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=D CU= xOW xO=iDU= xQwO Qy QO w} Q=vU Qy O=ONQ p=tDL= w =yw} Q=vU xawtHt R=

"OQ}o Q=Qk VWwB CLD QwmPt OQ=wt
xm OwW|t XNWt |v=tR xOW x�=Q= pOt |rY= OQ@ Q=m w C} Rt Ck}kL QO
Cw=iD wO Qw_vt u}O@ "OQ}o Q=Qk Q_v Ot =yu=QL@ Q}=U =@ p}U u=QL@ |U=U= Cw=iD

%R= Ov=CQ=@a xOW |UQQ@ |xOta
&u=QL@ |Q}oQO u=tR COt uOw@ |vqw] w ?q}U R= TB EO=wL ẁvD "1
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ims

&Ovvm|t QiU s w} Q=vU CLD m

xQwO QO i |=[=kD |x]kv x@ l Q=@v= R= xm v ẁv |x}rkv p}=Uw O=OaD U3v
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=vU
pOt

x�=Q=u}@=t|i X}YND \QW x@ p=kDv= |=yC}OwOLt
L1ikst �X

r

M:Z1ikrswt 8i; k; t; s (26)

L2imst �M:Z2imst 8i;m; s; t (27)

G1ilcts �M:Y 1lirst 8l; i; c; t; r; s (28)

G2klcts �M:Y 2lkrst 8l; k; c; t; r; s (29)

G3mlcts �M:Y 3mlst 8l;m; c; t; s (30)

G4nlcts �M:Y 4nlst 8l; n; c; t; s (31)

E=OL= \QW x@ X}YND C}OwOLt
Z1ikrstw � X1krs 8t; w; i; k; r; s (32)

Z2imst � X3ms 8t; i;m; s (33)

Y 4nlst � X4ns 8t; l; n; s (34)

Y 3mlst � X3ms 8t; l;m; s (35)X
r

Y 2lrstk �X
r

X1krs 8l; k; s; t (36)X
i

Y 1ilrst +
X
k

Y 2klrst +
X
m

Y 3mlst �M:X2lrs

8l; t; s; r (37)

|@=NDv= Q}Ut C}OwOLtX
w

Z1ikrstw � 1 8i; k; r; s; t (38)

u=mU= |=[=kD� u=mU= p}yUD C}iQ_ p}tmD Cra x@ O=Qi= VWwB sOa C}OwOLt
�xOWv xOQw;Q@

B1ist �X
k

X
m

L1ikst + L2imst = SQist 8i; s; t (39)

X;Z; Y 2 f0; 1g 8i; j; k; l; r; s; t;w;m;n
L;G;U � 0; integer 8i; k; l; v; c; t; r; s;m; n
�lcts;wr

clts � 0
xv}tm u}t-=D |xQ}HvR |=yxv} Ry xm CU= u; Q@ |aU xOW x�=Q= |[=} Q pOt QO
ptL |=yxv} Ry 'E=OL= |=yxv} Ry |t=tD |R=Uxv}tm 1 hOy `@=D u}=Q@=v@ "OwW
u=wD|t xm CU= |Q=Oyov w C=Q}taD w |R=UxQ}NP R= |W=v |=yxv} Ry w pkv w
Ow@tm u=R}t |R=Uxv}tm 2 hOy `@=D "OQw; hOy `@=D OvJ QO xv=o =OH =Q s=Om Qy
`@=D 'u; x@ |UQDUO Q}Ut =} p}yUD ?} QND Cra x@ O=Qi= VWwB sOa w C=tON
hOy `@=D 'u; C}iQ_ p}tmD p}rO x@ p}yUD QO O=Qi= VWwB sOa u=R}t 3 hOy
O=Qi= p=kDv= QO Q}N-=D u=R}t 5 hOy `@=D w Q=@v= w `} RwD Rm =Qt QO q=m Ow@tm u=R}t 4
C=R}yHD w q=m =[=kD VWwB C}OwOLt '6 C}OwOLt "CU= u=mU= ut}= Rm =Qt x@
x@ |HwQN w |OwQw C=v=} QH |x]@=Q 7 C}OwOLt j@] u}vJty "CU= |O=Ot=
�u=v}t]= xQ}NP� xQ}NP u=R}t w Ow@tm u=R}t Q}eDt =D OW=@ uR=wDt O}=@ `} RwD RmQt
x}rw= u=oOvvm u}t-=D 'u=mU= RmQt C}iQ_ 10 =D 8 C}OwOLt TBU "OQ}o xv}y@ Q=Okt

