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"CU= |rN=O Xr=N=v O}rwD OL=w Qy |=R= x@ xO=t hQYt Q=Okt `k=w QO xO=iDU=
Xr=N=v O}rwD |=RuwQ@ ?}mQD R= xO=iDU= =@ Oqwi hQYt |x@U=Lt VwQ u}= QO
"OwW|t G=QNDU= xOv=DU xO=O pwOH R= xm OwW|t s=Hv= xO=iDU= COW w |rN=O
Q=Qk xHwD OQwt [10]sw=@vr=t C=ar=]t j} Q] R= '|Oq}t 70 |xyO p}=w= R= VwQ u}=

"CiQo
O=YDk= QO Oqwi |xO=iDU= COW xm CU= u}= Q@ ZQi sw=@vr=t |=y|UQQ@ QO
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xOW s=Hv= |=yVywSB x@ Q=YDN= x@ 2 pwOH QO "O@=}|t V}=Ri= 'C=tON VN@
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'|rN=O Xr=N=v O}rwD |=yQ}eDt u}J QO s=N Oqwi hQYt |v}@V}B uw}UQo QOwN pOt 1991 [2]u=Q=mty w uJCt}k w |Q=Pox}=tQU 'pwB |x[Qa |Q=OQ@

R= xO=iDU= =@ |r=tW |=m} Qt; w u}J 'uB=S QO s=N Oqwi hQYt |v}@V}B |}xrY=iQ}e pOt 1995 [3]u=Q=mty w uwU@rOvwQ Q}eDt w Oqwi O}rwD 'Oqwi Ct}k |=yXN=W R= |�RH uR=wD

u=wva x@ Xr=N=v xOwRi= VRQ= w s=N Oqwi hQYt u}@ \=@DQ= |UQQ@ |]N uw}UQoQ 1997 [4]uwDr=w w Rv=w}=u=DUrov= QO |O=YDk= |=yC}r=ai u=R}t R= |YN=W

R= xO=iDU= =@ |kQW ?wvH |=}U; QO s=N Oqwi hQYt |v}@V}B uw}UQoQOwN pOt 1999 [5]uwDBt=Qm
Ct}k w |Q=Pox}=tQU 'pwB x[Qa '|rN=O Xr=N=v O}rwD |=yQ}eDt u} R}@ |Q=OQ@

u}J QO s=N Oqwi hQYt |v}@V}B uw}UQoQOwN pOt 2003 [6]uwDBt=Qm|Q=OQ@
?}mQD |=yXN=W R= xO=iDU= =@ u=Q}= QO s=N Oqwi hQYt |v}@V}B |rv=B |=yxO=O 2008 [7]|Qwv= w O=Sv Q̀=R|rN=O Xr=N=v O}rwD OWQ MQv w Ot;QO R= q=m ?}mQD 'pwYLt O=wt

OWQ pt=wa w s=N Oqwi hQYt u}@ |@@U C=]=@DQ= |ovwoJ |UQQ@ |=]N K}LYD pOt 2011 [8]w}yxQm QO |O=YDk= |Q=OQ@

'`=@W= K]U uDiQo Q_v QO =@ Oqwi hQYt w O}rwD u=R}t C=Q}}eD |UQQ@ uw}UQoQOwN pOt 2013 [9]uJ w u}|R=UQyW MQv w |rN=O Xr=N=v O}rwD 'q=m Qta xNQJ |Q=OQ@

"x}qOvJ uwQDBUQB l} |rm Q=DN=U "1 pmW
%CU= Q} R CQwY x@ (x1; x2; : : : ; xp)

yt = b0 +
QX
j=1

wj � g(b0j +
PX
i=1

wi;j � xt;i) + "t (1)

P 'OvwW|t xO}t=v |r=YD= |=yuRw ,=@r=e xm OvDUy pOt |=yQDt=Q=B xm |Qw]x@
x@ ?re= |O}�wto}U `@=D "CU= |iNt |=yxQo O=OaD Q w |OwQw |=yxQo O=OaD

"OwW|t xO=iDU= |iNt |x}q |R=Up=ai `@=D u=wva
g(x) = 1

1 + exp(�x)
(2)

|]NQ}e |=ysDU}U |R=UpOt |}=v=wD =yv; CU= xOW Ea=@ =ypOt R= xvwou}=
`k=w |=}vO QO OwHwt |=ysDU}U QFm = xm CU= |r=L QO u}= "OvW=@ xDW=Ov =Q
|Q}os}tYD p�=Ut |=Q@ |Q=t; |]N |=ypOt R= xO=iDU= u}=Q@=v@ "OvDUy |]NQ}e
G}=Dv w CU}v |k]vt w Q}PBx}HwD ,=U=U= 'OvDUy |]NQ}e ,=@r=e xm |ak=w |=}vO

"OwW|tv pY=L R}v |WN@C}=[Q
xm OvDUy |R=UpOt |=yVwQ xrtH R= x}qOvJ uwQDBUQB |@Ya |=yxm@W
|}x@U=Lt ?wJQ=J l} w OvDUy =yxO=O QO OOaDt |]NQ}e OQ=wt u}tND x@ QO=k
|=yC} Rt R= |m} "OvW=@|t |]NQ}e p�=Ut R= |a}Uw |xvt=O |=Q@ Q}PBh=]av=
|=yuwQDBUQB xm CU= u}= |]NQ}e |=ypOt Qo}O x@ C@Uv =ypOt R= xvwou}= RQ=@
CkO =@ =Q |a@=D ẁv Qy Ovv=wD|t xm OvDUy |v=yH |xOvvR ?} QkD l} x}qOvJ
VR=OQB QO x}qOvJ uwQDBUQB |@Ya |=yxm@W Cwk |x]kv "OvvR@ ?} QkD x=wNrO
QO |[QiV}B xvwoI}y =yxm@W R= xvwou}= &CU=yxO=O QO OwHwt C=aq]= |R=wt
Q@|vD@t pOt l} |rm Cr=L QO w OvQ=Ov R=}v |R=UpOt Ov}=Qi QO pOt pmW OQwt

