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w Ow@tm ẁkw u=mt= 'OwW|t s=Hv= |}xDUO CQwYx@ C=O}rwD R}v w CU= |iO=YD
|}=yxv} Ry OQ=wt u}= OwN |x@ wvx@ xm OQ=O OwHw |rai R=}v Q@ O=R=t |q=m |OwHwt =}

"Ovvm|t p}tLD =Q
CU= Q@=Q@ VwQi |[=} Q O}t= 'OvwW|tv OQ C=WQ=iU R= l}I}y xm =Hv; R=
'CqwYLt R= l} Qy VwQi Ct}k � |OwQw C=WQ=iU |[=} Q O}t= ẁtHt =@
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O}rwD x@ |@ w=vD x=oO}O |x�=Q= "1"3

|=yOv}=Qi s=Hv= u=tR R= QDnQR@ lQDWt Ov}=Qi s=Hv= u=tR |WR=OQB `}=vY ?re= QO
=Q O}rwD |xQwO =} ?w=vD |xQwO swyit u=wD|t wQu}= R= "CU= CqwYLt X=N
|xNQJ =} ?w=vD |xQwO� %OQm h} QaD u}vJ =Q u; w 'OW QwYDt `}=vY xvwou}= |=Q@
u; R= xOWVR=OQB O=wt |x}rND =D w OwW|t R=e; lQDWt Ov}=Qi |Q=PoQ=@ R= O}rwD
Qy |] "OwW|t Q=QmD O}rwD Q=m pqN QO =yQ=@ O}rwD |xNQJ u}= �"O@=}|t xt=O=
O=wt OwQw Q_Dvt w OvUQ|t s=tD= x@ R}v CqwYLt X=N |=yOv}=Qi 'O}rwD |xNQJ

"�2 pmW� OvwW|t lQDWt Ov}=Qi R= O}OH
|=yOv}=Qi 'lQDWt Ov}=Qi l} s=tD= R= TB xrY=iq@ xm OyO|t u=Wv 2 pmW
|=yOv}=Qi "OwW|t ẁQW lQDWt Ov}=Qi |Oa@ QwO R}v w hrDNt CqwYLt X=N
lQDWt Ov}=Qi s=tD= Q_Dvt w OvUQ|t u=}=B x@ lQDWt Ov}=Qi R= QDOwR ?re= X=N

"Ovv=t|t u; |xOWVR=OQB O=wt OwQw w
|=OD@= QO xJv=vJ "OyO|t u=Wv i pwYLt |=Q@ =Q |OwHwt K]U 3 pmW

"|r=tDL= CQwYx@ =yOv}=Qi R= l} Qy s=tD= u=tR w ?w=vD |xQwO u=tR "2 pmW

"X=N pwYLt l} |=Q@ |OwHwt K]U C=Q}}eD "3 pmW

syv w pyJ |xQ=tW �h} QW 5



"""=@
xDU

w}BO
}rwD

sDU
}UQ

OO}
rwD|

R}Qx
t=vQ@%OvwW|t pY=L 4 w 3 CqO=at wQu}= R= 'CU= xOW xO=iDU=

E(Hi(0;Ai)) = hi
Z Ai

0
(
IsiX

Xti=0
(Isi �Xt

i )
(t�i)X

t
i e��t

Xt
i !

dt

for i = 1; :::;m (3)

E(Bi(0;Ai)) = �i
Z Ai

0
(

1X
Xti=I

s
i+1

(Xt
i � Isi ) (t�i)X

t
i e��it

Xt
i !

)dt

for i = 1; :::;m (4)

x@ xHwD =@ Ki 'u; QO xm CU= jO=Y 5 |x]@=Q 4 w 3 CqO=at u}@ %1 |x}[k
"OwW|t x@U=Lt xQwO |=OD@= |OwHwt Q=Okt w xr�Ut |=yQDt=Q=B

E(Bi(0;Ai)) = Ki + �i
hi
E(Hi(0;A)) for i = 1; :::;m (5)

"CU= xOW x�=Q= CUw}B QO %C=@F=
xR=@ QO Ow@tm w |Q=Oxov |xv} Ry |a}tHD |[=} Q O}t= |x@U=Lt "2"2"3

(Ai;T = BCom)|v=tR
%OQm l}miD xR=@ Q} R xU x@ u=wD|t =Q (Ai; T = BCom) |v=tR xR=@

&X=N Ov}=Qi s=tD= u=tR =D X=N Ov}=Qi s=tD= |=Q@ ptDLt u=tR ẁQW R= �hr=
&lQDWt Ov}=Qi s=tD= |=Q@ ptDLt u=tR |=OD@= =D X=N Ov}=Qi s=tD= u=tR R= �?
"?w=vD |xQwO s=tD= u=tR =D X=N Ov}=Qi s=tD= |=Q@ ptDLt u=tR ẁQW R= �G

|v=tR xR=@ QO Ow@tm w |Q=Oxov |xv} Ry |a}tHD |[=} Q O}t= �hr=
(Ai;Bi)