q=m pm |=[=kD |=[Q= C}OwOLtX
i

D1cist +
X
i

D2cst �X
i

X
m

X
l

X
k

(G1ilstc+G2klstc +G3mlstc)
=
X
l

X
r

wrclst 8l; c; s; t (7)

C}iQ_ |=yC}OwOLtX
i

L2imst � N2m 8m; r; s (8)X
i

L1ikst � N1kr 8k; t; r; s (9)X
l

G4nlcst � N4nct 8n; c; t; s (10)

pkv w ptL |=yC}OwOLt
L1ikst �X

v

U1viks:M1v 8t; i; k; s (11)

L2imst �X
v

U2vims:M1v 8t; i;m; s (12)X
c

G1ilcst �X
c

X
v

U3vilts:M2vc 8l; i; s; t (13)X
c

G2klcst �X
c

X
v

U4vklts:M2vc 8l; k; s; t (14)X
c

G3mlcst �X
c

X
v

U5vmlts:M2vc 8l;m; s; t (15)X
c

G4nlcst �X
c

X
v

U6vnlts:M2vc 8l; n; s; t (16)

Cq}yUD VWwB `=aW C}OwOLt
Z1ikrswt:T1ikws � Q1kr 8t; w; i; k; r; s (17)

Z2imst:T2ims � Q2m 8t;m; i; s (18)

R}yHD K]U C}OwOLtX
r

X1krs � 1 8k; s (19)X
r

X2lrs � 1 8l; s (20)

X}YND K]U C}OwOLtX
r

X
k

Z1ikrswt � RQ 8i; r (21)X
m

Z2imst � RQ 8i; r (22)X
r

X
l

Y 1ilrst � RQ 8i; r (23)X
r

X
l

Y 2klrst � RQ 8i; r (24)X
r

X
l

Y 3mlst � RQ 8i; r (25)
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|xQ
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u=DU
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h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt 41 pwtQi R= |}=yv hOy `@=D 'hOy `@=wD uOW Q}PB`tH R= TB jwi VwQ wO QO

C}ty= |xOvyOu=Wv w hOy `@=D Qy uRw Wi CU= QmP x@ sRq "OwW|t x@U=Lt
"CU= u; |@Uv

Total Objective =
X
i

WiFi (41)

�|v=tQ; |R} Qxt=vQ@� C=i=QLv= `}tHD |=v@t Q@ |yOuRw "3"4
h=Oy= u}= "OvQ=O OL=w hOy `@=D l} R= V}@ xm OvDUy |r�=Ut xiOyOvJ p�=Ut
x=Q x@ Ov=wD|t h=Oy= R= |m} |R=Uxv}y@ '`k=w QO "OvDU}v Q=oR=U sy =@ ,qwtat
u}@ '=yVwQ R= |NQ@ '|]}=QW u}vJ QO "OwW QHvt u=Qo}O |=Q@ xv}y@ Q}e |rL
"Ovm|t ?=NDv= =Q xv=}t pL l} w [27]xOQm O=H}= xrO=@t 'h=Oy= |xty |=ypL
`@=wD |NQ@ xvt=O w u=Uwv OwW|t Ea=@ h=Oy= TvH Cw=iD R}v VywSB u}= QO
u=tRsy CQwY x@ h=Oy= xty uDiQo Q_v QO |=Q@ xm OW=@ Cw=iDt |QOk x@ hOy
R= |m} =Pr "OvwW|t OwOLt w OvyO|t CUO R= =Q OwN Q}F-=D =yv; R= |NQ@ qta
Q}e CU= umtt u=tQ; "CU= u=tQ; R= h=QLv= uDiQo Q_v QO x}rw= |=yO=yvW}B
u; R= h=QLv= xv}tm xm E=OL= xHOw@ Ovv=t� |v=tR=U OQ@y=Q Q_v R= |rw OW=@ xHwt
u=tQ; R= hOy `@=D Qy h=QLv= u=R}t VwQ u}= QO "OQ}o Q=Qk Q_v Ot �OW=@ Q_v Ot
hOy `@=D Qy |=Q@ u=tQ; u=R}t fmaxi w h=QLv= u=R}t dpi "OwW|t xv}tm OwN

