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\rDNt K}LY OOa |R} Qxt=vQ@ ẁv R= |rOt 1995 p=U QO Vv=Q=mty w RvDQ;
x}rw= O=wt w q=m Qw@a u=tR |xNQJ w x[Qa |xQ}HvR pm |xv} Ry uOQm xv}tm |=Q@
|rOt 1998 p=U QO u=tQ=}=H w pwmQ}B [12]"OvOQm x�=Q= x[Qa |xQ}HvR u=}t R=
C@=F |=yxv} Ry uOQm xv}tm hOy =@ l} w QiY \rDNt |R} Qxt=vQ@ ẁv R= xJQ=Bm}
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'CU= xt} QH VwQ l} xm |@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ |HvUQ=@Da=
|}xawtHt =@ =Q OwOLt |R=Uxv}y@ |xr�Ut l} xt} QH VwQ "CU= xOW xO=iDU=
`@=D '\QW l} uOwRi= =@ O}k uwO@ p�=Ut "Ovm|t u} Ro}=H O}k uwO@ p�=Ut R=
w O}k Zkv R= |v=R}t w xt} QH QDt=Q=B l} R= pmWDt xm OvQw;|t OwHw x@ |iOy
QiY hr=Nt Zkv u=R}t 'OvwW Zkv =yxOwOLt xm |v=tR "OvDUy =yC}OwOLt
C=ar=]t R= |Q=}U@ QO "CU= QiY =@ Q@=Q@ 'OvwWv Zkv =yxOwOLt xm |v=tR w
QO u=Q=mty w =Q=R=@ Q}_v xDUw}B |]NQ}e |R} Qxt=vQ@ p�=Ut |xv}tR QO xOW s=Hv=
QO u=Q=mty w |wJ w [53]2017 p=U QO pqH|O=@a w xO=R|rk [52]'2014 p=U
|@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ xm CU= xOW xO=O u=Wv [54]2016 p=U
"OQw;|t CUO x@ |y=Dwm u=tR COt QO =Q xv}y@ x@ l}ORv =} xv}y@ ?=wH ,qwtat
?OLt p�=Ut |=Q@ |@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ xm CU= xHwD p@=k
QO xar=]t u}= QO 'wQu}=R= [52]"OQ=O |yHwD p@=k |}=Qosy CaQU w CU=Q=m Q=}U@
|O=yvW}B pOt xm CU= xOW C@=F hOy `@=D swO xHQO sQi R= xO=iDU= =@ =OD@=
=@ |O=yvW}B |xr�Ut TBU &CU= ?OLt |]NQ}e |R} Qxt=vQ@ |xr�Ut l}
xOW pL |@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ R= xO=iDU= =@ ZQiV}B u}=

"CU=

`} RwD - O}rwD |xr�Ut "3
u=oOvvm`} RwD wu=oOvvmO}rwDK]UwOpt=W xDUw}B|]NQ}e|R} Qxt=vQ@l} xr�Utu}=

%OvQ} R Q=Qk x@ xr�Ut s}tYD |=yQ}eDt w =yQDt=Q=B '=yxawtHt "CU=
=yxawtHt

&(i = 1; 2; : : : ; n) u=oOvvm O}rwD |xawtHt %n
&(j = 1; 2; : : : ;m) u=oOvvm `} RwD |xawtHt %m

"(a = 1; 2; : : : ; A) x}rkv p}=Uw |xawtHt %a
=yQDt=Q=B

&s=i |xOvvmO}rwD Qy pwYLt O}rwD C}iQ_ %vi
&s=j |xOvvm `} RwD |=[=kD %Dj

&s=j |xOvvm`} RwD x@ s=i |xOvvmO}rwD R= xOW p=UQ= pwYLt OL=w Qy CL=Ut %fij
&s=j |xOvvm`} RwD Q=@v= C}iQ_ %Fj

|xOvvm`} RwD x@ s=i |xOvvmO}rwD R= |r=UQ= pwYLt OL=w Qy VwQi Ct}k %wij
&s=j

|xOvvm`} RwD x@ s=i |xOvvmO}rwD R= xOW p=UQ= pwYLt OL=w Qy O}rwD |xv} Ry %pij
&s=j

