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|k}kO OOa u=wDv =Pr w OyOv MQ V}=tR; s=Hv= u=tR pw] QO CUmW xm OyO|t
Qta pw] =} u=v}t]= C}r@=k |=Q@ xOW VQ=Ro OQwmQ Ck}kL QO "OQm C@F u; |=Q@
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pQDvm xm =Hu; R= "OwW|t p}mWD u}ov=}t QO |Wy=m |=yCi}W X}NWD |=Q@
lJwm |=ylOY 'CU= |UQQ@ CLD u=v}t]= C}r@=k C}y=t =@ |i}m |xYNWt
x@ u=wD |t xm CU= |r=L QO u}= "CU= Q=OQwNQ@ q=@ C}ty= R= X=N Qw] x@
Qw_vt x@ =Q � u=tRty pQDvm OL wO R= xO=iDU= pt=W � xiQ]wO pQDvm Q=Owtv |DL=Q

"CiQo Q=m x@ |Wy=m w |W}=Ri= |=yCi}W hWm w |}=U=vW
|Q=W@;C}Y=N QF= hPL x@ R=}v|}xrLQtOvJ |=yOv}=Qi QO QF-wtV}=B VwQ =t=
p}O@D '|HwQN |i}m Q}eDt Q@ |OwQw |i}m Q}eDt Q}F-=D p}OaD hOy =@ '=Hu}= QO "OQ=O
"CU= xOW xDiQo Q_v QO OQ=Ov=DU= |OL Q=Okt u} QDlJwm `} RwD x@ pw@} w `} RwD
`} RwD 'pw@} w `} RwD =@ =yxO=O R= |a}@] sD} Q=or uDiQo =@ |oO=U x@ '=DU=Q u}= QO
u} QDlJwm `} RwD |=Q=O Log(t) =Pr [3]"O};|t CUO x@ |OL Q=Okt u} QDlJwm
u = Log(�) CQwY x@?}DQD x@ xmCU= T=}kt w u=mt |=yQDt=Q=B =@ |OL Q=Okt
`} RwD R= =yzi u}=Q@=v@ "(Log(t) � SEV (u; b)) OwW|t h} QaD b = 1=� w
%Ovvm|t |wQ}B u = 1 w u = 0 |=yQDt=Q=B =@ OQ=Ov=DU= |OL Q=Okt u} QDlJwm
zi = Log(ti)� u

b
(5)

u} QDlJwm FSSEV (z) |atHD `} RwD `@=D w fSSEV (z) p=tDL= |r=oJ `@=D xm
%R= CU= CQ=@a OQ=Ov=DU= |OL Q=Okt

fSSEV (z) = exp[z � exp(z)]

FSSEV (z) = 1� exp[� exp(z)] (6)

p}mWD Q@ |rY= RmQtD '|HwQN |i}m Q}eDt Q@ |OwQw |i}m Q}eDt QF= p}OaD R= TB
"CU= |O=yvW}B pQDvm |=yQ=Owtv

|atHD `tH pQDvm Q=Owtv |Q}oQ=m x@ w uO=yv =v@ Q@ pw= |O=yvW}B V}=B OQm} wQ
hWm x@ C}=va =@ 'OW xQ=W= QDV}B xm Qw] u=ty "CU= Q=wDU= 7 (CUSUM)

xHwD OQwt xiQ]l} CUSUM Q=Owtv 'MU=B Q}eDt u}ov=}t QO |Wy=m |=yCi}W
%R= CU= CQ=@a CUSUM |xQ=t; "OQ}o|t Q=Qk(

Qi = min(0; Qi�1 � wi)
Q0 = 0 (7)

%CU= x@U=Lt p@=k 8 |x]@=Q R= w xOw@ CUSUM R=}Dt= 'wi u; QO xm
wi = log(L(zij�i1)

L(zij�i0) ) (8)

xOW QwUv=U |=yxO=O uDiQo Q_v QO =@ xm CU= |}=tvCUQO `@=D L x]@=Q u}= QO
%s} Q=O AJ R=

L(zi; �i) = [fSSEV (zi)]�i [FSSEV (zi)]1��i (9)

