
�13
98

u=DU
@=D�

'h}
QWC

}Q}O
tw

`}=v
Y

|U
Ovyt

21
�11

"X
'1/

1|
xQ=t

W'
35

�1
|xQ

wO

O
ri

gi
na

lA
rt

ic
le|Q=PoCt}k |=Q@ |R=@ |x} Q_v OQm} wQ

wO OwHw =@ |Q=Pox}=tQU u=R}t u}}aD w
u}Wv=H |=yq=m |=Q=O |xOvvmO}rwD

�OWQ= |U=vWQ� |wHWv=O� |R=@yW =}ar
�Q=}Wv=O� � |mRQ@ |DU=Q |[DQt

u=yiY= |DavY x=oWv=O '=ysDU}U w `}=vY |UOvyt xOmWv=O

Qw] x@ u}Wv=H |q=m wO |Q=PoCt}k w |Q=Pox}=tQU Q=Okt u}}aD |xr�Ut x@ uwvm =D
wO "OW Oy=wN |UQQ@ xr�Ut u}= Q[=L |xr=kt QO "CU= xOWv xDN=OQB xJQ=Bm}

x@ |O}OH |Qw=:vi O} QN OYk |vwQ}@ Q=Pox}=tQU l} |x}=tQU R= xO=iDU= =@ xOvvmO}rwD
Q=Pox}=tQU '|r@k C=ar=]t hqNQ@ VywSB u}= QO "OvQ=O O}rwD |=yxv} Ry Vy=m Qw_vt

R= |Q=Pox}=tQU R= TB w Ovm|t pta pkDUt CQwY x@ w CU}v Q=R=@ <RH ,=t}kDUt
OvQDQ@ - nQ@rmDU= |R=@ CQwY x@ xr�Ut u}= "Ovm|t Ci=} QO OwU u=oOvvmO}rwD

QO u=R}t xJ xm Ovm|t u}}aD Q@yQ u=wva x@ Q=Pox}=tQU =OD@= "CU= xOW pL w |R=UpOt
Q=Okt x@ xHwD =@ wQ}B u=wva x@ =yxOvvmO}rwD TBU w OQm Oy=wN |Q=Pox}=tQU CmQW Qy

pL |=Q@ "Ovvm|t u}}aD u=tRsy CQwY x@ =Q OwN CqwYLt Ct}k xOW ?Um |x}=tQU
x@U=Lt =yxOvvmO}rwD |rO=aD |=yCt}k x@ \w@ Qt Q}O=kt Vv pO=aD ltm x@ =OD@= |R=@

Qy QO |Q=Pox}=tQU |xv}y@ Q=Okt nQ@rmDU= pO=aD w =y?=wH x@ xHwD =@ TBU &CU= xOW
"CU= xOt; CUO x@ |Q=Pox}=tQU R= TB =yCt}k w =[=kD w xOW x@U=Lt CmQW

layashahbazy@gmail.com
rasti@cc.iut.ac.ir

w Vv pO=aD '|Q=Pox}=tQU '|Q=PoCt}k 'u}t-=D |xQ}HvR %|O}rm u=oS=w
"|R=@ |x} Q_v 'nQ@rmDU=

xtOkt "1
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[14]"Ov=xOQm
CLD CmQW l} |Q=Pox}=tQU C=t}tYD xm CU= xOW xO=O u=Wv |WywSB QO
Q_v QO =Q CmQW wO u=Q=mty w wv=m [15]"OQ}o|t Q=Qk ?}kQ |=yCmQW Q=DiQ Q}F-=D
Ovv=wD|t |Q=Pox}=tQU s=Hv= R= TB lU} Q uwO@ w |a]k \}=QW QO xm Ov=xDiQo
|R=@ |x} Q_v ltm x@ xr=kt u}= "Ovvm CqwYLt O}rwD x@ s=Ok= w OvwW Q=R=@ OQ=w
l}Ov}B w C}UO [16]" CU= xOQm |UQQ@ |D@=kQ \}=QW QO =Q xr�Ut |xv}y@ MU=B
QO "Ov=xOQm |UQQ@ =Q Q=R=@ x@ OwQw R= V}B =yCmQW |Q=Pox}=tQU |}xr=kt QO R}v
[17]"OvwW Q=R=@ OQ=w Ovv=wD|t |Q=Pox}=tQU s=Hv= CQwY QO =yCmQW R}v xr=kt u}=
R= Ovv=wD|t CqwYLt O}rwD |=Q@ xm Ov=xDiQo Q_v QO =Q CmQW wO 'u=Q=mty w |y
w pwYLt ẁv l} =yvD O}rwD u=wD =yu}W=t R= |m} "Ovvm xO=iDU= u}W=t ẁv wO
|x} Q_v ltm x@ xr=kt u}= QO "Ovm|t O=H}= =Q pwYLt ẁv wO O}rwD u=mt= |Qo}O
pwYLt s=Om O} QN hQY =Q OwN |x}=tQU CmQW Qy xm OwW|t |Q}os}tYD |R=@
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|Q=Pox}=tQU QF= Q@ |O=YDk= OWQ =@ \@DQt Cq=kt QwQt x@ Q}iUtr= w GQitr=
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u}O@ &Ov=xDiQo Q_v QO =Q Q=Pox}=tQU OvJ =} wO |}=yVywSB u}vJty [21�20]"Ov=xOQm
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OQ=wt R= |Q=}U@ QO u}vJty "CU= Cw=iDt xDiQo CQwY xDWPo QO xm |}=yQ=m =@
uti=m p=Ft |=Q@ "CU= xOW ^=Lr |Q=Pox}=tQU CYQi uOw@ =QPo w u=tR |xr�Ut
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CUO R= =Q OwN Q=R=@ syU |OwR x@ QwmPt CmQW xm CU= XNWt 'OvyO |QDWt
Q=PoQ}F-=D pt=wa R= Qo}O |m} "OW Oy=wN hPL C@=kQ |xvLY R= w O=O Oy=wN
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"Ovv=UQ|t |QDWt CUO x@ |y@=Wt CqwYLt xOvvmO}rwD wO xm O} Q}o@ Q_v QO
ltm x@ xm O@=} CUO |O}OH |Qw=:vi x@ u=oOvvmO}rwD R= |m} Q=R=@ u}= QO Qo =
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x@ =Q l} Qy |xv}y@ MU=B w xDN=OQB |R=@ QO OwHwt pt=wa C=t}tYD |UQQ@ x@

