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ẁv R= X}YND "OvwW |}=WoR=@ ?=y P ẁtHt QO O}=@ 'R}v xQwO Qy QO "Ovm
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8i 2 N; k 2 H; s; s0 2 Sn f0g ; s0 = sors0 = s+ 1 (56)
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w`}

=vY
|U

Ovyt l} QO =yC}OwOLt CU=Q CtU Q}O=kt e2; e3; : : : ; ep '69 |Ov@pwtQi QO
"OvDUy 2; : : : ; p hOy `@=wD |Ov@s}UkD \=kv T=U= Q@ sD} Qwor= R= X=N Q=QmD
u}vJty "CU= 0 001 w 0 000001 u}@ u; Q=Okt xm CU= C@=F l} epsilon
'hOy `@=D Qy |xOwOLt "OvDUy 2; : : : ; p hOy `@=wD |xOwOLt r2; : : : ; rp
|x}L=v F "CU= xvR=wt pwOH QO hOy `@=D u; Q=Okt u} QDO@ w u} QDy@ u=}t Cw=iD
xr�Ut |=yC}OwOLt x@ \w@ Qt |mtm |=yQ}eDt S2; : : : ; Sp wCU= xr�Ut xHwt
s}UkD u=Um} pw] =@ xR=@ gk x@ k = 2; : : : ; p hOy `@=wD |xOwOLt "OvDUy
"OwW|t s=Hv= |rN=O �O} Qo � |Ov@s}UkD |x]kv gk�1 ltm x@ Q=m u}= "OwW|t
Q=Okt "CU= (g2 + 1) � : : : � (gp + 1) =@ Q@=Q@ sD} Qwor= |=y=QH= O=OaD
CQwYx@ k = 2; : : : ; p hOy `@=D |=Q@ t Q=QmD QO C}OwOLt Qy CU=Q CtU
`@=D Q=Okt u} QDy@ fmink 'u; QO xm CU= ekt = fmink + t � (rk=gk)

b = [Sk=stepk] QPo ?} Q[ l} "CU= xvR=wt pwOH QO k = 2; : : : ; p hOy
"s}vm|t h} QaD �swU hOy `@=D =t |xr�Ut QO� hOy `@=D u} QD|rN=O |=Q@ =Q
xO}O=v =Q u; u=wD|t w CU= O�=R 'sD} Qwor= |Oa@ Q=QmD 'Sk > stepk Qo =

"CiQo

=}wB |R} Qxt=vQ@ VwQ "2"4
|v=tR |=yxQwO R= Ov=CQ=@a =} wB |R} Qxt=vQ@ VwQ QO pL=Qt 'Q[=L |xr�Ut QO
Qy QO C}a[w "OwW XNWt xQwO Qy |=yDv= |v=tR |x]kv O}=@ xrLQt Qy QO w
Q=Okt OQwt QO O}=@ w CU= |rai CUmW x]kv x@ \w@ Qt Q}eDt Q=Okt pt=W 'xrLQt
"OwW|t s=Hv= wQW}B CQwYx@ xr�Ut pL "OwW |Q}os}tYD |Oa@ CUmW |x]kv

"O}vm|t xOy=Wt =Q OQ=wt u}= |m}i=Qo V}=tv '3 pmW QO
QO xm |v}YL � |@=QD VwQ s=eO= `@=D x@ `H=Q =Q |D=L}[wD xt=O= QO
|=} wB |R} Qxt=vQ@ VwQ R= |rL=Qt QO =Q} R "s}vm|t x�=Q= 'xOW x�=Q= [33]VywSB
"O@=}|t OQ@ Q=m 'xiOylD |xr�Ut l} x@ xiOyxU xr�Ut p}O@D |=Q@ '|O=yvW}B
|va} '(PIS) C@Ft p;xO}= Q}O=kt |x@U=Lt |=Q@ 'VwQ u}= QO
l} Qy O}=@ '�ObjPIS1 ; xPIS1

