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|=ypOt ' ẁ[wt C=}@O= QO "OwW|t p=ta= R}v |Rri |=yCr=B CWoQ@ R= |W=v
hrDNt `}=vY QO u=Qmr}tl}DUHr |xr�Ut |=Q@|irDNt pL |=yVwQ w|[=} Q
C=a]k l}DUHr |xRwL QO xOW s=Hv= C=k}kLD u}vJty [12�7 '3]"CU= xOW x�=Q=

[2]"CU= xOW |UQQ@ '|R=UwQOwN CavY QO
Ov=CQ=@a s}DUy u; |=Q@ |NU=B uDi=} p=@vO x@ Q[=L Q=DWwv QO xm |Dq=-wU

%R=
xwQo u}t-=D |xQ}HvR QO u=Qmr}t `} RwD sDU}U |=Q@ ?U=vt |R=Uxv}y@ pOt "1
|xQHvB 'C=a]k `} RwD x@ \w@ Qt C=_Lqt uDiQo Q_v QO =@ =B}=U |R=UwQOwN
uwQO =yCr=B |Oa@xU |Q}oQ=@ x@ \w@ Qt C=_Lqt xS} w x@ 'C=WQ=iU |v=tR

#CU= xvwoJ pt=L |=ywQOwN |Q}oQ=@ |=[i
=@ j@=]t u; |L=Q] xm |}xvwo x@ 'xr�Ut |=Q@ ?U=vt |Q=mD@= pL OQm} wQ "2
xvwoJ OwW |Q=OQ@xQy@?U=vt |=yQorta wV}=tv KQ] R= w xOw@ xr�Ut Q=DN=U
pL |=Q@ |Q=mD@= sD} Qwor= � |[=} Q pOt |@}mQD OQm} wQ R= u=wD|t =}; #CU=
s}tYD |=yQ}eDt R= |WN@ '?=wH Qy p}mWD QO xm |Qw] x@ 'OQm xO=iDU= xr�Ut

#OvwW s}_vD xv}y@ CQwY x@
j]vt =@ xU}=kt QO w pta QO u; |WN@ QF= w xOW |iQat VwQ OQmrta "3
s}kDUt p=UQ= T=U= Q@ xm � =B}=U |R=UwQOwN xwQo QO |rN=O l}DUHr |rai

#CU= xvwoJ �CU= C=WQ=iU
|=yC} Rt w =y|Qw;wv 'C=}@O= QwQt x@ swO VN@ QO 'Q=DWwv u}= |xt=O= QO

xm `]=kDt VQ=@v= sDU}U hqN Q@ "OwW p} wLD |=yu=tR uOW |vqw] x@ QHvt
`}tHD w xOW Ci=} QO l}DUHr |xm@W QO |v=}t |x]kv l} QO =yxrwtLt u; QO
R= QPo QO w pt=L |wQOwN uwQO =yxrwtLt u=Qmr}t `} RwD sDU}U QO 'OvwW|t
|wQOwN xm ?}DQD u}O@ "OvwW|t `}tHD l}DUHr |xm@W QO hrDNt |=yxQo
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Nwm;k = ZQi =@ =yv; Q}_v ULC w m VQ=iU |Q}oQ=@hrDNt p=mW= "3 pmW
"fm = 13 w Nhm;k = 2 '4

Lmax = max(Lk); k pt=L |wQOwN |Q}oQ=@ |=[i pw] Lk
Wmax = max(Wk); k pt=L |wQOwN |Q}oQ=@ |=[i ZQa Wk

(Kg)k pt=L |wQOwN |vRw C}iQ_ WCk
(Kg)m VQ=iU R= Cr=B Qy uRw wm

O}J k pt=L |wQOwN ZQa QO u=wD|t xm m VQ=iU Cr=B O=OaD Nwm;k
pt=L |wQOwN QO Qo}Om} |wQ u=wD|t xm m VQ=iU Cr=B O=OaD Nhm;k

O}J k

m VQ=iU Cr=B pw] plm
m VQ=iU Cr=B ZQa pwm

m VQ=iU R= Cr=B Qy |Q}oQ=@ R=}v OQwt u=tR LTm
m VQ=iU R= Cr=B Qy x}rND R=}v OQwt u=tR UTm

�Cr=B O=OaD ?ULQ@� m VQ=iU xR=Ov= fm
m V=iU � ẁQW� -=O@t |x]kv Origm

m VQ=iU OYkt |x]kv Destm
OW=@ i xQo =yv; -=O@t xm |D=WQ=iU O0i

OW=@ i xQo =yv; p} wLD pLt xm |D=WQ=iU D0i
m VQ=iU CW=OQ@ |v=tR |xQHvB u}}=B OL lbm
m VQ=iU p} wLD |v=tR |xQHvB |q=@ OL ubm

k pt=L |wQOwN \UwD j xQo x@ xQo i R= pkv w ptL |xv} Ry Costi;j;k
k pt=L |wQOwN \UwD j xQo x@ i xQo R= pkv w ptL u=tR Timei;j;k

u=oOvvmu}t-=D O=OaD ns
TQDUO QO pt=L |=ywQOwN O=OaD nk

C=WQ=iU O=OaD nm
�0� |@ wJ w 1� |Rri� m VQ=iU Cr=B ẁv QDt=Q=B PTm

l} w QiY s}tYD |=yQ}eDt �
pt=L |wQOwN \UwD 'j xQo x@ i xQo R= |Qw@a p=} Qo = CU= 1 Q@=Q@ Xi;j;k