"�6 pmW� s} Q=O Q=Qk vi X=N Ov}=Qi s=tD= u=tR w 't |v=tR `]kt QO xm O}vm ZQi
Oy=wN 6 |x]@=Q j@=]t |Q=Oxov |xv} Ry |a}tHD |[=} Q O}t= CQwY u}= QO
"CU= vi Q@=Q@ t |v=tR `]kt |q=@ OL xm OwW|t x_Lqt '6 pmW x@ xHwD =@ "Ow@
E(Hi(Ai;Bi))=vi = hiE((ISi �Xt

i )jt;Xt
i � ISi )=vi =

hi
Z vi

Ai

ISiX
Xti=0

((ISi �Xt
i )P (�it)=vi)dt for i = 1; :::;m

(6)

u}= xm =Hv; R= "CU= xOW \QW vi X=N Ov}=Qi s=tD= u=tR |wQ Q@ 6 |xrO=at QO
7 |xrO=at CQwYx@ =Q 6 |xrO=at u=wD|t 'Ovm|t C}a@D CN=wvm} `} RwD R= u=tR

%CWwv

E(Hi(Ai;Bi)) = hi
Z Bi

Ai
(
Z vi

Ai

ISiX
Xti=0

(ISi �Xt
i )P (�it)dt)

1
Bi �Ai dvi for i = 1; :::;m (7)

"(Ai; Bi) |v=tR xR=@ QO C=@U=Lt C=}[Qi |m}i=Qo V}=tv "6 pmW

&t =D t = 0 |v=tR |xQwO QO i pwYLt |=Q@ xO}UQ |=[=kD u=R}t % Xt
i �

|ivt =} C@Ft xm i pwYLt |=Q@ |Q=H |xQwO |=OD@= |OwHwt K]U % ISi �
&CU=

QO |OwHwt Q@=Q@ xm i pwYLt |=Q@ |Q=H |xQwO |=yDv= |OwHwt K]U % IFi �
&CU= |Oa@ |xQwO |=OD@=

|v=tR xR=@ QO |OwHwt |Q=Oxov |xv} Ry |a}tHD |[=} Q O}t= % Hi(a; b) �
&(a; b)

"(a; b) |v=tR xR=@ QO Ow@tm |xv} Ry |a}tHD |[=} Q O}t= % Bi(a; b) �
xR=@ QO Ow@tm w |Q=Oxov |xv} Ry |a}tHD |[=} Q O}t= |x@U=Lt "1"2"3

(0;Ai) |v=tR
wQu}= R= w 'CU= xO}UQv s=tD= x@ i pwYLt O}rwD X=N Ov}=Qi |v=tR xR=@ u}= QO
xQwO |=OD@= |OwHwt =@ Q@=Q@ t |v=tR lJwm Q=}U@ `]kt QO CUO QO |OwHwt
umtt Q=Okt u}= "CU= (ISi � Xt

i ) pwYLt u; |=Q@ xO}UQ C=WQ=iU |=yvt
|OwHwt R= QDsm xO}UQ C=WQ=iU t |v=tR `]kt =D Qo = "OW=@ |ivt =} C@Ft CU=
u=R}t x@ u=tR R= x_Lr u}= QO xOW|Q=Oxov |OwHwt K]U 'OW=@ xQwO |=OD@=
|Ow@tm =@ |v=tR |x_Lr u}= QO sDU}U CQwYu}= Q}e QO "Ow@ Oy=wN ISi �Xt

i

Q}O=kt '=yxv} Ry |[=} Q O}t= uOt; CUOx@ |=Q@ "CU= xH=wt Xt
i � ISi pO=at

"OwW|t ?Q[ =yv; ẁkw p=tDL= R}v w \@DQt |=yxv} Ry QO |OwHwt =} Ow@tm
Q=Qk tlJwm Q=}U@ |v=tR |x_Lr QO xm CU= u; Q@ ZQi 'jwi C=@U=Lt QO
u}= hPL |=Q@ "CU= xOW \QW t Q=Okt Q@ |[=} Q O}t= |x@U=Lt |=Q@ =Pr 's} Q=O
|a}tHD |[=} Q O}t= xH}DvQO "�5 pmW� OwW|t xDiQo p=QoDv= t Q}O=kt |wQ '\QW
2 w 1 \@=wQ j@=]t ?}DQDx@ (0; Ai) |v=tR xR=@ QO Ow@tm w |Q=Oxov |xv} Ry

%OwW|t x@U=Lt

E(Hi(0;Ai)) = hi
Z Ai

0
E((ISi �Xt

i )=t;X
t
i � ISi )dt

for i = 1; :::;m (1)

E(Bi(0;Ai)) = �i
Z Ai

0
E((Xt

i � ISi )=t; ISi < Xt
i )dt

for i = 1; :::;m (2)

`} RwD R= CqwYLt R= l} Qy |=Q@ |OwQw |=[=kD CU= xOW ZQi xm =Hv; R=
ẁtHt 'uwU=wB `} RwD |R=UR=@ C}Y=N T=U=Q@ 'Ovm C}a@D �i MQv =@ uwU=wB
�it MQv =@ uwU=wB `} RwD `@=D R= (Xt

i ) t pw]x@ |v=tR xR=@ l} QO |OwQw |=[=kD
`tH `@=D R= 1 |xrO=at QO Xt

i � ISi \QW hPL |=Q@ |iQ] R= "Ovm|t C}a@D

"(0; Ai) |v=tR xR=@ QO C=@U=Lt C=}[Qi |m}i=Qo V}=tv "5 pmW

syv w pyJ |xQ=tW �h} QW 6



|m=
}vu=

wN=
|kD

O}U
wOv

tWw
yO

wtL
t'|

U=@a
|[

DQt |[=} Q O}t= |=Q@ =Q 13 |x]@=Q u=wD|t '1 |x}[k x@ xHwD =@ R}v |v=tR xR=@ u}= QO
"OQm C@=F Ow@tm xv} Ry |a}tHD