�
;
�
ObjPIS2 ; xPIS2

�
;
�
ObjPIS3 ; xPIS3

� Q}O=kt
"OvwW |R=Uxv}y@ xr�Ut |=yC}OwOLt CLD xv=o =OH CQwYx@ xr�Ut h=Oy= R=
71 w 70 \@=wQ QO xOW QmP h=Oy= |R=Uxv}y@ R= (NIS) |ivt p;xO}= Q}O=kt
w pw= h=Oy= 'Cr=L u}= QO "OvwW|t pY=L xr�Ut |=yC}OwOLt |t=tD CLD
xr�Ut |=yC}OwOLt CLD |R=Uxv}W}@ CyH QO xv=o =OH CQwYx@ xr�Ut swO
xv}y@ xr�Ut |=yC}OwOLt CLD |R=Uxv}tm CyH QO swU hOy w OvwW|t xv}y@
|=yC}OwOLt CLD h=Oy= |=Q@ umtt Q}O=kt u} QDO@ xm CU= u}= hOy� OwW|t

"�OwW x@U=Lt xr�Ut
ObjNISf = maxObjf ; 8f = 1; 2 (70)

ObjNIS3 = minObj3; (71)

"=}wB |R} Qxt=vQ@ VwQ QO C=t}tYD w =yC}a[w 'pL=Qt "3 pmW

P
s02Snf0g;s0<s+1

P
l2H;l 6=k

QkP
q=1

q:trcqlks0 8k 2 H; s 2 Sn f0g
(66)

"CU= [13]VywSB Q@ |vD@t xm s}vm|t x�=Q= R}v =Q |Qo}O Q@Dat |xrO=at=v 'xt=O= QO
u=wD|t 67 |x]@=Q j} Q] R= =Q C}OwOLt u}= "O} Q}o@ Q_v QO =Q 27 C}OwOLt

%O=O Ow@y@P
s2Snf0g

QkP
q=1

q:ukqs � P
s2Snf0g;f1g

P
l2H;l6=k

QkP
q=1

q:trcqkls+P
s2Snf0g;f1g

P
l2H;l 6=k

QkP
q=1

q:trcqlks � Qk P
s2S

zkks 8k 2 H
(67)

u}iQ] u=wD|t 67 |x]@=Q QO 'Chv�atal-Gomory uOQm OQo VwQ T=U= Q@
OQm s}UkD '�Qk =D 1 u}@ K}LY OOa l}� � � 1 Ovv=t K}LY Q=Okt l} Q@ =Q
C}OwOLt AJ CtU xmu}= x@ xHwD =@ "OQm OQo u}}=B x@ =Q AJ CtU ?}=Q[ w
u}}=B x@ u=wD|t R}v =Q C}OwOLt CU=Q CtU 'CU= K}LY |OOa xQ=wty pY=L
xOt; 68 |x]@=Q QO xm C}OwOLt R= |QDxOQWi sQi x@ 'pL=Qt u}= s=Hv= =@ "OQm OQo

"s}UQ|t 'CU=
P

s2Snf0g

QkP
q=1

j
q
�

k
:ukqs � P

s2Snf0g;f1g
P

l2H;l6=k

QkP
q=1

j
q
�

k
:trcqkls+P

s2Snf0g;f1g
P

l2H;l 6=k

QkP
q=1

j
q
�

k
:trcqlks �

j
Qk
�

k P
s2S

zkks

8k 2 H; � = 1; : : : ; Qk
(68)

pOt x@ Ovv=wD|t '|Ov@pwtQi Ow@y@ |=Q@ 68 w 66�64 \@=wQ QO Q@Dat CqO=at=v
"OvwW xi=[= xr�Ut

pL VwQ "4
xDi=}pt=mD uwr}UB= C}OwOLt VwQ "1"4

hOy `@=wD Q}=U xm|r=L QO [32]'OwW|t |R=Uxv}y@ hOy `@=wD R= |m} VwQ u}= QO
'=yC}OwOLt|mtm |=yQ}eDt R=pY=L C=aq]= "OvwW|t xOv=Hvo =yC}OwOLt QO
l} "OyO|t Vy=m =Q pL u=tR w Ovm|t |Q}owrH sD} Qwor= |i=[= |=yQ=QmD R=
QO |R=Uxv}y@ |xr�Ut |rm sQi "O} Q}o@ Q_v QO =Q hOy p =@ xiOyOvJ |xr�Ut

