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QDW}@ � |x} w=R R= 'P ( �w) 'uDv; |Di=} QO u=wD xm OvwW|t ?=NDv= u=vJ |yOuRw

%OwW
�wB = arg

�w
fmaxfP ( �w)gg ! �wB = �a� (3)

Q=OQ@ "CU= � CyH QO |wQxv=Wv Q=OQ@ =} x}=Q; MU=B Q=OQ@ u=ty �a� u; QO xm
� CyH QO p=vo}U x@ u=tr= Qy MU=B |w=L xm CU= \rDNt Q=OQ@ l} |wQxv=Wv
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CrDQ=@ u=wD h}] `@=D '�1 |x]@=Q� u=wD pwtQi QO �wB |Q=Po}=H R= xO=iDU= =@

%O};|t CUO x@ 4 |x]@=Q j@=]t
PB (�) = �aH� Rxx �a� (4)

QO l}miD CQOk "CU= u; QO l}miD CQOk uOw@u}}=B 'VwQ u}= C}OwOLt
`@=vt X}NWD QO sD} Qwor= |}=v=wD CQwYx@ OwQw |x} w=R u}tND |=ysD} Qwor=
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u=wD|t 'OyO|tv ?=wH ?wN MUSIC xm |]}=QW QO 'W T} QD=t ?=NDv= =@
%s}UQ|t 13 h}] `@=D x@ W = U1UH1 ?=NDv= =@ ,qFt "O}WN@ Ow@y@ =Q |}=Q=m
PMN (�) = 1

j�aH� EnEHn U1j2 (13)

VwQ x@ C@Uv 'CU= hwQat �Min-Norm� xR}r=tQv st}v}t x@ xm jwi VwQ
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xt=vQ@ Qy OOaDt |=QH= *pY=L G}=Dv w Ov=xOW s=Hv= MATLAB \}Lt QO |oty
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QO "s}vm|t ?=vDH= =ysD} Qwor= u}= |R=Ux}@W G}=Dv |x�=Q= R= 'PHD |=ysD} Qwor=
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QO xDU@sy Q}e `@vt wO |=Q@ =Q xOWEL@|i}]|=ysD} Qwor= u=wDh}]2 Q=Owtv
"OyO|t u=WvM = 8 u=tr= O=OaD w 'SNR = 10dB w �1;2 = �20� \}=QW
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"OvQ=OQwNQ@ syx@ l}ORv `@=vt l}miD QO |QDW}@ |}=v=wD R= u}=Q@=v@ w &Ov=xOQm O=H}=
Q=}at "OvDUy =ysD} Qwor= Q@ hrDNt |=yQDt=Q=B Q=F; Qou=Wv 5 =D 3 |=yQ=Owtv
=Hv}= QO "CU= hrDNt \}=QW QO =yv; u}tND Q=}at R= h=QLv= =ysD} Qwor= |xU}=kt
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[7]"CW=O s}y=wN |QDy@ CkO w CU= xDi=} Ow@y@

