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&|Q=Oyov |xv} Ry pm x@ \w@ Qt R=Ht |xv} Ry u} QDW}@ %MAHC

xmu; x@ xHwD =@ "CU= C=a}=[ `iO w O}rwD |Qop=@ Qe 'u=tR x@ xDU@=w Ci=TB
VwQ wO R= pOt pL Qw_vt x@ 'CU= |]NQ}e |R} Qxt=vQ@ ẁv R= xOW x�=Q= pOt
xOW xO=iDU= |vwQO |x]kv sD} Qwor= w |r=wDt swO xHQO |R} Qxt=vQ@ j}kO pL

"CU=
s=Hv= x@=Wt |=yQ=m x@ C@Uv =Q Q=DWwv u}= |=y|Qw;wv u=wD|t xYqN Qw] x@

%OQm u=}@ u}vJ 'OW xQ=W= u=O@ q=@ ?r=]t QO xm xJv; Q@ xwqa 'xOW
C=a}=[ =@ x=Qty|rwYLtOvJ|O=YDk= O}rwD Q=Okt|xiOylD pOtl}|L=Q] �

&|a]k w |iO=YD |=yC}OwOLt w |@}mQD Ow@tm =@ w O}rwD |Qop=@ Qe w
|R} Qxt=vQ@ VwQ |=ys=v x@ |O=yvW}B pOt pL |=Q@ j}kO |=yVwQ |Q}oQ=m x@ �

&|vwQO |x]kv VwQ w |r=wDt swO xHQO
R= xO=iDU= =@ |Q=t; pmW x@ 'xO=iDU= OQwt VwQ wO |xU}=kt w |}=Q=m |UQQ@ �

"T}UB=D w |mwD |=yuwtR;
VN@ QO w xOW xDN=OQB u; C=[wQit w xr�Ut h} QaD x@ Q=DWwv u}= R= swO VN@ QO
|[=} Q pOt 'xr�Ut s}tYD |=yQ}eDt w =yQDt=Q=B w =yT}Ov= |iQat ut[ swU
pOt pL |=Q@ xO=iDU= OQwt |=yVwQ sQ=yJ VN@ QO "CU= xOW x�=Q= xr�Ut
|=yVwQ R= xO=iDU= =@ |OOa |=yp=Ft 'sHvB VN@ QO w CU= xOW xO=O K}[wD
R= xO=iDU= =@ =yVwQ u}= OQmrta sWW VN@ QO "CU= xOW x�=Q= xOW QmP pL
sDiy VN@ QO C}=yv QO "CU= xDiQo Q=Qk |@=} RQ= OQwt |mwD w T}UB=D |=yuwtR;

"CU= xOW x�=Q= |Q}oxH}Dv R}v

C=[wQit w xr�Ut h} QaD "2
|rwYLtOvJ |O=YDk= O}rwD Q=Okt pOtl} Q[=L Q=DWwv QO|UQQ@ OQwt |xr�Ut
l}Uqm |=ypOt QO "CU= xOQm x�=Q= |OwHwt pm |xv} Ry |R=Uxv}tm hOy =@ =Q
&CU}v R=Ht Ow@tm w xOWv p=ta= pOt x@ |D}OwOLt I}y '|O=YDk= O}rwD Q=Okt
QO Q[=L \}=QW =@ xm CU= |a]k CQwY x@ w u}at 'C@=F \}=QW |x}rm `k=w QO
pOt QDW}@ j}@]D w |}=Q=m V}=Ri= Qw_vt x@ u}=Q@=v@ "CU= xDW=O xrY=i |ak=w |=}vO
|=[=kD w xDiQ CUO R= VwQi R= |@}mQD CQwY x@ w R=Ht Ow@tm '|vwvm \}=QW =@
CqwYLt pt=m CtqU ZQi u}vJty "CU= xOW xDiQo Q_v QO xOW Ci=TB
"CU= xOW Zkv 'CU= O=[D QO |ak=w |=}vO QO Q[=L \}=QW =@ ?re= xm |O}rwD
l} xm u}kkLt \UwD xOW x�=Q= Q=F; xv}W}@ hqN Q@ pOt u}= QO xm Cw=iD u}= =@
Q_v QO C=a}=[ w ?w}at w sr=U |=yq=m R= |Ov@xDUO xU =@ =Q |O}rwD sDU}U
x@ 'CU= xOW xDiQo Q_v QO C=a}=[ u=ty R}v ?w}at |q=m Q=DWwv u}= QO 'OvQ}o|t
w OvQ=Ov =Q |Q=mxQ=@ wO =} OOHt Q}taD C}r@=k ?w}at |=yq=m R= xDUO u}= xm |}xvwo
CU= xOW p=ta= pOt Q@ R}v C}OwOLt |O=OaD "OvQ}o@ Q=Qk C=a}=[ |xOQ QO O}=@
|xHOw@ w Q=@v= R=}v OQwt |=[i uwJty TQDUO QO `@=vt u=R}t xmu}= x@ xHwD =@ xm
|=[i x@ \w@ Qt C}OwOLt 'CU}v XNWt |a]k w j}kO CQwY x@ Q=}DN= QO
x@ w TQDUO QO |xHOw@ u=R}t C}OwOLt w C=O}rwD |R=UxQ}NP |=Q@ R=}v OQwt
C}OwOLt 'xDiQ CUO R= VwQi C}OwOLt '|Q=Oyov |xv} Ry C}OwOLt u; `@D
u=R}t C}OwOLt w O}rwD |Qop=@ Qe |xv} Ry u=R}t C}OwOLt 'Ci=TB |=y=[=kD
|R=Uxv}tm hOy =@ "Ov=xOW xDiQo Q_v QO |iO=YD CQwY x@ C=a}=[ `iO |xv} Ry
QO xm |}xNQJ pw] '|OwHwt |xNQJ pw] |xv}y@ Q}O=kt '|OwHwt |xv} Ry pm
s=tD xm |Qw] x@ 'OwW|t u}}aD Ci=TB |=[=kD MQv w CU= C@Ft |OwHwt u;
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Prob8>><>>:
nP
i=1

bfi�iDi(Pi�
iPi��iDi)
�

1� thiTi
�

(Pi�
iPi)