%CW=O s}y=wN 8 QO 9 |x]@=Q |Q=Po}=H =@

Mv |=yxDWQ xm CQwY u}O@ "OvQ}o|t Q=Qk|UQQ@ OQwtAJCtU R=|oOWQwUv=U
V}=tR; OQwtGvUs=mLDU= x=oDUO\UwD xv=NQ=mC}i}m pQDvm u=tDQ=BO QO xOW O}rwD
x=oDUO \UwD OW=@ QDnQR@ |oOWQwUv=U K]U R= Qo = Ctw=kt Q=Okt "OQ}o|t Q=Qk
%s} Q=O =Pr "OW Oy=wN QwUv=U xO=O ,=Lq]Y= CQwY u}= Q}e QO 'OwW|t VQ=Ro

�i =

( 0 if ti < c

1 if ti > c
(2)

ẁkw Ov}=Qi u}= QO '1 |x]@=Q x@ xHwD =@ "CU= AJ R= |oOWQwUv=U OL c u; QO xm
x=oDUO\UwD w xOy=Wt |Q}oxR=Ov= p@=k xO=O xm u}=CUNv %CU= umtt O=ONQ wO
xmCU= K[=w "��i = 0� OvwW QwUv=U =yxO=O xm u}= swO w ��i = 1� OwW VQ=Ro
CQwY x@ w ODi=|t j=iD= xOW xDioCr=L wO R=Cr=Ll}\ki '|Q}oxvwtv Q=@ Qy QO
|=y`} RwD '\}=QWu}= QOu}vJty "OwW|tu=}@|oOWQwUv=U OLwMU=B Q}eDt xv}W}@
R= 6pw@} w `} RwD 'u=}t u}= QO &OwW `k=w O}it |R=UpOt |=Q@ CU= umtt |irDNt
R= |@ wN OQmrta hrDNt \}=QW QO xm CU=y`} RwD u} QDOQ@ Q=m QB w u} QD?w@Lt
l} R= |OQwt |xar=]t QO |HwQN Q}eDt xm u}= x@ xHwD =@ =Pr "CU= xO=O u=Wv OwN
%R= Ow@ Oy=wN CQ=@a u; |=k@ `@=D w p=tDL= |r=oJ `@=D 'Ovm|t |wQ}B pw@} w `} RwD
f(t) = �

�
( t
�

)��1 exp
�
�
�
t
�

���
S(t) = exp

�
�
�
t
�

���
(3)

uOQm xDU@=w =@ "Ow@ Oy=wN T=}kt QDt=Q=B � > 0 w pmW QDt=Q=B K > 0 u; QO xm
%R= CU= CQ=@a =k@ `@=D 'Q[=L Ov}=Qi QO OwHwt Q=PoQ}F-=D Q}eDt =yvD x@ T=}kt QDt=Q=B
S(tijxi) = exp

�
�
�

ti
exp(�0 + �1xi)

���
(4)

x@ u=wD|t =Q pw@} w `} RwD |=yQDt=Q=B =Pr "Ov=|vw}UQoQ pOt|=yQDt=Q=B�1 w�0 u; QO xm
�i0 = (�; � exp(�1xi)) p=L "O=OV}=tv �i = (�; � exp(�1xi)) CQwY
QO =yQDt=Q=B Q=OQ@ �i1 = (�; �0 � exp(�1xi)) w pQDvm CLD |=yQDt=Q=B Q=OQ@
CLD |tU= Q=Okt xm CU= |@} Q[ �0 u; QO xm CU= pQDvm R= GQ=N Cr=L
|i}m |xYNWt =yvD Q@ RmQtD =@ C}=yv QO "OyO|t Ci}W =Q T=}kt QDt=Q=B pQDvm
u} QDswUQt w u} QDOQ@ Q=m QB R= xm p=tQv `} RwD '|OQwt |xar=]t QO |OwQw Q=PoQ}F-=D
OwQ|t Q=m x@ `} RwD u}= |R=UpOt QO =Pr w OW VR=Q@ =yxO=O |wQ Q@ CU=y`} RwD
V}=B hOy xm CW=O u=aP= u=wD|t pm QO "X � N(�x; �2

x) xm |Qw] x@
l} QO AJ R= xOW QwUv=U �Mv |=yxDWQ Ctw=kt� u=v}t]= C}r@=k |=yxO=O
|i}m |xYNWt =@ \@DQt Q}O=kt R= Q}O=kt u}= xm |}xvwo x@ CU= |}xrLQtwO Ov}=Qi
C}Y=N =Pr w OvQF-=Dt �Mv |=yxDWQ x}rw= O=wt ?}mQD C@Uv =} u=R}t� pw= |xrLQt

