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30Or=w |=yxQo pa(Ai(t)) R= Qw_vt w t |x_Lr QO Q}eDt u}t=i 'Ai(t) R= Qw_vt
x@ xm@W pm s-=wD `} RwD '|]QW Cq=tDL= QO u=tR uDiQo Q_v QO =@ u}=Q@=v@ "CU=

=@ CU= Q@=Q@ u=tR hrDNt Q}O=kt |=R=

P (u) =
TY
t=1

nY
i=1

P (Ai(t)jpa(Ai(t)) (2)

R= |Y=N Cr=L R= =} wB |R}@ |xm@W x@ =} wB |@=QN CNQO p}O@D |=Q@
xDUUo u=tR =@ =} wB |R}@ |xm@W u; x@ xm OwW|t xO=iDU= =} wB |R}@ |xm@W
OwW|t p}O@D =} wB |R}@ |xm@W x@ =} wB |@=QN CNQO xm |v=tR "OwW|t xDio
Qorta C}a[w u=tR R= x_Lr Qy QO xm OvwW x@U=Lt Cq=tDL= |k} Q] x@ O}=@
Q=Qk |D}a[w xJ QO Qorta t |x_Lr QO xm OW=@ XNWt |va} &OW=@ XNWt
VQ@ 2 =@ u=wD|t =Q xDUUo u=tR =@ |R}@ |xm@W "p=aiQ}e =} CU= p=ai 'OQ=O
|x_Lr QO =Q Q}eDt C}a[w pw= xQo =} Q}eDt xm |Qw]x@ CiQo Q_v QO |v=tR
u=Wv t + 1 |x_Lr QO =Q |r@k Q}eDt u=ty C}a[w swO Q}eDt w Ovm u=}@ t
x@ &OvwW|t pYDt Qo}Oty x@ |v=tR Q=OQ@ s=v x@ |Q=OQ@ =@ Q}eDt wO u}= "OyO
"Ovm|t Q}}eD �t Q=Okt x@ |R=Ht CQwYx@ pw= Q}eDt C}a[w Qo}O CQ=@a
xDUUo CQwYx@ xQo Qy |=Q@ Cq=tDL= C}a[w u=tR Q}}eD =@ Cr=L u}= QO
2 =@ =} wB |R}@ |xm@W '|R}@ |xm@W R= X=N ẁv u}= x@ "OwW|t XNWt
u=Wv B w A |=RH= |=Q@ =Q =} wB |R}@ |xm@W 1 pmW "OwW|t xDio |v=tR VQ@

"OyO|t
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D}a[
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|=y
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=v}t
]=C

}r@=k
|@=}

RQ=

"=}wB |R}@ |xm@W x@ sQo wQRQ Qorta p}O@D "4 pmW

|O=yvW}B pOt |R=UxO=t; "7
u=v}t]= C}r@=k |@=} RQ= QO sDU}U |ak=w \}=QW =D OwW|t VqD xr=kt u}= QO
|oDU@=w '|D}a[wOvJ |=RH= '|Q}PB Q}taD |=yxYNWt wQ u}= R= &OwW ^=Lr u;
xDiQo Q=Qk Q_v Ot u=v}t]= C}r@=k |@=} RQ= pOt QO |Q=Hiv= Cr=L w u=tR '=RH=
Cq=tDL= uOQw; CUO x@ |=Q@ |D}a[wOvJ sDU}U `} RwD `@=D |x@U=Lt "CU=
pwtat |Q=t; |=y`} RwD R= xO=iDU= =@ u=tR R= x_Lr Qy QO C}a[w Qy x@ \w@ Qt
|xQ}HvR R= xO=iDU= =@ =OD@= pw= |xrLQt QO wQu}= R= &CU}v Q}PBu=mt= |DL=Q x@
O=yvW}B |D}a[wOvJ <RH l} `} RwD `@=D |x@U=Lt TqBq p}O@D VwQ w hwmQ=t
|=Q@ p}Uv=Qi}O CqO=at TBU "OwW|t XNWt Q=Po Q=Owtv T} QD=t "OwW|t
CqO=at TqBq p}O@D |Q}oQ=mx@ =@ C}=yv QO "OvwW|t u}}aD hwmQ=t |xQ}HvR
VywSB swO |xrLQt QO "OvwW|t x@U=Lt |D}a[wOvJ <RH l} `} RwD `@=wD w pL
xm OvwW|t h} QaD |}xvwo x@ xDUUo u=tR =@ |R}@ |xm@W QO |]QW Cq=tDL=
|xYNWt w OvwW xDiQo Q_v QO |D}a[wOvJ <RH l} |=Q@ |Q}PB Q}taD \}=QW
swyit swU |xrLQt QO "OwW xJQ=Bm} u=v}t]= C}r@=k |@=} RQ= QO |Q}PB Q}taD
'CU= xr=kt u}= Q_v Ot xm Q}PB Q}taD |D}a[wOvJ |=ysDU}U QO |Q=W@; |@=QN
CNQO QO O}OH Qorta l} O=H}= =@ VywSB sQ=yJ |xrLQt QO "OwW|t x�=Q=
^=Lr sDU}U u=v}t]= C}r@=k |@=} RQ= QO xOW h} QaD |Q=W@; |@=QN '=} wB |@=QN