+
nP
i=1

bi�iDi(Pi�
iPi��iDi)Ti
�

1� thiTi
�2

2(Pi�
iPi) �MABC

9>>=>>; � �3

(4)

Prob

(
nX
i=1

(�iDi (Ti � thi) +Dithi)� �i � Budget
)
� �4

(5)

Prob

(
nX
i=1

Di (Pi � 
iPi �Di) thi
(Pi � 
iPi) � oi � Cap

)
� �5 (6)

Prob

(
nX
i=1

siPi
Ti
� screening

)
� �6 (7)

Prob

(
nX
i=1

di
iPi
Ti

� disposal
)
� �7 (8)

nX
i=1

1
Ti
� nc (9)Pn

i=1 (Ti � thi)
n

� a (10)

thi � Ti8i (11)

0 � �i � 18i (12)

thi; Ti � 08i (13)

|=yxv} Ry pm xm Ovvm|t u}t[D?}DQD x@l} Qy 8 w 7 '5 =D 2 |iO=YDC}OwOLt
pm 'xDiQ CUO R= VwQi x@ \w@ Qt |=yxv} Ry pm 'CqwYLt |Q=Oyov x@ \w@ Qt
O}rwD |Qop=@ Qe |xv} Ry pm 'TQDUO QO |xHOw@ pm 'Ci=TB x@ \w@ Qt |=yxv} Ry
"Ovmv Rw=HD u=Wx]w@ Qt |xHOw@ Q=Okt u} QDW}@ R= C=a}=[ `iO |xv} Ry pm w
|xQ}NP |=Q@ R=}v OQwt |=[i pm xm Ovm|t u}t[D R}v 6 |iO=YD C}OwOLt
`} RwD l} R= Q}O=kt u}= "OwWv QDW}@ x]w@ Qt R=Ht |=[i Q=Okt u} QDW}@ R= OwHwt
|=yC}OwOLt "Ovvm|t |wQ}B x]w@ Qt �2 Tv=} Q=w w x]w@ Qt � u}ov=}t =@ p=tQv
CQwY x@ ?}DQD x@ |iO=YD |R} Qxt=vQ@ OQm} wQ R= |Q}oxQy@ =@ 8 =D 2 |iO=YD
u} QDq=@ x]w@ Qt Za \@=wQ u}= s=tD QO "CU= xOW |U} wvR=@ 20 =D 14 \@=wQ

"CU= OQ=Ov=DU= p=tQv `} RwD R= x]w@ Qt a |OYQO |x]kv0B@ nX
i=1

hiDi (Pi � 
iPi �Di)Ti
�
thi
Ti

�2

2 (Pi � 
iPi)

1CA
+Z�1�MAHC � �MAHC (14) 

nX
i=1

�i (1� �i)Di
�

1� thi
Ti

�!
+Z�2�MALSC � �MALSC (15)0BB@

nP
i=1

bfi�iDi(Pi�
iPi��iDi)
�

1� thiTi
�

(Pi�
iPi)

+
nP
i=1

bi�iDi(Pi�
iPi��iDi)Ti
�

1� thiTi
�2

2(Pi�
iPi)

1CCA
+Z�3�MABC � �MABC (16)

&xDiQ CUO R= VwQi |=yxv} Ry pm x@ \w@ Qt R=Ht |xv} Ry u} QDW}@ %MALSC

&Ci=TB |=yxv} Ry pm x@ \w@ Qt R=Ht |xv} Ry u} QDW}@ %MABC

&CqwYLt s=tD |=Q@ |Qop=@ Qe |xv} Ry u} QDW}@ %screening
&C=a}=[ pm `iO x@ \w@ Qt |xv} Ry u} QDW}@ %disposal

&TQDUO QO |xHOw@ pm %Budget
&Q=@v= QO |OwHwt |xQ}NP |=Q@ R=Ht |=[i u} QDW}@ %Cap

&p=U QO CqwYLt |x}rm |=Q@ |O}rwD |=yxNQJ O=OaD ẁtHt u} QDW}@ %nc
&CqwYLt |x}rm |=Q@ Ow@tm u=tR \UwDt Q=Okt u} QDW}@ %a

"|O}rwD CqwYLt `=wv= O=OaD %n
s}tYD |=yQ}eDt "3"1"3

&i pwYLt |OwHwt |xQwO pw] %Ti
&i pwYLt |=Q@ C@Ft |OwHwt |xQwO pw] %thi

"Ow@tm |xQwO pw] QO i pwYLt R= xOW Ci=TB |=[=kD MQv %�i

|OwHwt pm |xv} Ry `@=D "2"3
x@ xHwD =@ w OwW|t u}}aD |OwHwt |=yxv} Ry pm 'xOW x�=Q= C=[wQit x@ xHwD =@
sDU}U |=yxv} Ry pm |R=Uxv}tm p=@vO x@ '|[=} Q pOt u}= QO hOy `@=D xm u}=
xOW xO=O u=Wv 1 |xrO=at QO |OwHwt |xv} Ry `@=D 'CU= |O=YDk= O}rwD Q=Okt

