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sD} Qwor= l} R= |@}mQD OQm} wQ l} |x�=Q= =@ xm CU= xOW |aU xr=kt u}= QO "OwW|t

pOt |HvUQ=@Da= Qw_vtx@ "OwW xO=O Ow@y@ xOWx�=Q= pL VwQ '|Q=mD@= VwQ w |Q=mD@==Qi
O}rwD |OOa p=Ft |O=OaD R= pY=L C=@U=Lt G}=Dv 'xr�Ut pL |=Q@ |O=yvW}B OQm} wQ w

"OwW|t xO=O u=Wv xOW

mfakhrzad@yazd.ac.ir
eghasemi@stu.yazd.ac.ir

Ow}k '|iO=YD |R} Qxt=vQ@ 'u=QL@ C} Q}Ot 'uwN u}t-=D |xQ}HvR %|O}rm u=oS=w
"l}DvS sD} Qwor= 'X}YND � |@=}u=mt '|r=tDL=

xtOkt "1
p=kDv= x@ C=}L |xt=O= |=Q@ =yO=Sv s=tD w u}vU |xty R= u}tR |xQm u=vm =U
QO u; hQYt x@ u=wD|t uwN OOaDt hQYt OQ=wt xrtH R= "OQ=O R=}v uwN
'�"""w R=@ ?rk |L=QH 'u=t}=R '=[a= Ovw}B 'u=O=Rwv |L=QH� |L=QH |=ypta
xQ=W= |R}r=}O u=Q=t}@ w |r}iwty '|tUq=D u=Q=t}@ '|v=tQO|t}W '|oDNwU u=tQO

"OQm
w |Qw;`tH wQ u}= R= w CU= QW@ |=Q@ X=N |=y|v=Qov R= uwN C} Q}Ot
OvtR=}v 'CU= KQ]t uwN u}t-=D |xQ}HvR C} Q}Ot ?r=k QO xm 'uwN `} RwD C} Q}Ot
|xQ}HvR =@ xQ}HvR u}= OW u=}@ xm Qw]u=ty =Q} R "CU= j}kO |R} Qxt=vQ@ w C} Q}Ot
|a]kQ}e w s_vt=v ,=D@Uv uwN |x[Qa xm =QJ &CU= Cw=iDt |O=a |q=m u}t-=D
CqwYLt 'Qo}O hQ] R= "CU= |a]kQ}e pwYLt u}= |=Q@ R}v =[=kD w CU=
"CU= pwYL p@=k pt=m uwN R= xv=o =OH |=yOQ@ Q=m whrDNt |=y|oS} w =@ Cw=iDt
w 'CmqB 'RtQk |=ypw@ro 'pt=m uwN x@ u=wD|t CqwYLt u} QDOQ@ Q=mQB xrtH R=
X=N \}=QW w Cw=iDt Qta pw] |=Q=O CqwYLt u}= R= l} Qy "OQm xQ=W= =tUqB
u}t-=D |xQ}HvR |L=Q] |=y|oO}J}B Q@ R}v xr�Ut u}= u}=Q@=v@ [6]&OvDUy |Q=Oxov
j}kO w pt=m C=aq]= x@ |UQDUO xm u=QL@ \}=QW QO "O}=Ri=|t ?U=vt uwN

"OwW|t QDsyt xr�Ut u}= 'CU}v Q}PBu=mt= |Q}os}tYD Qw_vtx@
'OvOwOLt Qta |=Q=O w OvDUy R}v|vOWOU=i uwN CqwYLt 'OQ=wtu}= Q@xwqa

EO=wL =} |RwUVD; 'p}U 'xrRrR xrtH R= |a}@] EO=wL R= sa= x@kQDtQ}e E=OwL
|]}=QW u}vJ QO [1]"OQ=O =yu=Uv= CtqU w |oOvR Q@ |O=} R C=QF= '|DU} QwQD
|U=U= CqmWt =@ xO}O?}U; O=Qi= |QwQ[ |=yq=m u}t-=D w |v=UQltm u=mt=
|R=UpOt |=Q@ xOW s=Hv= C=k}kLD QO |U=U= C=aw[wt R= |m} "OwW|t xH=wt
CU= u; |=yxOQw;Qi w uwN u}t-=D |xQ}HvR |R=UpOt pt=W 'u=QL@ QO |v=UQltm