[26]"OvwW|t |krD xO=O
xm OvDUy |iNt |x}q l} pk=OL =@ wQV}B |}=yxm@W x}qOvJ |=yuwQDBUQB
|=ysDU}U |=y|R=UpOt Qw_vtx@ |@Ya |=yxm@W |=ypOt u} QDOQ@ Q=mQB <RH
|x}q xU R= OwN Cr=L u} QDxO=U QO =ypOtu}= "Ov};|t ?=UL x@ |]NQ}e
=@ x}qOvJ |=yuwQDBUQB "Ov=xOW p}mWD sy x@ pYDt C=aq]= |xO=U VR=OQB
|rY= p}rO "OvDUy =ypOt u}= R= ẁv u} QDOQ@ Q=mQB w u} QDhwQat |iNt |x}q l}
|=Q@ |rm Cr=L QO |iNt |x}q l} xm CU= Q=wDU= Ck}kL u}= Q@ ẁ[wt u}=
|iNt |x}ql} =@ x}qOvJ |=yuwQDBUQB |rmQ=DN=U "CU= |i=m `@=wD `=wv=?} QkD
=y|OwQw w (yi) xm@W |HwQN u}@ |x]@=Q "CU= xOW xO=O u=Wv 1 pmW QO
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=mx@

"xO=iDU= COW |x} Q_v Q@|vD@t xDiQo CQwY |=yVywSB "2 pwOH
C=L}[wD OQ@y=Q Q=WDv= p=U u=oOvU}wv s=v

O=wt ?}mQD |=yXN=W R= xO=iDU= =@ =m} Qt; QO Oqwi hQYt |v}@V}B COW x} Q_v 1990 [11]TDQ@=QC=QO=Y Xr=N w |rN=O Xr=N=v O}rwD 'Ot;QO R= q=m ?}mQD 'pwYLt xO=iDU=

'|rt Ot;QO |=yQ}eDt R= xO=iDU= =@ uB=S QO s=N Oqwi hQYt |v}@V}B COW x} Q_v 1995 [12]u} R w |rOv}iC=QO=Y w C}atH xO=iDU=

|xr}Uw@ C=Rri hQYt h}YwD Qw_vtx@ O}OH pOt l} xaUwD COW x} Q_v 1996 [13]TDQ@=QXr=N '|rN=O O}rwD '|rN=O Xr=N=v O}rwD O}rwD Ovv=t |O=YDk= |=yXN=W xO=iDU=xO=iDU= COW VwQ =@ u; xU}=kt w C=QO=Y

'CavY xOwRi= VRQ= uDiQo Q_v QO =@ u}J QO Oqwi hQYt |v}@V}B COW x} Q_v 1998 [14]nv=SC}atH w C=QO=Y 's=N Oqwi Ct}k xO=iDU=

|rt Ot;QO Q}eDt R= xO=iDU= =@ u}J QO s=N Oqwi hQYt |v}@V}B COW x} Q_v 1998 [15]uWxO=iDU=

|=yVN@ u} QDsyt uDiQo Q_v QO =@ uB=S QO s=N Oqwi hQYt |v}@V}B COW x} Q_v 2000 [16]uwDBt=Qm'pkv w ptL w |m} QDmr= C=R}yHD w Cq;u}W=t pt=W Oqwi xOvvm hQYt xO=iDU=|Rri |=yq=m w u=tDN=U

?}mQD |=yXN=W uDiQo Q_v QO =@ u=DUyr QO s=N Oqwi hQYt |v}@V}B COW x} Q_v 2006 [17]T=}=@} QOt;QO R= q=m ?}mQD w pwYLt O=wt xO=iDU=

u}J QO |O=YDk= OWQ w Oqwi hQYt COW u}@ x]@=Q |UQQ@ COW x} Q_v 2009 [18]uwUrw= w pQ=wxO=iDU=

\w@ Qt C=aq]= R= xO=iDU= =@ COtOvr@ QO Oqwi hQYt C=Q}}eD OvwQ |UQQ@ COW x} Q_v 2014 [19]pQ=wu=yH QwWm 61 x@ xO=iDU=

x@ \w@ Qt C=aq]= R= xO=iDU= =@ Oqwi hQYt u=R}t QO C=Q}}eD OvwQ |UQQ@ COW x} Q_v 2015 [20]uwDBt=Qm|O=YDk= xaUwD w |Q=mty u=tR=U w[a |=yQwWm xO=iDU=

"OvtWwy |=yVwQ Q@|vD@t xDiQo CQwY |=yVywSB "3 pwOH
C=L}[wD OQ@y=Q Q=WDv= p=U u=oOvU}wv s=v

u}J QO s=N Oqwi hQYt |v}@V}B |QDUm =N |=ypOt � [21]w} S

O}rwD Q}eDt uDiQo Q_v QO =@ u=Q}= QO s=N Oqwi hQYt |v}@V}B
|@Ya |=yxm@W 2013 [22]u=Q=mty w xO=R;w sQwD '|rN=O Xr=N=v O}rwD OWQ MQv '|rN=O Xr=N=v

R=U w CN=U MQv

u}J QO uy; nvU hQYt |v}@V}B |QDUm =N |=ypOt
2013 [23]u=Q=mty w wS|R=Uxv}y@ sD} Qwor= w

C=QP s=LOR=

u=DUrov= QO s=N Oqwi hQYt |v}@V}B |QDUm =N |=ypOt 2014 [24]Rv=w}=

u}J QO Oqwi |=[=kD |v}@V}B |@}mQD pOt 2015 [25]u=Q=mty w nvw
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�13
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u=DU
@=D�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt

|R=i uw}UQoQ "1"3
x} RHD |=yVwQ xrtH R= xQ}eDtOvJ |]N uw}UQoQ 'l}Uqm |=y|R=UpOt QO
OQwt |=ysDU}U QO OwHwt |=yQ=DN=U 'CU= QO=k xm CU= |vw}UQoQ p}rLD w
=ypOt u}= =:t= "Ovm |R=UpOt xv}y@ CQwYx@ =yv; uOw@ |]N \QW x@ =Q xar=]t
'Qo}O CQ=@ax@ "Ovvm|t xO=iDU= =]N CQ=@a swyit R= OwN |R=UpOt Ov}=Qi QO
u=ty u}= &CU}v =]N xrtH pt=W wCU=|k}kO Q}O=kt =ypOt R= xvwou}= |=yu}tND
swyit "Ov=xO=O O=yvW}B [28]Vv=Q=mty w =m =v=D xm CU= |R=i uw}UQoQ |}x}=B swyit
|=yxOv=t|k=@ R= =]N |xrtH xm CU= u}= |R=i uw}UQoQ w |R=i |x} Q_v |U=U=
QO xmr@ 'OwW|tv O}rwD C=Oy=Wt =} |rY= Q}O=kt w xOW xORu}tND Q}O=kt u}@
Q=m x@ |k}kL C=Oy=Wt =@ \=@DQ= QO `} RwD u=mt= w pOt |=yQDt=Q=B C}a]ksOa
CQwYx@ u=wD|t |rm Cr=L QO =Q |R=i |]N uw}UQoQ pOt l} "OwW|t xDiQo