"CU=

Minz =
nX
i=1

ki
Ti

+
nX
i=1

hiDi (Pi � 
iPi �Di)Ti
�
thi
Ti

�2

2 (Pi � 
iPi)
+

nX
i=1

�i (1� �i)Di
�

1� thi
Ti

�
+

nX
i=1

bfi�iDi (Pi � 
iPi � �iDi)
�
1� thi

Ti

�
(Pi � 
iPi)

+
nX
i=1

bi�iDi (Pi � 
iPi � �iDi)Ti
�
1� thi

Ti

�2

2 (Pi � 
iPi)
+

nX
i=1

siPi
Ti

+
nX
i=1

di
iPi
Ti

(1)

xm CU= xOt; CUO x@ xv} Ry Ciy ẁtHt R= 1 |x]@=Q QO xOW x�=Q= hOy `@=D
|OwHwt |Q=Oyov |xv} Ry 'pw= |xrtH x@ \w@ Qt |R=Ov= x=Q w ?Yv |xv} Ry
|xrtH x@ \w@ Qt xDiQ CUO R= VwQi |xv} Ry '=yxv} Ry R= xrtH u}twO x@ \w@ Qt
x@ \w@ Qt sHvB |xrtH 'C@=F Ci=TB |xv} Ry x@ \w@ Qt sQ=yJ |xrtH 'swU
|Qop=@ Qe |xv} Ry x@ \w@ Qt R}v sWW |xrtH 'u=tR x@ xDU@=w Ci=TB |xv} Ry

"CU= C=a}=[ `iO |xv} Ry XDNt sDiy |xrtH C}=yv QO w O}rwD
%=yC}OwOLt

Prob8><>: nX
i=1

hiDi (Pi � 
iPi �Di)Ti
�
thi
Ti

�2

2 (Pi � 
iPi) �MAHC

9>=>; � �1 (2)

Prob

(
nX
i=1

�i (1� �i)Di
�

1� thi
Ti

�
�MALSC

)
� �2 (3)
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2 2
|xQ

=tW
'36

�1|
xQwO

'�1
39

9u
=DUt

R�h
}QW

C}
Q}Ot

w`}
=vY

|U
Ovyt xDiQo Q_v QO Q} R CQwY x@ �CU= s}tYD Q}eDt u=wva x@ S� swO xHQO |R} Qxt=vQ@

%OwW|t

MinQ (S) = rf(X)TS + 1
2S

T [H]S (25)

%=yC}OwOLt
�jgj (X) +rgj(X)TS � 0; j = 1 2: : : : :m (26)

��hk (X) +rhk(X)TS = 0; k = 1 2: : : : :p (27)

\@DQt ~L Sv=Qo q x@ \w@ Qt |rLt swO xHQO pOt l} x@ 27 w 26 |=yC}OwOLt
xHQO |R} Qxt=vQ@ |xr�UtQ} R x@ xm CU= |iOy `@=D u=wva x@ L Sv=Qo q &OvDUy
'27 w 26 |=yC}OwOLt w 25 |x]@=Q QO "OwW|t QHvt w C}=Oy �QP� swO
xDiQo Q_v QO C} wy T} QD=t u=wva x@ =OD@= xm CU= C@Ft u}at T} QD=t l} [H]

|}=QotyQw_vt x@ xm |Qw] x@ OwW|t |v=UQRwQx@ |Oa@ |=yQ=QmD QO w OwW|t
u}= =D OQ}o|t Q=Qk xO=iDU= OQwt �j w �� |=yC@=F w Sv=Qo q `@=D 'u}W}y T} QD=t
=Q |vOW |=[i pt=m Qw] x@ xOW |]N |=yC}OwOLt xm OwW pY=L u=v}t]=

"Ovvm|tv `]k

�� � 0 9 : �j =

( 1ifgj (x)� 0
��ifgj (x)� 0 (28)

C}OwOLt pwtat Q}O=kt 28 |x]@=Q 'CU= xS} w w X=N Q=Okt |=Q=O �� xm |Dkw
CU= swO xHQO |R} Qxt=vQ@ |xr�Ut l} x]@=Q u}= |xr�UtQ} R "Ovm|t x�=Q= =Q 26
pL |=Q@ u=wD|t =Q swO xHQO `@=wD uOQm xv}tm =@ OwHwt |=yVwQ ?}DQD u}O@ w
QO xOW pOt |xr�Ut pL =@ S |wHDUH Q}Ut Q=@ l} "OQ@ Q=m x@ xr�UtQ} R u;
xOW xO=O u=Wv 29 |x]@=Q QO xm Qw]u=ty wor= Q=OQ@ w OwW|t u}}aD 25 |x]@=Q

"OwW|t |v=UQRwQx@ w
xj+1 = xj +/�S (29)

pL =@ wHDUH Q}Ut xm |t=ovy 'CU= xOW |v=UQRwQx@ |wor= Q=OQ@ 29 |x]@=Q
CU= S Q}Ut O=ODt= QO xv}y@ s=o pw] /� x]@=Q u}= QO &OwW|t Ci=} 25 |x]@=Q

"OwW|t =O}B xOW x�=Q= 30 |x]@=Q QO xm � `@=D uOQm xv}tm =@ xm

� = f (x) +
mX
j=1

(�j(max [0; gj (X)]))