[3w2]"CU=} wB w |iO=YD C}y=t |=Q=O COW x@ xm
'OwW|t O}rwD u=Uv= OwN |xr}Uw x@ \ki xm CU= |}q=m 'u=Uv= uwN
|@U=vt u} Ro}=H Rwvy '|mWRB |xRwL QO xHwD p@=k |=yCiQW}B OwHw=@ xRwQt=
R=}v OQwt |i=m w sr=U uwN u}t-=D [4]"CU= xOWv xDi=} |D=}L |q=m u}= |=Q@
sDU}U xm CU= |Wr=J |v=QL@ w |O=a \}=QW QO u; C} Q}Ot w =yu=DUQ=t}@
|=yxOQw;Qi w uwN u=oOvvm =Oy= x@ R=}v "CU= xH=wt u; =@ xW}ty =yCrwO CtqU
u=oOvvm =Oy= |wU R= u; |x[Qa xm|r=LQO 'CW=O Oy=wN OwHw xW}ty u;
u=QL@ \}=QW QO xS} w x@ |vwN |=yxOQw;Qi |=Q@ =[=kD w s_vt=v |OwOL =D
|oOvR pw] QO Qiv l} 'Qiv xU Qy R= u}ov=}t Qw]x@ [5]"CU= |iO=YD ?re=
R= Qiv l} x}v=F Qy QO w Ovm|t =O}B |vwN |=yxOQw;Qi w uwN j} QRD x@ G=}DL=

pw�Ut xOvU} wv �
"1396 10 5 VQ}PB '1396 9 28 x}LqY= '1395 10 14 Ci=} QO %M} Q=D

DOI:10.24200/J65.2019.7024.1681



"""|
L]U

�Q=
yJ

|iO
=YD

pOt
l}

|x�
=Q=u}t-=D |Ov@u=tR QO =Q |OwHwt C} Q}Ot [11];wm =O '2008 |xrRrR T=U= Q@ "OvOQm

|=yx@vH Q@ x}mD =@ [13]u=Q=mty w |rovJ w [12]u=Q=mty w u=} w=y "OQm |UQQ@ uwN
|=Q@ |WwQ 'u=QL@ s=ovy QO uwN |D}vt= Xk=wv w =y|DU=m x@ xQ=W= =@ '|rta
u}= QO |i}m |=yx@vH x@ =yvD Cq=kt u}= =t= "OvO=O x�=Q= u=QL@ \}=QW QO uwN u}t-=D
uwN u}t-=D |xr�Ut |[=} Q |R=UpOt x@ xm |D=ar=]t xrtHR= "Ov=xDN=OQB xRwL
xQ=W= [15]u=Q=mty w uW w [14]u=Q=mty w u}mU=O Cq=kt x@ u=wD|t Ov=xDN=OQB
uwN |OwHwt � |@=}u=mt xr�Ut |=Q@ |]NQ}e |R} Qxt=vQ@ |=ypOt =yu; "OQm
u=mt w O=OaD u=tRsy u}}aD =yu; pOt hOy "Ov=xO=O x�=Q= =Q |}xQwOlD CQwYx@
l} [16]"u=Q=mty w u}y=W "CU=yu; R= l} Qy |OwHwt K]U R}v w `} RwD Rm =Qt
|xm@W l} QO =Q uwN |yOCtON |=Q@ X}YND � |@=}u=mt |}xQwOlD pOt
Q=}U Cq}yUD w 'uwN |=yx=oDU}= '|}xk]vt uwN Rm =Qt %R= pmWDt |@D=QtxrUrU
x@ xHwD =@ uwN CmqB |OwHwt C} Q}Ot |UQQ@ x@ [17]u=Q=mty w wR "OvO=O x�=Q=
=} wB |R} Qxt=vQ@ R= xO=iDU= =@ =Q OwN pOt =yv; "OvDN=OQB u; |xRwQxU Qta pw]
u}t-=D |=Q@ =Q X}YND � |@=}u=mt pOt l} [1]nv=wy w =W "OvOQm |Ov@pwtQi
Sv=Qo q |R=UO=R; Q@|vD@t |Q=mD@= OQm} wQ l} w OvO=O x�=Q= |Q=Q][= \}=QW QO uwN
u=wvax@ u}J QO |OQwt |xar=]t x@ =yu; "OvOQm O=yvW}B pL VwQ u=wvax@ =Q
=Q xUv=Qi QO uwN |Qw;`tH |xr�Ut [18]u=Q=mty w wUvir; "OvDN=OQB p=Ft l}
"OvOQm |UQQ@ uwN |Qw;`tH Q=}U w C@=F |=yx=o}=B Q=QkDU= |xv} Ry x@ xHwD =@
|}xQwOOvJX}YND � |@=}u=mt |=Q@ xiOywO pOtl} [19]|Q}t= |oQR@ w |v=Q;=iw
R}v w =yxv} Ry |R=Uxv}tm =yv; hOy "OvO=O x�=Q= uwN |Qw;`tH Cq}yUD |=Q@
C}OwOLt � " VwQ R= =yv; "Ow@ xOW xDiQo Q_v QO u}t-=D |xm@W QO uwN Ow@tm
l} [20]u=Q=mty w xO=RQ=@H "OvOQm xO=iDU= |O=yvW}B pOt uOQmxiOylD |=Q@
=yu; "OvO=O x�=Q= u=QL@ \}=QW QO uwN u}t-=D |=Q@ =Q =} wB u}t-=D |xQ}HvR |xm@W
X}YND � |@=}u=mt OQwt QO |Q}os}tYD |=Q@ xm@W Q=wDU= |L=Q] pOt l}
|]NQ}e \rDNt K}LY OOa pOt l} "OvO=O x�=Q= u=QL@ R= TB |}xQwOOvJ
Cq}yUD |@=}u=mt =yu; "OW x�=Q= [21]u=Q=mty w |Q}y_ \UwD Q=wDU= |iO=YD
w u=wQ; "OvOQm |R=Uxv}y@ OwN pOt QO =Q Kw]U u=}t CqO=@D |xwLv R}v w
pmWDt u}t-=D |xQ}HvR QO uwN |=ylv=@ u=mt u}}aD |=Q@ =Q |rOt [8]u=Q=mty
\=kv w uwN |=ylv=@ 'uwN |Qw;Qi |=yx=oW}=tR; 'uwN |=Oy= |=ypLt R=
x�=Q= |vwN CqwYLt `=wv= u}t-=D |=Q@ xiOywO pOt l} =yu; "OvOQm x�=Q= =[=kD