%O=O V}=tv Q} R
~Y = ~�0 + ~�1x1 + � � �+ ~�nxn =

nX
i=1

~�ixi = X 0 ~� (4)

n 'xO=yv=QD Qorta Qou=}@ �'� s} QB Ctqa 'pkDUt |=yQ}eDt Q=OQ@ X xm|Qw] x@
O=Oa= u�}= "OvDUy pOt QDt=Q=B u}t)=i Qou=�}@ |R=�i |=yxawtHt ~�i w =yQ}eDt O=OaD
(�i; ci)L �O=QB w T} w@ wO� p= - ẁv |R=i O=O�a= pmW x@ � ~�i |=yQDt=Q=B� |R=i

%OvDUy Q} R CQwYx@ p=tDL= `} RwD =@
�~�i(�i) = Lf(�i � �i=c)g (5)

x@ |FrFt |R=i O=Oa= pmW x@ R}v |R=i |=yQDt=Q=B "CU= `@=D l} L xm |Qw]x@
"Ov=xOW xDiQo Q=m

�~�i(�i) =

8<:1� j�i��ijci
�i � ci � �i � �i + ci;

0 otherwise
(6)

"CU= �i |=yQDt=Q=B Qou=}@ |R=i |xawtHt C} w[a `@=D �~�i(�i) xm |Qw]x@
pY= x@ xHwD =@ p=L "OvDUy =yv; RmQt pwL VQDUo ci w |R=i O=Oa= RmQt R}v �i
h} QaD Q} R CQwY x@ u=wD|t =Q ~yi = Xt

t
~� |R=i OOa C} w[a `@=D 'VQDUo

%OQm

�~y(yt) =

8>>>><>>>>:
1� jyt�xt�jc0jxtj for xt 6= 0
1 for xt = 0; yt = 0;
0 for xt = 0; yt 6= 0;

(7)

|=yVQDUo u=R}t w =yQDt=Q=B x@ \w@ Qt Q}O=kt |=yQ=OQ@ ?}DQD x@ c w � xm |Qw]x@
ẁtHt =@ Q@=Q@ xm � C=t=y@= pm uOQm xv}tm R= pOt |rm Qw]x@ "OvDUy RmQt pwL =yv;

"Ovm|t xO=iDU= �CU= pOt |R=i |=yQDt=Q=B R=l} Qy x@ \w@ Qt w|mD |=yVQDUo

Minimize S =
kX
t=1

c0jxtj (8)

yt xOy=Wt Qy |=R= x@ C} w[a Q=Okt xm =Q |]}=QW u=tRsy Qw]x@ VwQ u}= xD@r=
R}v '(h 2 [0; 1]) OW=@ h K]U QO xOW u}}aD |xv=DU; OL l} R= QDnQR@ O}=@
O}=@ pOt |R=i |=y|HwQN xm CU= Ck}kL u}= Qou=}@ Q=}at u}= "OQ}o|t Q_v QO

CW=ov l} u=wva x@ Ck}kL QO 3 x]@=Q QO xOW xQ=W= x}qOvJ uwQDBUQB wQu}= R=
%|va} Ow@ Ovy=wN xOv}; Q=Okt x@ xDWPo C=Oy=Wt R= |]NQ}e

yt = f(x1; x2; : : : ; xp;W ) + "t (3)

xm@W Q=DN=U \UwD xm CU= |a@=D f w =yQDt=Q=B xty Q=OQ@ W xm |Qw] x@
l} pO=at |@Ya |=yxm@W wQu}= R= 'OwW|t u}}aD |r=YD= |=yuRw w |@Ya
jwi x]@=Q \UwD xOW u=}@ xO=UpOt 1 pmW [27]"OvDUy |]NQ}e uw}UQoQ pOt
x=wNrO `@=D Qy CU= QO=k xm =QJ 'CU= |O=} R Q=}U@ ?} QkD CQOk |=Q=O xm xOw@
?} QkD =Q OvW=@ nQR@ |i=m xR=Ov= x@ (Q) |iNt |=yxQo O=OaD xmv; \QW x@ =Q

"OvR@
R�=L xDmv u}= QmP 'OvtWwy |=ypOt |=Q@ xOW QmP |=}=Rt |t=tD OwHw =@
'|ak=w |=}vO QO xar=]t OQwt |=ysDU}U R= |yHwD p@=k syU xm CU= C}ty=
QO=k |R=UpOt l}Uqm w pwtat |=yVwQ xm OvDUy |a]kQ}e |}=ysDU}U
w u=OvtWv=O R= |Q=}U@ "OW=@|tv =yv; QO OwHwt \@=wQ `t=H w pt=m lQO x@
=} w |i}m u=Oki x@ \w@ Qt =Q |ak=w |=ysDU}U QO OwHwt C}a]ksOa u=kkLt
'Qo}O |y=oO}O R= "Ovv=O|t =ysDU}U R= xvwou}= R= QW@ Vv=O w C=aq]= |tm
CyH QO u=oOvQ}os}tYD |=Q@ OwHwt `@=vt u} QDOvtWRQ= w u} QDsyt R= C=aq]=
|D=t}tYD P=ND= w xar=]t CLD |=ysDU}U QO OwHwt |=yC}a]ksOa =@ xr@=kt