+
pX
k=1

(�m+k(jhk(X)j)) (30)

=@

�j =

8><>:j�j j; j = 1 2: : : : :m+ p Q=QmD u}rw= QO
max

n����j j: 12 (f�j j�j j)o =yQ=QmD Q}=U QO
(31)

=@ Ov=wD|t /� |Oa@lD s=o pw] 'xwqa x@ "CU= ~�J = �j |r@k Q=QmD QO w
Xj xm Q=@ l} "OwW Ci=} w u}}aD '|Oa@lD *|R=Uxv}tm |=Q@ |WwQ Qy R= xO=iDU=
Qw_vt x@ [H] u}W}y T} QD=t 'OwW|t u}}aD Q=QmD l} QO 25 |x]@=Q R= xO=iDU= =@

"OwW|t |v=UQRwQ x@ w |Oa@ Q=QmD swO xHQO ?} QkD Ow@y@

 
nX
i=1

(�iDi (Ti � thi) +Dithi)� �i
!

+Z�4�Budget � �Budget (17) 
nX
i=1

Di (Pi � 
iPi �Di) thi
(Pi � 
iPi) � oi

!
+ Z�5�Cap � �Cap (18) 

nX
i=1

siPi
Ti

!
+ Z�6�screening � �screening (19) 

nX
i=1

di
iPi
Ti

!
+ Z�7�disposal � �disposal (20)

|=Q@ O}rwD C=aiO ẁtHt xm Ovm|t u}t[D 9 |x]@=Q QO xOW |iQat C}OwOLt
C}OwOLt "Ovmv Rw=HD swrat w XNWt u=R}t l} R= p=U l} |] 'CqwYLt pm
Ow@tm u=tR \UwDt Q=Okt xm CU= u; |xOvyOu=Wv 10 |x]@=Q QO xOW |iQat
R}v 13 =D 11 \@=wQ x@ \w@ Qt |=yC}OwOLt "CU= OwOLt CqwYLt |x}rm |=Q@
"OvDUy |O=yvW}B pOt QO |Q}os}tYD |=yQ}eDt |=Q@ umtt Q}O=kt |xOvvmu}}aD

pL |=yVwQ "4
|R} Qxt=vQ@ VwQ w |vwQO |x]kv sD} Qwor= R= '|O=yvW}B |[=} Q pOt pL Qw_vt x@

"CU= xOW xO=O K}[wD xt=O= QO xm xOW xO=iDU= |r=wDt swO xHQO

2|r=wDt swO xHQO |R} Qxt=vQ@ "1"4
|=yVwQ u} QDy@ R= |m} O}=W w u} QDO}OH R= |m} |r=wDt swO xHQO |R} Qxt=vQ@
|]NQ}e |R} Qxt=vQ@p�=UtpL |=Q@|}xw}W VwQ u}= "CU= xDi=}xaUwD *|R=Uxv}y@
OvtDQOk sD} Qwor= l} u}vJty VwQ u}= [20]"CU= |]N jwi |}=Qoty MQv =@
|rm Qw] x@ "CU= nQR@ T=}kt QO |Qw=:vi w |SwrwvmD =@ \@DQt p�=Ut pL |=Q@
xr�Ut Q=QmD Qy QO w CU= xOvwWQ=QmD sD} Qwor= l} |r=wDt swO xHQO |R} Qxt=vQ@
R= TBU "Ovm|t pL =Q u; w xOQm xrwtQi wO xHQO |xr�UtQ} R l} CQwY x@ =Q
"Ovm|t xO=iDU= O}OH Q=QmD w O}OH |x]kv l} O=H}= |=Q@ xOt; CUO x@ ?=wH
u}}aD |Qw] X Q=Okt "O} Q}o@ Q_v QO =Q Q} R swO xHQO |R} Qxt=vQ@ |xr�Ut

%xm OwW|t

MinQ = rfT�X + 1
2�XT

hr2L
i

�X (21)

%=yC}OwOLt

gj +rgTj �X � 0 j = 1 2: : : : :m (22)

hk +rhTk �X = 0 k = 1 2: : : : :p (23)

%OwW|t x�=Q= 24 |x]@=Q QO Sv=Qo q `@=D

~L = f (X) +
mX
j=1

(�jgj (X)) +
pX
k=1

(�m+khk (X)) (24)

'C}OwOLt uwO@ *|R=Uxv}tm =@ |]NQ}e p�=Ut pL |=Q@ uDw}v VwQ =@ x@=Wt
|xr�UtQ} R w OwW|t xDiQo Q_v QO S |wHDUH Q}Ut u=wva x@ �X ?=wH Q=OQ@
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}rwD
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R=Up
Ot

��
mX
j=1

ln (sh) j

��
mX
j=1

ln (ssh) j

%=yC}OwOLt
g(x) = 0
h (x) + sh = hu

sh + ssh = hu � hl
x+ sx = xu (34)

"OW=@ C@Ft OOa l} O}=@ 'CU= xOvvmOwOUt QDt=Q=B l} u=wva x@ � xm =Hu; R=
"CU= 35 |x]@=Q CQwY x@ R}v u} Sv=Qo q `@=D

L� = F (x)� Y T g (x)

�yTh [hu � sh � h (x)]

�yTsh (hu � hl � sh � ssh)

�yTx [xu � x� sx]