"OvO=O
u=wD|t 'u=QL@\}=QW QO uwN u}t-=D |xRwL QO xOWs=Hv= C=ar=]t u} QDxR=D QO
|v}UL w |e=QJ "OQm xQ=W= [23]|kv=yW w |vwO} Qi w [22]jr]t |v}UL w |e=QJ x@
uwN u}t-=D |=Q@ =Q |iO=YD � |R=i K}LY OOa |R} Qxt=vQ@ pOt l} [22]jr]t
|R} Qxt=vQ@ OQm} wQ R= 'C}a]k sOa V}=tv |=Q@ =yu; "OvO=O x�=Q= u=QL@ \}=QW QO
QO uwN u}t-=D '|OQwt |xar=]t QO w OvOQm xO=iDU= |Uv=W |=yC}OwOLt w |R=i
|R=Uxv}y@ OQm} wQ R= [23]|kv=yW w |vwO} Qi "OvOQm |UQQ@ =Q u=QyD QO xrRrR \}=QW
|Diyv "OvOQ@ xQy@ u=QL@ \}=QW QO uwN u}t-=D C}a]k sOa |R=UpOt |=Q@ Q=wDU=
=yu; "OvO=O x�=Q= u=QL@ QO |v=UQuwN |=Q@ =Q xiOywO pOt l} [24]u=Q=mty w xvym

"OvOQm xO=iDU= =yxO=O QO C}a]k sOa u=}@ |=Q@ |R=i O=Oa= R=
|O=OaD QO R}v |v=QL@ Q}e \}=QW QO uwN u}t-=D |xQ}HvR QO C}a]k sOa
|=v@t Q@ xiOywO pOt l} [25]|}=wW}B w |Q}y_ "CU= xOW |UQQ@ C=ar=]t R=
=yv; "OvO=O x�=Q= uwN |=[=kD QOC}a]k sOa =@ xyH=wt |=Q@ |R=i|v=mt= |R} Qxt=vQ@
[26]'u=Q=mty w ur}O "OvOQm ^=Lr OwN pOt QO R}v =Q |vwN |=yxwQo Cw=iD u}vJty
RtQk |=ypw@ro |OwHwt C} Q}Ot |=Q@ =Q |}xrLQtwO |iO=YD |R} Qxt=vQ@ pOt l}