"CU= xOQw; CUO

VywSB |xv}W}B "2
hrDNt |=yx@vH R= =Q Q=m w ?Um Q@ u; C=QF= w |Q=Pox}=tQU ẁ[wt u=QoWywSB
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u}vJty [4]"OQ=O |oDU@ u=tR=U u; QO xDiQo CQwY |xv=Qw=vi |Q=Pox}=tQU
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Q=Pox}=tQU I
=yQDt=Q=B

|O=a Cr=L QO CmQW Qy O}rwD |xv} Ry ci
|O=a Cr=L QO CmQW Qy |=[=kD Di

Q=Pox}=tQU |x}=tQU pm A
=[=kD `@=D ?}=Q[ �' �' �

"OQ}o |t jraD Q=Pox}=tQU x@ xm CmQW Qy OwU R= |@} Q[ �

O}OH sDU}U QO O}rwD |xv} Ry c0i
O}OH sDU}U QO =[=kD D0i

"OwW|t xDU=m O}rwD |xv} Ry R= xm ?} Q[ �

s}tYD |=yQ}eDt
xOW |Q=Pox}=tQU |x}=tQU OYQO x

Q=Pox}=tQU \UwD pw= CmQW QO
|O=a Cr=L QO CmQW Qy VwQi Ct}k pi

�Z=QkDU=� O}OH sDU}U QO VwQi Ct}k p0i
xDU@=w |=yQ}eDt

s= i |xOvvmO}rwD x@ \w@ Qt OwU `@=D �0fi
Z=QkDU= \}=QW QO

Q=Pox}=tQU OwU `@=D �I
s= i |xOvvmO}rwD x@ \w@ Qt OwU `@=D �fi

x}rw= \}=QW QO
pw= CmQW QO xOW |Q=Pox}=tQU dr@t s1
swO CmQW QO xOW |Q=Pox}=tQU dr@t s2

xr�Ut C=}[Qi "1"3
"CU= xOW xDiQo Q_v QO Q} R C=}[Qi pOt O=H}= |=Q@

1 ZQi
"CU= A Q=Okt =@ Q@=Q@ w C@=F Q=Pox}=tQU O}O R= |Q=Pox}=tQU pm Q=Okt

s1 + s2 = A (1)

2 ZQi
QO =} "Ovm |Q=Pox}=tQU CmQW wO R= |m} \ki =} wO Qy |wQ Ov=wD|t Q=Pox}=tQU

"Ovmv |Q=Pox}=tQU |LQ] I}y
"OvW=@|t 2 w 1 CmQW QO |Q=Pox}=tQU Q}O=kt ' s2 w s1

s1 = x�A (2)

s2 = (1� x)�A (3)

Q}O=kt CU= O=R; |Q=Pox}=tQU s=Hv= sOa =} s=Hv= QO Q=Pox}=tQU xm |}=Hu; R=
"CU= xOW xDiQo Q_v QO 4 |x]@=Q CQwY x@ =ys

s1 � 0; s2 � 0 (4)

u}vJty "CU= xOWv |UQQ@ pkDUt CQwY x@ wCU= xOw@ Q=R=@ R= |�RH Q=Pox}=tQU
QO "OvyO|t s=Hv= |Q=Pox}=tQU 'Q=R=@ x@ OwQw hOy =@ =yCmQW OQ=wt R= |Q=}U@ QO
=yCmQW 'C}r=ai ẁQW R= TB xm OQ}o|t Q_v QO xvwo u}= Q[=L VywSB xm |r=L
QO |Q=Pox}=tQU R= =DU=Q u}= QO w OvQ}o|t OwN C}r=ai K]U |=kDQ= x@ s}tYD
Q=R=@ x@ s}kDUt OwQw |=Q@ |k=}DW= Q=Pox}=tQU u}= xm "Ovvm|t xO=iDU= Q=R=@ GQ=N
=yCmQW Q=}DN= QO x}=tQU u=wva x@ =Q |er@t =yvD w OQ=Ov O}rwD Ov}=Qi QO Cm =QW w
u=wD|t p=Ft |=Q@ "OwW|t s}yU xOt; CUO x@ OwU QO u; |=R= QO w OyO|t Q=Qk
|O}OH O}rwD \N |R=Ov=x=Q =} OwN C=R}yHD |v=UQRwQx@ |=Q@ =yxv=NQ=m s}tYD x@
R= Q=m u}= |=Q@ R=}v OQwt |x}=tQU xm |}xvwo x@ "OQm xQ=W= OwHwt O}rwD \N Q=vm QO
|HQ=N Q=Pox}=tQU O=Qi= =} |YwYN VN@ p}@k R= Q=R=@ R= GQ=N QO |Q=Pox}=tQU
pY=L OwU QO Q=Pox}=tQU 'xOW |Q=Pox}=tQU dr@t uOv=OQoQ@ |=Q@ "OwW|t u}t-=D