OwW xOwt}B k
|wQOwN uwQO |Rri Cr=B l} xv}tm w Xi;j;k = 1 Qo = CU= 1 Q@=Q@ Zi;j;k

OW=@ k pt=L
OwW C=kqt k pt=L |wQOwN \UwD i xQo Qo = CU= 1 Q@=Q@ Yi;k
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|U
Ovyt Q@=Q@ s}v w l} xv} Ry =ywQOwN ẁv u}= |=Q@ "OQ}o|t Q=Qk xO=iDU= OQwt Q}N =} OQ=O

Qo = xm CU= \QW u}= p=ta= |=Q@ 6 C}OwOLt |xawtHt "CU= p=tQv |xv} Ry
|m} R= Cr=B l} xv}tm O}=@ x=ou; 'OQm C=kqt =Q X=N xQo l} pt=L |wQOwN l}
u; Qou=}=tv 8 w 7 |=yC}OwOLt |xawtHt "OyO p} wLD =} OQ=OQ@ u; C=WQ=iU R=
|=yxQo O}=@ wQOwN x=ou; 'OQ}o Q=Qk k pt=L |wQOwN uwQO m VQ=iU Qo = xm CU=
xm OyO|t u=v}t]= 9 C}OwOLt |xawtHt "Ovm C=kqt =Q VQ=iU OYkt w -=O@t
Qou=}@ 10 C}OwOLt |xawtHt "OvwW xDUmW QDlJwm <=RH= x@ O}=@v C=WQ=iU
"Ovm lQD Q=@ l} QFm =OL =Q |R=Ht xQo Ov=wD|t pt=L |wQOwN l} xm CU= u;
12 C}OwOLt |xawtHt "OR=OQB|t u=} QH Tvq=@ x@ 11 C}OwOLt |xawtHt
u=}@ 13C}OwOLt |xawtHt "Ov=O|t R}=H =Q xOW C=kqt xQo R= GwQN Q=@l} =yvD
|xawtHt "OwW C=kqt pt=L |wQOwN l} \UwD smCUO O}=@ xQo Qy xm OQ=O|t
u=v}t]= 15 C}OwOLt |xawtHt "Ovm|t |Q}owrH QwO O=H}= R= 14 C}OwOLt
'Q=@v=/xOvvmu}t-=D |=yxQo |xawtHt R= Ov=wD|t pt=L |wQOwN l} xm OyO|t
GQ=N Q=@v=/S=Dvwt xv=NQ=m x@ \w@ Qt |=yxQo |xawtHt CtU x@ Q=@ l} QFm =OL
CW=OQ@ Qy R= Oa@ =Q pt=L |wQOwN uwQO Q=@ uRw pm 16C}OwOLt |xawtHt "OwW
|vRw C}iQ_ C}OwOLt '17 C}OwOLt |xawtHt "Ovm|t |v=UQRwQx@ p} wLD =}
Q}Ut QO xQo Qy x@ pt=L |wQOwN Qy uO}UQ u=tR "Ovm|t p=ta= =Q pt=L |wQOwN
19 C}OwOLt |xawtHt "OwW|t x@U=Lt 18 C}OwOLt |xawtHt \UwD 'OwN
-=O@t xQo 'pt=L |wQOwN x@ xDi=}X}YND VQ=iU Qy |=R= x@ xm OyO|t u=v}t]=
'21 w 20 |=yC}OwOLt |xawtHt "OwW C=kqt u; OYkt xQo R= p@k VQ=iU
xawtHt "Ovvm|t p=ta= =Q C=WQ=iU |v=tR |=yxQHvB x@ \w@ Qt |=yC}OwOLt
m0 w m C=WQ=iU |=yULC xm OvyO|t u}t[D 23 w 22 |=yC}OwOLt
sRq |v=tR =yvD |v=WwBsy u}= OwHw |UQQ@ "OvW=@ xDW=Ov |v=WwBsy Qo}Om} =@
\UwD Qt= u}= xm OvQ}o Q=Qk pt=L |wQOwN l} QO m0 w m C=WQ=iU xm CU=
25 w 24 |=yC}OwOLt |xawtHt "OwW|t u}t-=D 26 C}OwOLt |xawtHt
'OQ}o|t Q=Qk pt=L |wQOwN uwQO VQ=iU l} xm |t=ovy xm OvyO|t u=v}t]=
"OvQ}o|t Q=Qk pt=L |wQOwN |Q}oQ=@ |m} R}i |=[i QO u; x@ \w@ Qt |=yCr=B
VQ=iU ULC C}akwt =@ xU}=kt QO =Q m VQ=iU ULC C}akwt 26 C}OwOLt
Q=Qk m0 'VQ=iU |wrH/QU CWB m VQ=iU =}; xm u}= |va} "Ovm|t u}}aD m0
x@ "Ovm|t u}}aD =Q m VQ=iU ULC pmW '27 C}OwOLt |xawtHt "OQ}o|t
pt=L |wQOwN uwQO m VQ=iU =@ \@DQt |=yULC `=wv= 'C}OwOLt u}= ltm
u}}aD 28 |=yC}OwOLt |xawtHt \UwD =yQ}eDt ẁv 'C}=yv QO "OvwW|t O}rwD k

"OwW|t
s=ovy x@ u=WQ}_v |=yC}OwOLt uOQm p=ai Q}e |=Q@ M1 �M4 ?}=Q[ R=
QHvt xm OW=@ nQR@ QOkv; O}=@v ?}=Q[ u}= Q}O=kt 'Qw_vt u}O@ "OwW|t xO=iDU= R=}v
'nQR@ w C@Ft Q}O=kt R= xO=iDU= |=H x@ "OwW |]N |R=U O=R; |=[i VQDUo x@

"OQm u}}aD Q} R CQwYx@ =Q ?}=Q[ u}= Q}O=kt u=wD|t

M1 = max(WCk) + nm�max(fn)�max(wm)