��
nX
i=1

ln (x� xl) i

��
nX
i=1

ln (sx) i

��
mX
j=1

ln (sh) j

��
mX
j=1

ln (ssh) j (35)

|ov}y@ \}=QW "OvDUy u} Sv=Qo q |xOvvm?Q[ yxw ysh 'yh 'y xm|Qw] x@
%R= CU= CQ=@a x}rw=

rxL� = rF (x)�rg(x)T y

+rh(x)TYh + Yx � z = 0 (36)

rshL� = yh + ysh � � � S�1
he = 0 (37)

rsshL� = ysh � � � S�1
she = 00 (38)

rsxL� = yx � � � S�1
x e = 00 (39)

ryL� = �g (x) = 00 (40)

ryhL� = h (x) + sh � hu = 00 (41)

ryxL� = x+ sh � xu = 00 (42)

ryshL� = sh+ ssh � hu + hl = 00 (43)

(X �Xl) � Z � e = � � e (44)

%xm |Qw] x@
e = [1 : : :  1]T (45)

X = diag (x1 : : : :xn) (46)

3|vwQO |x]kv sD} Qwor= "2"4
VN@ u} QDxDUHQ@ w u} QDnQR@ '|[=} Q |R} Qxt=vQ@ QO |vwQO |x]kv |=yVwQ
xJN} Q=D [21]"CU= xOw@ TmrBt}U VwQ |xaUwD u=tR R= |R=Uxv}y@ QO j}kLD R=
sD} Qwor= [22]Q=mQ=tQ=m xm|v=tR 'OOQo|tQ@ 1984 p=U x@ |vwQO |x]kv VwQ
x@ uOW l}ORv w= |xO}= [23]"OQm O=yvW}B |]N |R} Qxt=vQ@ |=Q@ =Q OwN |O=yvW}B
|x]kv |=yVwQ "OW=@ =QH= p@=k xOwOLt pN=O R= xm |}xvwo x@ 'Ow@ xv}y@ pL x=Q
Q}}eD s�=O Qw] x@ =Q u; C=@U=Lt w Q=QmD '|[=} Q |R} Qxt=vQ@ |Q_v |=tv |vwQO
pL QO =Q VwQ u}= OQmrta 2015 p=U QO [24]u=Q=mty w xO}OvUB "CU= xO=O
xm '|r=wDt swO xHQO |R} Qxt=vQ@ s=v x@ hwQat j}kO VwQ l} =@ |]NQ}e p�=Ut
xU}=kt 'CU= |]NQ}e |R} Qxt=vQ@ p�=Ut pL |=Q@ Ot;Q=m |=yVwQ R= Qo}O |m}
VwQ u}= OQmrta C}@ wr]t 2015 p=U QO [25]u=Q=mty w |�=Qk 'u}=Q@ xwqa "OvOQm
=yv; j}kLD R= pY=L G}=Dv "OvOQm O}}-=D |]NQ}e |R=Uxv}y@ p�=Ut pL |=Q@ =Q
|vwQO |x]kv sD} Qwor= w |r=wDt swO xHQO |R} Qxt=vQ@ |=yVwQ xm O=O u=Wv
x=Q x@ |@=}DUO |=Q@ =ys=o O=OaD 'xv}y@ |=ypL x=Q ^=Lr x@ |@ wr]t OQmrta R=
lQO Qw_vt x@ "OvQ=OQwNQ@ uOw@ ptmt w xv}y@ |=]N '|yHwt=v sOa 'xv}y@ pL
Q_v QO 32 |x]@=Q j@] =Q |]NQ}e |R} Qxt=vQ@ ẁv R= xr�Ut l} 'VwQ u}= QDy@

%O} Q}o@
MinimizeF (x)

%=yC}OwOLt
g(x) = 0
hl � h(x) � hu
xl � x � xu (32)

|w=UD x@ |mtm |=yQ}eDt R= xO=iDU= =@ xr�Ut C}OwOLt QO |=y|w=Ut=v O}=@ =OD@=
%OwW p}O@D

MinimizeF (x)

%=yC}OwOLt
g(x) = 0
h (x) + sh = hu

sh + ssh = hu � hl
x+ sx = xu

x� xl � 0; sh; ssh; sx � 0 (33)

Q=DWwv j@=]t =Q |vwQO |x]kv VwQ |tD} Qwor= sQi 'jwi CqO=at T=U= Q@
%O=O KQW u}vJ u=wD|t 1984 p=U QO [19]Q=mQ=tQ=m

uOw@ |ivtQ}e \}=QW xm |Qw] x@ 'O}vm ?=NDv= xHwt ẁQW |x]kv l} %1 s=o �
%O}vm s}_vD u}vJ =Q xr�Ut |x}rw= |xOvvmOwOUt 'TBU "OR=U xOQw;Q@ =Q

MinimizeF� = F (x)

= �
nX
i=1

ln (x� xl) i

��
nX
i=1

ln (sx) i
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=vY

|U
Ovyt 2666666666666666666664

�Z�1(x� x1) 0 0 0 0 0 0 �1 0
0 S�1

h (Ysh + Yh) 0 0 0 1 1 0 0
0 0 S�1

x Yh 0 1 0 0 0 0
0 0 0 S�1

sh Ysh 0 1 0 0 0
0 0 1 0 0 0 0 1 0
0 1 0 1 0 0 0 0 0
0 1 0 0 0 0 0 �rh 0
�1 0 0 0 1 0 �rhT H �rgT
0 0 0 0 0 0 0 �rg 0

3777777777777777777775
�

2666666666666666666664

�z

�sh

�sx

�ssh

�yx

�ysh

�yh

�x

�y

3777777777777777777775
=

2666666666666666666664

�� � z�1e+ (x� x1) � e
�� � S�1

h e� (Ysh + Yh) � e�
� � S�1

x � Yxe
� � S�1

sh � Yshe
�X � Sx +Xu

�Sh � Ssh + (hu � hl)
�h(x)� Sh + hu

��xL�
g(x)