&s=i |xOvvmO}rwD R= a ẁv R= x}rkv p}=Uw \UwD |r=UQ= |=yq=m pm C}iQ_ %Bai
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"""|
O=yv

W}B
`}Rw

D-
O}rw

D|
]N

Q}e
|xr

�Ut
l}

|x�
=Q=Q=Okt swU |xrLQt QO '0 1 Q=Okt swO |xrLQt QO '1 u; Q=Okt pw= |xrLQt QO

|x]kv l} R= ẁQW =@ xm OwW h} QaD |Qw] O}=@ G 'u}vJty "OQ}o|t """ w 0 01
`@=D u}= "OW=@ xDW=Ov OwHw u; |=Q@ xHwt |x}L=v R= GwQN u=mt= Qo}O 'xHwt

"CU= 12 |x]@=Q j@=]t xt} QH
Gh (gh(z; x)) = �Ln (gh(z; x)) (12)

x@ |=Q@ ?}W u} QDOvD VwQ R= =t 'O@=}|t Vy=m r Q=Okt xm Q=QmD Qy QO 'u}vJty
"s}vm|t xO=iDU= 11 |x]@=Q QO `@=D ?U=vt Q=Okt uOQw; CUO

?}W u} QDOvD OQm}wQ "1"1"4
T=U= Q@ xm CU= xOW xDN=OQB ?}W u} QDOvD VwQ K}[wD x@ VN@ Q} R u}= QO

[52]%13 |x]@=Q j@=]t VwQ u}= s}y=it
Min � (X1; X2; :::; Xn) ; � 2 C 1 (13)

j@=]t x�k+1
Q=Okt 'r�(x�k

) hOy `@=D jDWt w x�k Q=Okt uOw@ swrat ZQi =@
%O};|t CUO x@ 14 |x]@=Q

x�k+1
= x�k

+ �kS�k
; S�k

= �r�
�
X� k

�
(14)

%w

�k =
X� k
�X� k+1

r�
�
X� k

� (15)

%CW=O s}y=wN t x@ C@Uv hOy `@=D R= |Q}ojDWt =@ &TBU
d � (�k)/d �k

= 0 ! �k =? ! X� k+1
=? (16)

xr=kt u}= QO "OwW pY=L hkwD \QW =D OwW|t =QH= Q=QmD Qy QO QOku; x} wQ u}=
QO ?}W u} QDOvD VwQ 'OwW QDtm XNWt |OL R= |@}DQD Q=QmD wO p[=iD Qo =
=@ |@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ |rm |x} wQ "OwW|t hkwDt Q=QmD u;
|x]kv u}}aD |=Q@ u}vJty "CU= xOW xO=O u=Wv 1 pmW QO ?}W u} QDOvD OQm} wQ
R= |@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ |=QH= |=Q@ pw= Q=QmD QO X� 0

x}rw=
"OwW|t xO=iDU= 'CU= xOt; 2"3 VN@ Q} R QO xm |m}Uqm l}DvS sD} Qwor= u=ty
|=Q@ |}q=@ OL xW}ty l}DvS sD} Qwor= ?=wH xm OQm u=}@ xvwou}= u=wD|t 'u}=Q@=v@

