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xOW KQ]t ẁ[wt C=}@O= QO 'x}rkv p}=Uw |twta |@=} Q}Ut 'u=wva CLD xr�Ut
C}y=t x@ =v@ � h=Qo Tw�Q 'x}rkv p}=Uw |twta |@=} Q}Ut |xr�Ut QO [3]"CU=
Qy R= |QDWt Qy O}OR=@ "OvwW|t |Ov@xWwN '|irDNt |=yxDUO QO � \}=QW =}

pw�Ut xOvU} wv �
"1401 5 12 VQ}PB '1401 3 21 x}LqY= '1400 8 24 Ci=} QO %M} Q=D

DOI:10.24200/J65.2022.7185.2221

%xr=kt u}= x@ O=vDU=
|O=yvW}B |=yu=tR � u=mt uDiQo Q_v QO =@ x}rkv p}=Uw |@=} Q}Ut |xr�Ut |=Q@ |Q=mD@= sD} Qwor= Q=yJ w |[=} Q pOt wO |x�=Q= "1402 '|Oyt 'u=}kv}ra w |ra '|�=irH |Ow=O=k;

"84�73 "XY '�1�39 'h} QW C} Q}Ot w `}=vY |UOvyt "u=} QDWt



"OvOQm x�=Q= x}rkv p}=Uw |twta |@=} Q}Ut |xr�Ut |=Q@ K}LY OOa pOt l}
xU}=kt =Q =yv; w x�=Q= Cw=iDt |=yOQm} wQ =@ O}OH pOt Q=yJ [8]u=Q=mty w T=Dm@
CyH uwO@ h=Qo l} CQwYx@ xm =Q =yv; sQ=yJ OQm} wQ |QDQ@ 'pY=L G}=Dv "OvOQm
OwN VywSB QO [9]Q=D}U A=B w A=B "O=O|t u=Wv 'Ow@ xOW x�=Q= QwLt u=} QH w
|xr�Ut x@ u; p}O@D |=Q@ |WwQ GVRP |=Q@ K}LY OOa pOt l} |x�=Q= =@
[4]u=Q=mty w A=B 'xOW x�=Q= |=ypOt |xt=O= QO "OvOQm KQ]t l}Uqm |@=} Q}Ut
OQm} wQ =@ 'pw= pOt "OvO=O x�=Q= Cw=iDt OQm} wQ wO =@ K}LY OOa |]N pOt wO
[6]T=Dm@ w =Q=m \UwD xOW x�=Q= pOt x@=Wt |OwOL =D w xOW x�=Q= xQo Q@ |vD@t
|vD@t OQm} wQ =@ swO pOt "CU= xOQm pta QD|wk 'u}}=B OL |x�=Q= QO xJQo = 'CU=
xHwD uwO@ 'l}Uqm GVRP 'jwi |=yVywSB s=tD QO "CU= xOW x�=Q= u=} QH Q@

"CU= xOW |UQQ@ |@v=H |=yC}OwOLt x@
QO =@ w =yCr=L `=wv= QO (GVRP) x}rkv p}=Uw Q}o =Qi |@=} Q}Ut |xr�Ut
u=wD|t 'OQ=wt u}= xrtH R= "CU= xOW |UQQ@ hrDNt |=yC}OwOLt uDiQo Q_v
|UQQ@ [11]'p} wLD w CW=OQ@ |xr�Ut [10]'GVRP QO =[=kD CUmW |UQQ@ x@
Q_v QO [13]'|r=tDL= |=[=kD =@ xr�Ut |UQQ@ [12]'|L]UOvJ Cr=L QO xr�Ut
xQ=W= [15]h]avt u=ow=v O=OaD =@ xr�Ut |UQQ@ w [14]QiU |r=tDL= |=yu=tR uDiQo