"OwW|t s}yU O}rwD |xv} Ry Vy=m w CqwYLt |=kDQ= R=
wO u}= "CU= xOW xDiQo Q_v QO xOvvmO}rwD wO =@ |v}t-=D |xQ}HvR Qw_vt u}O@
w OvyO =kDQ= =Q OwN C=R}yHD '|Qw=:vi CiQW}B =@ u=tRsy OvDUy p}=t xOvvmO}rwD
pL |=Q@ "Ovvm xO=iDU= Q=R=@ R= GQ=N QO |}x}=tQU R= OwN |=yxv} Ry u}t-=D |=Q@
|Q=Pox}=tQU x@ s=Ok= =}; xm Ovm|t u}}aD |R=@ Q@yQ u=wva x@ Q=Pox}=tQU |R=@ u}=
OwN CqwYLt Ct}k xOW O=H}= \}=QW R= |wQ}B x@ =yCmQW TBU "Q}N =} Ovm|t

"CU= xOW |UQQ@ OvQDQ@ - nQ@rmDU= |R=@ l} `k=w QO "Ovvm|t u}}aD =Q

xr�Ut h} QaD "3
"CU= xOW xDiQo Q_v QO 'OvR=OQB|t u}Wv=H |q=m O}rwD x@ xm xOvvmO}rwD wO =@ |Q=R=@
xOvvmO}rwD wO u}= "Ovvm|t u}}aD =Q OwN Ct}k xv=o =OH CQwY x@ =yu; R= l} Qy
|O}rwD C=wO= R= w OvyO =kDQ= =Q OwN C=R}yHD |Qw=:viCiQW}B =@ u=tRsy OvDUy p}=t
u}t-=D |=Q@ Ovv=wD|t =yCmQW u}= "Ovvm xO=iDU= 'CU= xOW Q=R=@ OQ=w xm |O}OH
x@ s}kDUt OwQw |=Q@|r}=tD xm Ovvm xO=iDU= |Q=Pox}=tQU |x}=tQU R= OwN |=yxv} Ry
OwU x@ xm OQm Oy=wN |Q=Pox}=tQU x@ s=Ok=|DQwY QO Q=Pox}=tQU|iQ] R= "OQ=Ov Q=R=@
OwN |x}=tQU R= A XNWt dr@t '|Qw;OwU CQwY QO |w "O@=} CUO |rw@k p@=k
OwUV}=Ri= R= |QUm |Q=Pox}=tQU u}= |=R= QO w Ovm|t |Q=Pox}=tQU =yCmQW QO =Q
wO Qy |wQ Ov=wD|t w= "Ovm|tCi=} QO OwU u=wva x@ O}OH\}=QW QO =Q =yCmQW u}=
CmQW Qy "Ovm |Q=Pox}=tQU O}OH |Qw=:vi O} QN |=Q@ CmQW wO u}= R= |m} \ki =}
Ct}kCmQW Qy "CW=O Oy=wN |QDtm O}rwD |xv} Ry 'O@=}CUO Q_vOt |Qw=:vi x@ xm
?rH |=Q@ CmQW wO u}= xH}Dv QO "Ovm|t u}}aD pkDUt CQwY x@ =Q OwN pwYLt
"OyO|t u=Wv =Q |R=@ Q=DN=U 1 pmW "OvR=OQB|t C@=kQ x@ sy =@ Q=Pox}=tQU xHwD

"OvwW|t |iQat Q=DWwv u}= QO xOW xO=iDU= s�qa =OD@=

"xr�Ut Q=DN=U "1 pmW
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"""w
|Q=

PoC
t}k

|=Q@
|R=

@|
x}Q_

vOQ
m}wQ"OwW|t xOy=Wt 16 |x]@=Q QO R}v swO |xOvvmO}rwD |Qw;OwU \QW

p1 > ((�c2 + �p2 + (� � 1)(s2� � p02))�2

+(�(c2 � p2)p2 � (� � 1)c02p02 + (� � 1)p022 ):

+(� � 1)p01(s2� + c2 � p02)�1)=�(c2 � p2)�1 (16)

|R=UpOt "2"3
"CU= xOW xO=O u=Wv 17 |x]@=Q QO Q=Pox}=tQU x@ \w@ Qt OwU `@=D

�1 =
2X
i=1

�(�0fi � �fi) (17)

"O};|t CUO x@ 18 |x]@=Q R= =yxOvvmO}rwD R= l} Qy x@ \w@ Qt OwU `@=D
�0fi = (p0i � c0i)D0i � �
((p0i � c0i)D0i � (pi � ci)Di) i = 1; 2 (18)

"O};|t CUO x@ 19 |x]@=Q R= O}OH O}rwD |=yxv} Ry 17 |x]@=Q QO

c01 = (c1 � �Ax)

c02 = (c2 � �A(1� x)) (19)

xr�Ut pL "4
"OwW|t pL Q=Pox}=tQU OwQw R= TB w Q=Pox}=tQU OwQw R= p@k Cr=L wO |=Q@ |R=@
QO w x@U=Lt pt=wa |rO=aD OwU w =[=kD Q}O=kt '|rO=aD |=yCt}k CtUk Qy QO

OwW|t xU}=kt Qo}Om} =@ G}=Dv QN;

Q=Pox}=tQU OwQw R= p@k "1"4
OwW|t |UQQ@ 'OQ=Ov OwHw Q=Pox}=tQU xm |]}=QW |va} xr�Ut |x}rw= Cr=L =OD@=
OvDUy C}r=ai pweWt u; =@ Q[=L p=LQO =yCmQW xm Ct}k |x}rw= Q}O=kt w
u}}aD =Q Ct}k u=tRsy CQwY x@ CmQW wO xm|}=Hv; R= "OwW|t x@U=Lt (p1; p2)

"OwW|t x@U=Lt Vv pO=aD ltm x@ x}rw= Ct}k Q}O=kt 'Ovvm|t
w pw= |=yxOvvmO}rwD R= s=OmQy |=Q@ Vv pO=aD R= xOW pY=L Ct}k %1 x}[k