"OwW|t

=}wB |R}@ |xm@W QO |D}a[wOvJ |=RH= w |Q}PB Q}taD "1"7
hrDNt C}a[w xU QO xm OQ=O u=mt= u=tR R= x_Lr Qy QO |D}a[wOvJ |=RH=
sr=U Q_v OQwt <RH |v=tR "��0� ?=QN � �1� ?w}at � �2�sr=U� OvW=@ xDW=O Q=Qk
xDiQo Q_v QO ?=QN <RH |v=tR "OyO s=Hv= |@ wN x@ =Q OwN |xi}_w xm 'CU=
C}a[w "OyO s=Hv= =Q OwN |xi}_w Ov=wDv |DQ=@ax@ =} Ov=t@ R=@ Q=m R= xm OwW|t
OyO|tv s=Hv= |@ wN x@ =Q OwN xi}_w <RH xm OQ=O xQ=W= <RH R= |Dr=L x@ ?w}at
C}r@=k |@=} RQ= QO ?w}at C}a[w uOQm ^=Lr "Ovm|t Q=m umtt u=wD pk=OL =@ =}
?w}at C}a[w QO <RH Qo = OQ=wt |NQ@ QO "OQ=O |}xS} w C}ty= =RH= u=v}t]=
OwHw u=mt= u}= =} OwW|t s=Hv= |QDtm |xv} Ry =@ u; |Q}PB Q}taD OW=@ xDW=O Q=Qk
OQ=w sDU}U pm x@ =Q |Q}PB=vu=Q@H |=yCQ=UN ?w}at C}a[w QO <RH xm OQ=O
Ovv=O@ xm CU= syt Q=}U@ xr�Ut u}= sDU}U u=UOvyt w u=L=Q] |=Q@ 'u}=Q@=v@ &Ovm
|]}=QW xJ QO |r=tDL= xJ =@ u=tR R= x_Lr Qy QO sDU}U |D}a[wOvJ |=RH=

"OvQ=O Q=Qk

"=}wB |R}@ |xm@W x@ OR Qorta p}O@D "2 pmW

"=}wB |R}@ |xm@W x@ �|@=QN lQDWtCra Qorta�|oDU@=w Qorta p}O@D "3 pmW

|=yQorta xr=kt R=}v x@ xHwD =@ 34"(SP) wQRQ Qorta w 33 (PAND) C} wrw=
"OvwW|t xO=O KQW Q=YDN= x@ Q[=L VywSB =@ \@DQt