E(Bi(Bi;ACom)) = �i
Z Bi

Ai
(
Z ACom

vi
(�it� ISi � Pi)dt)

1
Bi �Ai dvi + �i

hi
E(Hi(Bi;ACom)) for i = 1; :::;m (13)

|v=tR xR=@ QO Ow@tm w |Q=Oxov |xv} Ry |a}tHD |[=} Q O}t= �G
(ACom;BCom)

"�8 pmW� s} Q=O Q=Qk VC lQDWt Ov}=Qi s=tD= u=tR w t|v=tR `]kt QO xm O}vm ZQi
"Ow@ Oy=wN 14 |x]@=Q j@=]t |Q=Oxov xv} Ry |a}tHD |[=} Q O}t= CQwY u}= QO

"CU= VC Q=Okt t |v=tR `]kt |q=@ OL xrLQt u}= QO xm OwW CkO

E(Hi(ACom;BCom ))=VC = hiE((ISi + Pi �Xt
i )jt;Xt

i � Isi +

Pi)=VC = hi

VCZ
Ai

ISi +PiX
Xti=0

((ISi �Xt
i )P (�it)=VC)dt

for i = 1; :::;m (14)

xm =Hv; R= "CU= xOW \QW VC lQDWt Ov}=Qi s=tD= u=tR |wQ Q@ 14 |xrO=at QO
%CWwv u}vJ =Q 14 |xrO=at u=wD|t 'Ovm|t C}a@D CN=wvm} `} RwD R= u=tR u}=

E(Hi(ACom;BCom)) = hi
Z BCom

ACom
(
Z VC

ACom

ISi +PiX
Xti=0

(ISi + Pi �Xt
i )

P (�it)dt)
1

Bi �Ai dVC for i = 1; :::;m (15)

%s} Q=O R}v Ow@tm xv} Ry |a}tHD |[=} Q O}t= |=Q@

E(Bi(ACom;BCom)) = �i
Z BCom

ACom
(
Z VC

ACom

1X
Xti=I

S
i +Pi+1

(Xt
i � ISi � Pi)P (�it)dt)

1
Bi �Ai dVC for i = 1; :::;m

(16)

|[=} Q O}t= |=Q@ =Q 17 |x]@=Q u=wD|t '1 |x}[k x@ xHwD =@ R}v |v=tR xR=@ u}= QO
"OQm C@=F Ow@tm xv} Ry |a}tHD

E(Bi(ACom;BCom)) = �i
Z BCom

ACom
(
Z VC

ACom
(�it� ISi � Pi)dt)

1
Bi �Ai dVC + �i

hi
E(Hi(ACom;BCom)) for i = 1; :::;m

(17)

"(ACom; BCom) |v=tR xR=@ QO C=@U=Lt C=}[Qi |m}i=Qo V}=tv "8 pmW

%s} Q=O R}v Ow@tm |xv} Ry |a}tHD |[=} Q O}t= |=Q@ x@=Wt j} Q]x@

E(Bi(Ai;Bi)) = �i
Z Bi

Ai
(
Z vi

Ai

1X
Xti=I

S
i +1

(Xt
i � ISi )P (�it)dt)

1
Bi �Ai dvi for i = 1; :::;m (8)

|xv} Ry |a}tHD |[=} Q O}t= |=Q@ =Q 9 |x]@=Q u=wD|t 1 |x}[k x@ xHwD =@
"OQm C@=F Ow@tm

E(Bi(Ai;Bi)) = �i
Z Bi

Ai
(
Z vi

Ai
(�it� ISi )dt) 1

Bi �Ai dvi+
�i
hi
E(Hi(Ai;Bi)) for i = 1; :::;m (9)

|v=tR xR=@ QO Ow@tm w |Q=Oxov |xv} Ry |a}tHD |[=} Q O}t= �?
(Bi;ACom)

"�7 pmW� s} Q=O Q=Qk vi X=N Ov}=Qi s=tD= u=tR w 't |v=tR `]kt QO xm O}vm ZQi
CUO QO |OwHwt x@ Pi u=R}tx@ w 'xOW s=Hv= CqwYLt O}rwD |v=tR xR=@ u}= QO
|Q=Oxov |xv} Ry |a}tHD |[=} Q O}t= CQwY u}= QO "CU= xOW xi=[= i pwYLt
xrLQt u}= QO xm OwW|t x_Lqt '7 pmW x@ xHwD =@ "Ow@ Oy=wN 10 |x]@=Q j@=]t