"CU= 21 w 20 \@=wQ Q@=Q@ ?}DQD x@ swO

p1 = 2(�1 + c1�1)�2 + (�2 + c2�2)�2
4�1�2 � �1�2

(20)

p2 = 2�1(�2 + c2�2) + (�1 + c1�1)�1
4�1�2 � �1�2

(21)

%C=@F=
|UQQ@ =@ =OD@= swO w pw= |xOvvmO}rwD |rO=aD |=yCt}k uOQw; CUO x@ |=Q@
O}=@ Qw_vt u}= |=Q@ "OvDUy Qakt OwU `@=wD xm CU= xOW xO=O u=Wv 'swO jDWt
\w@ Qt u}Uy T} QD=t "OW=@ |ivt u}at xt}v OwU `@=wD x@ \w@ Qt u}Uy T} QD=t
T} QD=t xm OwW|t xOy=Wt "CU= xOW x@U=Lt 23 w 22 \@=wQ QO =yxOvvmO}rwD x@

3ZQi
xO=iDU= x}=tQU R= xm CU= |DmQW OwU Q=Okt QO Cw=iD R= |@} Q[ Q=Pox}=tQU OwU
u}= |=Q@ 5 CQ=@a "OwW|t ji=wD pt=wa \UwD ?} Q[ u}= Q=Okt "CU= xOQm

"OwW|t xDiQo Q_v QO ?} Q[
0 � � � 1 (5)

4ZQi
"CU}v Q=Pox}=tQU xHwDt |}xv} Ry Qo}O 'CmQW QO |Q=Pox}=tQU R= TB

5 ZQi
Q=Okt =@ ?U=vDt |QDtm O}rwD |xv} Ry 'O@=} CUO Q_v Ot |Qw=:vi x@ xm CmQW Qy

"CW=O Oy=wN xOW |Q=Pox}=tQU
� > 0 (6)

6 ZQi
"CU= xOW xDiQo Q_v QO u} Ro}=H CQwY x@ CqwYLt

�1 > 0; �2 > 0 (7)

7 ZQi
xOW xDiQo Q_v QO Ct}k ?UL Q@ |a@=D w CU= |]N CQwY x@ Q=R=@ |=[=kD
"Ovm|t Q}}eD Ct}k x@ xHwD =@ =[=kD Q=R=@ u}= QO xm OwW|t ZQi xvwou}= "CU=
D1 = �1 � �1p1 + �2p2 (8)

D2 = �2 � �2p2 + �1p1 (9)

"OvwW|t ^=Lr R}v Q} R \wQW '=[=kD `@=wD x@ xHwD =@
�1 > 0; �2 > 0; �1 > 0; �2 > 0 (10)

pwYLt u=ty |=[=kD Q@ pwYLt Qy |Dt}k Q}F-=D uOw@ QDW}@ Qou=}@ 11 CQ=@a
"CU= ?}kQ Ct}k Q}F-=D x@ C@Uv

�1 > �1 w �2 > �2 (11)

|xOvvmO}rwD |=Q@ ?}DQD x@ R}v Q} R \wQW 'OQ}PB|t |D@Ft Q=Okt =[=kD xm|}=Hu; R=
"OwW|t xDiQo Q_v QO swO w pw=

�1 + p02�2 � 0 (12)

�2 + p01�1 � 0 (13)

8 ZQi
QDW}@ CqwYLt VwQi Ct}k 'OvDUy |Qw;OwU p=@vO x@ u=oOvvmO}rwD xm|}=Hu; R=

"CU= xOW xDiQo Q_v QO =yu; O}rwD |xv} Ry R=
p1 > ci ; p0i > c0i (14)

9 ZQi
15CQ=@a "OW=@ xDW=O|Qw;OwU O}=@ 'OW=@ |R=@ x@ OwQw x@p}=t xOvvmO}rwD xmu}= |=Q@

"Ovm|t |UQQ@ =Q pw= |xOvvmO}rwD |Qw;OwU \QW
p2 >

1
��c1�2 + �p1�2

(1� �)E1

+(c1�1 � �p1�1 � �c1p1�1 + �p21�1) (15)
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1 1
|xQ

=tW
'35

�1|
xQwO

'�1
39

8u
=DU@

=D�h
}QW

C}
Q}Ot

w`}
=vY

|U
Ovyt OwU `@=D xmu}= |=Q@ "OwW|t x@U=Lt u}Uy T} QD=t =OD@= OwU `@=D QakD |UQQ@

u}Uy T} QD=t "OW=@ u}at xt}v |ivt u; R= pY=L u}Uy T} QD=t O}=@ 'OW=@ Qakt
QO ,q@k \@=wQ u}= "CU= 23 w 22 \@=wQ CQwY x@ OwU `@=D u}= R= xOW pY=L

"Ov=xOW xO=iDU= 1 x}[k
d�021
d2p01

=

 2(�1 + �)�1 0
0 �2��1

!
(30)

d�022
d2p02

=

 2(�1 + �)�2 0
0 �2��2

!
(31)

u}at '=yxOvvmO}rwD OwU `@=D x@ \w@ Qt u}Uy T} QD=t xm OW C=@F= 1 x}[k QO
OwU |xv}W}@ uDi=} |=Q@ u}=Q@=v@ "CU= Qakt OwU `@=wD xH}Dv QO w OvDUy |ivt
pw= jDWt uO=O Q=Qk QiY =@ OwU `@=wD |=Q@ |rO=aD \=kv =yxOvvmO}rwD x@ \w@ Qt

"O};|t CUOx@ `@=wD
p01 = �1 + c01�1 + p02�2

2�1
(32)

p02 = �2c02 + p01�1 + �2
2�2

(33)