"CU=
Total Objective =

X
i

Widpi (42)

fi � dpi = fmax
i

dpi � 0 (43)

|OQwt |xar=]t |=Q@ pOt G}=Dv "5
uOW xDWm Q@ xwqa sk QO 1388 p=U p}U xm OyO|t u=Wv xOW QWDvt Q=@N=
w |QyW C=U}U-=D x@ CQ=UN u=twD OQ=}r}t =yxO O=H}= Ea=@ 'sOQt R= |O=OaD
hrD u=DU= hrDNt j]=vt QO s=O T-=Q u=Q=Ry u}vJty "CU= xOW |RQw=Wm j]=vt
Q}oQO QwWm R= |a}Uw VN@ 1398 p=U QO "Ov=xOW ?} QND C=vk xDWQ =yOY w
?q}U u}= QO "OWv |vFDUt xr�=k u}= R= sk QyW sy R=@ xm OvOW p}U w ?q}U
p=U x@ C@Uv |QDtm |v=H C=Q=UN 'xv=NOwQ |x}rND QO `kwt x@ s=Ok= Cra x@
Qy]t sQL |m}ORv QO XwYN x@ 'xv=NOwQ \=kv |NQ@ QO =t= "OW VQ=Ro 1388
j@=]t 1399 p=U QO "O}UQ|t QDt 1/5 OwOL =D ?; `=iDQ= 'sm ZQa p}rO x@
C@Uv OWQ OYQO 4 O}OH |@; p=U |oOvQ=@ u=R}t 'sk u=DU= |U=vW=wy C}=U
xDW=O xvq=U \UwDt x@ C@Uv OWQ OYQO 62/2 w xDWPo |@; x@=Wt p=U x@
Vy=m Q=JO sk QyW 1392 p=U =D ,=YNWt xOW x�=Q= |=yQ=Owtv j@=]t "CU=
OQ=w OUQ|t Q_v x@ w CU= Q}}eD p=L QO |t=Q; x@ OvwQ u}= xm CU= |oOvQ=@ xvq=U
|QDW}@ u=Q=@ QB |=yRwQ Oy=W Q}N= |=yp=U QO xJv=vJ [28]"s}=xOW |r=UQD |xQwO
"CU= Vy=m p=L QO sk QO ?q}U |xr=U xO |xQwO OUQ|t Q_v x@ w s}=xOw@
u=Qi=Ut Qw[L w |Q=y@ |Q=@oQ |=yVQ=@ |v=mtsy w |v=tRsy w uQ=kD u}vJty
|]}=QW u}vJ QO "OW u=QL@ w} Q=vU l} u} wOD Ea=@ sk |xv=NOwQ |xk]vt QO
RmQt QO lrtD CqmWt =} w xHOw@ |QUm Cra x@ Q_v Ot u=QL@ C} Q}Ot |=yxrwU

xOQw; =[=kD \=kv w u=mU= Rm =Qt x@ q=m pkv w ptL C}iQ_ u}vJty w u=@}DWB w
q=m pkv w ptL C}iQ_ x@ \w@ Qt 16 =D 11 |=yC}OwOLt xt=O= QO "CU= xOW
`=aWC}OwOLt x@ \w@ Qt 18 w 17 |=yC}OwOLt "CU= xOW xOQw; Cq}yUD u}@
,=twRr xDi=}X}YND xO}O xFO=L j]=vt C}OwOLt u}= j@] "CU= u=mU= |WWwB
Qy Ovm|t u=}@ 20 w 19 |=yC}OwOLt "OvW=@ QwmPt Rm =Qt VWwB `=aW QO O}=@
25 =D 21 |=yC}OwOLt "Ovm |v=UQCtON Ov=wD|t r K]U l} QO \ki p}yUD
u=@}DWB p}yUD l} R= w x}rw= p}yUD l} R= xv}W}@ =[=kD |x]kv Qy Ovvm|t u=}@
u=oO}OxFO=L p=kDv= x@ ?}DQD x@ 30 =D 26 |=yC}OwOLt "OQ}o@ C=tON Ov=wD|t
=D 31 |=yC}OwOLt QO "OvR=OQB|t =yv; x@ X}YND \QW x@ Rm =Qt x@ q=m p=kDv= w
"OwW|t x]kv u; QO p}yUD OwHw w E=OL= x@ \wQWt RmQt l} x@ X}YND '37
l} xv}W}@ x]kv wO u}@ C}=yv QO xm OwW|t XNWt R}v 38 C}OwOLt QO
p}tmD p}rO x@ =[=kD VWwB sOa u=R}t 39 C}OwOLt "OwW ?=NDv= O}=@ Q}Ut
xv}tm O}=@ hOy `@=D QO xm OyO|t u=Wv =Q �=[=kD O=R=t� u=mU= \=kv C}iQ_