"CU=vi Q=Okt t |v=tR `]kt u}}=B OL
E(Hi(Bi;ACom))=vi = E((ISi + Pi �Xt

i )jt;Xt
i � ISi + Pi)=vi

=
AComZ
vi

ISi +PiX
Xti=0

((ISi + Pi �Xt
i )P (�it)=vi)dt

for i = 1; :::;m (10)

u}= xm =Hv; R= "CU= xOW \QW vi X=N Ov}=Qi s=tD= u=tR |wQ Q@ 10 |xrO=at QO
%CWwv u}vJ =Q 10 |xrO=at u=wD|t 'Ovm|t C}a@D CN=wvm} `} RwD R= u=tR

E(Hi(Bi;ACom)) = hi
Z Bi

Ai
(
Z ACom

Vi

ISi +PiX
Xti=0

(ISi + Pi �Xt
i )

P (�it)dt)
1

Bi �Ai dvi for i = 1; :::;m (11)

%s} Q=O R}v Ow@tm xv} Ry |a}tHD |[=} Q O}t= |=Q@ x@=Wt j} Q] x@

E(Bi(Bi;ACom)) = �i
Z Bi

Ai
(
Z ACom

vi

1X
Xti=I

S
i +Pi+1

(Xt
i � ISi � Pi)

P (�it)dt)
1

Bi �Ai dvi for i = 1; :::;m (12)

"(Bi; ACom) |v=tR xR=@ QO C=@U=Lt C=}[Qi |m}i=Qo V}=tv "7 pmW

syv w pyJ |xQ=tW �h} QW 7



"""=@
xDU

w}BO
}rwD

sDU
}UQ

OO}
rwD|

R}Qx
t=vQ@|Q}os}tYD pw= |xrLQt "1"3"3

COtOvr@ w|rm x=oO}O QOhrDNt CqwYLt |OwHwt Q=DiQ|UQQ@ xrLQt u}= hOy
|[=} Q O}t= xmCU=|y}O@ '|OwQw |=[=kD =@ sDU}U C=O}rwD|}=Qoty |=Q@ "CU=
Q@=Q@ |OwQw |=[=kD |[=} Q O}t= =@ O}rwD R= xQwO Qy QO pwYLt Qy R= O}rwD Q}O=kt
|=[=kD O}t= R= xQwO Qy QO C=O}rwD |[=} Q O}t= Qo = CQwY u}= Q}e QO "OW=@
Oy=wN wQx@ wQ xOv}=Ri |OwHwt K]U =@ sDU}U COtOvr@ QO 'OW=@ QDW}@ |OwQw

"OW Oy=wN xOv}=Ri Ow@tm ptLDt Tmax@ w OW
C=WQ=iU `tH 'Ovvm|t C}a@D uwU=wB `} RwD R= |OwQw C=WQ=iU xm =Hv; R=
Ov}=Qi s=tD= u=tR |iQ] R= "OQ=O uwU=wB `} RwD R}v |v=tR xR=@ l} QO xO}UQ
R= CU= CQ=@a u; pw] |[=} Q O}t= w Ovm|t C}a@D CN=wvm} `} RwD R= lQDWt

%s} Q=O xQwO l} QO xOW OQ=w |=[=kD |[=} Q O}t= |=Q@ =Pr 'ACom+BCom2

E(Demand(i)) = E(Cycle T ime) �Arrival Rate(i) =

ACom +BCom
2 �i for i = 1; :::;m (21)

O}rwD R= xQwO Qy QO pwYLt Qy R= O}rwD |[=} Q O}t= COtOvr@ QO 'OW xQ=W=xm u=vJ
"OwW|t x@U=Lt 21 |xrO=at ltmx@ xm CU= |OwQw |=[=kD |[=} Q O}t= =@ Q@=Q@
|}xOvvmu}}aD Vkv (ISi ) CqwYLt |xQwO |=OD@= |OwHwt K]U ZQi u}= =@
l} |=OD@= QO |rwYLt |OwHwt K]U Qo = "OQ=O Ow@tm w |Q=Oxov |=yxv} Ry QO
w xDi=} V}=Ri= xQwO u; |Q=Oxov |xv} Ry |[=} Q O}t= 'OW=@ O=} R O}rwD R= xQwO
K]U xm|DQwY QO w O@=}|t Vy=m x]w@ Qt |=yxv} Ry w Ow@tm p=tDL= p@=kt QO
xQwO u; |Q=Oxov |=yxv} Ry |[=} Q O}t= 'O@=} Vy=m xQwO u; |=OD@= QO |OwHwt