3777777777777777777775
�53�

Y kh = �Yh + ��Dryh (59)

sksh = �ssh + ��prssh (60)

Y ksh = �Ysh + ��Drysh (61)

|xr�Ut pw] xrLQt u}= QO �aD w x}rw= |xr�Ut pw] �aP jwi CqO=at QO
=D OvwW|t ?=NDv= QDr}i VwQ l} =@ |oDU}=W `@=D x@ xHwD =@ xm CU= u=owO
l} xm OwW|t xOy=Wt u}vJty "Ovvm ^iL =Q =y|mtm w Sv=Qo q C@Ft ?}=Q[
61 =D 54 \@=wQ QO xm CU= 62 |x]@=Q Ovv=ty |vwQO |x]kv sD} Qwor= R= s=o

"CU= xOW xO=O \U@
%x}rw= |xr�Ut |=Q@�

xk; Skx ; S
k
h; S

k
sh

�! �
�x; �Sx; �Sh; �Ssh

�
(62)

%u=owO |xr�Ut |=Q@�
Y k; Y kx ; Y

k
h ; Y

k
sh

�! � �Y ; �Yx; �Yh; Ysh
�

(63)

QDt=Q=B |xr=@vO |=Q@ =Q �xk; Skx ; Skh; Sksh	 xr=@vOl} |vwQO |x]kv sD} Qwor=
l} CQwY x@ Q=QmD OvwQ "Ovm|t O}rwD QiY x@ |=Qoty f�g |xOvvmOwOUt
CqO=at QO jr]t |xv}y@ \}=QW j=@]v= sOa "O@=}|t xtD=N |@Uv ptmt Ao

"CU= xOW h} QaD 65 w 64
=D 64 CqO=at =@ j@]vt |}=Qoty Q=}at R= xOt; CUO x@ pL x=Q Qo = %5 s=o �
"CiQ 2 s=o x@ O}=@ CQwY u}= Q}e QO "OwW|t u}}aD xv}y@ pL x=Q 'OW=@ 67

gup
1 + kDual � objk � "1 (64)

klargest�mismatch� of �KKTk � "2 (65)

sh = diag(sh1 : : : :shn) (47)

ssh = diag(ssh1 : : : :sshm) (48)

Yx = diag(yx1 : : : :yxm) (49)

Ysh = diag(ysh1 : : : :yshm) (50)

Yh = diag(yh1 : : : :yhn) (51)

Sx = diag(Sx1 : : : :Sxm) (52)

OvDUyC}OwOLt |=yu=}O=Qo R= |}=yT} QD=t 'jwi CqO=at xmCU= QmP x@ sRq
"CU= ?Qwt T} QD=t z w

"OwW|t x@U=Lt xrLQt u}= QO � |xOvvmOwOUt QDt=Q=B %2 s=o �
53 xrO=at sDU}U 'Q=QmD Qw_vt x@ wHDUH Q}Utl} uOQw;CUO x@ |=Q@ %3 s=o �
[�z;�sh;�sx;�ssh;�yx;�ysh;�yh;�x;�y] Q=OQ@TBU"OwWpLO}=@

"Ow@ Oy=wN wHDUH Q}Ut
sDU}U R= xO=iDU= =@ pL x=Q |v=UQRwQx@ w a |xR=Ov= u}}aD xrLQt u}= QO %4 s=o �

%OwW|t s=Hv= 61 =D 54 CqO=at

xk = �x+ ��prx (54)

Y k = �y + ��Dry (55)

skx = �sx + ��prsx (56)

Y kx = �Yx + ��DryX (57)

skh = �sh + ��prsh (58)
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OtxOW x�=Q= 2 pwOH QO =yVwQ R= l} Qy \UwD xr�Ut pL R= pY=L G}=Dv u}vJty

"CU=

OQmrta |@=} RQ= "6
w |mwD |Q=t; |=yuwtR; \UwD u}W}B VN@ QO xOt; CUO x@ G}=Dv VN@ u}= QO

"CU= xDiQo Q=Qk p}rLD w x} RHD OQwt T}UB=D

5|mwD uwtR; "1"6
pOt pL QO |O=yvW}B VwQ wO |=QH= R= xOt; CUO x@ G}=Dv p}rLD Qw_vt x@
u}= QO "CU= xOW xDiQo xQy@ |mwD VwQ R= 'Qo}Om} =@ =yv; |xU}=kt w |[=} Q
'hOy `@=D Q=Okt pt=W xOW u}}aD XN=W xU Qy |=Q@ |mwD ZQi uwtR; 'Q=DWwv
Q_v QO =@ u}=Q@=v@ "CU= xDiQ}PB s=Hv= pOt |yHwt=v sOa u}vJty w =ys=o O=OaD
xHwD =@ xO=iDU= OQwt VwQ wO G}=Dv u}ov=}t 'OYQO 95 u=v}t]= K]U uDiQo
xDiQo Q=Qk xU}=kt OQwt |mwD uwtR; \UwD 'xOW |iQat |@=} RQ= XN=W xU x@
|x}rm xm CU= u; Qou=}@ (H0) |x}[Qi 'xU}=kt Qy QO xm |}xvwo x@ 'CU=
Ov=|w=Ut Qo}Om} =@ =yVwQ R= l} Qy x@ \w@ Qt G}=Dv R= pY=L |=yu}ov=}t
|xOvyOu=Wv xm |}xvwo x@ 'CU= ZQi OQ |vat x@ (H1) p@=kt |x}[Qi w
=@ =yu}ov=}t R= |m} xv}tm u=}t QO Q=O|vat Cw=iD OwHw u=ty =} |w=UD sOa
xOW xO=O u=Wv 3 pwOH QO uwtR; u}= |=QH= R= pY=L G}=Dv "CU=yv; |x}k@