OR Qorta "1"6
Cr=L R= =} wB |R}@ |xm@W x@ =} wB |@=QN CNQO p}O@D |=Q@ OW xDio xm Qw]u=ty
<RH wO xm OwW|t ZQi "OwW|t xO=iDU= xDUUo u=tR =@ |R}@ |xm@W R= |Y=N
CNQO p}O@D CQwY u}= QO 'Ov=xDiQo Q=Qk Qo}Oty x@ C@Uv |QU CQwYx@ B w A

xOt; 2 pmW QO <RH wO u}= |=Q@ xDUUo u=tR =@ =} wB |R}@ |xm@W x@ =} wB |@=QN
"CU=

|oDU@=w Qorta "2"6
OvyO@ MQ wO Qy B w A |=yO=ONQ xm ODi=|t j=iD= |v=tR Qorta u}= |HwQN
|HwQN ODi=}@ j=iD= |}=yvD x@ T O=ONQ xm |DQwY QO "ODi=}@ j=iD= T O=ONQ =}
xDN=vW R}v |@=QN lQDWt Cra Qorta u=wvax@ Qorta u}= "Ovm|t pta 'Qorta
Cra Qorta |=Q@ =} wB |R}@ |xm@W x@ =Q =} wB |@=QN CNQO p}O@D 3 pmW "OwW|t

"OyO|t u=Wv |@=QN lQDWt

35 (WSP) sQo wQRQ Qorta "3"6
CQwYx@ <RH l} T=UL |=RH= =@ =ysDU}U R= |NQ@ |=Q@ OQ=wt R= |}xQ=B QO
'OwW|t A |D=}rta <RH u} Ro}=H B <RH |Dkw "OwW|t xDiQo Q_v QO �lO}� wQRQ
xO=t;� wQRQ C}a[w QO xm |v=tR =t= OwW|t A <RH |@=QN MQv Q@=Q@ u; |@=QN MQv
Qo}O CQ=@ax@ &CU= A <RH |@=QN MQv R= QDtm u; |@=QN MQv 'OQ=O Q=Qk �Q=m x@
sDU}U 'xvwRi= sDU}U u}= x@ "OwW|t CUmW Q=JO R}v wQRQ C}a[w QO B <RH
x@ =Q =} wB |@=QN CNQO QO sQo wQRQ Qorta p}O@D 4 pmW "OwW|t xDio sQo wQRQ

"OyO|t u=Wv =} wB |R}@ |xm@W
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1|

xQ=t
W'

35
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|xQ
wO'

�13
98

u=DU
@=D�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt hwmQ=t |xQ}HvR Q=Po nvy; T} QD=t x@ xHwD =@ R}v p}Uv=Qi}O CqO=at

dpk(t)
dt

= |U} QD=t ?Q[ ?ULQ@ CqO=at u}= "OvwW|t xDWwv �4 |x]@=Q�
"�5 |x]@=Q� CU= xOW xDWwv Pk(t):� k = 0; 1; 2

dP2(t)
dt

= ��wo!de:P1(t)

dP1(t)
dt

= �wo!de:P2(t)� �de!fa:P1(t)

dP0(t)
dt

= �de!fa:P1(t) (5)

CqO=at |=Q@ TqBq p}O@D 1R
0
e�stPk(t) dt k = 0; 1; 2 R= xO=iDU= =@

"CU= xOW xOQw; 6 |x]@=Q QO xm O};|t CUO x@ 5 |x]@=Q
P2(s) = 1

(s+ �wo!de)

P1(s) = �wo!de
(s+ �wo!de):(s+ �de!fa)

P (s) = �wo!de:�de!fa
s:(s+ �wo!de):(s+ �de!fa)

(6)

u=wva x@ s=Om Qy xm Ov};|t CUO x@ 7 CqO=at 'TqBq p}O@D Twmat uDiQo =@
CqO=at pL |=Q@ "OvwW|t xDN=vW |D}a[wOvJ <RH |=Q@ C}a[w Qy `} RwD `@=D

"CU= xOW xO=iDU= ?rDt Q=Ri=sQv R= TqBq p}O@D VwQ w p}Uv=Qi}O
P2(t) = exp(��wo!de:t)

P1(t) =

�wo!de: exp(��de!fa:t)
�wo!de � �de!fa � �wo!de: exp(��wo!de:t)