"OwW

pL VwQ "4
QO j}kO VwQ x@ xm CU= xiOyOvJ QwLtw} Q=vU |[=} Q pOt l} xOW x�=Q= pOt
hOy `@=wD `}tHD |=Q@ w OvO=[D QO sy =@ hOy `@=wD "OwW|t pL GAMS Q=Ri=sQv
w TvHsy xOW x�=Q= hOy `@=wD xm =Hu; R= "CU= xOW xO=iDU= |yOuRw VwQ R=
%CU= xOW xO=iDU= hOy `@=wD |R=UT=}kt|@ |=Q@ VwQ xU R= 'OvDU}v OL=wsy
`@=wD h=QLv= w hOy `@=wD |R=Up=tQv 'hOy `@=wD QO K}LYD ?}=Q[ uDiQo Q_v QO

"|v=tQ; Q}O=kt R= hOy

xOW K}LYD `@=wD `}tHD |=v@t Q@ |yOuRw "1"4
hOy `@=wD |R=UT=}kt|@ Qw_vt x@ 'K}LYD ?}=Q[ |=v@t Q@ |yOuRw VwQ QO
u}vJ xm xOW xO=iDU= QDt=Q=B u=wva x@ w [24] APs w �s 'AT3 K}LYD ?}=Q[ R=

%OvwW|t h} QaD
&s w} Q=vU CLD u=tR OL=w Qy QO Q}N-=D |xt} QH |xv} Ry %ATs

&s w} Q=vU CLD q=m Ow@tm OL=w Qy |xt} QH |xv} Ry %APs

u=mU= RmQt QO pqDN= u=tRQO u=oO}OxFO=L VWwB sOa |xt} QH |xv} Ry %�s
"s w} Q=vU CLD

3 w 2 '4 '5 xQ=tW hOy `@=wD QO ?}DQD x@ �s w APs 'ATs |=yQDt=Q=B TBU
"Ovvm|t xv} Ry x@ p}O@D '1 xQ=tW hOy `@=D Ovv=t x@ =Q hOy `@=wD u}= w xOW ?Q[
QO "CU= xOW u}}aD |OQwt |xar=]t QO x]w@ Qt u=U=vWQ=m Q_v =@ =yQDt=Q=B u}=
pY=L R}v |}=yv hOy `@=D w xOW xv} Ry TvH R= |oty hOy `@=wD |]}=QW u}vJ

"Ow@ Oy=wN xv} Ry pm uOQm xv}tm w =yv; `}tHD

xOW p=tQv `@=wD `}tHD |=v@t Q@ |yOuRw "2"4
?} Q[ R= xO=iDU= =@ TBU OvwW|t |R=UT=}kt|@ hOy `@=wD =OD@= VwQ u}= QO

"OW Oy=wN xv}tm |}=yv hOy `@=D C}=yv QO w OvwW|t `tH sy =@ C}ty=

Fi = (f�i � fmin
i )

