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|DQ=@a x@ =} sDU}U Q@ sm =L u}v=wk |=v@t Q@ |R=UpOt "OvwW|t xDiQo Q_v QO |vwo =vwo
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=Q |UOvyt pOt |m} R}i Q}@aD =ypOt u}= "O@=}|t Vy=m |UQQ@ OQwt sDU}U w
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QO xm |}=yOQm} wQ "CU= xDiQ}PB CQwY |vwo =vwo C=t=Ok= uwvm =D 'C}a]k sOa u}=
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xDiQo Q_v QO xm |R=UxO=U C=}[Qi Cra x@ '=ypOt u}= "CU= |@U=vt l} R}i
|ak=w |=yxO=O w |UOvyt pOt CQ}=et `iQ |=Q@ "OvDU}v |k}kO |=ypOt 'OvwW|t
|xv}W}B 1 pwOH QO "CU= Q@u=tR |Q=m xm 'OQm |UQQ@ =Q C=}[Qi lDlD O}=@
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|Q=t; \=@vDU= 2002 [11]15xrwB=w}U w 14=vU

2014 [12]16TwUwQ
&|}=tv CUQO u} QDW}@ 2014 [13]17CvQ@
uw}UQoQ &wrQ=m Cvwt
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2017 [15]u=Q=mty w 19wy

u} R}@ OQm} wQ

2001 [16]21u=o =yw= w 20|Ovm
2008 [17]Cwmrt w 22uWwQ
2014 [18]24|Ov=Qo w 23lQ=B
2015 [19]26u}DUOro w 25 =O=}=m
2015 [20]28u=wO=y=t w 27u=t=Q=Qmv=U
2017 [21]30uUwD w 29TwQB
2017 [22]u=Q=mty w 31|r=B=D=Q}
2014 [23]33|DJvwQ w 32uwOQ=vwr

\=@vDU= 2015 [24]34O} Q
|}=tvCUQO 2015 [25]u=Q=mty w 35|Dvwt} R;

&wrQ=m Cvwt &u} R}@ OQm} wQ 2012 [26]u=Q=mty w 36wQwO|Uw=o |R=Ux}@W
[27]37u=Q=mty w nv=O

|xDi=}xaUwD |irO VwQ 2008 [28]38uO@=s}_vD |=Q@ |R=i

|Uw=o Ov}=Qi 1998 [29]39p}v
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"|UOvyt OQm} wQ |xQ=@ QO u}W}B |=yVywSB "1 pwOH
xOW xDiQo Q=m x@ OQm} wQ Q=WDv= p=U u=oOvU}wv

|OOa R}r=v; 2007 [1]1Q}q=
|R=Uxv}y@ w 2006 [2]3C}=Q w 2p=Omwv

OwOLt u=tr= 1990 [3]4w@=R

|=yVwQ 2003 [4]|v}UL w 5u}rD=t
pL |D=@U=Lt 2009 [5]7Cwmrt w 6nv}U
u=tr= |xr�Ut 2006 [6]u=Q=mty w 8=UB w

OwOLt 2014 [7]10Qov}B=J w 9Qrm}DU=

pL |D=@U=Lt |=yVwQ 2015 [8]u=Q=mty w 11w@twr=B
OwOLt u=tr= |xr�Ut 2017 [9]u=Q=mtyw 12R�=i

xDUUo u=tr= 2017 [10]13|RDwm
1:Allaire 2:Nocedal 3:Wright
4:Szabo 5:Mathelin 6:Singh
7:Melkote 8:Vepso 9:Stickler
10:Schachinger 11:Palumbo 12:Faes

13:Coetzee

"|Q=t; - |UOvyt pOt O=H}= Ov}=Qi "1 pmW

pOt l} =OD@= 'OQm} wQ u}= QO "CU= xOW xOQw; 1 pmW QO OQm} wQ u}=
'pOt u}= O=H}= "OwW|t xDiQo Q_v QO xar=]t OQwt sDU}U |=Q@ |UOvyt
|=yVywSB R= |UOvyt pOt '|UQQ@ OQwt p�=Ut |=Q@ w CU= xOw@v =t |xeOeO
u} Ro}=H pOt l} pOt u}= |=Q@ R=}v CQwY QO "OwW|t xDiQo xr�Ut u}W}B
'|ak=w |=yxO=O uDiQo w =yV}=tR; |L=Q] s=Hv= =@ "OwW|t xDiQo Q_v QO
|=yQDt=Q=B Q}O=kt w x@U=Lt �|@} Q=� |ak=w Q}O=kt w pOt |v}@V}B u}@ CQ}=et
=@ 'OW=@ Q=O=vat |@} Q= xm|DQwY QO "�uw}U=Q@}r=m � OvwW|t u}}aD xDN=vW=v
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Ovyt %Ot; Oy=wN CUO x@ xOW |@} Q= K}LYD |UOvyt pOt 'TBU