�wo!de � �de!fa
P0(t) =

�de!fa: exp(��wo!de:t)
�wo!de � �de!fa � �wo!de: exp(��de!fa:t)

�wo!de � �de!fa + 1
(7)

=}wB |R}@ |xm@W QO |]QW Cq=tDL= pwOH %swO |xrLQt "3"7
Q}PB Q}taD |D}a[wOvJ ?=RH= |=Q@

p=tDL= 9 =} wB |R}@ |xm@W QO Q}PB Q}taD |D}a[wOvJ <RH swO xQo |=Q@ ẁtHt QO
C}a[w 2 OOa =@ sr=U C}a[w |]QW p=tDL= pw=OH QO "CWwv O}=@ |]QW

"OvwW|t xO=O V}=tv 0 OOa =@ ?=QN C}a[w w 1 OOa =@ ?w}at
|x_Lr QO Q_v OQwt <RH xm Ovm|t u=}@ pw= |]QW p=tDL= %pw= |]QW p=tDL=
p=tDL= u}= "CU= xOw@ sr=U R}v t |x_Lr QO s}v=O@ xm |]QW x@ OW=@ sr=U t+ 1
x@ xHwD =@ "OW=@ xOWv ?w}at OQmQ=m Q=JO �t u=tR QO sDU}U xmu}= =@ CU= Q@=Q@

"CU= Q=QkQ@ Q} R |x]@=Q 's}=xDiQo Q_v QO |}=tv `} RwD =Q =RH= Qta `} RwD xm u}=
P (At+1 = 2jAt = 2) = exp(��wo!de:�t) (8)

|x_Lr QO <RH s}v=O@ Qo = xm Ovm|t u=}@ |]QW p=tDL= u}= %swO |]QW p=tDL=
QOkJ t+ 1 |x_Lr QO <RH ?w}at OQmQ=m p=tDL= CQwY u}= QO 'CU= sr=U t
xOW ?w}at C}a[w OQ=w �t u=tR QO xm Ovm|t Q=m ?w}at <RH |DQwY QO "CU=

"OW=@
P (At+1 = 1jAt = 2) = 1� exp(��wo!de:�t) (9)

|=RH= |=Q@ |atHD `} RwD `@=D |x@U=Lt %pw= |xrLQt "2"7
|D}a[wOvJ

xDiQo Q_v QO xQo wO sDU}U QO <RH Qy |=Q@ xDUUo u=tR =@ =} wB |R}@ |xm@W QO
QO =Q <RH u=ty C}a[w swO xQo w t |x_Lr QO =Q <RH C}a[w pw= xQo "OwW|t
x@ swO xQo |=Q@ |]QW Cq=tDL= Qo = CQwY u}= QO "OyO|t u=Wv t+ 1 |x_Lr
Cq=tDL= u=wD|t 'OvyO Q=Qk Q_v Ot R}v =Q <RH |Q}PB Q}taD xm OvwW h} QaD |}xvwo
u=tR =@ =} wB |R}@ |xm@W 5 pmW "OQm x@U=Lt t+ 1 |x_Lr QO =Q C}a[w Qy

"OyO|t u=Wv |D}a[wOvJ <RH l} |=Q@ =Q xDUUo
O}=@ <RH |@=QN MQv |=H x@ 'Ovm|t Q=m |D}a[wOvJ CQwYx@ |�RH xm |Dkw
XNWt ?=QN x@ ?w}at Cr=L R= w ?w}at x@ sr=U Cr=L R= u; C}a[w Q}}eD MQv
R= Oa@ Q_v OQwt <RH� OwW|t |Q=PoO=tv Q} R s�qa =@ =yC}a[w R= s=Om Qy "OW=@

"�CU= Q}taD p@=k uOW?=QN
�Awo!de A <RH |=Q@ ?w}at x@ sr=U Cr=L R= C}a[w Q}}eD MQv
�Ade!fa A <RH |=Q@ ?=QN Cr=L x@ ?w}at Cr=L R= C}a[w Q}}eD MQv
�A A <RH |Q}PB Q}taD MQv