"CU=
R= pY=L |=yu}ov=}t hqDN= jr]t QOk '3 pwOH QO OwHwt G}=Dv x@ xHwD =@
jr]t QOk xJv=vJ w xDiQo Q=Qk xU}=kt OQwt q / (K;N;�K) =@ pL |=yVwQ
xH}Dv QO "OW Oy=wNv xDiQ}PB (H0) |x}[Qi OW=@ u; R= V}@ =yu}ov=}t hqDN=
|Q=O|vat hqDN= Qo}Om} =@ x]w@ Qt pL |=yVwQ R= pY=L u}ov=}t wO u}=
|x}[Qi OW=@ u; R= QDsm =yu}ov=}t hqDN= jr]t QOk xJv=vJ w CW=O Ovy=wN
VwQ wO |=yu}ov=}t u=}t |Q=O|vat Cw=iD u}=Q@=v@ xm Ow@ Oy=wN Q=QkQ@ (H0)
VwQ wO 'OwW|t xOy=Wt 3 pwOH QO xm xm u=vJ "CW=O Oy=wNv OwHw x]w@ Qt
Cw=iD Qo}Om} =@ xU}=kt OQwt |=yXN=W R= l} I}y QO xOW xDiQo Q=m x@ pL

"OvQ=Ov |Q=O|vat

6T}UB=D uwtR; "2"6
T}UB=D sD} Qwor= \UwD xOt; CUO x@ G}=Dv 'pL VwQ u} QDy@ ?=NDv= Qw_vt x@
|xv} Ro ?=NDv= |=Q@ T}UB=D s}tYD T} QD=t "CU= xDiQo Q=Qk p}rLD w x} RHD OQwt

%CU= xOt; CUO x@ u}vJ QDQ@
Z�min Iteration�min Infeasibility�min

SQP

IP

" 4645=5294 159 5=55052E� 10
4636=55318 217=6 8=27946E� 11

#
(68)

"CU= xOW x�=Q= 4 pwOH QO T}UB=D sD} Qwor= |=QH= R= pY=L G}=Dv
xm OW Oy=wN ?=NDv= QDQ@ VwQ u=wva x@ |WwQ 'xOt; CUO x@ G}=Dv x@ xHwD =@
sD} Qwor= T}UB=D uwtR; R= pY=L G}=Dv j@] u}=Q@=v@ "OW=@ xDW=O =Q Q=Okt u} QDW}@
OQmrta |=Q=O |r=wDt swO xHQO |R} Qxt=vQ@ pL VwQ x@ C@Uv |vwQO |x]kv

"CU= |QDy@

%xm |Qw] x@
gap = (yh + ysh)T sh + yTshSsh

+yTx Sx + zT (x� xl) (66)

dual � obj = F (x)� Y T g (x)

�yTh [hu � h (x)]� yTsh [hu � hl]
�yTx [xu � x]� ZT (x� xl) (67)

|OOa |xvwtv "5
pL 4TU Q=Ri=sQv ltm =@ w |O=yvW}B sD} Qwor= wO |x]U=w x@ |OOa p=Ft xO
"CU= xOW ZQi 5 =@ Q@=Q@ |O}rwD CqwYLt `=wv= O=OaD =yp=Ft u}= QO "CU= xOW
QO |ov}y@ |=yQ=}at R= XN=W xU QwmPt pL |=yVwQ OQmrta |@=} RQ= Qw_vt x@
x@U=Lt hOy `@=D Q=Okt pt=W XN=W xU u}= xm |Qw] x@ 'CU= xOW xDiQo Q_v
"O};|t CUO x@ |O=yvW}B |=yVwQ \UwD pOt pL |xH}Dv QO xm CU= xOW
sOa Q=Okt R}v w xv}y@ ?=wH x@ uO}UQ Qw_vt x@ pY=L |=ys=o O=OaD u}vJty
"CU= xOy=Wt p@=k 1 pwOH QO xr�Ut |=yQDt=Q=B Q}O=kt "CU= pOt QO |yHwt=v

"=yQDt=Q=B Q}O=kt |xOwOLt "1 pwOH
Q}O=kt |xOwOLt QDt=Q=B

�100�500� Di

�150�1000� Pi

�4�8� hi

�300�370� ki

�4 8�8� bi

�0 5�1 5� bfi

�3�5� �i

�1�5� oi

�0 01�0 04� 
i

�0 2�0 6� si

�2�3� di

�15000�20000� MAHC

�15000�20000� MALSC

�16000�20000� MABC

�22000�30000� Budget

�1800�3000� Cap

�1000�6000� screening

�10000�17000� disposal

�9�15� nc

�0 2�0 3� a
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=vY

|U
Ovyt "|O=yvW}B VwQ wO R= xO=iDU= =@ xr�Ut pL R= xOt; CUO x@ G}=Dv "2 pwOH

|vwQO |x]kv sD} Qwor= |r=wDt swO xHQO |R} Qxt=vQ@ h}OQ|yHwt=v sOa =ys=o O=OaD hOy `@=D Q=Okt |yHwt=v sOa =ys=o O=OaD hOy `@=D Q=Okt
1 4 E �12 293 3526 35 0 373 3527 24 1
1 9 E �12 297 4517 38 2 3 E �09 107 4517 38 2
1 3 E �12 279 5026 04 11�E 1 6 74 5033 17 3
1 8 E �10 183 4672 12 0 168 4672 29 4
2 1 E �12 172 5345 01 1 1 E �10 150 5345 09 5
2 6 E �12 307 4594 37 2 7 E �09 132 4673 94 6
9 4 E �12 140 4711 9 1 8 E �10 153 4711 9 7
4 1 E �10 184 4680 62 1 2 E �11 128 4680 62 8
3 8 E �12 138 4911 23 1 1 E �11 190 4911 23 9
2 1 E �10 183 4380 51 2 3 E �10 115 4382 43 10