33 w 32 \@=wQ QO p01 w p02 Q}O=kt pw= jDWt x@ \w@ Qt \@=wQ u=tRsy pL =@
"OvwW|t pY=L 29 w 28 \@=wQ CqO=at x=oDUO pL R= TB w &OwW|t x@U=Lt

�"OwW|t C@=F 2 x}[k w x@U=Lt |rO=aD Ct}k Q}O=kt u}=Q@=v@
35 w 34 \@=wQ QO O}OH \}=QW QO xOvvmO}rwD Qy x@ \w@ Qt |rO=aD |=[=kD

"CU= xOW x@U=Lt

D01 = 2�1
�
�1 + c01�2 +

 
�2

+(s2� + c2)�2 + c01�1

!
�2
�

=4�1�2 � �1�2 (34)

D02 = �2
�
�1�1 + �1

 2�2 � 2(s2� + c2)�2
+(c01)�1

!
+ (s2� + c2)�1�2

�
=4�1�2 � �1�2 (35)

"CU= xOt;CUO x@ 37w36\@=wQ QO x} wv=F\}=QWQO =yxOvvmO}rwD x@\w@ QtOwU
�0F 1 = 1

(�4�1�2 + �1�2)2 = �1((2�1�2 � 2c01
�1�2 + (�2 + (s2� + c2)�2 + (c01)�1)�2)2

���(2s1�1�2 � (s2�2 + s1)�2)

(4�1�2 � 2(c01 + c1)�1�2+

(2�2 + (s2� + 2c2)�2 + (c01 + c1)�1)�2)) (36)

�0F 2 = 1
(�4�1�2 + �1�22)2 �2

((�1(�1 + (s2� + c2)�2 + �1E2)2

���(�1(2s2�2 + s1�1)� s2�1�2) �4�2�1 + �1(2(A(�1 + x)� + 2c2)�2 � (c01 + c1)�1)
��1(2�1 + (s2� + 2c2)�2)

!
)

(37)

u}at |ivt '0 � � < 1 xmu}= x@ Q_v w �i Q=Okt uOw@ C@Ft x@ xHwD =@ u}Uy
"OvQakt OwU `@=wD 'CU=

H(�0f1) =

 2(� � 1)�1 0
0 �2��1

!
(22)

H(�0f2) =

 2(� � 1)�2 0
0 �2��2

!
(23)

|=Q@ x}rw= Ct}k |rO=aD Q}O=kt 'Vv pO=aD w =yxOvvmO}rwD OwU `@=wD R= xO=iDU= =@
CUO x@ 21 w 20 \@=wQ CQwY x@ x]w@ Qt x=oDUO pL R= TB xOvvmO}rwD wO Qy

�"OwW|t C=@F= 1 x}[k w O};|t
|x}rw= Cr=L QO =[=kD Q=Okt 'xOW x@U=Lt |rO=aD Ct}k Q}O=kt x@ xHwD =@

"CU= xOy=Wt p@=k 25 w 24 |=yx]@=Q QO |R=@
D1 = �1(2(�1 � c1�1)�2 + (�2c2�2 + c1�1)�2)

4�1�2 � �1�2
(24)

D2 = �2(�1�1 + �1(2�2 � 2c2�2 + c1�1) + c2�1�2)
4�1�2 � �1�2

(25)

"CU= xOt; CUO x@ 27 w 26 |=yx]@=Q QO |rO=aD OwU Q}O=kt u}vJty

�F 1 = �1

 2(�1 � c1�1)�2
+(�2 + c2�2 + c1�1)�2)

!2�
(�4�1�2 + �1�2)2

(26)

�F 2 = �2(�1�1 + �1(2�2 � 2c2�2 + c1�1)

+c2�1�2)2=(�4�1�2 + �1�2)2 (27)

�OvQDQ@ - nQ@rmDU= |R=@� Q=Pox}=tQU OwQw "2"4
u}}aD OwN OwU `@=D x@ xHwD =@ =OD@= '|R=@ Q@yQ u=wva x@ '|R=@ x@ OwQw =@ Q=Pox}=tQU
=yCmQW TBU w Ovm |Q=Pox}=tQU CmQW Qy QO Q=Okt xJ CU= Q[=L xm Ovm|t
"OvR=OQB|t OwN pwYLt Ct}k u}}aD x@ OvQw;|t CUO x@ xm |er@t x@ xHwD =@
pL |=Q@ "Ovvm|t xv}W}@ =Q OwN OwU 'Q=Pox}=tQU R= |wQ}B x@ =yxOvvmO}rwD `k=w QO
|xr�Ut� s}vm|t xv}W}@ =Q =yxOvvmO}rwD OwU `@=D =OD@= 'nQ@rmDU= pO=aD j@] '|R=@
|xv}y@ Q=Okt =D s}vm|t |Q=Po}=H �Q@yQ� Q=Pox}=tQU `@=D QO =Q Q}O=kt TBU w �wQ}B
x@U=Lt x} wv=F |=yCt}k O}=@ =OD@= wQ}B |xr�Ut pL |=Q@ "O}=}@ CUO x@ Q=Pox}=tQU
xOvvmO}rwD wO Qy xm ?r]t u}= uDiQo Q_v QO =@ |rO=aD Q}O=kt |x@U=Lt |=Q@ "OwW
Vv pO=aD ltm x@ =yCt}k |rO=aD Q}O=kt 'Ovvm|t |Q}os}tYD u=tRsy CQwY x@

"OwW|t x@U=Lt
R= TB =yxOvvmO}rwD R= s=OmQy |=Q@ Vv pO=aD R= xOW pY=L Ct}k %2 x}[k

"CU= 29 w 28 \@=wQ Q@=Q@ ?}DQD x@ |Q=Pox}=tQU
p01 = 2(�1 + c01�1)�2 + (�2 + c02�2)�2