%R= CU= CQ=@a xDi=}pt=mD uwr}UB= C}OwOLt VwQ
min (f1(x) + epsilon�
(S2/r2 + 10�1 � S3/)r3 + :::+ 10�(p�2)S3/r3)
s:t:

f2(x) + S2 = e2
f3(x) + S3 = e3
:::

fp(x) + Sp = ep
x 2 F and S2; S3; :::; Sp 2 R+

(69)
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=yQ

=O}=B
|}x

QwO
OvJ

|@=}
u=m

t

"=}wB |R} Qxt=vQ@ sD} Qwor= Om x@W "4 pmW
xDiQo Q_v QO fs(bs�1; xs) |=Q@ QiY Q=Okt 'OW=@ xHwt=v pOt xm|DQwY QO
|=yQ}eDt Q}=U |xv}y@ Q}O=kt 'CUmW \=kv |xv}y@ Q}O=kt u}}aD R= TB "OwW|t
"OvwW|t pY=L CUmW \=kv |xv}y@ Q}O=kt pt=W pOt pL R= R}v xr�Ut s}tYD
xOt; 4 pmW QO Q[=L |xr�Ut |=Q@ =} wB |R} Qxt=vQ@ OQm} wQ x@ \w@ Qt Om x@W

%CU=

|D=@U=Lt G}=Dv "5
xvwtv |xr�Ut "1"5

|vD@t xvwtv |xr�Ut l} '|O=yvW}B pOt |HvUQ=@Da= Qw_vtx@ 'VN@ Q} R u}= QO
QO xO=iDU= OQwt |=yQDt=Q=B "OwW|t O}rwD [34]x}mQD |xm@W |xO=O xawtHt Q@
VwQ QO xO=iDU= OQwt |=yxO=O "CU= xOW CUQyi 2 pwOH QO xvwtv |xr�Ut
xOW p=tQv =[=kD \=kv u=}t u=} QH "CU= CAB |xO=O xawtHt =} wB |R} Qxt=vQ@
OQwt |=yQDt=Q=B O}rwD C=}�RH "CU= l} =@ Q@=Q@ u=} QH ẁtHt xm |}xvwox@ 'CU=
'CU= xOt=}v pwOH u}= QO xm |}=yQDt=Q=B "CU= 3 pwOH KQWx@ 'xr�Ut R=}v
|=Hx@ xm Cw=iD u}= =@ 'OwW|t O}rwD �2 pwOH� xvwtv |xr�Ut |=yQDt=Q=B x@=Wt
|=Q@ O}Ov=m \=kv "OwW|t xO=iDU= CAB |xO=O xawtHt R= 'x}mQD |xO=O xawtHt
xvR=wt pwOH "CU= xOW ?=NDv= [35]|r@k C=ar=]t T=U= Q@ '=y?=y V}=Wo
x]kv 10 =@ xDi=} pt=mD uwr}UB= C}OwOLt VwQ x@ xvwtv |xr�Ut pL G}=Dv w
`@=wD |xOwOLt u}}aD |=Q@ "CU= xOt; 5 pwOH w 4 pwOH QO ?}DQDx@ 'O} Qo
w u} QDW}@ xm CU= sRq 'xDi=} pt=mD uwr}UB= C}OwOLt VwQ QO xr�Ut hOy
Qw_vt u}O@ "OwW XNWt xr�Ut hOy `@=wD R= l} Qy |=Q@ umtt Q}O=kt u} QDsm

XNWt 73 w 72 \@=wQ ltmx@ 'hOy `@=wD R= l} Qy |=[Q= |xHQO
%OwW|t

�f (x) =8>>><>>>:
1 Objf < ObjPIS

f
ObjNIS

f �Objf
ObjNIS

f �ObjPIS
f

ObjPIS
f � Objf � ObjNIS

f

0 Objf > ObjNIS
f

8f = 1; 2

(72)