"O@=}|t V}=Ri= Ow@tm |=yxv} Ry |[=} Q O}t= p@=kt QO w xDi=} Vy=m
O}t= 'xQwO |=OD@= |OwHwt K]U Q}}eD =@ xm OyO|t u=Wv |OOa |=y|UQQ@
Q=Okt |=Q@ wQu}= R= "Ovvm|t Q}}eD =wvm} |OvwQ =@ Ow@tm =} |Q=Oxov |=yxv} Ry|[=} Q
O=H}= uR=wD Ow@tm w |Q=Oxov |=yxv} Ry u=}t 'xQwO |=OD@= |OwHwt R= |YNWt
Q}O=kt u}= x@ "OwW|t xv}tm xQwO u; QO Ow@tm w |Q=Oxov |=yxv} Ry ẁtHt w xOW
u=wD|t xrLQt u}= QO |iQ] R= "OwW|t jq]= (IS�i ) xQwO |=OD@= xv}y@ |OwHwt
=yv; |oDU@=w xJQo "O=O Q=Qk |UQQ@ OQwt Qo}Om} R= pkDUt =Q CqwYLt R= l} Qy
O}t= Q=Okt x@ O}rwD ZQi =@ |oDU@=w u}= |rw 'CU= lQDWt C=R}yHD R= xO=iDU= QO
`iQ u=R}t u}= R= QDW}@ =} Q@=Q@ C}iQ_ OwHw w ?w=vD xQwO pw] QO =[=kD |[=} Q
|=OD@= |xv}y@ |OwHwt OQwtQO pkDUt |Q}os}tYD u=mt= C=mv u}= "CU= xOW
%CU= u}vJ xrLQt u}= |Q}os}tYD pOt "OyO|t =Q CqwYLt R= l} Qy |xQwO

Min E(total Cost) =
mX
i=1

E(Hi(ISi )) +
mX
i=1

E(Bi(ISi ))

Subject to : ISi is free for i = 1; :::;m (22)

OwN |xv}y@ Q}O=kt =@ Q@=Q@ xQwO |=OD@= |OwHwt K]U 'O}rwD R= xQwO l} QO Qo =
"Ow@ Oy=wN xv}tm xQwO u; QO =yxv} Ry |[=} Q O}t= 22 |xr�Ut j@] 'OW=@ (IS�i )

|=[=kD =@ C=O}rwD |[=} Q O}t= |Q@=Q@ ZQi =@ xm CU= u}= Qo}O xHwD R�=L |xDmv
CqwYLt R= l} Qy xQwO u=}=B |OwHwt |[=} Q O}t= 23 |xrO=at j@] '|OwQw

"OW Oy=wN xQwO u; |=OD@= |OwHwt =@ Q@=Q@
E(IFi ) = ISi + E(Pi)� E(Demand(i)) = ISi for i = 1; :::;m

(23)

QO Ow@tm |xv} Ry |a}tHD |[=} Q O}t= w |Q=Oxov |xv} Ry |a}tHD |[=} Q O}t=
|a}tHD |[=} Q O}t= `tH R= '�lQDWt Ov}=Qi s=tD=� O}rwD Ov}=Qi ?w=vD |xQwO pw]
wQu}= R= "O};|t CUOx@ (Ai; T = BCom) w (0; Ai) |v=tR xR=@ wO QO =yxv} Ry
?}DQDx@ ?w=vD |xQwO pm |=Q@ Ow@tm w |Q=Oxov |xv} Ry |a}tHD |[=} Q O}t=

%R= Ow@ Oy=wN CQ=@a
E(Hi) = E(Hi(0;Ai)) + E(Hi(Ai;Bi)) + E(Hi(Bi;ACom))+

E(Hi(ACom;BCom)) for i = 1; :::;m (18)

E(Bi) = E(Bi(0;Ai)) + E(Bi(Ai;Bi)) + E(Bi(Bi;ACom))+

E(Bi(ACom;BCom)) = Ki + �i
hi
E(Hi) for i = 1; :::;m

(19)

|a}tHD |[=} Q O}t= Q@=Q@ Ow@tm |xv} Ry |a}tHD |[=} Q O}t= xm OwW|t x_Lqt
sDU}U |=yQDt=Q=B x@ Ki Q=Okt "CU= Ki C@=F Q=Okt |xwqax@ |Q=Oxov xv} Ry
CqO=at x@ xHwD =@ "OQ=O |oDU@ 'xQ}e w =[=kD OwQw MQv w =yOv}=Qi s=tD= u=tR Q}_v
|=Q@ Ow@tm w |OwHwt |Q=Oxov |xv} Ry |a}tHD |[=} Q O}t= ẁtHt 19 w 18

%R= CU= CQ=@a XNWt ?w=vD |xQwO l}

E(Total Cost) =
mX
i=1

E(Hi) +
mX
i=1

E(Bi) (20)

R= QDW}@ =} Q@=Q@ |O}rwD sDU}U C}iQ_ xm CU= u}= Q@ ZQi 'OW xQ=W= xm u=vJ
u=mt= =t= OQ=Ov OwHw xDiQ CUO R= VwQi =Pr &CU= |OwQw |=[=kD |[=} Q O}t=
CU= C@=F |O}rwD sDU}U Ot;QO wQu}= R= "OQ=O OwHw xO=Di= j} waDx@ C=WQ=iU ẁkw
V}=Ri= |=Q@ "CU= xOW xDiQo Q_v QO C@=F R}v O}rwD =@ \@DQt |=yxv} Ry |iQ] R= w
"OwW xv}tm q=m Ow@tm w |OwHwt |Q=Oxov =@ \@DQt |=yxv} Ry CU= |i=m OwU
xv}y@ x@ l}ORv =} xv}y@ O}rwD |xt=vQ@ uDi=} |=Q@ |O=yvW}B VwQ |Oa@ VN@ QO