ŷ(x) = f(x; �) + �̂(x) (10)

hwmQ=t |xQ}HvR OQm} wQ |Q}oQ=m x@ =@ 'CQ}=et QO QF-wt pt=wa u}}aD R= TB
"�pOt s}_vD� OwW|t xDN=OQB s}_vD |=yQDt=Q=B u}}aD x@ '(MCMC)2wrQ=m Cvwt
ĝ(x; �) = f̂(1x1; :::; pxp) (11)

"; � %R= Ov=CQ=@a pwyHt |=yQDt=Q=B |Q=t; - |UOvyt pOt QO
"OvwW|t xOR u}tND =yQDt=Q=B 12 `@=D |R=Uxv}W}@ =@

P (�; �jy)1 1
j� 2R+ S(�) + �2Ij1=2

exp
�
� 1

2
�
y � f̂(�)

�
0
�
� 2R+ S(�) + �2I

��1�
y � f̂(�)

��
p(�; �) (12)

QR}r ltm x@ |Q=m u}W=t |xr�Ut "3
u; uwt=Q}B u}W}B |=yVywSB QO xm CU= |}xr�Ut 'QR}r ltm x@ |Q=m u}W=t
Q}eDt Q=yJ x@ xHwD =@ =Q VQ@ |wQ}v [29]u=} w [31]u=} w uWwQ "CU= xOW EL@
Q=Qk xar=]t OQwt QR}r |v=mt C}akwt w QR}r CQOk 'VQ@ CaQU 'VQ@ |tU= jta

"OvOQm VQ=Ro =Q =yxO=O w OvO=O
|=ypOt "s}=xOQm |UQQ@ xDWPo QO =Q QR}r ltm x@ |Q=m u}W=t |UOvyt Ov}=Qi
|=yxO=O =@ [37]u=Q=mty w nv}U \UwD w Ov=xOQw; [5]xDwmrt w nv}U =Q Ov}=Qi u}=
%R= pmWDt w CU= xO}J}B Q=}U@ Ov}=Qi u}= |UOvyt pOt "CU= xOW xQ@}r=m |ak=w

'Q=Wi MQv w Q=Wi |x@U=Lt |=Q@ |UOvy pOt l} �
'=tO `} RwD |x@U=Lt |=Q@ OwOLt u=tr= pOt l} �

'=ywQ}v x@U=Lt |=Q@ wQ}v pOt l} 'VvD |x@U=Lt |=Q@ O=wt pOt �
"Q=m xa]k x=oDUO h=QLv= |x@U=Lt |=Q@ xOvwWQ=QmD sD} Qwor= l} �

'(x2) VQ@CaQU '(x1) VQ@ |tU= jta Q}eDt Q=yJ 'Ov}=Qi |R=Uxv}y@ |=Q@
x@ '=yQ}eDt u}= "Ov=xOW xDiQo Q_v QO (x4) QR}r |v=mt C}akwt w (x3) QR}r CQOk

"�4 pwOH� OvQ=O K]U 2 w 3 '2 '4 ?}DQD
R= u}tND l} 'wQ u}= R= "OQ=O R=}v u=tR Ca=U 14 x@ |}xv=}=Q pOt Q=QmD Q=@ Qy
pt=m|rt=aV}=tR;l} Qw_vt u}O@ "OW=@ |@=} RQ= p@=k|DL=Q x@ xm s} Q=O R=}v pOt
|wQ}v 'umtt |=y|HwQN u}@ R= "CU= R=}v |}xv=}=Q V}=tR; 2� 3� 2� 4 =@
|=yVywSB QO '|}xv=}=Q pOt u}tND Qw_vt x@ "s}=xO=O Q=Qk xar=]t OQwt =Q (y) VQ@

[37]%CU= xOW xDiQo Q_v QO Q} R �pOt=Dt� |]NQ}e uw}UQoQ pOt 'u}W}B
f(x) = �0x�11 expf�2x2 � �3x3e�4x4g (13)