M2 = max(ubm � lbm) + nm�max(fm)�

(max(LTm) +max(UTm))

+max(timei;j;k)

M3 = max(ubm � lbm)

M4 = max(ubm)

X
i2I;i6=1i�ns+1

X
j2I;
j>ns+1

Xi;j;k � 1 k 2 K (15)

Wi;k +
X

m2O0j
wmfm�m;k � X

m2D0j
wmfm�m;k

i 2 I; j 2 I; i 6= 1
�Wj;k +M1(1�Xi;j;k) k 2 K (16)

Wi;k �WCk i 2 I; k 2 K (17)

Ti;k +
X

m2O0i
LTmfm�m;k +

X
m2D0i

UTmfm�m;k

i 2 I; j 2 I; i 6= 1
+timei;j;k � Tj;k +M2(1�Xi;j;k) k 2 K (18)

Tj;k � Ti;k �M3(1� �m;k)

k 2 K;m 2M 0; i = Origm; j = Destm (19)

Ti;k � lbm�m;k
k 2 K;m 2M; i = Origm; (20)

Ti;k � ubm +M4(1� �m;k) m 2M; i = Destm; k 2 K
(21)

xsm � xsm0 � Lmax(1� am;m0)� nlmpwm
m;m0 2M;m 6= m0 (22)

ysm � ysm0 �Wmax(1� bm;m0)� nwmplm
m;m0 2M;m 2 m0 (23)

xsm � Lk � nlmpwm + (Lmax � Lk)(1� �m;k)

m 2M;k 2 K (24)

ysm �Wk � nwmplm + (Wmax �Wk)(1� �m;k)

m 2M;k 2 K (25)

am;m0 + am0;m + bm;m0 + bm0;m � �m;k + �m0;k � 1
m;m0 2M;k 2 K (26)

nlm =

&X
k2K

�
fm

Nhm;k

�
� �m;k

,
nwm

'
m 2M;k 2 K

(27)

Xi;j;k; Yi;k; 
k; �m;k; Zi;j;k; am;m0 ; bm;m0 2 f0; 1g
Wi;k; Ti;k; xsm; ysm � 0
nlm; nwm � 0; integer (28)

Q@ ptDWt xm OR=OQB|t pkv w ptL |=yxv} Ry pm |R=Uxv}tm x@ 1 hOy `@=D
CWoQ@ |=yxv} Ry w S=Dvwt |=yxv=NQ=m x@ u=oOvvmu}t-=D R= pkv w ptL |=yxv} Ry
CiQ Q}Ut |xv} Ry Q@=Q@ s}v pO=at |}xv} Ry =@ u=oOvvmu}t-=D x@ |r=N |Rri |=yCr=B
CWoQ@ x@ \w@ Qt Q@=Q@ s}v |xv} Ryp}tLD |=Q@ 3 w 2|=yC}OwOLt|xawtHt "CU=
|=yC}OwOLt |xawtHt "OvwW|t p=ta= u=oOvvmu}t-=D x@ |r=N |Rri |=yCr=B
OwHw pt=L |wQOwN uwQO |Rri Cr=B l} xv}tm =}; xm u}= u}}aD |=Q@ 5 w 4
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Otw
|iQ

atxQ}e w =yxO=O |Ov@xWwN '|R=wt |=yu}W=t |Ov@u=tR 'hwQ_ QO sqk= |Ov@xDU@
QO "CiQo Q_v QO |Ov@xwQo p�=Ut u=wva x@ u=wD|t xm OvDUy |r�=Ut xrtH R=
pt=L |=ywQOwN uwQO �sqk=� C=WQ=iU 'CUNv |xryw QO 'MRLP |xr�Ut
xv} Ro l} Ov=wD|t |Ov@xwQo |=ysD} Qwor= R= xO=iDU= u}=Q@=v@ "OvQ}o|t Q=Qk �=yxwQo �
OQwt pt=L |=ywQOwN O=OaD xm =Hu; R= "OW=@ MRLP |xr�Ut pL |=Q@ OvtWRQ=
|=yxwQo =@ |Ov@xwQo |xr�Ut l} =@ 'Ov=Cw=iDt hrDNt |=y?=wH QO xO=iDU=
CLD |xr�Ut 'pkv w ptL u=ow=v uOw@ Tv=HDt=v Cra x@ "s}DUy xH=wt Q}eDt
R=}v p}rO x@ 'xwqa x@ "CU= u=Um} Q}e |=yxwQo =@ |Ov@xwQo |xr�Ut l} |UQQ@
xDi=} X}YND sqk= �|@=} Q}Ut� ?}DQD 'pt=L |=ywQOwN |=Q@ |@=} Q}Ut s=Hv= x@
|xr�Ut u}=Q@=v@ "CU= syt �C=WQ=iU =@ Q_=vDt OYkt/-=O@t |=yxQo � =yxwQo x@
=@ |Ov@xwQo |xr�Ut l} "CU= sqk= ?}DQD x@ xDU@=w |Ov@xwQo |xr�Ut ẁv R=
[53 w 52]"CU= |Ov@xwQo p�=Ut u} QDxO}J}B w u} QDCNU xQtR QO jwi |=y|oS} w
|Q=mD@==Qi |=yVwQ '|Ov@xwQo p�=Ut C}ty= w X=N Q=DN=U x@ xHwD =@
Q=DN=U =@ xm CU= |}xvwo x@ =yv; |L=Q] xm Ov=xOW |iQat =yv; pL |=Q@ |irDNt
|Ov@xwQo sD} Qwor= x@ u=wD|t =ysD} Qwor= u}= xrtH R= "Ov@=} j}@]D |Ov@xwQo |xr�Ut
C=QP `=tDH= |R=Uxv}y@ w �GES� |Ov@xwQo |rt=mD |SD=QDU= '�GGA� l}DvS
GES sD} Qwor= xm |}=y|QDQ@ w =}=Rt Q]=N x@ "OQm xQ=W= �GPSO� |Ov@xwQo
|xr�Ut pL |=Q@ sD} Qwor= u}= R= 'OQ=O GPSO w GGA |=ysD} Qwor= x@ C@Uv