4�1�2 � �1�2
(28)

p02 = 2�1(�2 + c02�2) + (�1 + c01�1)�1
4�1�2 � �1�2

(29)

%C=@F=
=OD@= 'p01 w p02 O}OH \}=QW QO =yxOvvmO}rwD |xv}y@ Ct}k uOQw; CUO x@ |=Q@
|=Q@ "OvDUy Qakt x} wv=F Ct}k ?UL Q@ =yv; OwU `@=wD xm CU= xOW xO=O u=Wv
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"""w
|Q=

PoC
t}k

|=Q@
|R=

@|
x}Q_

vOQ
m}wQ'|Q=Pox}=tQU R= TB xH}Dv QO w CU= x}rw= \}=QW QO Ct}k R= QDtm O}OH \}=QW

"Ow@ Oy=wN x}rw= Cr=L R= V}@ =[=kD
p1 � p01 = A��2(2x�1 � (x� 1)�2)

4�1�2 � �1�2
(44)

(�1 >
�2
2 ; x >

�2
�2�1 + �2

)) (45)

%=[=kD x@ \w@ Qt C=Q}}eD
CUO x@ 25 w 24 \@=wQ QO |Q=Pox}=tQU R= p@k =yxOvvmO}rwD x@ \w@ Qt |=[=kD
35 w 34 \@=wQ QO R}v |Q=Pox}=tQU s=Hv= R= TB =[=kD |rO=aD Q}O=kt u}vJty "Ot;
46 |x]@=Q CQwY x@ Cr=L wO QO =[=kD Q}O=kt x@ \w@ Qt hqDN= "OW x@U=Lt

"CU=
D1 �D01 = 2(�1 � c01�1)�1�2+

(�2 + (s2� + c2)�2 � c01�1)�2�1

=4�1�2 � �1�2 (46)

QO =[=kD R= QDW}@ O}OH Cr=L QO =[=kD 'OW=@ xDW=O =Q 47 \QW �2 Qo =
"CU= x}rw= sDU}U

�2 < �2�1�2 + 2�1�2(c01)+

�2�2(A� � s1� � c2)� �1�2c01=�2 (47)

QO =[=kD hqDN= 'x@=Wt CQwY x@ R}v swO |xOvvmO}rwD |=[=kD OQwt QO
"CU= xOW x@U=Lt 48 |x]@=Q

D2 �D02 =
��2(�1(2s2�2 + s1�1)� s2�1�2)

4�1�2 � �1�2
(48)

QO `k=w QO "CU= |ivt xQ=wty '49 |x]@=Q QO xOW u=}@ \QW =@ 48 |x]@=Q
Cr=L R= QDW}@ |Q=Pox}=tQU R= TB swO |xOvvmO}rwD |=[=kD xQ=wty \}=QW u}=

"Ow@ Oy=wN x}rw=
x < �1�2 � 2�1�2

�1�2 � 2�1�2 � �1�1
(49)

CQwY x@ 'Ow@ xOW x@U=Lt |rO=aD OwU \@=wQ QO xm OwU Q}O=kt u}@ hqDN=
"CU= xOt; CUO x@ swO w pw= |xOvvmO}rwD |=Q@ ?}DQD x@ 51 w 50 \@=wQ

�0F 1 � �F 1 = �(A�(� � 1)�1

(2x�1�2 + ((x� 1)�2 � x�1)�2)

(2(2�1 + (s1� � 2c1)�1)�2+

(2�2 + (s2� + 2c2)�2 + (�s1� + 2c1)�1)�2))

=(�4�1�2 + �1�2)2 (50)

"CU= O}OH Cr=L QO OwU V}=Ri= Qou=}@ xm CU= C@Ft xQ=wty jwi CQ=@a
�0F 2 � �F 2 = A�(� � 1)�2

(�1(2(x� 1)�2 + x�1)� (x� 1)�1�2)

(2�1�1 + �1(4�2 � 2(s2�2c2)�2+

(�s1� + 2c1)�1) + (s2� + 2c2)�1�2)

=(�4�1�2 + �1�2)2 (51)

'CU= nQ@rmDU= ẁv R= Q=Pox}=tQU =@ =yxOvvmO}rwD u}@ C@=kQ xmu}= x@ xHwD =@
2 x}[k j@] =yxOvvmO}rwD R= xOt; CUO x@ |=yCt}k |xv}y@ pL |Q=Po}=H =@

"O};|t CUO x@ 38 |x]@=Q 'Q=Pox}=tQU OwU `@=D QO

�1 = �
�
� (�f2 + �f1) + �2F1 + �1F2

(�4�1�2 + �1�2)2

�
(38)

"CU= xOW xOQw; CUw}B QO F1 w F2 Q}O=kt
'\wQW |Q=QkQ@ CQwY QO w s} R=OQB|t Q=Pox}=tQU OwU `@=D QakD |UQQ@ x@ xt=O= QO
OwU `@=D swO jDWt Qw_vt u}O@ "OwW|t x@U=Lt u; x@ \w@ Qt OwU |xv}W}@ Q=Okt
x@U=Lt 39 |x]@=Q QO pw= CmQW QO |Q=Pox}=tQU OYQO ?UL Q@ Q=Pox}=tQU

"OwW Qakt OwU `@=D =D OW=@ |ivt O}=@ Q=Okt u}= "OwW|t
@2�I
@x2 = 2A2�2�(�21�2(4�1�2) + (2�2 + �1)2)+

2�1�2(2�1�2 � 2(�1 + �2)�1 � �21)�2+

(�1(�2 � �1)2 + �2�21)�22)=(�4�1�2 + �1�2)2 (39)