"CU= Q=QkQ@ R}v |Q=W@;

|O=yvW}B xOW uw}UQoQ p}OaD pQDvm |=yQ=Owtv "3
|oOWQwUv=U Qw[L QO QwmPt |}xrLQtwO Ov}=Qi V}=B |=yOQm} wQ 'VN@ u}= QO

Wi = Log( [exp[(Log(ti)�u1
b )�exp(Log(ti)�u1

b )]]
�i [1�exp[� exp(Log(c)�u1

b )]]
1��i

[exp[(Log(ti)�u0
b )�exp(Log(ti)�u0

b )]]
�i [1�exp[� exp(Log(c)�u0

b )]]
1��i )

�10�
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C}i}m u=}t R}=tD Qw_vt x@ O}=@ |vw}UQoQ pOt Q@ |vD@t V}=B OQm} wQ =Pr "CU=
QO xOW O=H}= |=yCi}W hWm '=DU=Q u}= QO "OwW p}OaD pm C}i}m w X=N
|xrLQt x@ \w@ Qt =yCi}W u}= =Q} R CU}v Q_v Ot p@k |xrLQt |i}m |xYNWt
CLD |O=yvW}B pQDvm |=yQ=Owtv OQmrta 'Qw_vt u}O@ "OvDU}v |UQQ@ CLD |Q=H
|@=} RQ= OQwt �20 |oOWQwUv=U OYQO w x u}ov=}t QO � |W}=Ri= |=yCi}W

"CU= xOW x�=Q= 4 pwOH QO G}=Dv "CU= xDiQo Q=Qk
|=yOQm} wQ Q@|mOv= Q}F-=D pw= |xrLQt|i}m |xYNWt QOCi}W 'Q=_Dv= j@=]t
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OQwt R}v x QO |Wy=m |=yCi}W xwqa x@ "CU= p@k |xrLQt Q}eDt QF= hPL
VQ=Ro x@=WD p}rO x@ xm Ow@ |W}=Ri= |=yCi}W x@=Wt u; G}=Dv w CiQo Q=Qk |@=} RQ=

"CU= xOWv

|OQwt |xar=]t "5
w |R=UxO=t; |xv}tR QO p=ai 'h} Q_ ?=DlD |xv=NQ=m QO xr=kt |OQwt |xar=]t
xv=NQ=m u}= |O}rwD C}iQ_ "CU= �|i=@xU}m � |H=Uv CavY QO h=}r= |oOvU} Q
|=yxU}m R= sa= Cw=iDt |vwo |=yxU}m `=wv= O}rwD |=Q@ RwQ QO uD 5 3 pO=at

"CU= xQ}e w u=t}U 'Io 'QmW 'OQ;
u} R=e; |xrLQt "CU= xOW p}mWD Ov}=QiQ} R wO R= |rm Qw] x@ |i=@xU}m Ov}=Qi
x=oDUO \UwD QDt|r}t 7 2 ZQa x@ Mv |=yxDWQ |R=UxO=t; R= CU= CQ=@a
|=yuRw w =yZQa QO xm CU= xU}m |oOvi=@ VN@ swO |xrLQt w QOwQDUm =
QOwQDUm = x=oDUO =OD@= '|O}rwD Ov}=Qi u}= QO "Ovm|t O}rwD =Q Q_v OQwt xU}m 'Cw=iDt
xrLQt u}= QO x Q}eDt =Pr &Ovm|t ?}mQD |YNWt CaQU w C@Uv =@ =Q x}rw= O=wt
|=y=tO =@ xrLQt 6 |] TBU "CU= Mv |xOvyOp}mWD O=wt |vRw �C@Uv� OYQO
uwOQ=t l} |] x}rw= O=wt VN@ u}= QO "OvwW|t ?wP O=wt ?}mQD u}= Cw=iDt
'Oa@ w OyO|t CmQL wrH x@ wQ =Q O=wt I}B Q=t uwOQ=t u}= xm Ov=pYDt Qo}Om} x@
O=wt 'uOW x}iYD R= TB "OvwW|t x}iYD QDr}i l} Qw[L QO xOW ?wP O=wt

X=N hOy Q=Okt l} R= 'CUSUM Q=Owtv xOW RwQ x@ xQ=t; xm u; ZLt x@
u}}=B pQDvm OL 'LCL1 Qo}O CQ=@a x@ "OyO|t p=vo}U 'OwW QDtm (LCL1)
�ARL� xr=@vO pw] u}ov=}t x@ xm OwW|t ?=NDv= u=vJ w CU= CUSUM Q=Owtv