"CU= |@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ

l}DvS sD} Qwor= "2"4
|HvUQ=@Da= |=Q@ l}Uqm l}DvS sD} Qwor= R= |O=yvW}B |]NQ}e xr�Ut u}= QO
u=Wv swRwtwQm l} CQwYx@ ?=wH Qy 'l}DvS sD} Qwor= QO "CU= xOW xO=iDU=
xm OvDUy uS (A + 1)(n + m) xDWQ l} |=Q=O =yswRwtwQm "OwW|t xO=O
'sD} Qwor= u}= |x}rw= C}atH QO "OvDUy xij w taij s}tYD |=yQ}eDt pt=W
=OD@= QO 'OvDUy taij x@ \w@ Qt xm x}rw= uS (A)(n + m) R= s=Om Qy |=Q@
?Q[ =yu; |x]w@ Qt Dj QO w O}rwD |iO=YD CQwYx@ 1 =D 0 u}@ |Q=Okt
|=yuS 'TBU "O}; CUO x@ s}tYD |=yQ}eDt R= l} Qy Q}O=kt =D CU= xOW
Qorta wO R= pmWDt l}DvS sD} Qwor= "Ov};|t CUO x@ 5 |x]@=Q T=U= Q@ xij
|iO=YD VyH w |}x]kv l} `]=kD 'xar=]t u}= QO "CU= VyH w `]=kD s=vx@

C}OwOLt uwO@ uOQm xv}tm VwQ |HvUQ=@Da= |=Q@ |Q=mD@==Qi VwQ u}= R= xm CU=
"CU= xOW xO=iDU= |@}DQD

|@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ "1"4
[52]%CU= 9 |x]@=Q j@=]t |rm Cr=L QO pL VwQ u}=

Min �(z; x)

S:t:

gh(z; w) � 0 (9)

x@ 10 |x]@=Q j@=]t u=wD|t =Q |O=yvW}B |]NQ}e |xr�Ut 9 |x]@=Q x@ xHwD =@
"OQm |Ov@pwtQi '|@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ |rm Cr=L

Min � :

(
nX
i=1

mX
j=1

AX
a=1

��waij + pij + c aij
� taij
xij

)
S:t:

vi �X
j

xij � 0 8i 2 n

Dj �X
i

xij � 0 8j 2 m

Fj �X
i

fijxij � 0 8j 2 m

xij �X
a=1

taij � 0 8i 2 n; 8j 2 mX
a=1

taij � xij � 0 8i 2 n; 8j 2 m

L ai �
X
j=1

taij � 0 8i 2 n; 8a 2 A

xij ; taij � 0 (10)

C}OwOLt uwO@ uOQm xv}tm VwQ xrtH R= |]NQ}e |R} Qxt=vQ@ pL |=yOQm} wQ
"OQ=O |QDq=@ |}=Qosy CaQU w CU=Q=m Q=}U@ ?OLt p�=Ut |=Q@ |@}DQD

"CU= ?OLt 10 |x]@=Q QO � hOy `@=D "x}[k
u}Uy T} QD=t R= xO=iDU= � hOy `@=D uOw@ ?OLt C=@F= |=yx=Q R= |m} "C=@F=

"CU= ?OLt hr= CUw}B T=U= Q@ � hOy `@=D 'TB "CU=
l} 10 |x]@=Q QO pOt 'Ov=?OLt |]N `@=wD w hOy `@=D xm|}=Hu; R=
|rLt |xv}y@ |R} Qxt=vQ@ ẁv u}= QO xm CU= ?OLt |]NQ}e |R} Qxt=vQ@ |xr�Ut

"CUy R}v |rm |xv}y@ u=ty
l} x@ =yC}OwOLt w hOy `@=wD '|@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ QO
xDW=O OwHw nQR@ |xt} QH l} O}OH `@=D QO xm|Qw]x@ 'OvwW p}O@D O}=@ hOy `@=D
OwHw xr�Ut xHwt |x}L=v R= GwQN u=mt= 'xHwt |x]kv l} R= ẁQW =@ xm OW=@

"OwW|t p}O@D 11 |x]@=Q x@ 10 |x]@=Q 'T=U= u}ty Q@ "OW=@ xDW=Ov

Min � (z; x; r) : �(z; x) + r
8X

h=1
Gh (gh(z; x)) (11)

xt} QH QDt=Q=B r "OvyO|t u=Wv ?}DQD x@ =Q xt} QH `@=D w xt} QH QDt=Q=B G w r xm
'|va} &OQ=O 0 1 CQwYx@ |Wy=m OvwQ xrLQt Qy QO xm CU= xt} QH Q}F-=D u=R}t w
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2|

xQ=t
W'