"OwW|t xO=iDU= MRLP

p�=Ut pL |=Q@ xm CU= �ES� |rt=mD |SD=QDU= Q@ |vD@t sD} Qwor= l} GES

"CU= xOW|iQat [52]\UwD u; R= Oa@ w [54]\UwD Q=@u}DUNv |Ov@xwQo Q=DN=U|=Q=O
'hwQ_ QO sqk= |Ov@xDU@ Q}_v |r�=Ut |wQ R}t;C}kiwt CQwY x@ sD} Qwor= u}=
|=yu}W=t |Ov@u=tR 'xDW=@v= xOvR=OQB |=yu}W=t |Ov@u=tR '|R=i |Ov@xWwN
'|Oa@ |=yVN@ Q} R QO "CU= xOW |R=UxO=}B xQ}e w QDB wm|ry |@=} Q}Ut '|R=wt
K} QWD MRLP |xr�Ut pL |=Q@ |O=yvW}B GES sD} Qwor= |rY= |=RH=
Q=mwR=U w x}rw= ?=wH O}rwD xwLv '?=wH |Q=PoRtQ KQ] X=N Qw] x@ "OvwW|t
xO=O K}[wD ?=wH p}tmD |=Q@ xOW |L=Q] |Q=mD@= |=yVwQ w O}OH ?=wH O}rwD
uOw@ |vOW ^iL |SD=QDU= R= xQ=wty 'xr=kt u}= QO xm CU= QmP u=}=W "OvwW|t
`@=D xwqa x@ "OwW|t xO=iDU= |@=} Q}Ut w |Q}oQ=@ |=yC}OwOLt Q_v R= =y?=wH
|rm ?wJQ=J "OwW|t xDiQo Q_v QO pkv w ptL |=yxv} Ry ẁtHt =@ Q@=Q@ |oOvR=Q@
w sD} Qwor= QDW}@ C=}�RH R= `q]= ?Um |=Q@ "CU= Q} R CQwY x@ GES sD} Qwor=
"Ovvm xaH=Qt xOW QmP `@=vt x@ Ovv=wD|t Ovtxkqa u=oOvv=wN 'u; |rQDvm |=yQDt=Q=B

(1� �)�GES sD} Qwor= �
ẁQW

&O}vm u}}aD �; �; 0 < a � 1; a0 > 0; r |=Q@ =Q x}rw= Q}O=kt
&t 0

&a a0

&O}vm O}rwD �VR=Q@ u} QDy@� sD} Qwor= \UwD Xt |vOW ?=wH l}
CU}v Q=QkQ@ xtD=N \}=QW xm |t=O=t

� =D 1 R= i |=R= x@
&O}vm O}rwD =Q Y ti ?=wH w xOQm p=ta= =Q NSG sD} Qwor=

|=R= x@ u=}=B
rand < r Qo =

?=NDv= |iO=YD Qw] x@ =Q ?=wH l} 'xOW O}rwD OvRQi ?=wH � w Xt u}@ R=

\rDNt K}LY OOa |R} Qxt=vQ@ pOt "1"3"3
l} 27 |x]@=Q =yvD xm Ci=} QO u=wD|t 28 =D 1 \@=wQ |xawtHt x@ xaH=Qt =@
w 29 |=yC}OwOLt |xawtHt R= u=wD|t pO=at Qw] x@ "CU= |]NQ}e |x]@=Q

"OQm xO=iDU= 27 C}OwOLt |=H x@ 30
nlmnwm �X

k2K
dfm/Nhm;ke � �m;k m 2M (29)

nlmnwm � (1� ")nwm �X
k2K
dfm/Nhm;ke � �m;k m 2M

(30)

|=Q@ "CU= |]NQ}e CQ=@a l} nlmnwm CQ=@a jwi |=yC}OwOLt QO
30 w 29 C}OwOLt u=wD|t =yC}OwOLt R= |]N |xawtHt l} x@ |@=}CUO
w rmax =

�
log

Lmax
pwm

+1
2

�
u; QO xm OQm u} Ro}=H 37�31 |=yC}OwOLt =@ =Q

"smax =
�

log
Wmax
plm

+1
2

�
nlm =

rmaxX
r=1

2r�1 � blm;r m 2M (31)

nwm =
smaxX
s=1

2s�1 � bwm;s m 2M (32)

blwm;r;s � (blm;r + bwm;s)/2
m 2M; r = 1; :::; rmax; s = 1; :::; smax (33)

blwm;r;s � (blm;r + bwm;s)� 1
m 2M; r = 1; :::; rmax; s = 1; :::; smax (34)
rmaxX
r=1

smaxX
s=1

2r+s�2 � blwm;r;s �X
k2K
dfm/Nhm;ke � �m;k

m 2M (35)
rmaxX
r=1

smaxX
s=1

2r+s�2 � blwm;r;s � (1� ")nwm � m 2MX
k2K
dfm/Nhm;ke � �m;k (36)

blm;r; bwm;s; blwm;r;s 2 f0; 1g (37)

27 C}OwOLt |xawtHt =@ 37�31 |=yC}OwOLt |xawtHt uOQm u} Ro}=H =@
|xr�Ut |=Q@ pt=m \rDNt K}LY OOa |]N |R} Qxt=vQ@ pOt l} x@ u=wD|t

