

wj g(w0j +
MX
i=1

wi;jet�i) + "t =
NX
j=0

wjut;j + "t (3)

ut;j = "CU= xOW u}}aD |@Ya |xm@W \UwD xm CU= |]NQ}e |a@=D f xm
xmCW=O xHwD O}=@ xD@r= "CU= |iO=YD |=]N "t w g(w0j +

PM
i=1 wi;jet�i)

|}=U=vW 'u}=Q@=v@ "Ow@ Oy=wNv |iO=YD -=twRr =]N CQ=@a 'OW=@v ?U=vt f pOt Qo =
QO "Ow@ Oy=wN |O=yvW}B pOt |L=Q] Ov}=Qi QO |U=U= Q=}U@ |t=o 'pOt K}LY
|@}mQD |v}@V}B '3 |x]@=Q R= xO=iDU= =@ xOW |v}@V}B Q}O=kt R= xO=iDU= =@ R}v =yDv=

SARIMA(p; d; q)(P;D;Q) Q=DN=U u}}aD "1
"pwyHt |=yQDt=Q=B u}tND "2

"=yxOv=t|k=@ |wQ Q@ VR=Q@ |} wm}v uwtR; "3
"swrat |=yxO=O T=U= Q@ G}=Dv |v}@V}B "4

xDW=@v= lQLDt u}ov=}t uw}UQoQOwN pOt |x@DQt K}LY u}}aD 'pw= |xrLQt
|oDU@tyOwN `@=wD R= xO=iDU= 'pOt |}=U=vW Qw_vtx@ |U=U= pL x=Q l} "CU=
|=yQ=Owtv sUQ =@ xrLQtu}= QO "CU= (PACF )|�RH|oDU@tyOwN w (ACF )

?D=Qt w OwW|t|@=} RQ= u}ov=}t QO|}=DU}= '|�RH|oDU@tyOwN w|oDU@tyOwN
ẁ[wt |xv}W}B QO R}v |Qo}O |=yVwQ xD@r= "OQm u}}aD u=wD|t =Q Q w q 'P 'p

R= |m} l}�=m ; |D=aq]= Q=}at "CU= xOW O=yvW}B pOt |x@DQt |}=U=vW |=Q@
Q@ |irDNt |=yVwQ Q}N= |=yp=U QO 'xwqax@ "CU=yVwQ u}= u} QDxOW xDN=vW
sDU}U =} [34]'l}DvS sD} Qwor= '|@Ya |=yxm@W pFt OvtWwy |=yVwQ T=U=
lQLDt u}ov=}t uw}UQoQOwN |=ypOt |x@DQt QDj}kO |}=U=vW Qw_vtx@ [35]|R=i
'OW xO=O X}NWD |W}=tR; pOt l} xm xmu}= R= TB "CU= xOW O=yvW}B xDW=@v=
x@ =]N |xrtH |R=Uxv}tm j} Q] R= w CU= |}xO=U Q=m pOt |=yQDt=Q=B u}tND
C=a@ Qt u}ov=}t =} =]N C=a@ Qt ẁtHt |=Q=O xm |rOt 'Ov}=Qi u}= QO "Ov};|tCUO
?U=vt X}NWD '|R=UpOt s=o u} QN; "OwW|t ?=NDv= 'OW=@ |QDmJwm |=]N
jOY =y=]N OQwt QO pOt C=}[Qi xmu}= |UQQ@ Qw_vtx@ +=U=U= w CU= pOt uOw@
|W}=tR; pOt l} OW=@v ?U=vt |@=NDv= pOt Qo = "OwW|t xO=iDU= xv =} Ovm|t