"OvW=@|t QDj}kO
sRq C=aq]= w =yxO=O uOwtv sy=Qi xm CU= |QwQ[ xDmv u}= x@ xHwD =t=
|=yxv} Ry Q=vm QO w xOw@v |}xO=U Qt= '|P=ND= C=t}tYD C}i}m Ow@y@ Qw_vtx@
C} Q}Ot Vv=O T=U= u}= Q@ "CU= umttQ}e ,qta R}v OQ=wt R= |NQ@ QO '=yv; |q=@
C}r@=k u=mt= OL =D xm CU= |}=yVwQ OvtR=}v Q[=L QYa QO '|R} Qxt=vQ@ w
xDW=O =Q |} wryB OvJ w s=y@= 'C}a]ksOa '|oO}J}B uwJ |DqmWt =@ |} wQ=} wQ
hqN Q@ 'sQv C=@U=Lt |=yQ=R@= "OvW=@ Ot;Q=m w =Q=m R}v \}=QW R= xvwou}= QO w
C=t=y@= |R=UpOt QO |QD?U=vt |=yQ=R@= 'CNU C=@U=Lt w l}Uqm |=yVwQ
|rm Cr=L QO =t= &OvDUy xar=]t CLD |=ysDU}U QO OwHwt |=yC}a]ksOa w
u=Wv OwN R= =Q |@U=vt OQmrta |ak=w |=}vO |xO}J}B p�=Ut |R=UpOt Qw_vtx@

"Ov=xO=Ov
|=y|oS} w s=tD OwHw =@ xm OQm |Q}oxH}Dv xvwo u}= u=wD|t T=U= u}= Q@
=yVwQ u}= R= l} I}y sQv C=@U=Lt w |D=@U=Lt Vwy |=yVwQ OQix@ QYLvt
xar=]t OQwt |=ysDU}U |R=UpOt QO Ot;Q=m w =Q=m |Q}oQ=m x@C}r@=k |rmCr=L QO
pmWt uDN=U `iDQt QO |D=@U=Lt Vwy |=yQ=R@= wU l} R= "CW=O Ovy=wNv =Q
C=t=y@= =@|} wQ=} wQ QO =t= OvQDjiwt xar=]t OQwt |=ysDU}U QO OwHwt |=y|oO}J}B
sQv C=@U=Lt |=yQ=R@= 'Qo}O |wU R= "OvwW|t |Ot;Q=m =v Q=JO =yC}a]k sOa w
pmWt uDN=U `iDQt QO w OvwW|t |Ot;Q=m =v Q=JO =y|oO}J}B =@ |} wQ=} wQ QO
R= =Q |QDy@ OQmrta xar=]t OQwt |=ysDU}U QO OwHwt |=yC}a]ksOa w C=t=y@=
Q=Qk sy Q=vm QO w Q=R@= wO u}= R= u=tRsy |xO=iDU= O}=W TB "OvyO|t u=Wv OwN
OQix@ QYLvt |=}=Rt R= xO=iDU= |=Q@ |QD?U=vt pLx=Q |rm Cr=L QO '=yv; uO=O

[1]"OW=@ =yv; R= l} Qy |mD |=yC}OwOLt uDN=U `iDQt u}vJty w =yv;
OQwt sDU}U QDpt=m w QDj}kO |R=UpOt Qw_vtx@ xr=kt u}= QO T=U= u}= Q@
|R=UpOt |=yVwQ 'xr�Ut X=N \}=QW T=U= Q@ CU= xOW |aU 'xar=]t
u}= |xt=O= QO "OvwW |R=U|R=i |r@k |=yCtUk QO xOW QmP OvtWwy w l}Uqm
|@}mQD pOt� sQv OvtWwy w sQv l}Uqm |R=UpOt Ov}=Qi R= |QYDNt KQW CtUk

"CU= xOW x�=Q= xar=]t OQwt |xr�Ut X=N \}=QW T=U= Q@ �|O=yvW}B
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=mx@� ~wi;j(wi;j) =8>>>><>>>>:
1

bi;j�ai;j (wi;j � ai;j) if ai;j � wi;j � bi;j ;
1

bi;j�cij (wi;j � ci;j) if bi;j � wi;j � ci;j ;
0 otherwise;

(12)

wi;j |=yQDt=Q=B =@ xm CU}= |R=i xawtHt C} w[a `@=D � ~w(wi;j) xm|Qw]x@
w |FrFt |R=i O=Oa= CQwYx@ |R=i |=yQDt=Q=B R= xO=iDU= =@ p=L "OwW|t XNWt
j@=]t ~xt;j = g( ~w0;j +

pP
i=1

~wi;j :yt�i) C} w[a `@=D 'VQDUo pY= u}vJty
[31]"Ot; Oy=wN CUO@ p}P

� ~Xt;j(xt;j) =8>>>>>>>>><>>>>>>>>>:

(Xt;j�g(
pP
i=0

ai;j �xt;i))

g(
pP
i=0
bi;j�xt;i)�g(

pP
i=0

ai;j �xt;i)
; if g(

pP
i=0
ai;j�xt;i)�Xt;j�g(

pP
i=0
bi;j�xt;i);

(Xt;j�g(
pP
i=0

ci;j �xt;i))

g(
pP
i=0
bi;j�xt;i)�g(

pP
i=0

ci;j �xt;i)
; if g(

pP
i=0
bi;j�xt;i)�Xt;j�g(

pP
i=0
ci;j�xt;i);

0 otherwise;

(13)

%xm |tUk x@
xt;I = 1(t = 1; 2; : : : k i = 0); xt;i = xt�i(t = 1; 2; : : : ; k i =

w 13 x]@=Q j@=]t ~xt;j |FrFt |R=i OOa uDiQo Q_v QO =@ p=L 1; 2; : : : ; p)
%Q} R x]@=Q j@=]t ~wj |R=i |=yQDt=Q=B u}vJty

� ~wj(wj) =

8>>>><>>>>:
1

ej�dj (wj � dj) if dj � wj � ej ;
1

ej�fj (wj � fj) if ej � wj � fj ;
0 otherwise;

(14)

j@=]t ~yt = f( ~w0 +
qP
j=1

~wj : ~Xt;j) = f(
qP
j=0

~wj : ~Xt;j) C} w[a `@=D x=ov;
%Ow@ Oy=wN Q} R

� ~Y (yt) �=8>>>><>>>>:
�B12A1 + [( B12A1 )2 � C1�f�1(xt)

A1

12 if c1 � f�1(yt) � C3;
�B22A2 + [( B22A2 )2 � C2�f�1(xt)

A2

12 if c3 � f�1(yt) � C2;