"=yV}=tR; s=Hv= |=Q@ =yQ}eDt Kw]U "4 pwOH
Q}eDt Kw]U Q}eDt

25 20 15 10 X1
50 10 X2

10 5 0 X3
200 100 X4

"|Q=t; � |UOvyt C=}@O= Q@ |QwQt "3 pwOH
xOW xDiQo Q=m x@ OQm} wQ Q=WDv= p=U u=oOvU}wv

|Uw=o Ov}=Qi &u} R}@ OQm} wQ OwOLt u=tr=
2014 [33]39u=}
2015 [34]u=Q=mty w u=}
2015 [35]u=} w uWwQ

40|D=@U=Lt Cq=}U l}t=v}O 2017 [36]|}=kU w |N}W|Uw=o Ov}=Qi &u} R}@ OQm} wQ
39:Yan 40:CFD

OW=@ xDW=O |QDtm |=]N =D OwW|t |v=UQRwQx@ pOt 'pt=wa u}= uDiQo Q_v QO
"�s}_vD�

'sDU}U |OwQw |=yQ}eDt x = (x1; :::; xp)0 w sDU}U|HwQN y O}vm ZQi
pOt 'OvW=@ uw}U=Q@}r=m |=yQDt=Q=B � = (�1; :::; �q)0 w |UOvyt pOt f(x; �)

%R= CU= CQ=@a [16]u=o =yw= w |Ovm
y = �f(x; �) + �(xi) + �; (1)

|iO=YD |=]N ��N(0; �2) w �CQ}=et `@=D� pOt|@} Q= �(xi) 'T=}kt QDt=Q=B �
"OvDUy

�(x) � GP (h(x)0�; � 2R(:)) (2)

� = w 'xDN=vW=v `@=wD R= |}xawtHt h(x) = (h0(x); :::; hl(x))0 xm
`@=D u}vJty "OvDUy uw}UQoQ |xDN=vW=v |=yQDt=Q=B R= |}xawtHt (�0; :::; �l)0

%CU= xOW h} QaD Tv=} Q=wwm

cov(�(xi); �(xj)) = � 2R(xi � xj) (3)

%s} Q=O w OyO|t u=Wv =Q Tv=} Q=w � 2 xm

R(xi � xj) = exp
�
�

pX
k=1

�k(xik � xjk)2
�

(4)

|Q=m |UOvyt pOt |=Q@ ?} Q[ l} h} QaD xm OvOQm u=}@ '[31]u=} w uWwQ
|=Q@ =Q u}ov=}t 'u=v; u}vJty "s} Q}o@ Q_v QO l} =Q � xm CU= R=}v w xOw@ CUQO=v

%OvO=O Q}}eD CQwY u}= x@ =Q q=@ \@=wQ TB "OvOQm ZQi QiY 'pOt CQ}=et
y = f(x; �) + �(xi) + � (5)

�(xi) � GP (0; � 2R(:)) (6)

" 2 N(0; �2) (7)

[31]%O};|t CUO x@ 8 |x]@=Q R= CQ}=et `@=D xm Ov=xOQm u=}@ u=v;

�(x) = r(x)0
�
R+ �2

� 2 I
��1

(y � f(�)) (8)

%R= Ov=CQ=@a 'OvwW|t u}}aD pOt uw}U=Q@}r=m Ov}=Qi QO xm |}=yQDt=Q=B 'u}=Q@=v@
� = (�2; � 2; �0)0 (9)

97



"""|
}xv=}

=Q|
xO}J

}B|
=yp

Otu
w}U

=Q}@r
=mw

s}_
vDR= '|U} wv xt=vQ@ |=Q@ [37]"Ov=xOW xDiQo j}kLD xv}W}B R= 'xar=]t OQwt V}=tR;

"OW xDiQo xQy@ R 3"3"2 Q=Ri=sQv
%s}=xOQ@ xQy@ |]NQ}e uw}UQoQ R= '|UOvyt pOt Q}O=kt u}tND |=Q@ '=OD@= QO
�̂0 = 1=358; �̂1 = �08886; �̂2 = 0=0014;
�̂3 = 0=02685; �̂4 = �0=00344

%CW=O s}y=wN =Q xOW uw}U=Q@}r=m pOt u}=Q@=v@
f(x) = 1=35862x0=8886

1 exp

f0=00140x2 � 0=02685x3e�0=00344x4g (17)

u}tND OwW|t xOy=Wt 'CU= xOW OQw;Q@ 0 075 =]N u}ov=}t xm =Hu; R=
TB "CU= sm ,=D@Uv xOv=t|k=@ |=]N Q=Okt w 'CU= xOW s=Hv= |@ wN x@ =yxO=O
|@U=vt pOt 'OW xO=O pOt=Dt 'CU= xOW u=}@ ẁ[wt C=}@O= QO xm xvwou=ty