"Ci=} CUO MRLP

|O=yvW}B pL VwQ "4
lJwm O=a@= =@ p�=Ut pL |=Q@ =yvD Ov=wD|t xOW |iQat |[=} Q |R} Qxt=vQ@pOt
uDi=} |=Q@ ?U=vt pL VwQ l} xm CU= R=}v 'QDnQR@ p�=Ut |=Q@ "OwW Qy=_ =Q=m
QO xm =Hu; R= "OwW |L=Q] pwkat u=tR l} QO pw@k p@=k C}i}m =@ |=y?=wH
X}YND =} |Ov@xwQo x@ \w@ Qt C=t}tYD pw= |xDUO '|UQQ@ CLD |xr�Ut
l} u=wva x@ u=wD|t =Q MRLP |xr�Ut 'CU= pt=L |=ywQOwN x@ C=WQ=iU
p=@vO x@ xOvQ}os}tYD '|Ov@xwQo |xr�Ut l} QO "CiQo Q_v QO |Ov@xwQo |xr�Ut
'x}rkv |xr}Uw |@=} Q}Ut |xr�Ut "CU=yxwQo uwQO sqk= R= xawtHt l} R=Qi=
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W'
37

�1|
xQwO
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40

0u
=DUt

R�h
}QW

C}
Q}Ot

w`}
=vY

|U
Ovyt

"�VR=Q@ u} QDy@� sD} Qwor= OQmrta Q=mwR=U "4 pmW

&O}vm jqD= Xt�1 =Q u; w O}vm
CQwY u}= Q}e QO

=Q u; w xOQm ?=NDv= =Q ?=wH u} QDy@ 'xOW O}rwD OvRQi ?=wH � w Xt u}@ R=
&O}vm jqD= Xt�1

Qo = u=}=B
&� 

8<:�/a f(Xt+1) < f(Xt)

�a f(Xt+1) � f(Xt)
&t t+ 1

&at  a

xm |t=O=t u=}=B
u=}=B

?=wH |Q=PoRtQ KQ] "1"4
?=wH V}=tv KQ] 'CU= |Ov@xwQo |xr�Ut l} |UQQ@ CLD |xr�Ut xm =Hu; R=
?=wH |Q=PoRtQ KQ] "OwW |Q=OQ@xQy@ |oS} w u}= R= xm OwW |iQat |}xvwo x@ O}=@
1 � nm O=a@= =@ x}=Q; l} Q@ ptDWt 'OQ@|t xQy@ u; R= GES sD} Qwor= xm
|xOvyOu=Wv x}=Q; u}= QYva u}t=m "CU= C=WQ=iU O=OaD nm u; QO xm CU=
QwD=QB= "O@=}|t X}YND u; x@ m VQ=iU xm CU= |rt=L |wQOwN |xQ=tW
OQwt =Q pt=L |=ywQOwN x@ C=WQ=iU X}YND 'GES sD} Qwor= QO VyH
u=tO}J KQ] xrtH R= ?=wH |=RH= Q}=U 'C}=yv QO "OyO|t Q=Qk |Q=mCUO
|=ywQOwN |@=} Q}Ut w �|Q}oQ=@ KQ]� pt=L |=ywQOwN uwQO C=WQ=iU |=yCr=B
u}}aD 6�VR=Q@ u} QDy@� sD} Qwor= |=ys=o pqN QO =RH= u}= "OwW u}}aD O}=@ pt=L

"OvwW|t

�VR=Q@ u} QDy@� sD} Qwor= w x}rw= ?=wH O}rwD "2"4
CQwY �VR=Q@ u} QDy@� sD} Qwor= \UwD pt=L |=ywQOwN x@ C=WQ=iU X}YND
x@ C=WQ=iU X}YND s=ovy xm CU= |}xvwo x@ sD} Qwor= u}= |L=Q] "OQ}PB|t
Q}Ut uOw@ |vOW w =ywQOwN uwQO C=WQ=iU |Q}oQ=@ KQ] uOw@ |vOW '=ywQOwN
pmW "OQ}o|t Q=Qk Q_v Ot 'C=WQ=iU |v=tR |=yxQHvB Q_v R= pt=L |=ywQOwN
|rm Qw] x@ "OQ=Po|t V}=tv x@ =Q �VR=Q@ u} QDy@� sD} Qwor= OQmrta Q=mwR=U '4
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R= pY=L |Ov@xDU@ KQ] ?}DQD '? 5 w hr= 5 |=ypmW "OW=@ QDsm W R=
|wQ Kw]U '? 5 pmW QO "OyO|t u=Wv =Q 2DLSBP w 2DSVSCOL

u=wD|t R}v Qo}O |k} Q] x@ xD@r= "OvwW|t p}mWD |ki= |=yVQ@ j} Q] R= Qo}Om}
u=vJ "OQw; CUO x@ 2DLSBP pL j} Q] R= 2DSVSCOL |=Q@ ?=wH l}
|Owta |=yVQ@ R= xO=iDU= |rY= xO}= 'CU= xOW xO=O u=Wv G 5 pmW QO xm
u}rw= "Ov=xDiQo Q=Qk Qo}Om} Q=vm CU=Q x@ AJ R= Kw]U pmW u}= QO "CU=
|=yDv= w OQ}o|t Q=Qk hQ_ AJ CtU xQ=w}O |wQ '|Owta CQwY x@ K]U
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uOw@ swrat ZQi =@ "CU= =QH= pqN QO |vOWv |=y?=wH O}rwD sOa w =y?=wH
4�4 VN@� OW=@ |vOW |Q}oQ=@ KQ] xm |t=ovy 'pt=L |wQOwN l} C=} wDLt
OUQ|t |v=tR |=yxQHvB Q_vx]kv R= Q}Ut uOw@ |vOW |UQQ@ x@ C@ wv '�O}v}@@ =Q