35
�1

|xQ
wO'

�13
98

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt

"�|@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ� |O=yvW}B |]NQ}e |xr�Ut pL OQm}wQ "1 pmW

"`]=kD Qorta R= p=Ft l} "2 pmW

"l}Uqm l}DvS sD} Qwor= R= xOt; CUO x@ ?=wH "1 pwOH
Q=Okt xO=O

t111 = 0 2965; t112 = 6 7645; t113 = 11 0436
taijt211 = 4 586; t212 = 15 889; t213 = 3 4045

t311 = 135 1814; t312 = 218 2324; t313 = 412 4147
x11 = 140 0639; x12 = 240 8859; x13 = 426 8628 xij

�1408 3451960908 �

|D=@U=Lt G}=Dv w |OOa p=Ft "5
lJwm |xR=Ov= QO |OOa p=Ft l} |=Q@ pL OQm} wQ =OD@= QO 'VN@ u}= QO
pL OQm} wQ w |O=yvW}B |xr�Ut u}= OQmrta |xwLv =D OwW|t pL (2�1�3)

|=yp=Ft |=Q@ |O=yvW}B |xr�Ut u}= 'TBU "OwW xO}HvU u; |}=Q=m w |UQQ@ u;
VwQ pL OQm} wQ &OwW|t |UQQ@ =yu; G}=Dv w pL hrDNt |=yxR=Ov= =@ |OOa
|xv=}=Q l} QO '|O=yvW}B |xr�Ut u}= |=Q@ |@}DQD C}OwOLt uwO@ uOQm xv}tm
Q=Ri=sQv \}Lt QO w |rN=O |x_i=L C}=@=o}o 2 w RDQy=o}o 2 26 =@ |YNW

"CU= xOW |U} wvOm 2010 |xNUv ?rDt
xv=NQ=m l} %pt=W xOW u=}@ |OOa p=Ft |=Q@ |O=yvW}B |xr�Ut |=yxO=O
3 '`@ Qt QDt 5 Q@=Q@ |DL=Ut u; OL=w Qy xm q=m OL=w 2500 O}rwD C}iQ_ =@
Qy Q=@v= C}iQ_ u}vJty w OL=w 900 w 1100 '1000 |=[=iD =@ xOvvm`} RwD
|xr}Uw ẁv xU xv=NQ=m u}= QO "CU= `@ Qt QDt 1200 w 900 '1000 l}
OwHw OwOLt pm C}iQ_ =@ u=oOvvm`} RwD x@ =yq=m p=UQ= |=Q@ Cw=iDt |x}rkv
xOt; ? CUw}B pwOH QO xr�Ut |OwQw |=yxO=O R= C=aq]= |x}k@ "OvQ=O

"CU=
?=wH w CU= xOW pL l}DvS sD} Qwor= R= xO=iDU= =@ xr�Ut u}= =OD@= QO
l}DvS sD} Qwor= R= xOt; CUO x@ ?=wH u}= 'TBU "CU= xOt; 1 pwOH QO u;
C}OwOLt uwO@ uOQm xv}tm VwQ pw= Q=QmD |x}rw= ?=wH w q=@ OL u=wvax@
xm 1 pwOH ?=wH R= xO=iDU= =@ xt=O= QO "CU= xOW xDiQo Q_v QO |@}DQD
Q=QmD QO |@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ X� 0

|x}rw= |x]kv u=ty
VwQ u}= QO "s} R=OQB|t VwQ u}= pL x@ 'CU= xOW xDiQo Q_v QO pw=

"VyH Qorta R= p=Ft l} "3 pmW

(A)(n + w 1 u}@ |iO=YD OOa l} =OD@= QO '|O=yvW}B VyH |=Q@ "CU=
|iO=YD xm Or=w wO 'TBU "OwW|t O}rwD taij s}tYD |=yQ}eDt xDWQ |=Q@ m)