0 otherwise;

(15)

%xm |tUk x@
A1 =

Xq

j=0(ej � dj) � (g(
Xp

i=0 bi;j � xt;i)
�g(

Xp

i=0 ai;j � xt;i));
B1 =

Xq

j=0(dj � (g(
Xp

i=0 bi;j � xt;i)� g(
Xp

i=0 ai;j � xt;i))
+g(

Xp

i=0 ai;j � xt;i) � (ej � dj));
A2 =

Xq

j=0(fj � ej) � (g(
Xp

i=0 ci;j � xt;i)

"OvW=@ h K]U |@=NDv= Q=Okt R= QDW}@ y1; y2; : : : ; yk |}xO=O \=kv s=tD |=Q@
"CU= QF-wt pOt |R=i |=yQDt=Q=B |=yVQDUo Q@ h K]U Q=Okt ?=NDv=

�~y(yt) � h for t = 1; 2; : : : ; k (9)

Q@ pOt CN=U Ov}=Qi QO xOW xDiQo Q=m x@ |R=iQ}e |=yxO=O O=OaD x@ t XN=W
l} CQwYx@ =m =v=D \UwD |R=i uw}UQoQ |=yQDt=Q=B uOQm =O}B xr�Ut "OOQo|t

[29]"CU= xOW |Ov@pwtQi Q} R CQwYx@ |]N |R} Qxt=vQ@ |xr�Ut

Minimize S =
kP
t=1

c0jxtj
x0t�+ (1� h)c0jxtj � yt t = 1; 2; : : : ; k

subject:to x0t�� (1� h)c0jxtj � yt t = 1; 2; : : : ; k
c � 0

(10)

|=yQ}eDt Q=OQ@ c0 = c1; c2; : : : ; cn) w �0 = (�1; �2; : : : ; �n) xm |Qw]x@
"CU= xOW h} QaD ,q@k xm CU= |t=y@= pm S w pwyHt

|O=yvW}B |@}mQD pOt "2"3
|xvt=O |=Q@ |OvtWRQ= w j}kO |R=UpOt |=yVwQ '|awvYt |@Ya |=yxm@W
Ot;Q=m w =Q=m xyH=wt |}=v=wD '=yVwQ u}= =t= 'OvDUy |]NQ}e p�=Ut R= |a}Uw
|=yC}a]ksOa Ovv=wD|tv |rm Cr=L QO w OvQ=Ov =Q sy@t w |a]kQ}e p�=Ut =@
Q}=U x@=Wt =yVwQ R= xvwou}= "Ovvm |R=UpOt =Q xar=]t OQwt |=ysDU}U QO OwHwt
|=Q@ xDWPo |=yxO=O O=} R O=OaD C}OwOLt |=Q=O |R=iQ}e |R=UpOt |=yVwQ
uwJty |R=i |=ypOt xm OW xOy=Wt p@k CtUk QO "OvDUy j}kO G}=Dv pwYL
=t= "OvDUy sm TQDUO QO |=yxO=O \}=QW QO |@U=vt |=ypOt '|R=i uw}UQoQ
=yv; OQmrta xmu}= swO w OvQ=Ov OQ@ Q=m C}r@=k |]NQ}e |=ysDU}U s=tD QO ,qw=
R= |R=i |xNUv l} 'CtUk u}= QO u}=Q@=v@ "CU}v pw@k p@=k w ?U=vt xW}ty
xDUw}B ẁv R= xar=]t OQwt sDU}U |R=UpOt Qw_vtx@ |awvYt |@Ya |=yxm@W

"CU= xOW x�=Q= |]NQ}e |@@U
uwQDBUQB |@Ya |=yxm@W %|R=i |x}qOvJ uwQDBUQB |@Ya |xm@W
x@ QO=k xm OvDUy |]NQ}e |R=UpOt |=yVwQ u} QDsyt xrtH R= x}qOvJ
?wJQ=J l} w Ov=xar=]t CLD |=ysDU}U QO OOaDt |]NQ}e OQ=wt u}tND
=:t= "OvW=@|t |]NQ}e p�=Ut R= |a}Uw |xvt=O |=Q@ Q}PBh=]av= |}x@U=Lt
OvDUy |a]k |Q}O=kt �=yT=}=@ w =yuRw� x}qOvJ |=yuwQDBUQB |=yQDt=Q=B
&�wj(j = 0; 1; 2; : : : ; q) w wij(i = 0; 1; 2; : : : ; p j = 1; 2; : : : ; q)�
VwQ QO u}=Q@=v@ "OvQ=Ov =Q |a]kQ}e |=ysDU}U w =y\}Lt =@ |} wQ=} wQ |}=v=wD TB
CU= xOW xO=iDU= |R=i O=Oa= R= '|a]k Q}O=kt u}= |Q}oQ=mx@ |=Hx@ |O=yvW}B
"� ~wj(j = 0; 1; 2; : : : ; q) w ~wi;j(i = 0; 1; 2; : : : ; p j = 1; 2; : : : ; q)�
Q} R CQwYx@ |rm Cr=L QO |R=i |=yQDt=Q=B w `@=wD =@ xOW|R=U|R=i pOt l}

[30]"CU=

~yt = f( ~w0 +
qX
j=1

~wj � ~Xt;j) = f(
qX
j=0

~wj � ~Xt;j); (11)

u}= QO |R=i |=yQDt=Q=B TBU ~xt;j = g( ~w0;j +
pP
i=1

~wi;j :xi;j) xm |tUk x@
"Ov=xOW xDiQo Q_v QO Q} R j@=]t |FrFt |R=i O=Oa= CQwY@ xrO=at
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Min
kP
t=1

qP
j=0

(fj � g(
pP
i=0

ci;j � xt;i))� (dj � g(
pP
i=0

ai;j � xt;i))
s:t8><>:�B12A1 + [(B12A1 )2 � C1�f�1(yt)

A1 ]
12 � h if C1 � f�1(yt) � C3 for t = 1; 2; : : : ; k;

�B22A2 + [( B22A2 )2 � C2�f�1(yt)
A2 ]