"OQm
h}] QO "CU= |v=tR |xQHvB '|ak=w |=}vO |=yC}OwOLt u} QDsyt R= |m}
Q=tW x@ xr�Ut |rY= u=mQ= R= |m} |v=tR |xQHvB GVRP p�=Ut R= |a}Uw
GVRP XwYN QO u=Q=mty w =}Wwt\UwD Q=@ u}rw= |=Q@ |v=tR |xQHvB "OwQ|t
'GVRP QO |v=tR |xQHvB uDiQo Q_v QO =@ u=QoWywSB u}= [16]OW xDiQo Q_v QO
|xQHvB uOW KQ]t =@ "OvO=O Q=Qk |UQQ@ OQwt =Q pvUQB |=yT} wQU |R} Qxt=vQ@
u=QoWywSB w CiQo pmW xRwL u}= QO |O}OH |xO}= 'GVRP p�=Ut QO |v=tR
"OvO=O xaUwD =Q GVRP p�=Ut |xQDUo '|v=tR |xQHvB uDiQo Q_v QO =@ |O=} R
u=tR x@ C@Uv 'u=} QDWt x@ q=m p} wLD |=yxv} Ro xm Ow@ CQwY u}O@ xO}= u}=
u}rw= |=Q@ '�u=tR x@ C@Uv u=mt uOw@ Q}eDt� |xO}= "OW|t xDiQo Q_v QO Q}eDt
xR=@ Qy QO |QDWt u}W=t xr�Ut u}= QO "OW |iQat [5]u=Q=mty w T*} *Q \UwD Q=@
QO O}=@ |QDWt |q=m w xOW lQ=B w= QiU |xt=vQ@ |=yu=mt R= |m} QO |v=tR
u=wD|t =Q u}W=t lQ=B |=yu=mt "OwW xO=O p} wLD |w x@ '=yu=mt u}= R= |m}
R= |m} O}=@ |v=tR |xQHvB x@ xHwD =@ xWwN Qy R= xm CiQo Q_v QO xWwN l}
|xO=wv=N QO |O}OH |xr�Ut 'xO}= u}= uOW KQ]t =@ "OwW ?=NDv= lQ=B |=yu=mt
|Q}eDt \=kv uDiQo Q_v QO =@ x}rkv p}=Uw |@=} Q}Ut� u=wva CLD VRP p�=Ut
xRwL u}= QO |OOaDt C=k}kLD <=Wvt w CiQo pmW 3'(VRPRDL) p} wLD |=Q@
|=yu=tR =@ '`} RwD |xm@W QO =Q VRPRDL |xr�Ut [14]u=Q=mty w |y "OW
'xQ}e w =yxO=H QO l}i=QD '=wy w ?; |O@ C}a[w "OvOQm |UQQ@ QiU |r=tDL=
CQwY x@ xr�Ut u}= "OwW|t q=m `} RwD sDU}U QO XNWt=v QiU u=tR x@ QHvt
xOW |Ov@pwtQi QiU |xv} Ry |R=Uxv}tm hOy =@ |}xrLQtwO |r=tDL= pOt l}
Q_v QO =} wB CQwY x@ =Q VRPRDL |xr�Ut [17]u=Q=mty w u}o}=@ R)= "CU=
pw] QO u=} QDWt QiU |xt=vQ@ pqDN= w Q}}eD uDiQo Q_v QO =@ u=QoWywSB u}= "OvDiQo
[18]u=Q=mty w u}DUvQ)= "OvOQm pL Ci=Ut |R=Uxv}tm =@ =Q xr�Ut '|R} Qxt=vQ@ ji=
|O=OaD 'OwN |q=m uDiQo p} wLD |=Q@ |QDWt Qy u; QO xm OvOQm |L=Q] |}xr�Ut
l}ORv 'pRvt x@ l}ORv Ov=wD|t CtON \=kv "Ovm|t XNWt 4CtON |x]kv
|U} wvxt=vQ@ pOt l} u=QoWywSB "OvW=@ xQ}e w O} QN |=yx=oWwQi 'Q=m pLt x@
QiU |=yxv} Ry |R=Uxv}tm hOy `@=D =@ 5 (MILP) \rDNt K}LY OOa |]N
q=m p} wLD |=Q@ =Q u=} QDWt C=L}HQD [19]u=Q=mty w RtwO "OvOQm xrwtQi xr�Ut |=Q@