=[iQ} R Q@ |vD@t |=yVwQ
|=[iQ} R w R} wv |=[iQ} R wO x@ Tv=} Q=wwm T} QD=t s}UkD '=yVwQ u}= Q=m T=U=
w xS} w Q}O=kt |x@U=Lt R= xO=iDU= =@ =y=[iQ} R uOQw; CUOx@ "CU= p=vo}U
D =@ Q_=vDt |xS} w |=yQ=OQ@ "OQ}o|t CQwY Tv=} Q=wwm T} QD=t |xS} w |=yQ=OQ@
D � OvyO|t p}mWD =Q �Es� p=vo}U |=[iQ} R 'xS} w Q}O=kt u} QDoQR@ R= OOa
=Q �En� R} wv |=[iQ} R �D =D M � xS} w |=yQ=OQ@ *|k=@ "�CU= p=vo}U `@=vt O=OaD
|QwQ[ =yVwQ u}= QO "�Ovm|t XNWt =Q =yu=tr= O=OaD M � OvyO|t p}mWD
O=OaD R= QDsm `@=vt O=OaD O}=@ u}vJty &OW=@ u}at p@k R= �D� `@=vt O=OaD CU=
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xO=iDU= =yu=tr= |HwQN QO =]N C=a@ Qt \UwDt uOQmxv}tm R= sD} Qwor= u}= QO
u}= jkLD |=Q@ "OW=@ 1 Q@=Q@ xOt; CUOx@ |=yuRw u}ov=}t xm \QW u}= =@ 'OwW|t
|=Q@ Tv=} Q=wwm T} QD=t |xS} w Q=Okt u} QDlJwm =@ Q_=vDt |xS} w Q=OQ@ R= '\QW
u}vJ VwQ u}= QO u=wD h}] [9]"OwW|t xO=iDU= ��e1� u=wD h}] uOQw; CUO x@
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PPHD (�) = 1

j�aH� :�e1j2 (9)
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OwQw |x} w=R u}tND |=yVwQ u} QD?w@Lt w u} QDxOWxDN=vW R= MUSIC VwQ
C}ak=w u}= R= MUSIC VwQ u}= QO "OyO|t x�=Q= T=}=@ uwO@ |v}tND w CU=
Q_=vDt |wQxv=Wv |=yQ=OQ@ Q@ |oty R} wv |=[iQ} R =@ Q_=vDt |xS} w |=yQ=OQ@ xm
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En:�a� = 0
� 2 f�1; �2; �3; :::; �Dg (10)

Q=QkQ@ `@=vt uOw@ xDU@=wQ}e\}=QW QO\ki xOWO=} \QW xmCW=O xHwD O}=@ xD@r=
?=wH |@ wNx@ xDU@=w `@=vt =@ |=y=[i QO MUSIC VwQ 'p}rO u}tyx@ "CU=
=y=[i xvwou}= QO Tv=} Q=wwm T} QD=t 13xDU@sy Q}e |=yVwQ R= O}=@ w OyO|tv
�15|}=[i |R=UQ=wty VwQ w 14Twmat � s}kDUt |Q}ou}ov=}t VwQ Ovv=t�
O=yvW}B =Q Q} R u=wD h}] `@=D 10 |x]@=Q R= xO=iDU= =@ MUSIC "OQm xO=iDU=

%OyO|t
PMU (�) = 1

j�aH� EnEHn �a�j (11)

MUSIC Q@ |vD@t |=yVwQ
|=yxvwtv O=OaD =} 'CU= u}}=B SNR xm |]}=QW QO MUSIC VwQ Ow@y@ |=Q@
|yOuRw MUSIC VwQ R= u=wD|t OvDUy xDU@sy `@=vt =} w CU= sm |Di=} QO

swO w x=HvB |xQ=tW �h} QW 65
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V}=Ri= x@ xm OQm Q}@aD u=tr= Qy |wQ Q@ SNR V}=Ri= x@ u=wD|t =Q =yxvwtv O=OaD
"Ot=Hv=|t =ysD} Qwor= QO CkO

=@ "CU= xOW |UQQ@ =yu=tr= O=OaD x@C@Uv =ysD} Qwor=C}U=UL 5 Q=Owtv QO
,=YwYN =ysD} Qwor=CkO|rw 'OwW|t xDU=m x}=Q; wDQBZQa R= =yu=tr= O=OaDV}=Ri=
"O@=}|t V}=Ri= 'Ov=T=UL uDv; wDQB ZQa x@ xm wDQB |xOvyOpmW |=yVwQ CkO
Tv=} Q=wwmT} QD=t |x@U=Lt |=Q@ �FLOPS� sRq C=}rta sHL 6 Q=Owtv QO
|vD@t |=ysD} Qwor= "Ov=xOW xU}=kt sy =@ hrDNt |=ysD} Qwor= u=wD h}] w �Rx�
|=yQ=OQ@ w xS} w Q}O=kt |x@U=Lt Crax@ '�Min Norm w MUSIC� =[iQ} R Q@
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"OwW|t xOQw; |R=U x}@W G}=Dv w |O=yvW}B sD} Qwor=