"s}UQ@ Q_v OQwt pQDvm CLD
lQLDt u}ov=}t pQDvm |=yQ=Owtv uO=yv =v@ w xaUwD Q@ |U=U= RmQtD 'xt=O= QO
|wQ xm |DvU EWMA |xQ=t; "OwW|t hw]at 8 �EWMA� |}=tv uwRwt

%R= CU= CQ=@a OwW|t h} QaD xOW xOy=Wt Q}O=kt
EWMAi = �zi + (1� �)EWMAi�1 (11)

x}rw= Q=Okt "CU= 0 < � � u}@ |D@=F Q=Okt =@ |R=UQ=wty QDt=Q=B � 'u; QO xm
u}ov=}t =@ CU= Q@=Q@ 'OwW|t xO=iDU= u; R= pw= |xvwtv u=tR QO xm �EWMA0�
QO �t Q=Okt R= pY=L�z Q}eDt R= xO=iDU= =t= "OQ}o|t Q=Qk V}=B OQwt xm |}xQ=t;
x@ xW}ty MU=B Q}eDt |ak=w Q=Okt =Q} R 'OUQ|tv Q_v x@ |k]vt EWMA |xQ=t;
C=Oy=Wt |Q=Po}=H xr=kt u}= QO |U=U= |xO}= xH}Dv QO "OwW|tv C@F j}kO Qw]
Q}O=kt |=yuRw "CU=yv; 9 �CEV� |]QW |Q=_Dv= VRQ= Q}O=kt =@ xOW QwUv=U
=Pr w O};|t CUO x@ MU=B Q}eDt |x}=B `} RwD =@ ?U=vDt |]QW |Q=_Dv= VRQ=
x@ |]QW |Q=_Dv= VRQ= Q}O=kt 'Ov}=Qi u}= QO "Ov=Cw=iDt Qo}O `} RwD x@ |a} RwD R=

%O};|t CUO x@ 12 |x]@=Q |xr}Uw

CEV = E(t < c)
P (t < c)

=

cR
0
tf(t)dt

cR
0
f(t)dt

=

cR
0
tf(t)dt

F (c)
=

cR
0
t �� ( t� )��1e�( t� )�dt

1� e�( c� )� (12)

%CW=O s}y=wN AJ R= xOW QwUv=U |=yxO=O OQwt QO =Pr

z = Log(CEV )� u
b

(13)

R= QDtm u; |xOW p}OaD |xQ=t; xm OyO|t p=vo}U |v=tR R}v pQDvm Q=Owtv u}=
Qw_vt x@ CU= QmP u=}=W "OW=@ u; |=Q@ xOW ?=NDv= �LCL2� u}}=B pQDvm OL
Q=Owtv R= u=wD|t OwHwt |=yCi}W hWm |=Q@ pQDvm Q=Owtv C}U=UL V}=Ri=

"OQm xO=iDU= R}v 10xOvQ=OR=@ OL =@ EWMA pQDvm

OQmrta |@=} RQ= "4
`tH |O=yvW}B pQDvm |=yQ=Owtv OQmrta |UQQ@ w |R=Ux}@W x@ VN@ u}= QO
pQDvm OL '|R=Ux}@W pw] QO "s} R=OQB|t |}=tv uwRwt lQLDt u}ov=}t w |atHD
pw] \UwDt x@ xm CU= xOW u}}aD |}xvwo x@ |O=yvW}B pQDvm |=yQ=Owtv u}}=B
'=]N Q=Okt |R=Uxv}tm Qw_vt x@ "s}UQ@ 200 ,=@} QkD pQDvm CLD �ARL� xr=@vO
Q}O=kt Q=vm QO �SE� OQ=Ov=DU= |=]N Q}O=kt w xOW Q=QmD Q=@ 10 000 |R=Ux}@W
|=yxR=Ov= =@ u}ov=}t QO (�) |Wy=m |=yCi}W u}vJty "CU= xOW C@F ARL

3 w 2 '1 |=ypwOH QO "CU= xOW xDiQo Q_v QO OYQO 30 w 20 '10 '5 '2 5
|=R= x@ '|O=yvW}B |}=tv uwRwt lQLDt u}ov=}t w |atHD `tH |=yQ=Owtv OQmrta
"CU= xOW xO=O u=Wv OYQO 80 w 50 '20 O=} R w \UwDt 'sm |=y|oOWQwUv=U
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=DUt