"|v=tR |xQHvB =@ x=Qty x}rkv p}=Uw|twta|@=} Q}Ut |xr�Ut|rm |=tW "1 pmW
Q}o =Qi |@=} Q}Ut |xr�Ut QO 'OW u=wva xm Qw]u=ty "OW Oy=wN QDy@ |}=y?=wH
"OvwW|t |Ov@xWwN hrDNt |=yxDUO QO h=Qo Tw�Q 2(GVRP) x}rkv p}=Uw
|xQ}HvR QO =yq=m `} RwD OQ@ Q=m T=U= Q@ 'Tw�Q |Ov@xWwN |=yOQm} wQ R= |m}
'OwN |q=m uDiQo p} wLD |=Q@ u=} QDWt 'OQ@ Q=m u}= QO [5]"CU= xOW KQ]t '`} RwD
Q_v QO Q}eDt 'u=tR x@ xHwD =@ =yxv} Ro u}= u=mt "Ovvm |iQat xv} Ro u}OvJ Ovv=wD|t
QO 'Q=m pLt QO RwQ |}=OD@= C=a=U QO |QDWt l} p=Ft u=wva x@ &OwW|t xDiQo
h} QaD u}= j@] "OQ=O Qw[L pRvt QO |v=}=B C=a=U QO w x=oWwQi QO |v=}t C=a=U
Kq]Y= R= xr=kt u}= QO "OQ=O Qw[L u=mt l} QO |v=tR xR=@ Qy QO |QDWt Qy
|xr�Ut QO "OwW|t xO=iDU= 'u=} QDWt |q=m p} wLD |=yxv} Ro |=Q@ u=tR � u=mt
|xr�Ut Cq=-wU x@ |} woNU=B Q@ xwqa '|QDWt x@ q=m p} wLD |=Q@ xOW KQ]t
'�OvwW|yOT} wQU xr}Uw s=Om\UwD w|@}DQD xJ =@ u=} QDWt�l}Uqm|@=} Q}Ut
Qy OQm XNWt ,qw= "O=O MU=B u=tRty CQwY x@ Qo}O |U=U= p=-wU wO x@ O}=@
"OQ}o CQwY |v=mt xJ QO O}OR=@ u}= ,=}v=F w OwW O}OR=@ O}=@ |v=tR xJ QO |QDWt
u=} QDWt x@ q=m p} wLD |=Q@ CNU |v=tR |xQHvB uDiQo Q_v QO 'xHwD p@=k xDmv
"OQ}o|t CQwY u=} QDWt hQ] R= xOW u}}aD |=yu=mt QO ,=iQY p} wLD u}= "CU=
xO=O V}=tv l}D=tW CQwY x@ 'OW u=wva xm |OQ=wt R= |rm |}=tW '1 pmW QO

"CU= xOW
|xr�Ut |=Q@ u=} QH Q@ |vD@t w xQo Q@ |vD@t |[=} Q pOt wO xr=kt u}= QO
pOt QDW}@ |}=Q=m xOvyOu=Wv lJwm O=a@= QO pL G}=Dv "CU= xOW x�=Q= 'KQ]t
sD} Qwor= xDUO Q=yJ xt=O= QO "CU= xQo Q@ |vD@t pOt x@ C@Uv u=} QH Q@ |vD@t
uOQm GQO Q@ |vD@t sD} Qwor= '|R=wt w |QU |} wHxiQY Q@ |vD@t sD} Qwor= pt=W
xaUwD w |L=Q] |xr�Ut |=Q@ xOWv O}OR=@ |QDWt u} QDl}ORv Q@ |vD@t sD} Qwor= w

"CU= xOW xO=O
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Qo = xm =QJ &OQ=O |QDW}@ |=yVr=J =ysD} Qwor= QO u; |x@U=Lt 'p=L u}a QO w
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u=tR xQHvB uDiQo Q_v QO =@ |twta |@=} Q}Ut |xr�Ut 'xOW KQ]t OQ=wt x@ xHwD =@
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s}tYD |=yQ}eDt �
u}= Q}e QO w Ow@ Oy=wN 1 Q@=Q@ 'OwW O}OR=@ i |xQo R= Oa@ j |xQo Qo = %xkij

&OQ}o|t QiY Q=Okt CQwY
&c |QDWt x@ |yOT} wQU R= Oa@ 'x}rkv |xr}Uw QO xOv=t}k=@ Q=@ u=R}t %yc

&i |x]kv x@ uO}UQ u=tR %�i

"i |QDWt CtU x@ CmQL w wBO R= uOW GQ=N u=tR %�i

"CU= xOW XNWt 26 =D 13 \@=wQ QO (P2) swO |[=} Q pOt 'T=U= u}= Q@

P2 : Minimize Z =
X
j2N

X
i2N

tijxij +
X
i2N

wi (13)

S:t:X
i2N

xij =
X
i2N

xji 8j 2 N (14)X
j2Nc

X
i2N

xij = 1 8c 2 C (15)X
j2N

xij � jKj 8 i = 1 (16)

yc � Q� dc 8 c 2 C (17)

yc0 +Q

0@1�X
i2Nc

X
j2Nc0

xij

1A � dc0 + yc0

8 c 2 C [ f1g ; c0 2 Cnc (18)

�i + �i + wi + sti + tij � �j +M(1� xij)
8i 2 N j 2 N=1 (19)

�i + �i + wi + sti + tij � �j �M(1� xij)
8i 2 N j 2 N=1 (20)

�i � Txji 8i 2 N ; j = 1 (21)

�i + wi + sti + tij � T +M(1� xij) 8i 2 N; j = 1
(22)