BEAMSPACE MUSIC VwQ
Q}=U w�MUSIC sD} Qwor= xm s}OQm xOy=Wt w 'KQ]t =Q MUSIC VwQ QDV}B
xm Ovvm|t Q=m =yu=tr= R= |Di=} QO |=yxO=O |wQ ,=t}kDUt �xOWKQ]t |=yVwQ
VR=OQB OW xQ=W= ,q@k xm u=vJ "Ov} wo|t 19u=tr= |=[i '=yVwQ u}= x@ ,=Lq]Y=
|D=@U=Lt sHL Q_v R=CU= umtt q=@ u=tr= O=OaD =@ |=yx}=Q; QO =yu=tr= |xRwL QO

swO w x=HvB |xQ=tW �h} QW 67



"""|
x}w=R

u}t
ND|

i}]
|=y

sD}Q
wor=

OQm
rta

|xU
}=kt

|O=yvW}B sD} Qwor= |R=Ux}@W G}=Dv
Q_v QO =Q CN=wvm} |]N |x}=Q; l} 'sD} Qwor= |R=Ux}@W G}=Dv |x�=Q= |=Q@
Oy=wN p=vo}U Gwt pw]hYv *Q@=Q@ =yu=tr= |xrY=iw '10 =yu=tr= O=OaD "s} Q}o|t
`@=vt |xrY=i Qo = "s} Q}o|t Q_v QO =Q �SNR = 10dB� p=vo}U `@vt wO "Ow@
|@U=vt u}tND CrDQ=@ sD} Qwor= �uDv; wDQB ZQa R= QDW}@� OW=@ QwO |i=m |xR=Ov=x@
w �1 = 10� |xrY=i QO `@vt wO hr= 11 Q=Owtv QO "OyO|t `@=vt C}akwt R=
XNWt =yv; C}akwt CrDQ=@ u=wD h}] R= xO=iDU= =@ xm Ov=xDiQo Q=Qk �2 = �10�
`@=vt l}miD x@ QO=k CrDQ=@ 'OvwW l}ORv |r}N `@=vt |xrY=i Qo = |rw "Ov=xOW
|=yx} w=R QO =Q `@vt wO |=Q@ CrDQ=@ u=wD h}] ? 11 Q=Owtv "Ow@ Oy=wNv sy R=
xDUv=wDv CrDQ=@ xm OwW|t xOy=Wt "OyO|t u=Wv �2 = �2� w �1 = 2�
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�Bartlett-MUSIC� |O=yvW}B sD} Qwor=
x@ u=tr= |=[i R= =Q wHwCUH Oa@ '=[i QO |}=ywDQB O=H}= =@ u=wD|t xm s}O}O
's}v=O@ =Q `@=vt |@} QkD C}akwt Qo = p=L "CU=m C=@U=Lt sHL R= w OQ@ wDQB |=[i
CkO 'C=@U=Lt sHL Vy=m Q@ xwqa |L=wv u; QO \ki |}=ywDQB O=H}= =@ s}v=wD|t
xH}DvQO w s}=xO=O V}=Ri= =Q `@=vt SNR `k=w QO Q=m u}= =@ "s} Q@@ q=@ R}v =Q u}tND
u}tND |=Q@ [15]"OW Oy=wN O=} R syx@ l}ORv `@=vt l}miD QO sD} Qwor= CQOk
|D=@U=Lt sHL xm wDQB |xOvyOpmW |=ysD} Qwor= R= s}v=wD|t h=Oy= |@} QkD
C} Rt CrDQ=@ sD} Qwor= R= xO=iDU= "s}vm xO=iDU= �CrDQ=@ sD} Qwor= Ovv=t� OvQ=O |tm
|oDU@sy Q@=Q@ QO sD} Qwor= u}= 'OW |UQQ@ QDV}B xm Qw]u=ty "OQ=O R}v |Qo}O
"OyO x�=Q= R}v xDU@sy `@=vt R= |@ wN Q=}U@ u}tND Ov=wD|t w CU= sw=kt Q=}U@ `@=vt
xO=iDU= =@ =OD@= "OyO|t u=Wv =Q xOW O=yvW}B QoWR=OQB s=Qo =}O lwr@ 10 Q=Owtv
u}tND �xHQO 1 ,qFt� u}}=B CkO =@ h=Oy= |@} QkD C}akwt CrDQ=@ sD} Qwor= R=
|L=wv QO TBU "�|oDU@sy Q@=Q@ QO sw=kt w sm |D=@U=Lt sHL� OwW|t xOR
VWwB =Q CrDQ=@ h}] |=yl}B =yvD xm OwW|t O=H}= |}=ywDQB xOWxORu}tND
|=ywDQB O=OaD =Hv}= QO TB 'OvyO VWwB =Q =[i pm =ywDQB CU}v |R=}v "OyO|t
sD} Qwor= R= xO=iDU= =@ R}v QN; QO "�CU= QDlJwm B� Ow@ Oy=wN QDsm R}v sRq
pm |=Q@ MUSIC h}] sUQ "OW Oy=wN XNWt `@=vt j}kO C}akwtMUSIC