(fmax
i � fmin

i )
(40)
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@=}u=

mt
|=Q@

xiOy
OvJ

QwL
tw}Q

=vU
pOt

x�=Q="|v=QL@ \=kv "1 pwOH
xk]vt s=v �i� xQ=tW

�sQL ?wvH CtU x@� |Jvy; pB =D uy;x=Q pB |xOwOLt 1
�sQL p=tW CtU x@� |v=N}ra pB =D |Jvy; pB |xOwOLt 2
QwmPt |xOwOLt QO xv=NOwQ h=Q]= |rL=U |=yu=@=}N 3

u=U}OQB |xk]vt 4

"O}Ov=m Cq}yUD "2 pwOH
u=@}DWB `} RwD u=@}DWB u=mU= x}rw= `} RwD x}rw= u=mU= \=kv |xQ=tW

(n) (m) (l) (k) O}Ov=m
u=QyD u}at lOi u=DUw@ xtHv u=DUw@ u=} QO}L O}yW x=oWRQw 1
Q=UtQo u}at u=QmtH OHUt sk |rrtr=u}@ x=oW}=tv sk |rrtr=u}@ x=oW=tv 2
u=W=m u}at � Q}Oe u=DUw@ |wra u=DUw@ 3
l =Q= u}at � � � 4

"Q=Ri=sQv =@ xiOyOvJ pL |=yVwQ |xU}=kt "3 pwOH
pL VwQ |v=tQ; |R} Qxt=vQ@ K}LYD ?} Q[ |R=Up=tQv

xOW p=ai \=kv O=OaD u}t-=D 3w u=mU= 1 u}t-=D 4 w u=mU= 2 u}t-=D 6 w u=mU= 2
=yw} Q=vU VWwB u=R}t sm \UwDt O=} R

hOy `@=wD C}a[w

pw= hOy 3733 5216 5491
swO hOy 0/1 0/3 0=380
swU hOy 931 925 917

sQ=yJ hOy 572 234 134
sHvB hOy 12/2 11/3 15

"s}vm|t p}rLD =Q G}=Dv w xO=iDU= uOQm Q=Hvy x@ VwQ R= =Pr "OvwW|t QDtm uOQm
x}rw= Cq}yUD w OvwW|t p=ai 2 w 1 \=kv QO u=mU= x}rw= Cq}yUD VwQ u}= QO
p=aiQ}e u=mU= u=@}DWB Cq}yUD u}vJty "OwW|t p=ai 3 w 2 |x]kv QO u}t-=D

"OvwW|t p=ai 4 w 3 '2 '1 \=kv QO u}t-=D u=@}DWB Cq}yUD w

C}U=UL p}rLD "6
|=Q@CU=}Ul} xOv}=tv|ak=w |=}vO QO xm pOt Q@ Q=PoQ}F-=D |=yQDt=Q=BVN@ u}= QO
xm |D}=tL |=yOQ@y=Q x@ \w@ Qt |=yQDt=Q=B x=Qty x@ OvDUy u=QL@ x@ MU=B w |oO=t;
`k=w QO =yQDt=Q=B u}= p}rLD "CU= xOW xOQw; 'OvDUy j}kLD syt |=y|Qw;wv <RH
QO xm u}= w =yw} Q=vU ?=NDv= x@ xHwD =@ "OvDUy j}kLD |xr�Ut Cq=-wU x@ |NU=B
xr�Ut MU=B 'OyO MQ xt=O= QO |}xQ_Dvt Q}e O=O} wQ Qy CU= umtt p}U |xFO=L
|v}@V}B =Q |O=} R |=yxv} Ry CU= umtt x}rw= QwLtw} Q=vU |x}=B pOt |=v@t Q@
|D}=tL |=yw} Q=vU w hrDNt |rQDvm |=yQ}eDt w =yQDt=Q=B uDiQo Q_v QO =@ =Pr "Ovm
Q=}U@ u=v}t]= sOa =@ \}=QW QO u=QL@ |xQ}HvR R= C}=tL OYk ẁvDt w Cw=iDt
<=kDQ= 'u=v}t]= |xQ}NP Ovv=t xOW x�=Q= |=yQ=R@= R= s=Om Qy u}=Q@=v@ "s} Q=O =Q O=} R
'u=@}DWB Cq}yUD uOQm xi=[= 'Cq}yUD O=OaD V}=Ri= 'Cq}yUD C}iQ_ w K]U
=@ xm OvDUy |]}=QW u}vJ pQDvm CyH QO |DU=}U : : : w =yX}YND V}=Ri=
T=U=Q@ =} w Q}N =} OvwW xDiQo Q=m x@ Ovv=wD|t =yw} Q=vU R= Cw=iDt ?}mQD x@ xHwD

|xm@W x@ xHwD =@ "CU= u=} QH QO |Ovm x@ u=WDN=U =} Ov=xOWv xDiQo Q_v QO QyW
u}vJ '|O=Ot= O=wt `} RwD w u}t-=D |=yQ=@v= w u=mU= pt=W Cq}yUD u=Q}= QO u=QL@