�u=OvRQi� O}OH |=yswRwtwQm w `]k �|iO=YD� |x]kv u; R= OvOW ?=NDv=
u=Wv 2 pmW QO |O=yvW}B `]=kD Qorta R= p=Ft l} "OvwW|t s}tQD w O}rwD
=D 1 |xR=@ QO |iO=YD OOa l} =OD@= QO 'VyH Qorta QO "CU= xOW xO=O
xQ=tW u}= =@ uS 'TBU "OwW|t O}rwD taij s}tYD Q}eDt |=Q@ (A)(n + m)

xOW xO=O u=Wv 3 pmW QO VyH Qorta u}= R= p=Ft l} "OwW|t O}rwD ,=OOHt
"CU=

u}t[D |=Q@ "CU= QDy@ 'QDtm hOy `@=D Q=Okt =@ swRwtwQm l} sD} Qwor= u}= QO
|xt} QH |=Q@ 17 |x]@=Q QO P (x) hOy `@=D l} 'swRwtwQm Qy uOw@ xHwt

"CU= xOW h} QaD =yswRwtwQm

P (x) = M � M ax
��

1� g(x)
b

�
; 0
�

(17)

C}OwOLt ẁv |xOvyOu=Wv g(x) � b w nQR@ Q=}U@ OOal}M '17 |x]@=Q QO
18 |x]@=Q "OwW|t xi=[= xHwt=v ?=wHl} hOy `@=D Q=Okt x@ xt} QH Q=Okt "CU=

"OyO|t u=Wv =Q xOW O}rwD ?=wH Qy hOy `@=D Q=Okt

Z(x) =

8<:�(x) x 2 feasible reg ion

� (x) + P (x) x =2 feasible region
(18)

s=eO= Qo}Om} =@ VyH w `]=kD |=yQorta R= xO=iDU= =@ xOW O}rwD |=yswRwtwQm
C=}rta u}= "OvwW|t ?=NDv= Oa@ Q=QmD |=Q@ nPOP O=OaD x@ =yv; u} QDy@ w OvwW|t

"OwW =QH= nIT O=OaD x@ sD} Qwor= =D OwW|t Q=QmD QOku;
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O=yv

W}B
`}Rw
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O}rw

D|
]N

Q}e
|xr

�Ut
l}

|x�
=Q="xOW x�=Q= |OOa p=Ft |=Q@ ?}W u} QDOvD OQm} wQ =@ |@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ "2 pwOH

r = 1 R= xOt; CUO x@ |x}rw= |x]kv
=QH= VW R=Oa@ X�6

�Q=QmD u}= |v=}=B x]kv pw= Q=QmDl}DvS sD} Qwor=
� = �1409 1807939960

� = �1408 3451960908

r = 0=1 x}rw= |x]kv =QH= Q=yJ R=Oa@ X�4
�Q=QmD u}= |v=}=B x]kv swO Q=QmD

� = �1409 1807939960 � = �1409 39846739909

r = 0=01 x}rw= |x]kv =QH= xU R=Oa@ X�3
�Q=QmD u}= |v=}=B x]kv swU Q=QmD

� = �1409 39846739909 � = �1409 5316724495

"|@}DQD C}OwOLt uwO@ uOQm xv}tm VwQ R= xOt; CUO x@ |}=yv ?=wH "3 pwOH
Q=Okt xO=O

t111 = 0 0079; t112 = 1 7043; t113 = 3 7874
taijt211 = 2 0937; t212 = 3 5782; t213 = 1 0696

t311 = 146 8307; t312 = 281 839; t313 = 370 6826
x11 = 148 1655; x12 = 287 1215; x13 = 375 5396 xij