|=yl}B |xOwOLt |=Q@ =Q h}] CU= sRq \ki w 'CW=O Oy=wNv CQwQ[ =[i
"O=O Oy=wN Vy=m sy R=@ =Q C=@U=Lt sHL 'Qt= u}ty "s}vm sUQ CrDQ=@ h}]

%Ow@ Oy=wN u}vJ sD} Qwor= pL=Qt |xYqN
&CrDQ=@ sD} Qwor= R= xO=iDU= =@ `@=vt |OwOL u}tND "1
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'MUSIC sD} Qwor= l}miD CQOk� OW xO=iDU= |O=yvW}B sD} Qwor= |x�=Q= |=Q@
QO Q=m |=}=Rt w CrDQ=@ sD} Qwor= |oDU@sy x@ C}U=UL sOa w sm C=@U=Lt sHL
QO sy |QDW}@ CkO 'QDsm |D=@U=Lt sHL Q@ xwqa |O=yvW}B VwQ "�wDQB xRwL

"O=O x�=Q= syx@ l}ORv `@=vt l}miD

"�1 = 2�; �2 = �2� `@vt wO |=Q@ u=wD |=yh}] "13 Q=Owtv

��1 = 5� ; �2 = �5� ; �3 = 0��0� |m}ORv QO wDQB 3 O=H}= =@ p=L "CU=
x@ =Q wDQB 3 u}= |HwQN TBU "s} wQ|t wDQB 3 Oa@ x@ u=tr= 10 Oa@ R= 12 Q=Owtv
G}=Dv "s}yO|t OW |iQat p@k CtUk QO xm Beamspace MUSIC sD} Qwor=
sy MUSIC u=wD h}] Q=Owtv u}= QO "CU= xOW x�=Q= 13 Q=Owtv QO xrY=L
sy R= `@=vt l}miD x@ QO=k R}v MUSIC xm OwW|t xOy=Wt "CU= xOW sUQ

CWwv=B
1. beamforming method
2. subspace based
3. snapshots
4. spectral
5. parametric
6. bartlett method
7. capon method
8. linear prediction (LP)
9. conventional beamformer (CBF)
11. multiple signal classi�cation
12. steering vectors
13. decorrelation methods
14. Forward-Backward Averaging
15. spatial smoothing
16. uniform linear array
17. eigen value decomposition(EVD)
18. beamspace methods
19. element space
20. diretion of arrival
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