%OvwW|t |Ov@s}UkD
l}ORv w xQw_vtOvJ CQwY x@ : : : w =yx=oWRQw 'TQ=Ot |x}rw= u=mU= |=Q@ "1
w u=QL@ C} Q}Ot |xS} w Rm =Qt �`} RwD RmQt w� x}rw= Q=@v= |=Q@ w u=QL@ |x]kv x@

"Ov=xOW xDiQo Q_v QO q=m `} RwD w Q=@v= |=Q@ xQw_vtOvJ Rm =Qt
w x}rw= Rm =Qt x@ C@Uv QDq=@ C}vt= w C}iQ_ =@ xS} w Rm =Qt u=@}DWB u=mU= |=Q@ "2
Q=@v= |=Q@ x}=Uty |=yu=DUQyW QO `k=w |v=DU= u}at Rm =Qt u=@}DWB u}t-=D |=Q@
|v=QL@\}=QW |=Q@ ,=iQY w OvDUy p=aiQ}e |O=a\}=QW QO xm OvDUy Q_v Ot q=m
xDiQo Q_v QO w E=OL= 'OvwW|t `=@W= =} GQ=N TQDUO R= x}rw= Cq}yUD xm
'|vt}= |=yQ=}at u} QDW}@ |=Q=O Cq}yUD u}= xm CU= u}= Q@ ZQi "OwW|t

"OvDUy QD|v=QL@ |=yw} Q=vU |=Q@ xOW |v}@V}B C=v=mt= w C}iQ_ 'C}vt=
w Qi=Ut sm w u=Q=@ QB w Qi=UtQB w u=Q=@ QB |xQwO wO sk QyW QO p}U ẁ[wt |=Q@
'pOt u}= QO 1 pwOH j@=]t "CU= xOW xDiQo Q_v QO ,qkDUt p}U RwQ@ |w} Q=vU 8
3 'x}rw= u=mU= Cq}yUD O}Ov=m |x]kv 3 w 2 pw=OH j@=]t w |v=QL@ |xk]vt 4
4 w u=@}DWB u=mU= Cq}yUD O}Ov=m |x]kv 2 'x}rw= u}t-=D Cq}yUD O}Ov=m |x]kv
x@ xHwD =@ xH}Dv QO "CU= xOW xDiQo Q_v QO u=@}DWB u}t-=D Cq}yUD O}Ov=m |x]kv
VWwB sOa |xv}y@ u=R}t |va} 'sQ=yJ w swU hOy `@=wD OUQ|t Q_v x@ 3 pwOH
Q=Hvy x@ VwQ QO w QDW}@ =yVwQ Q}=U QO 'T=}kt hqDN= p}rO x@ Ow@tm w u=mU=
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"R}yHD K]U Q}}eD ?ULQ@ hOy `@=D Q}}eD "3 pmW

"X}YND K]U Q}}eD ?ULQ@ hOy `@=D Q}}eD "4 pmW

Q=m u}= "OQ}PB|t CQwY u; C}iQ_ V}=Ri= =} u; <=kDQ= w u}}=B K]U p}yUD R}yHD
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3. Backup Coverage Problem (BACOP)
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5. Competitive Maximal Coverage Location Problem (CMCLP)
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7. P-median
8. Chang
9. Ratick
10. Okelly
11. P-hub
12. Farahani
13. Lia
14. An
15. Mixed Integer Nonlinear Programming (MINLP)
16. Salman
17. Azizi
18. Backup Hub
19. Karatas
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23. Value at Risk (VAR)
24. Conditional Value at Risk (CVAR)
25. Madani
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33. Yu
34. Yeh
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