(3)

R= xO=iDU= =@ |} wOwO |=RH= |=Q@ x}rw= Cq=tDL= 'OW xQ=W= QDV}B xm Qw]u=ty
|D}a[wOvJ |=RH= |=Q@ |rw "CU= x@U=Lt p@=k |r@k C=aq]= w |Q=t; |=y`} RwD
p=tDL= u=tR R= x_Lr Qy QO =Q} R &OQm xO=iDU= |Q=t; |=y`} RwD R= u=wD|tv |DL=Q x@
u=tR QPo =@ w CU= Cw=iDt 'OQ}o@ Q=Qk C}a[w Qy QO |D}a[wOvJ <RH xmu}=
|a@=wD u=wD|t TqBq p}O@D VwQ R= xO=iDU= =@ "Ovvm|t Q}}eD Cq=tDL= u}= R}v
XNWt u=tR R= x_Lr Qy QO =Q C}a[w Qy p=tDL= xm OQm O=H}= u=tR ?UL Q@
'sr=U Cq=L xm CU= <RH C}a[w Qou=}@ hwmQ=t Q}HvR QO xQo Qy Cq=L "Ovvm|t
A <RH |=Q@ =Q hwmQ=t |xQ}HvR Q=Owtv 6 pmW "OyO|t u=Wv =Q ?=QN w '?w}at

"OyO|t u=Wv

� =

2664��wo!de �wo!de 0
0 ��de!fa �de!fa
0 0 0

3775 (4)

"A <RH |=Q@ xDUUo u=tR =@ =}wB |R}@ |xm@W "5 pmW

"|D}a[w OvJ <RH l} |=Q@ hwmQ=t |xQ}HvR Q=Owtv "6 pmW
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D}a[

wOvJ
|=y

sDU
}Uu

=v}t
]=C

}r@=k
|@=}

RQ='sDU}U QO <RH l} ?w}at OQmQ=m =@ xm OQ=O OwHw p=tDL= u}= "CU}v xvwou}=
<RH l} |@=QN |DL =} O@=} Q=WDv= sDU}U |} wOwO |=RH= Qo}O QO ?w}at OQmQ=m
V}=Ri= sDU}U QO =Q ?w}at OQmQ=m p=tDL= \ki w OwWv sDU}U pm |@=QN Ea=@
O=H}= |D}a[wOvJ |=ysDU}U QO |Q=W@; |@=QN ẁv l} CQwY u}= QO 'OyO
OwW|t Ea=@ R}v Q}PB Q}taD |QU |=ysDU}U QO |Q=W@; |@=QN |iQ] R= "OwW|t
Q}F-=D =RH= |Q}PB Q}taD QO xr�Ut u}= "OvwW ?=QN u=tRsy CQwYx@ <RH OvJ =D
QO &OwW ?=QN R}v Qo}O <RH =D CU= xOW Ea=@ <RH l} |@=QN =Q} R "OQ=Po|t
'|Q=W@; |@=QN R= Qw_vt xr=kt u}= QO "OvQ=O R=}v Q}taD x@ <RH wO Qy CQwYu}=
|}xvwo x@ CU= Q}PB Q}taD |QU sDU}U l} |=RH= Qo}O QO ?w}at OQmQ=m VQDUo
=} ?w}at OQmQ=m =D OwW|t Ea=@ sDU}U QO Q}PB Q}taD <RH l} ?w}at OQmQ=m xm

"O@=} Q=WDv= sDU}U |=RH= Qo}O QO |@=QN

w =}wB |@=QN CNQO QO |Q=W@; |@=QN Qorta %sQ=yJ |xrLQt "5"7
=}wB |R}@ |xm@W x@ u; p}O@D