|OwHwt u; QO xm |}xQwO pw] '|OwHwt pm |xQwO pw] |O=yvW}B pOt QO
=@ xm OvDUy |t}tYD |=yQ}eDt 'xOW Ci=TB |=[=kD MQv u}vJty w CU= C@Ft
x�=Q= pOt uOw@ |]NQ}e x@ xHwD =@ "OvwW|t u}}aD |OwHwt pm |xv} Ry |R=Uxv}tm
|vwQO |x]kv sD} Qwor= w |r=wDt swO xHQO |R} Qxt=vQ@ j}kO pL VwQ wO 'xOW
xO=iDU= =@ VwQ wO u}= \UwD |OOa p=Ft CU}@ ẁtHt QO w KQ]t pOt pL |=Q@
ZQi uwtR; R= xO=iDU= =@ pL |=yVwQ OQmrta TBU "OW pL TU Q=Ri= sQv R=
|Q=O|vat hqDN= xm CU= u; |xOvyOu=Wv pY=L G}=Dv xm OW xU}=kt |mwD
|=ys=o O=OaD w pOt |yHwt=v sOa 'hOy `@=D Q=Okt |=yXN=W R= l} I}y u=}t
T}UB=D uwtR; |=QH= R= pY=L G}=Dv "OQ=Ov OwHw xv}y@ ?=wH x@ uO}UQ |=Q@ sRq
xHQO |R} Qxt=vQ@ VwQ x@ C@Uv |vwQO |x]kv sD} Qwor= QDy@ OQmrta R= |m =L
Ov=wD|t Q=DWwv u}= |xt=O= w xaUwD |=yxv}tR R= |mJwm VN@ "CU= |r=wDt swO

%OW=@ Q} R |O=yvW}B OQ=wt pt=W
&u}W=t OvJ \UwD =yq=m O}rwD uDiQo Q_v QO �

&xr�Ut |rY= |=yQDt=Q=B R= |NQ@ uDiQo Q_v QO sy@t w |R=i �
&OvQ=O |Q=mxQ=@ wO C}r@=k xm ?w}at |=yq=m O}rwD �

&|tQwD \}=QW CLD pOt |xaUwD �
&hrDNt |=yCt}k QO h}iND |=ypOt R= xO=iDU= �

l} Qy |ivt w C@Ft C=mv |UQQ@ w |Q=mD@==Qi w |Q=mD@= |=yVwQ R= |Q}oxQy@ �
xOW x�=Q= j}kO pL |=yVwQ =@ xOt; CUO x@ G}=Dv |xU}=kt u}vJty w =yv; R=

"Q=DWwv u}= QO

"pL |=yVwQ |=yu}ov=}t hqDN= R= pY=L G}=Dv "3 pwOH
hOy `@=DQ=Okt =ys=o O=OaD |yHwt=v sOa

SQP � IP 0 059 �2 459 2 028
q(0=05; 2; 18) 2 97 2 97 2 97

"T}UB=D sD} Qwor= |=QH= R= pY=L G}=Dv "4 pwOH
CIP CSQP

0 989877347 0 010122653

|Q}oxH}Dv "7
hOy =@ |rwYLtOvJ �EPQ� |O=YDk= O}rwD Q=Okt pOt l} 'Q[=L Q=DWwv QO
|@}mQD CQwY x@ w R=Ht Ow@tm u; QO xm OW x�=Q= |OwHwt pm |=yxv} Ry Vy=m
R= |WN@ w CU= xOW ZQi xDiQ CUO R= VwQi w xOW Ci=TB |=[=kD R=
w uOW QD|OQ@ Q=m Qw_vt x@ "CU= xOW Ci=TB Q}eDt w C@=F |xv} Ry wO =@ =[=kD
sr=U |xDUO wO x@ |O}rwD |=yq=m '|ak=w |=}vO x@ |O=yvW}B pOt QDW}@ |m}ORv
C=a}=[ u=wva x@ w xOw@ Q}taD p@=k Q}e ?w}at |=yq=m &OvOW |Ov@s}UkD ?w}at w
u=R}t R= u=v}t]= sOa w \}=QW uOw@ |a]kQ}e CyH x@ u}vJty "OvwW|t ?wULt
u}= R= |O=OaD xm xOW xDiQo Q_v QO pOt |=Q@ |}=yC}OwOLt 'TQDUO QO |xHOw@

"Ovvm|t |wQ}B p=tQv `} RwD R= w OvDUy |r=tDL= sQi x@ =yC}OwOLt

=yCWwv=B
1. economic production quantity
2. sequential quadratic programming (SQP)
3. interior point algorithm (IP)
4. statistical analysis system (SAS)

5. Tukey's hypothesis system test
6. techinque for order of preference by similarity to ideal solution

(Topsis)
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