"OwW|t K} QWD

O}rwD |R} Qxt=vQ@ |xr�Ut |R=UpOt "3"3
OvthOy CQwYx@ xm x=oO}O u}= "OW x�=Q= O}rwD Qt= x@ |@ w=vD x=oO}O 1"3 VN@ QO
xQ=W= xmu=vJ "Ovm|t ltm xr�Ut j}kO w =Q=m |R=UpOt x@ CU= xOW h} QaD
u=}=B =D w 'OwW|t R=e; lQDWt Ov}=Qi x@ s=N O=wt OwQw =@ ?w=vD |xQwO Qy OW
u=tRty Qw]x@ 'lQDWt Ov}=Qi l} s=tD= R= TB "O@=}|t xt=O= u; R= O=wt |x}rND
l} VN@ u}= QO "OvwW|t R=e; X=N |=yOv}=Qi R}v w |Oa@ QwO lQDWt Ov}=Qi

"OwW|t x�=Q= xv}y@ O}rwD |xt=vQ@ u}}aD |=Q@ |}xrLQtwO |Q=mD@= VwQ
|=yxv} Ry uOQmxv}tm hOy =@ |OwHwt K]U Q=DiQ |R=Uxv}y@ |=Q@ xr=kt u}= QO
w O}rwD R= xQwO Qy |=OD@= |OwHwt K]U Q}eDt ẁv wO |rm Qw]x@ 'Ow@tm w |Q=Oxov
pw= |xrLQt QO "CU= xDiQo Q=Qk |UQQ@ OQwt 'CqwYLt R= l} Qy R= O}rwD u=R}t
QO "OwW|t x�=Q= O}rwD |xt=vQ@ u}}aD |xr�Ut x@ COtOvr@ x=oO}O l} |Q}os}tYD
sDU}U COtOvr@ Q=DiQ xm OvwW|t u}}aD |}xvwox@ QwmPt Q}eDt ẁv wO x=oO}O u}=
'sDU}U |rta \}=QW =@ xyH=wt QO w |Q}os}tYD swO |xrLQt QO "OwW xv}y@
Q=DiQ xm OwW|t O=yvW}B |WwQ '|ak=w |xQwO |=OD@= |OwHwt K]U |DQ=@ax@
l}ORv 'xOW u}}aD pw= |xrLQt QO xm OwN COtOvr@ |xv}y@ Q=DiQ x@ |OwHwt K]U

"OwW

syv w pyJ |xQ=tW �h} QW 8



|m=
}vu=

wN=
|kD

O}U
wOv

tWw
yO

wtL
t'|

U=@a
|[

DQt "|t}WwQDB OL=w l} QO CqwYLt C=aq]= "1 pwOH
|xv} Ry |xv} Ry ?} Q[ =[=kD MQv pwYLt h}OQ

*|Q=Oxov *Ow@tm |tHL �i

1 3 1 2 3 1 pwYLt 1
2 4 1 5 4 2 pwYLt 2
3 5 1 7 2 3 pwYLt 3
2 4 2 5 4 pwYLt 4

u=tR OL=w QO pwYLt OL=w *

"|t}WwQDB OL=w l} QO O}rwD |=yOv}=Qi C=aq]= "2 pwOH
C}iQ_ C}iQ_ Ov}=Qi u=tR Ov}=Qi h}OQ=[=kD O}t= �pwYLt OL=w ?UL Q@� X=N
�133 18 U�3,4� 1 pwYLt 1
�139 25 U�2,4� 2 pwYLt 2
�166 15 U�1,2� 3 pwYLt 3
�133 30 U�1,3� 4 pwYLt 4
�110 130 U�4,5� lQDWt 5

CQwYx@ � (IS�i ) xQwO |=OD@= |xv}y@ |OwHwt � u=tQ; R= |]ND |=yxt} QH
"OwW|t GDvt 22 |Q}os}tYD pw= |xrLQt xr�Ut hOy `@=D R= CkO =@ w =Q=m
OL=w Qy w Ow@ Oy=wN xv}tm IS�i |=R=x@ 22 |xr�Ut hOy `@=D xm ?}DQDu}O@
u=wD|t |DL=Qx@ wQu}= R= "OW Oy=wN u; Q=Okt O=}OR= Ea=@ Q=Okt u}= R= h=QLv=
=} �+

i � hOy `@=D Q@ ���i =} �+
i � xv}y@ Q}O=kt R= h=QLv= R= |YNWt Q=Okt QF=

R= |YNWt Q=Okt |=R=x@ xt} QH |ak=w Q=Okt u}@t Q}O=kt u}= "OQm x@U=Lt =Q ���i
|i=[= |xv} Ry Q=Okt Q@=Q@ u=tQ; R= h=QLv= |xt} QH `k=w QO "Ow@ Ovy=wN h=QLv=
|=OD@= |OwHwt |xv}y@ Q=Okt R= h=QLv= Crax@ O}rwD |Oa@ |xrLQt QO xm CU=