[37'35'5]"OwW|t xDiQ}PB w CU=
"OyO|t u=Wv =Q |v}@V}B Q}O=kt x@ C@Uv |ak=w |=yxO=O Q=Owtv '2 pmW
|@ wN x@ 'CQB |=yxO=O OwHw =@ =Q Q}O=kt 'VQ@ |wQ}v pOt OwW|t xOy=Wt
w QD?U=vt ?D=Qt x@ =Q |v}tND Q=Wi |wQ}v 'Q=Wi |wQ}v pOt w 'Ovm|t |v}@V}B
[37'35'5]"OvOw@|@} Q= |=Q=O '=y|v}@V}B u}= 'u}W}B Cq=kt QO "OyO|t s=Hv= QDj}kO
|}=QH= OvwQ K}[wD |=Q@ '?U=vt ,=@} QkD u}tND l} x@ |@=}DUO OwHw =@ 'p=L
xt=O= =Q Ov}=Qi u}= 'xOW |QDt=Q=B s}_vD pOt x@ |@=}DUO =D '|O=yvW}B Ov}=Qi

"s}yO|t
xOy=Wt "s} R=OQB|t (f(x))|UOvyt pOt|rY= C=QF= |xar=]t x@ '=Hu}= QO
pOt u}@ CQ}=et |=Q@ 'p=L " 3 pmW CU= pt=a u} QDQF-wt x2 pt=a xm OwW|t
R= 'Qw_vt u}= |=Q@ "s}vm|t O=H}= |Uw=o pOt l} '|ak=w |=yxO=O w |UOvyt

"CU= xOW xDiQo xQy@ 5 |x]@=Q
xDiQo Q=m x@ =]N Tv=} Q=w |=Q@ uwQ=w |=t=o `} RwD 'u}W}B |=yVywSB QO
u} QDW}@ VwQ uOw@ ?U=vt x@ xHwD =@ w C=@U=Lt p}yUD |=Q@ [35]"CU= xOW

VQ@ |wQ}v |=Q@ xOW |v}@V}B Q}O=kt x@ C@Uv |ak=w Q}O=kt Q=Owtv "2 pmW
[35]"�u}}=B Q=Owtv� Q=Wi |wQ}v w �q=@ Q=Owtv�

x@ pOt u}= 'OOaDt |m} R}i |=yQ}@aD uDW=O w pOt ?wN ?U=vD Cra x@
"OwW|t xO=O K}HQD nv}o}=Qm

pOt x@=Wt xm 'Ov=xO}UQ 15 |xOW |Q=t; s}_vD pOt x@ [31]u=} w uWwQ
"OW=@|t 'CU= xOt; CUO x@ =]N w |aU VwQ =@ xm [37]u=Q=mty w nv}U

ĝ(x; �) = 1=36(1=17x1)0=89exp

f0=0014x2 � 0=0268(0=44x3)e�0=0034x4g (14)

Q=m VwQ "4
|UOvyt |=ypOt |=y|oO}J}B Vy=m |=Q@ 'Q=DWwv u}= QO |O=yvW}B VwQ QO
[31]u=} w uWwQ |SwrwODt 3|R=U=yQ x@ 'u=tR w xv} Ry Vy=m hOy =@ '|Q=t; w
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"OW
'|]NQ}e uw}UQoQ s=Hv= =@ "OwW|t ẁQW VwQ 9|r= 5\@=wQ uDiQo Q_v QO =@
MCMC VwQ =@ "�pOt uw}U=Q@}r=m � OvwW|t OQw;Q@ x}rw=|UOvyt pOt |=yQDt=Q=B
pOt u}@ CQ}=et u=R}t VHvU x@ 'CQ}=et `@=D OQw;Q@ =@ w OwW|t s=Hv= |Q}oxvwtv
Tv=} Q=w p}rLD l} 'Qw_vt u}= |=Q@ "OwW|t xDN=OQB |ak=w |=yxO=O w |UOvyt
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[26]%O};|t CUO x@ |v}@V}B Tv=} Q=w |]NQ}e uw}UQoQ =@
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f + �2
f

_f(x)0( _F 0 _F )�1 _f(x) (15)

w 'CU= x x@ C@Uv f̂(x) u=}O=Qo Q=OQ@ _f(x) u; QO xm
%CW=O s}y=wN |oO=U x@ " _F =
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_f(x1); :::; _f(xn)

�0
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�
�̂1
x1
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^��4x4
�
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1. laser-assisted micro-machining
2. Markov Chain Monte Carlo
3. relaxing
4. maximum likelihood estimation
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