"OvwW Q=QmD xQ=@ wO jwi OQ=wt w OwW xO=O X}NWD O}=@ O}OH

|O=yvW}B |@}mQD pOt "3
|=yp=U QO |D=k}kLD |=yxv}tR u} QDsyt R= |m} |rYi |v=tR |=y|QU |v}@V}B
R= |m} |rYi |xDW=@v= lQLDt u}ov=}t uw}UQoQOwN |=ypOt "CU= xOw@ Q}N=
|=y|QU |v}@V}B |=Q@ |]N |Q=t; |=yVwQ u} QDOQ@ Q=mQB w u} QDxOW xDN=vW
'|rYi |xDW=@v= lQLDt u}ov=}t uw}UQoQOwN |=ypOt xJQo = "Ov=|rYi |v=tR
pw] QO |Q}otWJ |=yC}kiwt |rta p�=Ut QO sy w |tra p�=Ut QO sy
R= xm OQ=O |U=U= C}OwOLt wO =ypOt R= xvwou}= 'Ov=xOQm ?Um Q}N= |xyO xU
|=ypOt QO &CU= xDU=m |rYi |v=tR |=y|QU |v}@V}B |=Q@ =yv; C}@ w@Lt
CQwYx@ xDU@=w Q}eDt |xOv}; Q=Okt '|rYi |xDW=@v= lQLDt u}ov=}t uw}UQoQOwN
"OwW|t xDiQo Q_v QO |iO=YD |=]N w xDWPo |xOy=Wt OvJ R= |]N |a@=D
?} QkD CU= umtt 'OW=@ |]NQ}e =yxO=O O}rwD Q=mwR=U Qo = 'C}OwOLt u}= p}rOx@
QO "OW=@ ?U=vt=v ,qt=m |rYi |xDW=@v= lQLDt u}ov=}t uw}UQoQOwN |=ypOt
[36]"Ov=|]NQ}e ?re= `k=w |=}vO |=ysDU}U ' ẁ[wt |xv}W}B T=U= Q@ xm|r=L
xOW O}rwD |]N Ov}=Qi l} \UwD |v=tR |QU l} xm ZQi u}= 'T=U= u}= Q@

"OUQ@ Q_v x@ |k]vtQ}e ,qt=m CU= umtt 'CU=
Q@x@re Qw_vtx@ |awvYt |@Ya |xm@W R= xr=kt u}= QO 'Cra u}ty x@
|=ypOt QO =yxO=O QO OwHwt s=y@= Q@ x@re Qw_vtx@ |R=i pOt R= w |]N C}OwOLt
T=U= Q@ "CU= xOW xO=iDU= |rYi |xDW=@v= lQLDt u}ov=}t uw}UQoQOwN
|]NQ}e |D=@U=Lt |=y?wJQ=J |awvYt |@Ya |=yxm@W ' ẁ[wt |xv}W}B
"OvwW xO=iDU= |v}@V}B p�=Ut R= |Q=}U@ QO Ovv=wD|t xm OvDUy |Q}PBh=]av=
uw}UQoQOwN |=ypOt w |R=i pOt '|awvYt |@Ya |=yxm@W ?}mQD =@ u}=Q@=v@
QO OwHwt |]NQ}e w |]N |=yQ=DN=U u=wD|t '|rYi |xDW=@v= lQLDt u}ov=}t
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1/
2|

xQ=t
W'

35
�1

|xQ
wO'

�13
98

u=DU
@=D�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt

�~zt(zt) =

8>>>>><>>>>>:
I �

����zt�� pP
i=0

PP
j=0

�ij �zt�i�js+
l1+qP
i=l1

l1+QP
j=l1

�ij �at�i1�j1s+
l2+NP
i=l2

�i�ut;i2
�����

pP
i=0

PP
j=0

cij �jzt�i�jsj+
l1+qP
i=l1

l1+QP
j=l1

cij �jat�i1�j1sj+
l2+NP
i=l2

ci�jut;i2 j
; zt 6= 0; at 6= 0; ut;i 6= 0;

0 Otherwise

(8)

"i2 = i� l2 w l2 = (P � p) + (q�Q) '(i2 = l2; l2 +1; : : : ; l2 +N)

%OvwW|t xDiQo Q_v QO Q} R j@=]t|FrFt |R=i O=Oa= CQwYx@ |R=i |=yQDt=Q=BTBU

�~�i = (�i) =

8<:I � j�i��ijci
�i � ci � �i � �i + ci;