"OW Oy=wN p}tLD sDU}U x@ 'xQwO

|OOa p=Ft "4
ZQi "s}vm|t K} QWD =Q |O=yvW}B VwQ '|OOa p=Ft l} QmP =@ VN@ u}= QO
C=aq]= "�1 pmW� OwW|t O}rwD pwYLt Q=yJ |t}WwQDB OL=w l} QO O}vm
1 pwOH QO =yv; lQDWt w X=N O}rwD |=yOv}=Qi w hrDNt CqwYLt x@ \w@ Qt
|OwQw C=aq]= x@ C@Uv xr�Ut pL Ov}=Qi xm CU= QmPx@ sRq "CU= xOW xOQw;
CqwYLt O=OaD C=@U=Lt Ov}=Qi QO Q=PoQ}F-=D syt pt=a w CU= h]avt ,qt=m
`} RwD R= =yOv}=Qi p}tmD u=tR w uwU=wB `} RwD R= =[=kD 'OW xQ=W= xm u=vJ "CU=
xO}UQ |=[=kD |[=} Q O}t= |woMU=B R}v O}rwD C}iQ_ "Ovm|t C}a@D CN=wvm}
CQwYu}= Q}e QO 'CU= sDU}U ?w=vD |xQwO l} QO hrDNt CqwYLt |=Q@
'CU= xOWv Qw_vt C=WQ=iU OQ |=Q@ |Q=mwR=U =Q} R OW Oy=wN =Qo =w sDU}U Q=DiQ
uOw@|iO=YD x@ xHwD =@ "OwW|t xO=O MU=B C=WQ=iU |xty x@ xm xOW ZQi w
Q=R=@ |=[=kD |[=} Q O}t= Q@ O=R=t C}iQ_ '=yOv}=Qi p}tmD u=tR w Q=R=@ |=[=kD

|=Q@ 'CU= |Oa@ |xQwO |=OD@= |OwHwt =@ Q@=Q@ xQwO l} u=}=B |OwHwt xm =Hv; R=
=yxQwO |t=tD QO (ISi ) xQwO |=OD@= |OwHwt |[=} Q O}t= 'CqwYLt R= l} Qy
'(IS�i )u; |xv}y@ Q}O=kt Q@ sDU}U |xQwO |=OD@= |OwHwt s}_vD =@ "OW Oy=wN Q@=Q@
|DQ=@ax@ "Ow@ Oy=wN xv}tm O}rwD |Oa@ |=yxQwO |t=tD QO =yxv} Ry |[=} Q O}t=
"O=O |QUD |R} Qxt=vQ@ ji= pm x@ u=wD|t =Q O}rwD R= xQwO l} QO =yxv} Ry uOWxv}tm

|Q}os}tYD swO |xrLQt "2"3"3
R= l} Qy |=OD@= |OwHwt Ovm u}t[D =D OwW x�=Q= O}rwD |R} Qxt=vQ@ |=Q@ |WwQ Qo =
QO sDU}U |}xv} Ry Q=DiQ |[=} Q O}t= 'OwW (IS�i ) xv}y@ Q}O=kt Q@=Q@ O}rwD pL=Qt
jkLD pta QO 'Ov=|iO=YD =yQDt=Q=B R= |[a@ xm =Hv; R= "OwW|t xv}y@ COtOvr@
swO |xrLQt QO "O};|t OwHwx@ |D=i=QLv= u; QO w CU}v QU}t p;xO}= Cr=L u}=
Cr=L R= OwN C=i=QLv= x@ C@Uv sDU}U =D OwW|t O=yvW}B |WwQ |Q}os}tYD

"OW=@ =yv; u=Q@H OOYQO w OwW T=UL p;xO}=
CqwYLt R=l} Qy |OwHwt K]U 'O}rwD |xQwOl} |=OD@= QO xm O}vm ZQi
O}t= xm OwW u}}aD |}xvwox@ O}=@ CqwYLt R= l} Qy O}rwD Q}O=kt p=L "CU= u}at
(IS�i ) xQwO |=OD@= |xv}y@ |OwHwt Q}O=kt Q@=Q@ =yv; |xQwO u=}=B |OwHwt |[=} Q
"OwW|t ^=Lr 'C}iQ_ C}OwOLt Q}_v 'sDU}U |=yC}OwOLt =DU=Q u}= QO "OwW
?} Q[ Ovv=t |}=yQDt=Q=B 'OW=@ xDW=Ov OwHw Qt= u}= jkLD |=Q@ |i=m C}iQ_ Qo =
,qFt "Ovvm|t XNWt =Q |O}rwD `@=vt X}YND C} wrw= 'Ow@tm w |Q=Oxov |xv} Ry
=yv; Ow@tm |xv} Ry w OvQ=O |QDsm CUO QO |OwHwt xm Ov@=}|t C} wrw= |DqwYLt
|=yxv} Ry ptLDt sDU}U '=yv; uDi=}v C} wrw= CQwYQO Qo}O CQ=@ax@ "CU= QDW}@

"OW Oy=wN |QDW}@
s=Hv= 'xDi=} xaUwD Qw_vt u}= x@ xm |[=} Q pOt ltmx@ |Q}os}tYD u}=
w Ow@tm |=yxv} Ry ẁtHt R= CU= CQ=@a hOy `@=D |[=} Q pOt u}= QO "OQ}PB|t
|xv}y@ |OwHwt "CU= C}iQ_ C}OwOLt pt=W xr�Ut |=yC}OwOLt w |OwHwt
QO xQwO u=}=B |OwHwt |[=} Q O}t= |=Q@ u=tQ; l} CQwYx@ (IS�i ) xQwO |=OD@=
Qw_vt hOy `@=D QO 'u=tQ; u}= R= |]ND |xv} Ry CU= |y}O@ "CU= xOW xDiQo Q_v