"�O}v}@@ 4 pmW QO =Q z�
'CiQ}PB CQwY |Q}oQ=@ KQ] uOw@ |vOW |UQQ@ OQwt QO xm xJv; Ovv=ty
T=U= Q@ VwQ u}DUNv "OQ}PB CQwY j} Q] wO x@ Ov=wD|t Q}Ut uOw@ uOW |UQQ@
C=WQ=iU |=Q@ |v=tR |xQHvB =@ OQoxQwO |xOvWwQi |xr�Ut |[=} Q pOt pL
|=Q@ xv}y@ Q}Ut u}}aD x@ Q} R \rDNt K}LY OOa |]N |R} Qxt=vQ@ pOt "CU=
l} |=Q@ =yvD pOt u}= xm =Hu; R= "OR=OQB|t swrat C=} wDLt =@ pt=L |wQOwN l}
"OwW|t Q_vhQY k T}Ov= R= '�e pt=L |wQOwN� OwW|t pL pt=L |wQOwN
Minimize

X
i2I0

X
j2I0

(1 + 0 5P ) cos ti;j;eXi;j

s:t: (55)X
j2I0

Xi;j = 1 i 2 I 0 (56)X
i2I0

Xi;j = 1 i 2 I 0 (57)

ui � uj + nxij � n� 1 i 2 I 0; h 2 I 0; i; j � 2; i 6= j (58)

Xi;i = 0 i 2 I 0 (59)X
i2I0;i6=1
i�ns0+1

X
j2I0;
j>ns0+1

Xi;j � 1 (60)

Ti +
X

m2O0i
LTmfm +

X
m2D0i

UTmfm + timei;j;e

i 2 I 0; j 2 I 0;
� Tj +M2(1�Xi;j) j 6= 1; i 6= j (61)

Tj � Ti m 2Me; i = Origm; j = Destm (62)

Ti � lbm m 2Me; i = Origm; (63)

Ti � ubm m 2Me; i = Destm (64)

Xi;j 2 f0; 1g; Ti,ui � 0 (65)
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C=WQ=iU |xawtHtMe "CU= pt=L |wQOwN \UwD xOW C=kqt |=yxQo O=OaD
|wQOwN uwQO |Rri Cr=B l} xv}tm Qo = "CU= e pt=L |wQOwN x@ xDi=} X}YND
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"OwW|t ?=UL pt=L |wQOwN ẁv Qy |=Q@ |}x}L=v |=yxO=O
xO=iDU= =B}=U \UwD s}kDUt p=UQ= |SD=QDU= R= 'OW xQ=W= QDV}B xm u=vJ
xOW T=@Dk= p=UQ= C} Q}Ot |=y|oO}J}B Vy=m Qw_vt x@ |SD=QDU= u}= "OwW|t
p=UQ= C}rw�Ut OwN u=oOvvmu}t-=D R= l} Qy 's}kDUt p=UQ= |SD=QDU= QO "CU=
pt=L |wQOwN xm u}= uwO@ &OQ=O xOya Q@ =Q p} wLD \=kv x@ C=WQ=iU s}kDUt
|=ywQOwN |R=Uxv=wQ 'u}=Q@=v@ "OQ=Po@ l =QDW= x@ |Qo}O xOvvmu}t-=D =@ =Q |r=UQ=
u=Wv =yxO=O p}rLD R= |W=v G}=Dv "OyO|t MQ OOaD x@ QBxt}v C}iQ_ =@ |rt=L
Ov=xOW p} wLD s}kDUt p=UQ= j} Q] R= |r=UQ= |=yxrwtLt R= OYQO 92 xm OyO|t

"Ov=xOW p=UQ= Q=@v= pLt R= |k@=t w
OvQ=O u=} QH l}DUHr |xm@W QO xm |D=a]k |Ov@xHQO p}rLD x@ 'xt=O= QO
C=a]k |va} &OvDUy B |xHQO R= ��41� C=a]k R= |yHwD p@=k sHL "s} R=OQB|t
C=a]k `} RwD |=Q@ u=Qmr}t l}DUHr "C@=F ,=D@Uv |=[=kD w lJwm ,=D@Uv O=a@= =@
u=}t �Cr=B O=OaD ?ULQ@� pkv w ptL COW u}}aD |=Q@ "CU= ?U=vt xHQO u}=
TQDUO QO |=yxO=O R= xO=iDU= =@ 7 pmW j@=]t COW Q=Owtvl} 'OY=kt w |O=@t

104



2|
xQ=t

W'
37

�1|
xQwO

'�1
40

0u
=DUt

R�h
}QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "s}kDUt p=UQ= |SD=QDU= w GES sD} Qwor= 'MILP pOt G}=Dv "3 pwOH

15 R= xr�Ut 13� lJwm p�=Ut xvwtv ?re= |wQ 'OwW|t x_Lqt xm u=vJ
VQ=Ro hOy `@=D Q=Okt =@ GES \UwD xOW xDi=} hOy `@=D Q=Okt u} QDy@ '�xr�Ut
u} QDy@ 'xOv=t |k=@ |xr�Ut xvwtv wO |wQ "CU= Q@=Q@ MILP pOt |=Q@ xOW
QDy@ xOW xDi=} MILP pOt |=Q@ xJv; R= GES sD} Qwor= \UwD xOW xDi=} Q}O=kt
uDi=} x@ QO=k GES 'lOv= u=tR Q=Okt hQY =@ xm CU= u; Qou=}=tv G}=Dv "CU=
O=vDU= =@ 'OQmrta QO C=@F "CU= OQmrta C=@F =@ w |r=a C}i}m =@ |=y?=wH
GES 'xr�Ut 15 Qy |wQ "CU= C=@F= p@=k C=Q}}eD ?} Q[ |=Q@ QiY Q}O=kt x@
R= K]U u}= "Ovm|t VQ=Ro =QH= 10 |t=tD QO hOy `@=D |=Q@ =Q u=Um} |Q}O=kt