0 Otherwise;
(7)

|=yQDt=Q=B \UwD xm CU= |R=i |xawtHt C} w[a `@=D ��̂ (�i) xm |tUk x@
=@ p=L "CU= |R=i OOa VQDUo ci w |R=i OOa RmQt �i 'OwW|t u=}@ �i
pY= R= xO=iDU= w |FrFt |R=i O=Oa= CQwY x@ �i |R=i |=yQDt=Q=B R= xO=iDU=
zt xm OW Oy=wN p}O@D 8 |x]@=Q CQwYx@ 6 |x]@=Q QO zt C} w[a `@=D 's}taD
C=Oy=Wt s=tD \UwD O}=@ xm CU= |}xv=DU; Q=Okt h K]U w xOy=Wt u}t=t Qou=}@

"OwW xOQw;Q@ (z1; z2; : : : ; zk)

�~z(zt) � h for t = 1; 2; : : : ; k (9)

x@ "OQ=O xQ=W= pOt CN=U |=Q@ xOW xO=iDU= |R=iQ}e |xO=O O=OaD x@ tT}Ov= xm
xm CU= |O=yvW}B pOt |R=i |=yQDt=Q=B x@ ?DQDt s=y@= pm Qou=}@ s 'Qo}O CQ=@a

%OwW|t x@U=Lt 10 |x]@=Q \UwD
S =

Xk

t=1
Xp

i=0
XP

j=0 cij � jzt�i�jsj
+
Xk

t=1
Xl1+q

i=l1

Xl1+Q

j=l1
cij � jat�i1 � j1sj

+
Xk

t=1
Xl2+N

i=l2
ci � jut;i2 j; (10)

?} Q[ �is w s=i |v=tR |xikw |rYiQ}e uw}UQoQOwN ?} Q[ 'i xm |tUk x@
lQLDt u}ov=}t ?} Q[ �i u}vJty "CU= s=is |v=tR |xikw |rYi uw}UQoQOwN
|v=tR |xikw |rYi lQLDt u}ov=}t ?} Q[ �is w s=i |v=tR |xikw |rYiQ}e
=Q |O=yvW}B pOt "CU= u=yvB uwQv u}t=i w |HwQN uwQv u}@ uRw wi "CU= s=is
|@}mQD VwQ |rm pL=Qt "OQm |Ov@pwtQi 11 |x]@=Q j@=]t |rm Cr=L QO u=wD|t

%OQm xYqN Q} R pL=Qt QO u=wD|t =Q |O=yvW}B
lQLDt u}ov=}t uw}UQoQOwN pOt l} %|]N |R=UpOt %�pw= R=i� pw= |xrLQt
"OwW|tVR=Q@ xar=]tOQwt|=yxO=O QOOwHwtC=aq]= R= xO=iDU= =@|rYi|xDW=@v=
�� = (��1 ; ��2 ; : : : ; ��l2) |=yQDt=Q=B |xv}y@ ?=wH 'R=i u}= R= pY=L G}=Dv
Oa@ |xrLQt QO |OwQw xO=O |xawtHt u=wva x@ xm OvDUy �t |=yxOv=t|k=@ w

"OvwW|t xO=iDU=
x}qOvJuwQDBUQB|@Ya|xm@Wl} %|]NQ}e|R=UpOt %�swO R=i� pw=|xrLQt
|xDW=@v= lQLDt u}ov=}t uw}UQoQOwN pOt x@ \w@ Qt |=yxOv=t|k=@ R= xO=iDU= =@
|=yQDt=Q=B |xv}y@ ?=wH 'R=i u}= R= pY=L G}=Dv "OwW|t xO=O VRwt; |rYi
OvDUy u=yvB |=yuwQv |HwQN Q}O=kt w �� = (��l2+1; ��l2+2; : : : ; ��l2+N )

"OvwW|t xO=iDU= Oa@ |xrLQt QO |OwQw |=yxO=O xawtHt u=wva x@ xm
|R=UpOt x@ xm swO w pw= R=i G}=Dv 'R=i u}= QO %G}=Dv?}mQD %�swU R=i� pw= |xrLQt