�3 (x) =

8>><>>:
1 Obj3 > ObjPIS

f
Obj3�ObjNIS3
ObjPIS3 �ObjNIS3

ObjNIS3 � Obj3 � ObjPIS3
0 Obj3 < ObjNIS3

(73)

l} x@ xiOyOvJ |xr�Ut '|v}YL � |@=QD VwQ s=eO= `@=D R= xO=iDU= =@ 'TBU
%OwW|t p}O@D xiOylD |xr�Ut

max! (x) =  !0 + (1�  )
3X

f=1
�f�f (x) (74)

s:t: !0 � �f (x) ; f = 1; 2; 3 (75)

x 2 F; !0 2 [0; 1] (76)

u=Q@H ?} Q[  QDt=Q=B w CU= xOW XNWt F =@ xr�Ut xHwt x}L=v 'u; QO xm
w OwW|t XNWt �f 2 [0; 1] QDt=Q=B =@ h=Oy= R= l} Qy C}ty= "OwW|t xO}t=v
|} wDQ=B |=y?=wH '�f w  |=yQDt=Q=B Q}O=kt ?=NDv= =@ " 3P

f=1
�f = 1; �f > 0

%R= CU= CQ=@a CUmW \=kv x@ \w@ Qt |=yQ}eDt OwOL "OwW|t |}=U=vW =Q=m
bs�1 + d � bs � T � (m� s+ 1) d 8s = 1; : : : ;m
s}UkD u=Um} pw] =@ |=yxR=@ x@ (G) |Ov@s}UkD \=kv ltmx@ =Q Q}eDt Qy OwOL =t

%CU= u}vJ Q[=L |xr�Ut |DWoR=@ |x]@=Q "s}vm|t
fs (bs�1; xs) = cs;xs + f�s�1 (xs�1jxs�1 = bs�1)

8s = 1; : : : ;m+ 1
QO s}tYD� CU= xOW xO=O V}=tv xs =@ s xrLQt x@ \w@ Qt s}tYD 'u; QO xm
w �OwW xDiQo Q_v QO O}=@ s xrLQt QO CUmW x]kv |=Q@ |Q=Okt xJ xmu}= OQwt
|v}YL � |@=QD VwQ xiOylD |xr�Ut hOy `@=D Q=Okt Qou=}@ fs(bs�1; xs)
|x]kv |=Q@ Q=Okt l} ?=NDv=� xs s}tYD |=QH= QF= QO xm CU= s |xrLQt QO
CUO x@ �|v}YL � |@=QD VwQ |xiOylD pOt pL w S |xrLQt QO CUmW
xm CU= |Q=Okt cs;xs 'x]@=Q u}= QO "f�0 (x0 = b0) = 0 O} Q}o@ Q_v QO "O};|t
'u}vJty "OwW|t xi=[= s xrLQt QO fs(bs�1; xs) x@ xs s}tYD |=QH= QF= QO
|xrLQt x@ \w@ Qt s}tYD R= xmCU=|}xv}y@ Q=Okt f�s�1(xs�1jxs�1 = bs�1)
x@ \w@ Qt Q=OQ@ 'fs(bs�1; xs) Q=Okt |x@U=Lt |=Q@ "CU= xOt; CUO x@ p@k
OwW|t OQ=w pOt QO (b�1 ; : : : ; b�s�2; bs�1; xs) CQwYx@ CUmW \=kv Q}O=kt
hOy `@=D Q=Okt TBU w hOy `@=wD R= l} Qy |=Q@ |ivt w C@Ft p;xO}= Q}O=kt w
u}= QO "O};|t CUO x@ |Q=HD |xOvvmpL l} ltmx@ |v}YL � |@=QD VwQ xv}y@
"Ov=xOt; CUOx@ p@k pL=Qt R= xm OvDUy |}xv}y@ C=t}tYD b�1 ; : : : ; b�s�2 'Q=OQ@
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xQ=t

W'
38

�1
|xQ

wO'
�14

01
u=DU

@=D�
h}

QW
C}

Q}Ot
w`}

=vY
|U

Ovyt

"�x}mQD |xO=O xawtHt� xvwtv |xr�Ut |=yQDt=Q=B O}rwD C=}�RH "2 pwOH
Q=Okt QDt=Q=B Q=Okt QDt=Q=B Q=Okt QDt=Q=B

random integer (100000; 300000) Capekl
Fixed cost linkkl

OCekl f1; 2; 3; 4; 6; 16g N
(Turkish dataset)

1000000 �0 0 4�OCk CCk f1; 3; 6; 16g H

0 5 d 0 4�OCekl CCekl 3 P

(Distanceij(Turkish dataset)� 1000)=
vs 4000 B f0; 1; 2; 3g S

(Travel timeij(Turkish dataset)� 60)