|=y?=wH u} QDy@ 'p=L u}= =@ "CU}v O}}=D p@=k G}=Dv |ov}y@ 'p�=Ut |k@=t |=Q@
=D 1 p�=Ut� lJwm p�=Ut xvwtv |wQ GAMS/CPLEX \UwD xOW xDi=}
GES sD} Qwor= \UwD xOW xDi=} |=y?=wH x@ l}ORv =} u=Um} |oty '�15
|xOvvmpL =Hu}= QO "OvDUy 13 w 12 p�=Ut xvwtv =vFDU= OQwt =yvD "OvDUy
hkwDt MILP pOt |=Q@ xv}y@ ?=wH x@ uO}UQ R= V}B GAMS/CPLEX

xOW xDi=}|HwQN 'xr�Ut xvwtv wO u}= |wQ xm Ow@ u�t]t u=wD|t u}=Q@=v@ "CU= xOW
QO=k GAMS/CPLEX xmCU= QmP u=}=W "CU}v xv}y@ ,=a]k MILP pOt |=Q@
"CU}v x}v=F 3600 COt QO 30�16 p�=Ut xvwtv |=Q@ |vOW ?=wH I}y uDi=} x@

105



"""p
mW

=@C
=WQ=

iU
|Q}

oQ=@
j]v

t|
R=Up

Otw
|iQ

at

Q=Okt wO CLD GES sD} Qwor= OQmrta u=}t hqDN= OYQO |xU}=kt "9 pmW
"Q=QmD O=OaD u} QDW}@ |=Q@ hrDNt

|SD=QDU= \UwD xOW p}tLD |=yxv} Ry QO |OYQO 32 Vy=m C}r@=k u=Qmr}t
"OQ=O =Q s}kDUt p=UQ=

'GES sD} Qwor= OQmrta QO Q=QmD O=OaD xv}W}@ QDt=Q=B Q}F-=D |UQQ@ Qw_vt x@
xvwtv s=tD |wQ =Q sD} Qwor= w xO=O Vy=m 1000 x@ 2000 R= =Q Q=QmD O=OaD xv}W}@
w \UwDt 'xv}tm Q}O=kt QO V}=Ri= =} Vy=m OYQO "s}vm|t =QH= ,=OOHt p�=Ut
OQmrta Q@ CrqO C@Ft Q}O=kt "CU= xOt; 9 pmW QO 'hOy `@=D Q=Okt |xv}W}@
xm u=vJ "OQ=O 1000 x@ C@Uv 2000 Q@=Q@ Q=QmD O=OaD xv}W}@ CLD sD} Qwor= QDy@

"xr�Ut xvwtv 30 |wQ GES sD} Qwor= |=QH=u=tR "8 pmW

xvwtv |wQ =Q |R=Uxv}y@ Ov=wD|t GES sD} Qwor= xm CU= u; |xOvyOu=Wv OQmrta
"OyO s=Hv= uUL= wLv x@ lJwm p�=Ut

xm CU= |}xvwo x@ GES sD} Qwor= OQmrta xm CU= u; xHwD p@=k |xDmv
?} Q[ "CU= lJwm Q=}U@ u; \UwD xOW VQ=Ro �C.V� C=Q}}eD ?}=Q[ Q=Okt
?} Q[lJwm Q}O=kt "CU=|oOvm =QB OYQO u}}aD |=Q@ OQ=Ov=DU= Q=}atl} C=Q}}eD
Q}O=kt "CU= C@=F GES sD} Qwor= |wHDUH Q=DiQ xm CU= u; xOvvm u=}@ C=Q}}eD
u}@t Qt= u}= "OvDUy QiY Q@=Q@ |oty 'lJwm p�=Ut xvwtv |wQ C=Q}}eD ?} Q[
hrDNt |=y=QH= QO =Q u=Um} ?=wH uDi=} C}r@=k xQ=wty sD} Qwor= xm CU= u;
OYQO 2 VwL w pwL C=Q}}eD ?} Q[ Q}O=kt 'QDnQR@ p�=Ut xvwtv |wQ "OQ=O
OQmrta QO C=@F Q@ CrqO xm CU= lJwm |i=m QOk x@ Q=Okt u}= "Ovvm|t u=Uwv

"OW=@ xDW=OGES sD} Qwor=
xOW C@F u=tR "OQ=Po|t V}=tv x@ =Q =QH= |=yu=tR Q@ sm =L OvwQ 8 pmW
OQwt QO xm |}xDmv "CU= xOW sUQ 'xr�Ut xvwtv Qy |wQ GES sD} Qwor= \UwD
"CU= |]N C=WQ=iU O=OaD ?ULQ@ u; Q=DiQ xm CU= u; OQ=O OwHw =QH= u=tR
R2 ?} Q[ w T (nm) = 6=4903 � nm + 0=054 s} Q=O GES |=Q@
u}=Q@=v@ "CU= C=WQ=iU O=OaD ?ULQ@ =QH= u=tR T(nm) "CU= 0/9991 Q@=Q@
O=OaD ?ULQ@ |]N `@=D l} GES sD} Qwor= |=QH= u=tR xm CiQo xH}Dv u=wD|t