�i + �i � bi 8i 2 N=1 (23)

ai � �i + �i + wi 8i 2 N=1 (24)

xij 2 f0; 1g 8i; j 2 N (25)

wi; �i ; �i 2 R+ 8i 2 N (26)

pOt QO 4 =D 1 \@=wQ =@ x@=Wt |OQmrta ^=Lr R= 16 =D 13 \@=wQ P2 pOt QO
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^=Lr x]kv |=Q@ |v=tR |xQHvB u}}=B w q=@ OwOL u=wvax@ R}v 24 w 23 \@=wQ
xr�Ut s}tYD |=yQ}eDt |xOvvmXNWt 26 w 25 \@=wQ C}=yv QO "CU= xOW

"OvDUy

XNWt 12 =D 1 \@=wQ QO xr�Ut |[=} Q pOt 'xOW QmP OQ=wt x@ xHwD =@
"CU= xOW

P1 : Minimize Z =
X
k2K

X
j2N

X
i2N

tijxkij +
X
i2N

wi (1)

S:t:X
i2N

xkij =
X
i2N

xkji 8j 2 N ; k 2 K (2)X
k2K

X
i2N

X
j2Nc

xkij = 1 8c 2 C (3)X
k2K

X
j2N

xkij � jKj 8i = 1 (4)X
i2N

X
j2N

dixkij � Q 8k 2 K (5)

�k
i + wi + sti + tij � �k

j +M(1�X
k2K

xkij)

8i 2 N; j 2 N=1 ; k 2 K (6)

�k
i + wi + sti + tij � �k

j �M(1�X
k2K

xkij)

8i 2 N; j 2 N=1 ; k 2 K (7)

�i + wi + sti + tij � T +M(1�X
k2K

xkij)

8i 2 N; j = 1 (8)

�k
i � bi 8i 2 N=1 ; k 2 K (9)

ai � �k
i + wi 8i 2 N=1 ; k 2 K (10)

xkij 2 f0; 1g 8i; j 2 N ; k 2 K (11)

wi; �i 2 R+ 8i 2 N; k 2 K (12)

u}= "Ovm|t xv}tm =Q =yQ}Ut pm u=tR COt 'pOt hOy `@=D u=wva x@ 1 |xrO=at
V}=t}B u=tR COt |R=Uxv}tm pw= CtUk "CU= xOW p}mWD CtUk wO R= xrO=at
2 |x]@=Q "CU= x}rkv p}=Uw Q=_Dv= u=tR COt |R=Uxv}tm swO CtUk w =yQ}Ut
3 |x]@=Q "OwW GQ=N u; R= ,=tDL 'OW OQ=w |QDWt l} x@ xr}Uw Qo = Ovm|t u=}@
"OwW O}OR=@ \w@ Qt |=yu=tR � u=mt R= |m} QO ,=tDL |QDWt Qy xm Ovm|t u=}@
p}=Uw C}iQ_ C}OwOLt 5 |x]@=Q "CU= p}=Uw O=OaD C}OwOLt Qou=}@ 4 |x]@=Q
s}_vD =Q |r=wDt u=} QDWt x@ uO}UQ u=tR 7 w 6 \@=wQ "OQ}o|t Q_vQO =Q x}rkv
\@=wQ "OQ}o|t Q_v QO =Q x}rkv p}=Uw |=Q@ R=Ht u=tR u} QDW}@ 8 |x]@=Q "Ovm|t
O}OR=@ OwN R=Ht |v=tR |xQHvB QO =yvD |QDWt Qy xm Ovm|t u}t[D 10 w 9
XNWt =Q xr�Ut s}tYD |=yQ}eDt C}a[w 12 w 11 \@=wQ C}=yv QO "OwW
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s}tYD |=yQ}eDt =yvD w CU= p@k Cr=L x@=Wt |xr�Ut |=yxawtHt w =yQDt=Q=B
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&O} Q}o@ Q_v QO =Q QwD
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"OwW|t K} QWD '|v=tR |xQHvB =@ x=Qty |@=NDv= |@=} Q}Ut |xr�Ut
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u}= QO "OW KQ]t [22]C}=Q w lQqm \UwD Q=@ u}rw= |=Q@ '|} wHxiQY sD} Qwor=
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"Ovm|t XNWt =Q j w
Savij = tio + toj � tij (27)

%R= CU= CQ=@a u=tR |=v@tQ@ |QU |} wHxiQY sD} Qwor= |=ys=o
27 |x]@=Q j@] =Q |} wHxiQY u=R}t 'wO x@ wO CQwY x@ \=kv |=Q@ "1 s=o

&O}vm x@U=Lt
&O}vm ?=NDv= =Q |} wHxiQY u=R}t u} QDW}@ "2 s=o

l} QO x=wNrO |r=wD =@ =Q xOW ?=NDv= |} wHxiQY x@ \w@ Qt |x]kv wO "3 s=o
&O}vm |UQQ@ =Q u=tR uOw@ |vOW \QW w xO=O Q=Qk Q}Ut
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