�1409 5316724495 �

"hrDNt |=yxR=Ov= =@ |OOa |=yp=Ft |}=yv |=y?=wH "4 pwOH
hqDN= OYQO =yQ=QmD O=OaD uOQm xv}tm VwQ |}=yv ?=wH l}DvS sD} Qwor= |}=yv ?=wH xr�Ut O=a@=

|@}DQD C}OwOLt uwO@ i J a

0 99916 3 � = �1409 53167244950 � = �1408 3451960908 1 3 3
0 99935 2 � = �1243 99453247019 � = �1243 1860056476 2 2 2
0 99915 4 � = �1984 54527836501 � = �1982 8634663823 2 3 3
0 99799 4 � = �2024 65378910009 � = �2020 6000197463 3 3 3
0 99553 3 � = �2398 56170937543 � = �2387 8544369103 3 4 4
0 96379 5 � = �4247 65220947 � = �4093 8730135647 4 8 4
0 95582 5 � = �5793 54312830341 � = �5537 63819904 5 10 4

=yO=yvW}B w |Q}oxH}Dv "6
u}t-=D |xQ}HvR |xm@W l} |=Q@ |]NQ}e |R} Qxt=vQ@ |xr�Ut l} xr=kt u}= QO
u}= QO "OW x�=Q= 'CU= u=oOvvm`} RwD w u=oOvvmO}rwD K]U wO pt=W xm |]LUwO
Q=Okt xm CU= |r=UQ= |=yq=m OwU u}ov=}t uOQm xv}W}@ hOy |O=yvW}B |xr�Ut
u}= QO u}vJty "CU= p=UQ= w |Q}oQ=@ 'O}rwD |xv} Ry 'VwQi Ct}k pt=W q=m OwU
OwOLt O}rwDC}iQ_ w u=oOvvm`} RwD Q=@v=C}iQ_ '|r=UQ= |xr}kv p}=Uw O=OaD xr�Ut
u}= 'TBU "OW=@ xDW=O |QDW}@ |m}ORv |rta |=}vO x@ =D CU= xOW xDiQo Q_v QO
x@ u; ?=wH R= w xOW pL l}Uqm l}DvS sD} Qwor= l} \UwD |O=yvW}B |xr�Ut
C}OwOLt uwO@ uOQm xv}tm VwQ \UwD xr�Ut pL ẁQW |=Q@ x}rw= |x]kv u=wva
|=yp=Ft |wQ Q@ xOW xO=iDU= pL VwQ wO u}= C}=yv QO "OwW|t xO=iDU= |@}DQD
|=yp=Ft x@xHwD=@ "CU= xOt; CUO x@ =yu; |}=yv ?=wH w xOW =QH= |irDNt
VwQ R= xOt; CUO x@ |=y?=wH xm OW xO=O u=Wv xar=]t u}= QO xOW pL |OOa

"OvQDy@ l}Uqm l}DvS sD} Qwor= x@ C@Uv |@}DQD C}OwOLt uwO@ uOQm xv}tm

`@=D QO xt} QH `@=D CQwYx@ =yC}OwOLt xm C}OwOLt =@ |]NQ}e |R=Uxv}y@
hOy `@=D R= pw= jDWt =ypt=a u} QDsyt R= |m} 'OvwW|t xDiQo Q_v QO hOy
pw= jDWt uDW=O =@ xt=O= QO "CU= xOt; G CUw}B QO xm CU= r�(X� k

)

u=wD|t 2 pwOH w 19 |x]@=Q j@=]t ?}DQDx@ x}rw= |x]kv w hOy `@=D R=
pwOH QO xm x} wQ u}= Q=QmD =@ C}=yv QO "OQw; CUO x@ =Q |Oa@ |=yx]kv
xOt; CUO x@ 3 pwOH j@=]t |}=yv ?=wH 'CU= xOW xO=O u=Wv R}v 4

"CU=
uwO@ uOQm xv}tm VwQ =@ Cw=iDt |=yxR=Ov= =@ |OOa |=yp=Ft 'xr=kt u}= QO
=yu; |}=yv |=y?=wH w CU= xOW pL ?}W u} QDOvD OQm} wQ =@ |@}DQD C}OwOLt
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