12 � h if C3 � f�1(yt) � C2 for t = 1; 2; : : : ; k;
(16)

w� = w 19 |x]@=Q Ovv=t |}=yQ=}at R= xO=iDU= =@ s=y@= |xv}tm u}}aD %wO R=i
w CU= C=Oy=Wt O=OaD Q@=Q@ wO =@ Q@=Q@ =yC}OwOLt O=OaD "(w�0 ; w�1 ; : : : ; w�q )

%Ow@ Oy=wN Q} R CQwYx@ |}=yv pOt
~yt = h�0; c0i+ h�1; ccix1 + � � �+ h�q; cqixq (20)

"OvDUy |R=i O=Oa= |=yVQDUo w Rm =Qt ?}DQD x@ �i w ci xm
xm |Dkw pOt u}�=B w q=@ OL |=yxO=O [33]|Jw@}W}= C=Q_v x@ xHwD =@ %xU R=i
|=yxO=O xrLQt u}= QO TB &OW Ovy=wN hPL 'OwW `}Uw |O=yvW}B pOt |xvt=O
|Ov@pwtQi ,=OOHt pOt TBU &OvwW|t hPL pOt u}�=B w q=@ |=yRQt h=Q]=

"CU= xOW |R=UxYqN 2 pmW QO VwQ u}= |rm pL=Qt "OwW|t

"|R=i |]NQ}e |@@U xDUw}B |=y|R=UpOt QO |O=yvW}B VwQ pL=Qt "2 pmW

�g(
Xp

i=0 bi;j � xt;i));
B2 =

Xq

j=0(fj � (g(
Xp

i=0 ci;j � xt;i)� g(
Xp

i=0 bi;j � xt;i))
+g(

Xp

i=0 ci;j � xt;i) � (fj � ej));
C1 =

Xq

j=0(dj � g(
Xp

i=0 ai;j � xt;i))
C3 =

Xq

j=0(ej � g(
Xp

i=0 bi;j � xt;i));
C2 =

Xq

j=0(fj � g(
Xp

i=0 ci;j � xt;i));
xr�Ut l} 'C=Oy=Wt s=tD |=Q@ h |xv=DU; K]U l} uDiQo Q_v QO =@ p=L
Qw_vt x@ uwvm = [32]"Ot; Oy=wN CUO x@ 16 |x]@=Q j@=]t |]NQ}e |R} Qxt=vQ@
`@=wD 'uQ=kDt CQwY x@ |FrFt |R=i O=Oa= 'QwmPt VwQ R= QDxO=U pOt l} pwYL
x@ |v=}t |x}q w |OwQw |x}q u}@ |r=YD= |=yuRw w |]N |HwQN |R=Up=ai
%CW=O s}y=wN ytC} w[a `@=D |=Q@?}DQDu}O@ "Ov=xOW xDiQo Q_v QO|a]kCQwY

�~y(yt) =

8><>:1� jyt�
Pq
j=0 �j �Xt;j jPq

j=0 cj jXt;j j for Xt;j 6= 0;
0 otherwise;

(17)

%OwW|t h} QaD Q} R j@=]t S xOW |R=UxO=U pOt QO Qo}O CQ=@a x@

S =
qX
j=0

kX
t=1

cj jwj jjxt;j j (18)

"OvDUy |v=}t |x}q s=j uwQv w |HwQN uwQv u}@ |]=@DQ= |=yuRw wj xm |tUk x@
%Ow@ Oy=wN Q} R j@=]t |O=yvW}B VwQ |=yQDt=Q=B Q}O=kt u}}aD |xr�Ut TBU

Min S =
qX
j=0

kX
t=1

cj jwj j jxt;j j
qX
j=0

�jxt;j + (1� h)

 qX
j=0

cj jxt;j j
!
� yt

s:t:
qX
j=0

�jxt;j � (1� h)

 qX
j=0

cj jxt;j j
!
� yt

cj � 0 forj = 0; 1; :::; q t = 1; 2; ::; k (19)

%CU= Q} R CQwYx@ xYqN Qw]x@ xOW QmP \@=wQ QO Q_v OQwt VwQ pL=Qt
QO OwHwt C=aq]= R= xO=iDU= =@ |@Ya |xm@W pOt l} VRwt; %l} R=i
w� = (w�0 ; w�1 ; : : : ; w�q ) =yQDt=Q=B |xv}y@ ?=wH 'l} R=i |xH}Dv "C=Oy=Wt
Q=Qk xO=iDU= OQwt swO R=i QO |OwQw |=yxO=O xawtHt R= |m} u=wva x@ xm CU=

"OQ}o|t
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"|v}@V}B Qw_vt x@ xOW |L=Q] |@Ya |xm@W Q=DN=U "3 pmW
|v=}t uwQv 3 '|OwQw uwQv 5 R= pmWDt x}qlD |}xm@W 'p;xO}= |xm@W 'hrDNt
s=tD =@ \@DQt |R=Up=ai `@=wD "CU= N (5�3�1) CQwYx@ |HwQN uwQv l} w
ẁv R= |HwQN |x}q |R=Up=ai `@=D w |O}�wto}U ẁv R= |v=}t |x}q |=yuwQv

xOW xOQw; 3 pmW QO Q_v OQwt |xm@W Q=DN=U "CU= xOW xDiQo Q_v QO |]N
"CU=

l} Qy |=Q@ s=N Oqwi hQYt |v}@V}B |}=yv |xm@W OQmrta |=yQ=}at
|vw}UQoQ pOt OQmrta |=yQ=}at =@ xU}=kt QO V}=tR; w VRwt; |=yxawtHt R=
pOt |QDQ@ |xOvyOu=Wv 'OW=@|t xOy=Wt p@=k 6 w 5 pw=OH QO xm 'OwN =@ Q_=vDt
G}=Dv "CU= COtOvr@ ji= QO xO=U |]N uw}UQoQ pOt x@ C@Uv |@Ya xm@W
Qw_vtx@ xOW|L=Q] |awvYt |@Ya xm@W |Q}oQ=m x@ xm OvDUy u; R= |m =L
G}=Dv QO Ow@y@ �41 41 |]N uw}UQoQ pOt x@ C@Uv 'COt Ovr@ji= QO |v}@V}B