%Ot; Oy=wN CUO x@ Q} R CQwYx@

ẑt = L̂t + N̂t = (
pX
i=1

�izt�i +
PX
j=1

�js � zt�js

+
pX
i=1

PX
j=1

�i�jszt�i�js +
qX
i=1

�i � at�i

+
QX
j=1

�js � at�js +
qX
i=1

QX
j=1

�i�jszt�i�js)

+(w0 +
XN

j=1 wj � ut;j): (4)

''p(p = 1; 2; : : : ; p) |va} 'xOW QmP pOt wO |=yQDt=Q=B 'Oa@ CtUk QO
�Q(Q = 1; 2; : : : ; Q) '�p(P = 1; 2; : : : ; P ) '�q(q = 1; 2; : : : ; q)
"CiQo s}y=wN Q_v QO |R=i O=Oa= CQwY x@ =Q wj(j = 0; 1; 2; : : : ; N) w

%CQwY x@ =yQDt=Q=B u}= 'Qo}O CQ=@ax@
'~�p(P = 1; 2; : : : ; P ) '~�q(q = 1; 2; : : : ; q) ' ~'p(p = 1; 2; : : : ; p)
"OW Ovy=wN p}O@D ~wj(j = 0; 1; 2; : : : ; N) w ~�Q(Q = 1; 2; : : : ; Q)

Oy=wN Q=Qk xO=iDU= OQwt |R=i pOt |=yQDt=Q=B |x@U=Lt |=Q@ |R=i uw}UQoQ TBU
xm |]}=QW |=Q@ =Q [37]=m =v=D w |Jw@}W}= VwQ u}vJty |O=yvW}B VwQ "CiQo
pOt 'T=U= u}= Q@ "CU= xOQ@ Q=m x@ 'OvwW|t Z} Qa Q=}U@ xOW |v}@V}B pY=wi

%OW Oy=wN p}O@D 5 |x]@=Q CQwYx@ |O=yvW}B |@}mQD

~zt =
pX
i=1

~�izt�i +
PX
j=1

~�js � zt�js+

+
pX
i=1

PX
j=1

~�i ~�jszt�i�js + : : :

� � �+
qX
i=1

~�i � at�i +
QX
j=1

~�js � at�js+
qX
i=1

QX
j=1

~�i ~�jszt�i�js +
NX
j=0

~wj � ut;j (5)

%OQm |U} wvR=@ Q} R CQwY x@ u=wD|t =Q 5 |x]@=Q p=L
~zt =

Xp

i=0
XP

j=0
~�ij � zt�i�js

+
Xl1+q

i=l1

Xl1
j=l1

~�ij � at�i1 � j1s +
Xl2+N

i=l2
~�i � ut;i2 (6)

%|=Q@ ~�0;j = ~�js '~�i;0 = ~�i '~�0=0 = 0 xm
'~�i1;l1 = ~�1 '~�l1;l1 = 0 "(j = 0; 1; 2; : : : ; P ) w (i = 0; 1; 2; : : : ; p)
'(i1 = l1; l1 + 1; : : : ; l1 + q) |=Q@ '~�il1;j = ~�i ~�js '~�0;jt = ~�js

|=Q@ ~�i = ~wi "i1 = i� l1 'l1 = P �p w (j1 = l1; l1 +1; : : : ; l1 +Q)
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Minimize S =
kP
t=1

pP
i=0

PP
j=0

cij � jzt�i�jsj+ kP
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�ij � at�i1�j1s +
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t=1
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PP
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j=0
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�ij � zt�i�js +
l1+qP
i�l1
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t=1

pP
i=0

PP
j=0
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� � �+ kP
t=1

pP
i=0

PP
j=0
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kP
t=1

l2+NP
i=l2

ci � jut;i2 j) � zt t = 1; 2; : : : ; k
ci � 0 for i = 1; 2; : : : ; l2 +N:

(11)
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~zt =

Xp
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XP
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Xl1+Q
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i=l2
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