QO hrDNt |=RH= |=Q@ =Q |Q=W@; |@=QN u=wD|t =} wB |R}@ |=yxm@W R= xO=iDU= =@
<RH pkDUt C}a[w =Q A xQo Qo = "OQm XNWt =Q =RH= u}@ |x]@=Q w CiQo Q_v
<RH ?w}at OQmQ=m w OW=@ B <RH pkDUt C}a[w B xQo w s} Q}o@ Q_v QO A
=D CU= G=}DL= Cr=L u}= QO 'OwW@ R}v B <RH |@=QN =} ?w}at OQmQ=m Ea=@ A
|}=yQorta R= l} I}y "OwW p}O@D xDUUo u=tR |R}@ |xm@W x@ =} wB |@=QNCNQO
=Q |Q=W@; |@=QN C}a[w uOQm pOt |}=v=wD 'OvQ=O OwHw =} wB |@=QN CNQO QO xm
|@=QN CNQO QO Qorta l} =OD@= Qw_vt u}O@ &OvQ=Ov 'CU= B w A |=RH= u}@ xm
Q=m u}= =@ "OyO u=Wv Qo}Oty x@ C@Uv =Q =RH= |Q=W@; |@=QN =D s}vm|t O=H}= =} wB
R= 'Q}PB Q}taD w |D}a[wOvJ |=ysDU}U QO |Q=W@; |@=QN uDiQo Q_v QO Q@xwqa
Qorta R= |}=tv 7 pmW "OwW|t |Q}owrH |R}@ |xm@W QO |Q=Hiv= Cr=L O=ONQ
|xm@W QO "OyO|t u=Wv =Q =} wB |R}@ |xm@W x@ u; p}O@D w xr=kt u}= QO |O=yvW}B
=RH= |=Q@ =Q x}rw= |=yC}a[w B(t) w A(t) |=yxQo 7 pmW QO xOW O=H}= |R}@
=@ =Q B w A |=RH= C}a[w ?}DQD x@ Bt+1 w At+1 |=yxQo "Ovvm|t XNWt
|@=QN C}a[w R}v Cascade xQo "Ovvm|t XNWt =yu; uOw@ Q}PB Q}taD x@ xHwD
CQwYx@ xQo u}= |=Q@ |]QW Cq=tDL= w OyO|t u=Wv B <RH QO =Q |Q=W@;
xm OyO|t u=Wv =Q `k=wt R= |OYQO � pwOH u}= QO "OvwW|t h} QaD 2 pwOH
R= OYQO 1 � � xH}Dv QO "OwW|t B <RH |@=QN Ea=@ A <RH ?w}at OQmQ=m
QO ?w}at OQmQ=m VQDUo Ea=@ A <RH ?w}at OQmQ=m xm OyO|t u=Wv =Q `k=wt
A <RH ?w}at OQmQ=m CQwY u}= QO OW=@ QiY =@ Q@=Q@ � Q=Okt Qo = "OwW|t B <RH
"OyO|tv VQDUo sDU}U QO =Q |@=QN w OwW|t B <RH ?w}at OQmQ=m Ea=@ \ki

"xDUUo u=tR =@ =}wB |R}@ |xm@W x@ |Q=W@; |@=QN Qorta p}O@D "7 pmW

|]QW x@ OW=@ ?=QN t+ 1 |x_Lr QO <RH xmu}= p=tDL= %swU |]QW p=tDL=
C}a[w OQ=w =OD@= <RH =Q} R &CU= QiY Q@=Q@ 'CU= xOw@ sr=U t |x_Lr QO xm

"CU= p=Lt xak=w u}= O=ONQ TB "OOQo|t ?=QN TBU OwW|t ?w}at
P (At+1 = 0jAt = 2) = 0 (10)

QO <RH xm |v=tR 'Q_v OQwt <RH sr=U OQmQ=m p=tDL= %sQ=yJ |]QW p=tDL=
Q@=Q@ 'CU= xOw@ ?w}at t |x_Lr QO s}v=O@ xm |]QW x@ OW=@ sr=U t+ 1 |x_Lr
umttQ}e sr=U C}a[w x@ �t u=tR QO sDU}U |v=yo =v Q}}eD uwJ "CU= QiY

"�CU}v Q}taD p@=k ?w}at C}a[w QO sDU}U� CU=
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