"CU= xOQm O=H}= �RMSE |=]N Q=}at T=U= Q@�

sQv OvtWwy |R=UpOt "2"4
|=yQDt=Q=B '|R=i Cr=L QO xar=]t OQwt sDU}U |R=UpOt Qw_vtx@ CtUk u}= QO
w =yuRw pt=W 'p@k VN@ QO xOW |L=Q] |x}qOvJ uwQDBUQB |@Ya xm@W
xDiQo Q_v QO |R=i Q}O=kt CQwYx@ |]N uw}UQoQ CqO=at ?}=Q[ R}v w =yT=}=@
pOt R= xO=iDU= =@ 'OW xQ=W= u; x@ u}W}B |=yCtUk QO xm xJu; j@=]t "OvwW|t
xv}tm |=Q@ uw}UQoQ ?}=Q[ w xm@W |=yQDt=Q=B |R=U|R=i '|[=} Q |R} Qxt=vQ@
|xwLv w V}=tR; w VRwt; |=yxO=O xawtHt "CU= xDiQo CQwY C=t=y@= uDN=U
=@ x@=Wt CtUk u}= QO xO=iDU= OQwt |xm@W Q=DN=U R}v w =yxO=O VR=OQBV}B
xm@W |R=U|R=i R= xOt; CUO x@ OwOL "CU=xOW xDiQo Q_v QO p@k CtUk
|]N uw}UQoQ pOt R= pY=L u=v}t]= �95 |xR=@ R}v w |]N uw}UQoQ '|@Ya
uwQDBUQB pOt OQmrta xm OvDUy u; R= |m =L G}=Dv "CU= xOt; 7 pwOH QO xO=U
CU= |]N uw}UQoQ w |R=i uw}UQoQ |=ypOt R= QDy@ ?D=Qt x@ |R=i |x}qOvJ

"CU= xOW G}=Dv Ow@y@ x@ QHvt ,=O}m = pOt u}= |Q}oQ=m x@ w

|Q}oxH}Dv "5
w u}O=}v@ pt=wa R= 'xar=]t OQwt sDU}U R= j}kO syi w j}ta VQov uDW=O
pt=wa R= pt=m |DN=vW x@ uDi=} CUO "CU= |P=ND= C=t}tYD C}i}m Q@ QF-wt

"pOt x@ |OwQw |=yQ}eDt "4 pwOH
O=tv Q}eDt s=v h} Q
x1 s=N Oqwi |rN=O O}rwD 1
x2 |rN=O Xr=N=v O}rwD 2
x3 s=N Oqwi Ct}k 3
x4 |Q=Pox}=tQU 4
x5 s=N Oqwi C=OQ=w 5

hQYt |v}@V}B Qw_vtx@ OvtWwy pOt |L=Q] "4
QwWm s=N Oqwi

j}kO G}=Dv x@ uDi=} CUO |xtRq 'OW xQ=W= R}v u}W}B |=yCtUk QO xm xvwou=ty
OQwt |xr�Ut Q@ sm =L X=N \}=QW w Q=DN=U ' ẁv Q@ j@]vt |rOt |L=Q] =Q=m w
x@ =@ |}=Q=m w CkO |xv}W}@ pwYL Qw_vtx@ xr=kt u}= QO wQu}= R= "CU= xar=]t
w x}qOvJ uwQDBUQB |@Ya |=yxm@W uwJty |D=@U=Lt Vwy |=yQ=R@= |Q}oQ=m
OQwt w xOW |L=Q] QwWm s=N Oqwi hQYt |v}@V}B Qw_vtx@ |rOt |R=i j]vt

"CU= xDiQo Q=Qk |UQQ@ w EL@

CNU OvtWwy |R=UpOt "1"4
l} '|OwQw |x}q l} pt=W x}qOvJ uwQDBUQB |@Ya |xm@W l} |rm Qw] x@
pL=Qt u} QDsyt R= |m} "CU= |HwQN |x}q l} xQNq=@ w |v=}t |x}q OvJ =}
|=yuwQv O=OaD u}}aD u}vJty w|v=}t |=yx}q O=OaD u}}aD =yxm@W R= xvwou}=|L=Q]
w OOaDt |=yVwQ uwvm =D u}W}B \@DQt |=yVywSB QO "CU= x}q Qy QO OwHwt
xOW O=yvW}B x}qOvJ uwQDBUQB l} |xv}y@ |Q=tat x@ |@=}CUO Qw_vtx@ |Dw=iDt
uOw@ Q=wWO w xO}J}B |Q=DN=U uOw@ =Q=O ^=Lr x@ =yVwQ u}= QDW}@ =t= [26]"CU=
Ovy=wNv |v=OvJ xO=iDU= C}r@=k |ak=w |=}vO QO p�=Ut pL QO =yv; |Q}oQ=m x@
|x�=Q= ut[Dt Ov=xDUv=wDv =yVwQ u}= R= l} I}y uwvm =D Qo}O |wU R= "CW=O
R= |O=} R O=OaD u}=Q@=v@ [32]"OvW=@ |ak=w |v}@V}B p�=Ut |xty |=Q@ xv}y@ |rLx=Q
|=yQDt=Q=B u}}aD Qw_vtx@ |Ovts=_v VwQ I}y xm |OQ=wt QO u=kkLt w u=OvtWv=O
VwQ 'X=N |xr�Ut Qy Q@ sm =L \}=QW uDiQo Q_v QO =@ 'CU= xDW=Ov OwHw pOt
QO x} wQ u}ty x@=Wt OQ=wt QO R}v xr=kt u}= QO &Ov=xDiQo V}B QO =Q =]N w V}=tR;