R�h
}QW
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=vY

|U
Ovyt "�20 |oOWQwUv=U CLD |O=yvW}B pQDvm |=yQ=Owtv |=Q@ OQ=Ov=DU= |=]N w xr=@vO pw] \UwDt Q}O=kt "1 pwOH

� |atHD `tH
lQLDt u}ov=}t lQLDt u}ov=}t lQLDt u}ov=}t
|}=tv uwQwt |}=tv uwQwt |}=tv uwQwt
� = 0=05 � = 0=1 � = 0=2

xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N
1 200 14 1 6 199 70 1 6 200 25 1 7 200 23 1 8

0 975 145 83 1 1 158 53 1 2 161 45 1 4 169 91 1 6
0 95 113 34 0 8 129 02 0 9 132 73 1 1 140 92 1 3
0 9 72 63 0 4 89 06 0 5 91 07 0 7 99 74 0 9
0 8 35 9 0 2 51 31 0 2 47 27 0 3 49 39 0 4
0 7 21 68 0 1 31 55 0 1 28 81 0 1 29 60 0 2

"�50 |oOWQwUv=U CLD |O=yvW}B pQDvm |=yQ=Owtv |=Q@ OQ=Ov=DU= |=]N w xr=@vO pw] \UwDt Q}O=kt "2 pwOH

� |atHD `tH
lQLDt u}ov=}t lQLDt u}ov=}t lQLDt u}ov=}t
|}=tv uwQwt |}=tv uwQwt |}=tv uwQwt
� = 0=05 � = 0=1 � = 0=2

xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N
1 200 82 1 6 202 55 1 5 199 85 1 7 201 50 1 8

0 975 147 52 1 1 160 28 1 1 163 31 1 3 170 97 1 5
0 95 114 87 0 7 131 8 0 8 135 56 1 1 143 19 1 2
0 9 74 97 0 4 92 30 0 4 94 20 0 6 100 80 0 8
0 8 37 11 0 2 55 08 0 2 49 26 0 2 51 51 0 3
0 7 22 63 0 11 36 31 0 1 33 37 0 1 31 54 0 1

"�80 |oOWQwUv=U CLD |O=yvW}B pQDvm |=yQ=Owtv |=Q@ OQ=Ov=DU= |=]N w xr=@vO pw] \UwDt Q}O=kt "3 pwOH

� |atHD `tH
lQLDt u}ov=}t lQLDt u}ov=}t lQLDt u}ov=}t
|}=tv uwQwt |}=tv uwQwt |}=tv uwQwt
� = 0=05 � = 0=1 � = 0=2

xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N
1 200 54 1 5 201 40 1 3 200 79 1 6 199 71 2 0

0 975 152 43 1 1 165 28 1 1 168 81 1 3 173 83 1 5
0 95 119 09 0 8 137 65 0 7 139 46 1 0 145 89 1 2
0 9 79 96 0 5 101 97 0 4 104 75 0 6 106 02 0 8
0 8 44 50 0 2 59 23 0 2 56 64 0 2 54 84 0 4
0 7 29 18 0 1 44 92 0 1 40 61 0 1 37 61 0 2

"x u}ov=}t QO � |W}=Ri= |=yCi}W CLD |O=yvW}B pQDvm |=yQ=Owtv |=Q@ OQ=Ov=DU= |=]N w xr=@vO pw] \UwDt Q}O=kt "4 pwOH

� |atHD `tH
lQLDt u}ov=}t lQLDt u}ov=}t lQLDt u}ov=}t
|}=tv uwQwt |}=tv uwQwt |}=tv uwQwt
� = 0=05 � = 0=1 � = 0=2

xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N xr=@vO pw] \UwDt =]N
0 200 14 1 6 199 70 1 6 200 25 1 7 200 23 1 8
1 199 65 1 5 199 78 1 6 201 04 1 7 199 67 1 7
2 200 45 1 6 200 51 1 5 201 15 1 6 201 32 1 7
3 199 67 1 7 198 98 1 6 199 67 1 8 200 43 1 7
4 198 56 1 6 197 94 1 7 199 74 1 7 198 83 1 7
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1. cascade property
2. censoring
3. location-scale
4. log-location-scale
5. accelerated failure time regression models
6. weibull
7. cumulative sum
8. exponentially weighted moving average
9. conditional expected values
10. re
ecting barriers
11. frailty models
12. Martingale Residuals
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