?Hwt Qt= u}= "O}=Ri=|t ?U=vt |=y|R} Qxt=vQ@ s=Hv= |oO}J}B Q@ OwN u}= xm
xat=H |=Q@ q=@ |=yxv} Ry x@ QHvt u; Ow@tm w OwW|t ẁ[wt uOW QDxO}J}B
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OQsikt)
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tX

t0=t�Tp
IBskt0 8k 2 K; 8t; t0 2 T; 8s 2 S (22)

QRHs
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) �QRP spr(t�Tprocess) +

tX
t0=t�Tp

IRsprt0

8p 2 P; 8r 2 R; 8t 2 T; 8s 2 S (23)

QHHs
phh0t � (1� 
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X
r2R

QRHs
prht) +

tX
t0=t�Tp

IHs
pht0
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X
k2K

QBHs
kht+

X
r2R

QRHs1rht)
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tX

t0=t�T1
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p2P

X
r2R

QRP sprt � (1� 
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X
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X
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r2R
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X
k2K

X
r2R
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)�(X
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X
j2J

OBsijkt+(1��)
X
i2I
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�X
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QBHs
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�X
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X
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ph0ht � dspht) � �
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IRsprt � crpr 8s 2 S; 8t 2 T; 8r 2 R (33)

IHs
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+
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+
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+
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X
k2K

X
t2T

hbsktIB
s
kt +
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X
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QRsijkt �MY sijt 8i 2 I; 8j 2 J; 8k 2 K;
8t 2 T; 8s 2 S (15)

OQsikt �MUsikt 8i 2 I; 8k 2 K; 8t 2 T; 8s 2 S (16)
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ẁtHt 5 |x]@=Q "OyO|t u=Wv =Q |}xk]vt Rm =Qt QO hrDNt |vwN CqwYLt
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p}yUD l} |xv}W}@ pLt Qy QO xm Ovm|t XNWt 9 C}OwOLt "Ovm|tv Rw=HD
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uwN |Qw;`tH xm Ovvm|t u}t[D 15 w 14 |=yC}OwOLt "Ovm|t u=}@ =Q Q=}U
xOW xO=O X=YDN= u; x@ xOvvm =Oy= xwQo l} pk=OL xm |Q=}U Cq}yUD R=
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u=QL@ \}=QW QO Q=}U Cq}yUD |@=} Q}Ut w pkvwptL |xwLv xHwD =@ =Q xOWx�=Q=
VQDUo 'OvW=@ pqDN= Q=JO Rm =Qt R= s=Om Qy =} |]=@DQ= |=yx=Q CU= umtt xm

"O=O

xm CU= u; |=} wo G}=Dv "OyO|t u=Wv =Q � Q}O=kt T=U= Q@ |OOa |=yp=Ft |=Q@
|=yOQm} wQ R= xO=iDU= VRQ= '�=[=kD u}t-=D R= u=v}t]= K]U� � QDq=@ Q}O=kt QO

"CU= C}ty= R�=L |iO=YD |R} Qxt=vQ@

=yO=yvW}B w |Q}oxH}Dv "6
xO=O xaUwD |vwN |=yxOQw;Qi u}t-=D |xQ}HvR |R=Uxv}y@ pOt l} xr=kt u}= QO
xO=O VQDUo [29]u=Q=mty w =}vs}yi \UwD xOWx�=Q= pOt 'Q[=L |xar=]t QO "OW
"OW QD?U=vt |ak=w p�=Ut QO OQ@ Q=m |=Q@ pOt |D=[wQit uOQmxi=[= =@ w OW

'u=oOvvm =Oy= R= pmWDt |L]U � Q=yJ u}t-=D |xQ}HvR l} 'xar=]t u}= QO
OW ZQi "OW |UQQ@ =yu=DUQ=t}@ w Q=}U Cq}yUD '|}xk]vt Rm =Qt '|rLt Rm =Qt
R}v =yu=DUQ=t}@ Q}=U j} Q] R= u}t-=D p@=k swRr CQwYQO =yu=DUQ=t}@ |=[=kD xm
x@ uwN R= |OYQO hrDNt pL=Qt QO xv=v}@`k=w pOt l} |L=Q] Qw_vtx@ "OW=@
"OW hPL p=kDv= w u}t-=D |xNQJ R= ?U=vt=v pkvwptL =} O=Ui xrtH R= |r}qO
|xv}W}@ u}t-=D x@ xHwD =@ xQ}HvR |=yxv} Ry |xty uOQmxv}tm xOWx�=Q= pOt hOy

CWwv=B
1. value of the stochastic solution
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