"CU= xOW xDiQo Q_v
QO u; |Q}oQ=m x@ Qw_vtx@ uwQDBUQB l} |Q=tat QO xr�Ut u} QDsyt lW|@
Qw]x@ G}=Dv =Q} R &CU= x}q Qy QO OwHwt |=yuwQv O=OaD u}}aD '|v}@V}B p�=Ut
Q=}U@ =} O=} R Q=}U@ O=OaD uDiQo Q_v QO w Ov=xDU@=w Qt= u}= x@ s}kDUtQ}e =} s}kDUt
QO "CW=O Oy=wN |}=RU@ Q}F-=D xm@W CkO w |Q}oO=} Q@ |OwQw |=yuwQv lOv=
O=OaD xr�Ut Q=DN=U uOw@ |@@U x@ xHwD =@ 'xr=kt u}= QO xar=]t OQwt |xr�Ut
=@ "Ow@ Oy=wN xDU@=w Q}eDt Q@ QF-wt |=yQ}eDt O=OaD =@ Q@=Q@ |OwQw |x}q |=yuwQv
xQ=W= =yv; x@ p@k |=yCtUk QO xm u}W}B |=yVywSB R= pY=L G}=Dv Q@ x}mD
[33]'Oqwi CavY u=U=vWQ=m w u=Q}Ot O}=ka w C=Q_v R= |OvtxQy@ u}vJty w OW
"CU= 4 pwOH QO xOW QmP OQ=wt =@ j@=]t xDU@=w Q}eDt Q@ QF-wt |=yQ}eDt xawtHt
Q_v QO =@ 'xar=]t OQwt sDU}U |]NQ}e w |]N |@@U |R=UpOt Qw_vt x@
pwY= R= |wQ}B =@ R}v w Q_v OQwt |xr�Ut =@ \@DQt X=N \}=QW s=tD uDiQo
|xm@W Q=Ry GvB R= V}@ |UQQ@ R= TB '|awvYt |@Ya |=yxm@W |L=Q] |rm
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w`}
=vY

|U
Ovyt "COt Ovr@ ji= QO Q_=vDt uw}UQoQ pOt w |}=yv |@Ya xm@W pOt OQmrta |xU}=kt "5 pwOH

VRwt; |=yxO=O
X}NWD u}ov=}t QwPHt u}ov=}t OYQO u}ov=}t u}}aD ?} Q[ Q=}at� CyH =]N C=a@ Qt jr]t |=]N jr]t |=]N

82 776 81 0 08 726 24 0 98319 uw}UQoQ
93 548 89 0 05 434 80 0 99160 uwQDBUQB

"COt Ovr@ ji= QO Q_=vDt uw}UQoQ pOt w |}=yv |@Ya xm@W pOt OQmrta |xU}=kt "6 pwOH
V}=tR; |=yxO=O

X}NWD u}ov=}t QwPHt u}ov=}t OYQO u}ov=}t u}}aD ?} Q[ Q=}at� CyH =]N C=a@ Qt jr]t |=]N jr]t |=]N
100 1334 41 0 07 905 81 0 93839 uw}UQoQ
100 781 95 0 06 648 29 0 97695 uwQDBUQB

"COtOvr@ pOt QO |}xR=@ |=y|v}@V}B QO |R=i |=yVwQ OQmrta u=R}t "7 pwOH
��� Ow@y@ u=R}t |xOR=@ |=vyB

VwQ h}OQxOW |v}@V}B
5 4 3 2 1 V}=tR; xawtHt
� � � � 0 25581 |]N xQ}eDtOvJ uw}UQoQ VwQ 1�u=v}t]= �95 xR=@�
� � � 0 2 14 25033 69 |awvYt |@Ya |=yxm@W VwQ 2�u=v}t]= �95 xR=@� |DvU
� � 0 3/35 5 42 24192 87 u=@}DWB Q=OQ@ |=yu}W=t VwQ 3�u=v}t]= �95 xR=@�
� 0 86 29 86 76 87 04 3315 2 |]N |xQ}eDtOvJ uw}UQoQ VwQ 4|R=i
0 34 68 91 05 91 35 91 53 2165 4 uwQDBUQB |@Ya |=yxm@W VwQ 5|R=i |x}qOvJ

x@ 'l}Uqm |=y|R=UpOt QO h=]av= O=H}= ut[ w Ovvm |R=UpOt =Q=m CQwYx@
"Ovvm G=DvDU= w x[Qa =Q |QDxv=}=Qo `k=w G}=Dv OQ@ Q=mQB |WwQ u=wva

|x}qOvJ uwQDBUQB |@Ya xm@W |Q}oQ=m x@ xm OvDUy u; R= |m =L G}=Dv
|]N uw}UQoQ pOt x@ C@Uv 'COtOvr@ ji= QO |v}@V}B Qw_vtx@ xOW|L=Q]
Ow@y@ �=]N C=a@ Qt u}ov=}t QwPHt |=]N Q=}at T=U= Q@� =Q G}=Dv �41 41
|x}qOvJ uwQDBUQB |@Ya xm@WpOt |}xR=@ |=y|v}@V}B QO u}vJty "CU= xO=O
Q=OQ@ |=yu}W=t pOt '|R=i |]N |xQ}eDtOvJ uw}UQoQ pOt x@ C@Uv '|R=i
�95 |xR=@� |awvYt |@Ya |=yxm@W pOt '�u=v}t]= �95 |xR=@� u=@}DWB
?}DQD x@ COtOvr@ ji= QO �u=v}t]= �95 |xR=@� |]N uw}UQoQ pOt w '�u=v}t]=

"Ov=xO=O Ow@y@ =Q G}=Dv �91 53 w �91 35 '�91 05 '�34 68

|U=U= |=yQ=my=Q R= =yv; u}@ sm =L \@=wQ w =ysDU}U OQmrta |xwLv Q@ QF-wt
R= |R=UpOt w |R=Ux}@W "CU= u=oOvQ}os}tYD CkO w VQov jta V}=Ri= |=Q@
|=ysDU}U QO xDiyv C=aq]= G=QNDU= Qw_vt x@ OwHwt |=yQ=R@= u} QDxOWxDN=vW

"OvDUy =yv; Q@ sm =L |=yQ=DN=U w xar=]t OQwt
Q@ '|]}Lt CqwLD w C=Q}}eD CaQU V}=Ri= =@ |} wQ=} wQ 'Q[=L QYa QO
sOa |Oa=YD OWQ xm |}=H =D xOwRi= |]}Lt |=yC}a]ksOa w =y|oO}J}B
|woMU=B Ovv=wDv l}Uqm |=y|R=UpOt CU= xOW ?Hwt C=t=y@= w =yu=v}t]=
Q@ "OvW=@ Ot;Q=m w j}kO C=t}tYD P=ND= |=DU=Q QO u=Q}os}tYD |=y|OvtR=}v
Q=vm QO |awvYt |@Ya |=yxm@W uwJty |D=@U=Lt Vwy |=yQ=R@= T=U= u}=
=Q C=t=y@= w =y|oO}J}B u}= Ovv=wD|t |R=i j]vt xS} w x@ sQv C=@U=Lt |=yQ=R@=
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