R= TB Q=Pox}=tQU OwU `@=D |=Q@ |i=m w sRq \}=QW uOw@ Q=QkQ@ ZQi =@
CQwY x@ Q=Pox}=tQU O}O R= pw= CmQW QO |rO=aD |Q=Pox}=tQU OYQO 'pOt pL

"O};|t CUO x@ 40 |x]@=Q
@2�I
@x2 = 0! x = �1�2F3 + �2F4�2 + F5�22

A�F6
(40)

"CU= xOt; CUw}B QO F6 =D F3 Q}O=kt
x@ =Q CmQW Qy QO xOW |Q=Pox}=tQU |rO=aD Q}O=kt u=wD|t 3 w 2 \@=wQ ltm x@

"OQw; CUO x@ Q} R CQwY

s1 = �1�2F3 + �2F4�2 + F5�22
�F6

(41)

s2 = A�F6 � (�1�2F3 + �2F4�2 + F5�22)
�F6

(42)

"Ow@ Oy=wN 42 |x]@=Q CQwY x@ Q=Pox}=tQU OwU Q=Okt u}vJty
�I = (�(I2 + I3 � 2�31�22I4�2 � �21�2

(I5 + I6 + I7)�22 + 2�1�2(Is + I9

�I10�42 � I11 + I12 + �1�2(I13)�22

+I14 + �1�1I15 + c1�1I16)) + 2�2�1

(�1�22I17 + 2�31�22((2�2 + �1)2

(2c2�2 � C1�1) + I18 + I19 + �21�2�2I20))=M (43)

"CU= xOW xOQw; CUw}B QO M w I20 =D I1 Q}O=kt

G}=Dv p}rLD "6
"OwW|t xDN=OQB xOt; CUO x@ G}=Dv p}rLD w |UQQ@ x@ CtUk u}= QO

xm Cio u=wD|t |Q=Pox}=tQU R= TB w p@k xOvvmO}rwD Ct}k uDiQo Q_v QO =@
QO Ct}k w OwW|t QHvt Ct}k Vy=m x@ |Q=Pox}=tQU OW=@ Q=QkQ@ Q} R \}=QW Qo =

16



1 1
|xQ

=tW
'35

�1|
xQwO

'�1
39

8u
=DU@

=D�h
}QW

C}
Q}Ot

w`}
=vY

|U
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x}=tQU dr@t pm QO Q}}eD �
x}=tQU pm u=R}t QO Q}}eD Q}F-=D CLD =Q |R=@ pt=wa OwU u=R}t QO Q}}eD '2 pmW
QO Q=Pox}=tQU xm |}x}=tQU u=R}t QO V}=Ri= '2 pmW x@ xHwD =@ "OyO|t u=Wv
QO Q}F-=D u}= COW "OW Oy=wN |R=@ pt=wa s=tD OwU V}=Ri= ?Hwt 'OQ=O Q_v

"CU=yxOvvmO}rwD OwU R= QDW}@ Q=Pox}=tQU OwU
=@ CqwYLt xm |}=yCt}k 'OW=@ QDW}@ x}=tQU pm u=R}t xJQy '3 pmW j@]
u=R}t |Dt}k QF= Cra x@ Vy=m u}= "O@=}|t Vy=m 'OvwW|t x[Qa Q=R=@ x@ =yv;

"CU= |O}rwD |=yxv} Ry Vy=m QO |Q=Pox}=tQU
?Hwt |Q=Pox}=tQU u=R}t V}=Ri= 'CU= xOy=Wt p@=k 4 pmW QO xm Qw] u=ty

"x}=tQU u=R}t ?UL Q@ |R=@ pt=wa OwU "2 pmW

"A C=Q}}eD ?UL Q@ Ct}k C=Q}}eD "3 pmW

"x}=tQU u=R}t QO Q}}eD ?UL Q@ =[=kD QO Q}}eD "4 pmW

O}OH Cr=L QO OwU V}=Ri= Qou=}@ xm CU= C@Ft xQ=wty R}v 51 |x]@=Q
"CU=

u=wD|t � w � |=yQDt=Q=B |=Q@ xOvvmO}rwD O}O R= |Dw=iD|@ \=kv x@ xHwD =@
"CiQo Q_v QO =Q Q} R u}}=B OwOL

� = ((�c1�1 + �p1(�1 + p2�2 + c1�1 � p1�1)

�c1p2�2� + (1 + �)(p01�1 + c1p01�1�
p021 �1 � c1p02�2 + p01p02�2)

=(� � 1)x(�1 � p01�1 + p02�2)) (52)

� = (p01 � c1)(�1 � p01�1 + p02�2)=

(p01 � p1)�1(�c1p1 + p21 + c1p01 � p021 )

�1 + �2(c1p2 � p1p2 � c1p02 + p01p02) (53)

C}U=UL p}rLD "7
?UL Q@ C}U=UL R}r=v; TBU w OwW|t |UQQ@ |OOa p=Ft =OD@= VN@ u}= QO

"OQ}o|t s=Hv= |OOa |=yxO=O

|OOa p=Ft "1"7
|wQ Q@ TBU "OwW|t xDN=OQB u; pL w |OOa p=Ft |UQQ@ x@ CtUk u}= QO
G=QNDU=|D} Q}OtG}=Dv w OQ}o|tCQwYC}U=ULp}rLD xr�UthrDNt|=yQDt=Q=B

"OwW|t
�1 = 20000;�2 = 20000; �1 = 8;�1 = 6; �2 = 7;�2 = 5;
c1 = 6000; c2 = 7000; � = 0=4; � = 0=0003;A = 40000000
R= pY=L |xOW x@U=Lt \@=wQ QO jwi |=yQDt=Q=B Q}O=kt |Q=Po}=H =@