4000 EW 5 Qk 10 T

100 LW 5 Q0kl f1; 2; : : : ; T + 1g GP

Distanceij(Turkish dataset)� 1000 dij 0 2�OCk CIMk
wij(Turkish dataset) + hij(t);

wij(t)
hij = uniform(�wij=T;wij=T)

0 098 ij
10�Distanceij

Ctrkl Distanceij(Turkish dataset) cij
(Turkish dataset)

2 107 � 0 4�OCekl CeAMkl 0 9 �

random integer(10; 20) FJOk 1000000 � Fixed cost hubk(Turkish dataset) OCk
uniform(0 00001; 0 0001) V JOk

"=}wB |R} Qxt=vQ@ VwQ QO =yQDt=Q=B O}rwD C=}�RH "3 pwOH
Q=Okt QDt=Q=B Q=Okt QDt=Q=B
0 75 � 1 3; 1 3; 1 3 �f

uniform(0 25; 2) Capekl 5 T

0 05� cij OCekl 10 G

15000 B uniform(200; 1000) OCk

random integer(20; 40) vs 0 75 �0

uniform(10; 20) V JOk 0 25 d

"xvR=wt pwOH "4 pwOH
Obj � 3 Obj � 2 Obj � 1

892 913801 1 3690882� 1017 7 353651� 109 MinObj � 1
875 340487 1 3252593� 1017 7 482857� 109 MinObj � 2
1154 479490 2 3193975� 1017 8 891490� 109 Max Obj � 3

|=Q@ "�OQw; CUO x@ =Q ?wret=v |=yMU=B =yvD xDi=}pt=mD uwr}UB= C}OwOLt VwQ
OwW|t xv}y@ |}=yvD x@ xr�Ut pw= hOy `@=D 'xvR=wt pwOH pw= Q]U |x@U=Lt
QYva |x@U=Lt |=Q@ "OQ}o|t Q=Qk pwOH pw= uwDU QO pY=L |xv}y@ Q=Okt w
Q=Okt xm C}OwOLt u}= =@ 'OwW|t xv}y@ |}=yvD x@ xr�Ut swO hOy `@=D 'swO uwDU

VwQ QO xvR=wt pwOH uOQw; CUO x@ |=Q@ "OwW|t xO=iDU= xvR=wt pwOH R=
|@}DQD |R=Uxv}y@ 'xr�Ut h=Oy= O=OaD x@ O}=@ 'xDi=} pt=mD uwr}UB= C}OwOLt
?=wH xm |OQ=wt QO xm CU= u}= Q]=Nx@ Q=m u}= &OwW s=Hv= �l}i=Qowm}Umr�
w OvwW xDW=Po Q=vm xr�Ut pL |=[i ?wret \=kv 'OQ=O OwHw xv=oOvJ |xv}y@
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"h=Oy= |=[i QO wDQ=B xv}y@ xy@H "5 pmW
|=Q@ =Q |QDW}@ QF-wt |=ypLx=Q 'xDi=} pt=mD uwr}UB= C}OwOLt VwQ Q=vm QO =} wB

"OQw;|t sy=Qi xOvQ}os}tYD

=}wB |R} Qxt=vQ@ VwQ R= pY=L G}=Dv "2"5
x}mQD |=y xO=O xawtHt |wQ =} wB |R} Qxt=vQ@ VwQ R= pY=L G}=Dv 'VN@ u}= QO

"OwW|t x�=Q= 7 w 6 |=ypwOH QO ?}DQD x@ CAB w
u}= QO "CU= xOt; 7 pwOH pw= uwDU QO R}v xr�Ut R= Owtv Qy C=YNWt
� |@=QD VwQ hOy `@=D x@ \w@ Qt QDt=Q=B xOvyOu=Wv  '=yOwtv V}=tv |xwLv
pt=W xawtHt n "OwW|t pL =} wB |R} Qxt=vQ@ VwQ Q=QmD Qy QO xm CU= |v}YL
|}=OD@= |=[=kD |x]kv jHj pt=W xawtHt h w |}=OD@= |=[=kD |x]kv jN j
|=Q@ "CU=yxQwO O=OaD xOvyOu=Wv np w Ovm|t XNWt =Q =y?=y O=OaD p "CU=
xOW xO=iDU= Rto Q=Ri=sQv \}Lt QO 12 9 0 TmrB}U |xOvvmpL R= '=yOwtv pL