"CU= C=WQ=iU
GES sD} Qwor= \UwD xOW VQ=Ro |xv} Ry xU}=kt x@ u}vJty '3 pwOH QO
"s} R=OQB|t s}kDUt p=UQ= |=yxv} Ry =@ T=}k QO u=Qmr}t l}DUHr |xr�Ut |=Q@
p=ta= R= pY=L G}=Dv 'Ov=xOW O}rwD hO=YD x@ 30 =D 1 p�=Ut xvwtv xm =Hu; R=
l}DUHr |xQ=O= xD@r= "CU= xOW |R=Ux}@W =yv; |wQ s}kDUt p=UQ= |SD=QDU=

"CU= xOQm O}}-=D =Q |R=Ux}@W u}= G}=Dv w xw}W R}v =B}=U
pw�Ut xOvvmu}t-=D Qy s}kDUt p=UQ= |SD=QDU= QO 'OW QmP QDV}B xm u=vJ
|D=WQ=iU `}tHD x@ =yvD Ov=wD|t xOvvmu}t-=D "CU= OwN XDNt C=WQ=iU p=UQ=
u=W=m QO S=Dvwt |=yC}=U x@ xm |D=WQ=iU "OR=OQB@ CU= u=QyD QO =yv; OYkt xm
3 pwOH R= "OvQ}o Q=Qk pt=L |wQOwN l} QO Ovv=wD|tv OvwW|t p=UQ= xw=U w
=yxv} Ry Vy=m |=Q@ xwkr=@ C}iQ_ l} R= u=Qmr}t l}DUHr xm CiQo xH}Dv u=wD|t
xm =Q s}kDUt p=UQ= |=yxv} Ry QO Vy=m OYQO 3 pwOH QN; uwDU "CU= Q=OQwNQ@
p�=Ut |xvwtv |wQ "Ovm|t VQ=Ro CU= |@=}CUO p@=k GES sD} Qwor= j} Q] R=
|wQ "CU= Q}eDt O=} R |r}N =D sm Q=}U@ R= =yxv} Ry QO Vy=m OYQO Q=Okt 'lJwm
T=U= Q@ "OvQ=OQwNQ@ |QDW}@ C=@F R= hqDN= OYQO Q}O=kt 'QDnQR@ O=a@= =@ p�=Ut
l}DUHr xm Ci=} QO u=wD|t lJwmQ}e p�=Ut xvwtv |wQ xOt; CUO x@ G}=Dv

106



2|
xQ=t

W'
37

�1|
xQwO

'�1
40

0u
=DUt

R�h
}QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "|ak=w |=yxO=O =@ p�=Ut |wQ G}=Dv "4 pwOH

GES

O=OaD xr�Uts}kDUt p=UQ= |xv} Ry C:V xv}W}@ \UwDt xv}tm
(�103) (�) (�103) (�103) (�103) C=WQ=iU
92800 4/60 57500 54130 48800 53 1
77500 2/53 49950 48580 46500 44 2

VQ=iU R= Cr=B 8 w OUQ|t 1289 |xOvR=U pLt x@ 10%54 Ca=U QO wQOwN
|xv=NQ=m pLt x@ 13%33 Ca=U QO Qr} QD TBU "OQ=O|tQ@ DP13070701C

u}ty "OyO|t p} wLD =Q x]w@ Qt |=yCr=B 'CU=wNQO |xt=vQ@ j@] w xO}UQ 1020
Ca=U QO w xDiQ 1193 |xv=NQ=m pLt x@ 1020 xv=NQ=mpLt lQD R= TB Qw]

"OyO|t p} wLD =Q x]w@ Qt C=WQ=iU |=yCr=B w xO}UQ pLt u; x@ 16%24

|Q}oxH}Dv "6
pL VwQ w \rDNt K}LY OOa |]N |R} Qxt=vQ@ pOt l} Q[=L |xar=]t QO
u} QDsyt "CU= xOW x�=Q= |R=UwQOwN CavY QO u=Qmr}t l}DUHr |xr�Ut |=Q@
u=tO}J pmW =@ C=WQ=iU |Q}oQ=@ xm CU= u; xOW x�=Q= |R=UpOt |xYNWt
=yvD C=WQ=iU xm =Hu; R= "OyO|t Q=Qk Q_v Ot =Q pt=L |=ywQOwN uwQO Q}}eD p@=k
pt=L |=ywQOwN uwQO =yv; |Q}oQ=@ 'OvwW|t |}=U=vW u=W}=yCr=B O=OaD \UwD
l} p=Ft u=wva x@ "OQ}PB CQwYhrDNt pmW?amt p=mW=?r=k QOCU= umtt
?amt l} ?r=k QO pt=L |wQOwN l} uwQO u=wD|t =Q Cr=B OOa 8 =@ VQ=iU
3� 2� 2 |DL =} 2� 2� 2 =} 1� 4� 2 =} 4� 2� 1 O=a@= =@ xJQ=Bl}
uwQO u; |=yCr=B u=tO}J w VQ=iU |=Q@ p=mW= u}= R= |m} ?=NDv= "OQm |Q}oQ=@
s}tYD |=yQ}eDt j} Q] R= Ov=wD|t xJQ=Bl} ?amt l} ?r=k QO pt=L |wQOwN
=@ 'VQ=iUl} |=Q@ O}rwD p@=k p=mW= |xawtHt xm CU= QmP x@ sRq "OQ}PB CQwY
xm |t=ovy xr�Ut |=y|oO}J}B Q@ OwN u}= xm O@=}|t Q}}eD pt=L |wQOwN ẁv Q}}eD
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1. full truckload
2. less than truckload
3. pickup and delivery problem
4. uni�ed load cube
5. Size Changeable 2 Dimensional Loading
6. best-�t algorithm
7. new solution generation
8. 2D single vehicle shape changeable order loading
9. 2D level single bin packing problem
10. best-�t decreasing
11. loading feasibility check
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