"O};|t CUO x@ 1 pwOH 2 w 1 |=yx}[k

"xr�Ut pL x@ \w@ Qt G}=Dv "1 pwOH
�0 p0 p c0 si

2 0195 2248 35 64850 275 1 19083160 xOvvm O}rwD
�10^7 pw=

19066 2754 6 75600 724 95 20916840 xOvvm O}rwD
600 swO

� 1� x x Q=Po x}=tQU
2 072678 52 3 47 7
�10^7
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"=DrO u=R}t ?UL Q@ =[=kD "8 pmW

"OwU u=R}t |wQ Q@ w x}=tQU u=R}t u=tRsy Q}}eD "9 pmW

?} Q[ u}= xJQy '9 pmW j@] R}v Q=Pox}=tQU x@ |t}rUD OwU ?} Q[ OQwt QO
"O@=}|t Vy=m =yxOvvmO}rwD OwU 'OW=@ QDW}@

u}@ 0=5 < � < 0=6 =@ OwU O=R=t xm|Dr=L QO OwW|t xOy=Wt u}vJty
Q=Pox}=tQU "OQ}o|t Q=Qk xOwOLtl} QO O=Qi= |xty OwU 'OwW s}UkD |R=@u}iQ]

"pw= |xOvvmO}rwD CqwYLt O}rwD |xv} Ry |=R= x@ |R=@ pt=wa OwU "5 pmW

"swO |xOvvmO}rwD CqwYLt O}rwD |xv} Ry |=R= x@ |R=@ pt=wa OwU "6 pmW

R= TB Ct}k QO xm |Wy=m u=R}t =@ xH}Dv u}= "OW Oy=wN =[=kD u=R}t V}=Ri=
"OQ=O s}kDUt |x]@=Q 'O};|t OwHw x@ |Q=Pox}=tQU

O}rwD |xv} Ry QO Q}}eD �
pt=wa OwU 'OW=@ QDq=@ CqwYLt O}rwD |xv} Ry xJQy '6 w 5 pmW x@ xHwD =@
u} Q}=U x@ C@Uv |QDW}@ |Q}PB Q}F-=D Q=Pox}=tQU OwU u}vJty "Ow@ Oy=wN QDtm
pmW QO "OwW|tu}t-=D Cw=iDt\}=QW QO OwUCw=iD R= Q=Pox}=tQU OwU =Q} R "OQ=O
Q=Okt c1 =OD@= QO "CU= Q}}eD p=L QO pw= |xOvvmO}rwD O}rwD |xv} Ry QO Q}}eD '5
'c1 Q=OktV}=Ri= =@ "CU= QDW}@ pw= |xOvvmO}rwD OwU w OQ=O c2 x@C@Uv |QDtm
C=Q}}eD R}v 6 pmW QO "O@=}|tV}=Ri=?}kQ OwU wVy=m pw= |xOvvmO}rwD OwU
QO "CU= xOy=Wt p@=k 5 pmW x@=Wt OvwQ R}v Q=Owtv u}= QO &CU= Q_v Ot c2
"CU= xOW Q=Pox}=tQU OwU Vy=m ?Hwt O}rwD Ct}k V}=Ri= 'Q=Owtv wO Qy

Ct}k |Wy=m ?} Q[ QO Q}}eD �
OwU 'OW=@ QDW}@ O}rwD |=yxv} Ry |wQ |Qw=:vi Q}F-=D xJQy '7 pmW x@ xHwD =@
"CU= QDTwULt Q=Pox}=tQU OwU |wQ Q@ Q}F-=D u}= "Ow@ Oy=wN QDW}@ |R=@ pt=wa
u=R}t 'OW=@ QDW}@ O}rwD |xv} Ry |wQ |Q=Pox}=tQU Q}F-=D u=R}t xJQy u}vJty

"8 pmW Ow@ Oy=wN QDq=@ |Q=Pox}=tQU uDiQo s=Hv= =@ Q=R=@ |=[=kD
OQ}o|t jraD Q=Pox}=tQU x@ xm OwU R= |OYQO w x}=tQU pm dr@t QO Q}}eD Q}F-=D Qo =
QDW}@ xOvvmO}rwD OwU xm OwW|t xOy=Wt 's} Q}o@ Q_v QO u=tRsy CQwY x@ =Q
Q=Pox}=tQU OQwt QO C}U=UL u}= xmv}= ut[ "Ovm|t Q}}eD � u=R}t x@ xHwD =@
\UwD x}=tQU V}=Ri= xm OwW|t Ci=} QO ?r]t u}= u}vJty "CU= QDOwyWt

"OQ=O Q=Pox}=tQU OwN OwU |wQ Q@ |QDW}@ Q}F-=D Q=Pox}=tQU
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(33A2�2 + 8c21 � 66A�c2 + 8c22

+c1(34c2 � 66A�))�1�2 + 24c22�22)�21

I7 = 2(c1 � c2)�2(5c1�1 � 6c2�2)
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c2�1(2�2 + �1)2+

4�1�2(2(A� � c2)�2 + (2A� � c2)�1)

!

��21�2

0BB@ 24A��1�2�1(�2 + �1) + c2 8�1�22(�1 + �2)� 24�1�22�1
+2�2(�5�1 + 6�2)�21 + 8�2�31 + �41
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I13 = 9A��1�21(�2 + �1) + c2 8�21�2(��2 + �1) + 2�31(3�2 + �1)
+�1(2�2 � 3�1)�1(5�2 + �1)

!
I14 = ��32

 
A��1�31(�2 + �1) + c2�2

(�1(�2 � �1) + �21)(2�1(�2 � �1) + �21)

!
I15 = (�1(4�1�2 � �1(2�2 + �1))

+(2�1(�2 � �1) + �21)�2)(2�1�2(2�2 + �1)

�2�2(�1 + �1)�2 + (�1 � �2)�22)
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