"CU=

|=Q@ "CU= xDiQo Q=Qk pw= uwDU QO xm CU= |}xv}y@ Q=Okt =@ Q@=Q@ pw= hOy `@=D
'OwW|t xv}y@ |}=yvDx@ xr�Ut swU hOy `@=D 'pwOH u}= swU uwDU |x@U=Lt
uwDU QO xm CU= |}xv}y@ Q=Okt =@ Q@=Q@ pw= hOy `@=D Q=Okt xm C}OwOLt u}= =@
swO uwDU QO xm CU= |Q=Okt =@ Q@=Q@ swO hOy `@=D Q=Okt w CU= xDiQo Q=Qk pw=
pta 1 Q]U x@=Wt 'pwOH u}= |=yQ]U Q}=U |x@U=Lt |=Q@ "CU= xDiQo Q=Qk
`@=D |=Q@ =Q l}i=Qowm}Umr |R=Uxv}y@ 'swO Q]U QO xm Cw=iD u}= =@ 's}vm|t
s=Hv= swU hOy `@=D |=Q@ =Q l}i=Qowm}Umr |R=Uxv}y@ 'swU Q]U QO w swO hOy
CUO x@ OvwW|t xv}y@ xm |i=Oy= |=[i QO =Q h=Oy= Q}=U xv}y@ Q}O=kt w s}yO|t

"s} Qw;|t
=@ "CU= XNWt ,qt=m h=Oy= u=}t ZQ=aD 'xvR=wt pwOH x@ xHwD =@
\w@ Qt |=yxv} Ry O}=@ 'swU hOy `@=D Q=Okt Ow@y@ |=Q@ '5 pwOH x@ xHwD
|reW |=yCYQi V}=Ri= =@ |va} "Ov@=} V}=Ri= swO w pw= hOy `@=wD x@
u=R}t xD@r= "O@=}|t V}=Ri= =yxOv}q; Q=WDv= w sDU}U |=yxv} Ry 'Q}eDt w C@=F
VwQ wO u=}t xU}=kt s=Hv= |=Q@ "CU= QDW}@ sDU}U |=yxv} Ry QO V}=Ri=
pwOH QO R}v =} wB |R} Qxt=vQ@ VwQ ltm x@ xvwtv |xr�Ut pL G}=Dv 'pL
hrDNt Q}O=kt uDiQo Q_v QO =@ '6 pwOH x@ xHwD =@ "CU= xOW VQ=Ro 6
|} wDQ=B |=y?=wH '=} wB |R} Qxt=vQ@ VwQ QO xiOylD |xr�Ut |=yQDt=Q=B |=Q@
?=wH wO QO hOy `@=wD |=[Q= xHQO xm |OQ=wt QO "OwW|t pY=L |irDNt
Ov=wD|t xOvQ}os}tYD 'CU= Cw=iDt CUmW \=kv Q}O=kt w CU= u=Um} |} wDQ=B
P=ND= �C=t}tYD |R=UxO=}B u=tR� CUmW \=kv T=U= Q@ =Q VQ_v OQwt ?=wH
xOW xO=O V}=tv 5 pmW QO VwQ wO Qy R= pY=L xv}y@ |wDQ=B xy@H "Ovm

"CU=
|} wDQ=B xv}y@ |=y?=wH uDi=} QO VwQ wO C}y=t uwJ '5 pmW x@ xHwD =@
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527 25 x}=B pOt
511 42 �64�� x}=B pOt
528 91 �65���64�� x}=B pOt
516 44 �66���65���64�� x}=B pOt
573 03 �68���66���65���64�� x}=B pOt
491 67 �65�� x}=B pOt
488=96 �66���65�� x}=B pOt
508 43 �68���66���65�� x}=B pOt
540 70 �66�� x}=B pOt
523 16 �68���66�� x}=B pOt
562 01 �68�� x}=B pOt
523 11 �66� ��64�� x}=B pOt
575 79 �68���64�� x}=B pOt
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