%R= CU= CQ=@a xrLQt u}= QO |Q}os}tYD pOt "OwW|t

Min E(Total Cost) =
mX
i=1

E(Hi(Pi)) + E(Bi(Pi))+

�+
i �

+
i + ��i ��i

Subject to :
mX
i=1

�iPi � CCom

Pi � Ci i = 1; :::;m
Pi + ISi � �iBCom +ACom

2 � �+
i + ��i

= IS�i i = 1; :::;m
Pi � 0 i = 1; :::;m (24)

%u; QO xm
l} O}rwD |=Q@ xm lQDWt Ov}=Qi C=R}yHD QO xOW VR=OQB O=wt OL=w O=OaD %�i

&CU= sRq 'i '|}=yv pwYLt OL=w
&OwW|t x@U=Lt pOt pw= |xrLQt QO xm xQwO |=OD@= |OwHwt |xv}y@ K]U %Is�i
|xv}y@ K]U R= �|ivt� C@Ft |]ND OL=w Qy |=R=x@ xt} QH u=R}t %�+

i (��i )

"(IS�i )xQwO |=OD@= |OwHwt

syv w pyJ |xQ=tW �h} QW 9



"""=@
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t=vQ@

"2 pwYLt |=Q@ xQwO |=OD@= |OwHwt � xv} Ry Q=Owtv "10 pmW

"3 pwYLt |=Q@ xQwO |=OD@= |OwHwt � xv} Ry Q=Owtv "11 pmW

"4 pwYLt |=Q@ xQwO |=OD@= |OwHwt � xv} Ry Q=Owtv "12 pmW

"OwW|t p}tLD sDU}U x@ xv}y@ Cr=L x@ C@Uv �xt} QH� O=R=t |xv} Ry u=R}t
u}}aD |Q}os}tYD swO |xrLQt QO =Q u=tQ; R= h=QLv= |xt} QH 'Q}O=kt u}=

"Ovvm|t

O}rwD |R} Qxt=vQ@ pOt swO |xrLQt "2"4
xQwO Qy |=OD@= QO "s} Q=O Q=Qk O}rwD |ak=w \}=QW QO xm OwW|t ZQi xrLQt u}= QO
C@Ft =} |ivt Ov=wD|t xm Ow@ s}y=wN wQx@ wQ |ak=w |OwHwt K]U l} =@ O}rwD R=
xOWVR=OQB O=wt xm CiQo s}tYD O}=@ p=L "OW=@ O=R=t |OwHwt =} Ow@tm |xrRvtx@
CQ=@ax@ w &s}vm `} RwD X=N |=yOv}=Qi u=}t |@}DQD xJ x@ =Q lQDWt Ov}=Qi \UwD
sDU}U |=yC}OwOLt =D OW=@ u=R}t xJ x@ CqwYLt R= l} Qy R= O}rwD u=R}t Qo}O

O}t= w OwHwt C}iQ_ C@Uv "OW=@ |v=yo =v C=Q}}eD |wo?=wH =D CU= xOW x}@aD
"CU= xOW xOQw; 2 pwOH QN; uwDU QO hrDNt CqwYLt |=Q@ =[=kD |[=} Q

"Ov=xOW Qw_vt Ow@tm |=yxv} Ry =@ ?U=vDt O=R=t |=yC}iQ_

O}rwD |R} Qxt=vQ@ pOt pw= |xrLQt "1"4
R= l} Qy |=Q@ xQwO |=OD@= |OwHwt |xv}y@ K]U u}}aD hOy xrLQt u}= QO
O}t= Q@=Q@ =Q CqwYLt R= l} Qy |=Q@ O}rwD u=R}t Qw_vt u}= |=Q@ "CU= CqwYLt
xrLQt u}= QO "s}yO|t Q=Qk 'O}rwD R= xQwO l} QO |OwQw |=[=kD Q=Okt |[=} Q
�?w=vD xQwO QO =[=kD |[=} Q O}t=� CqwYLt R= |YNWt sHL O}rwD ZQi =@
CqwYLt |}xv} Ry Q=DiQ u=wD|t 'CU}v wQx@ wQ R}v O}rwD C}iQ_ C}OwOLt =@ xm

"OQm |UQQ@ Qo}Om} R= pkDUt =Q hrDNt
|xrO=at T=U=Q@ Ow@tm w |OwHwt |=yxv} Ry ẁtHt CqwYLt R=l} Qy |=Q@
s=Hv=Mathematica5 1 Q=Ri=sQvltmx@ x]w@ Qt C=@U=Lt "O};|tCUOx@ 20
CqwYLt |=Q@ xQwO |=OD@= |OwHwt � xv} Ry Q=Owtvl}miDx@ 12 =D 9 pmW QO "OW
sDU}U |=y|oS} w w C=}[Qi xm OwW|t u=WvQ]=N "CU= xOW xO=O u=Wv hrDNt

"CU= xOQw; sy=Qi =Q CqwYLt pkDUt |UQQ@ u=mt=
|OwHwt |Q=Oxov |xv} Ry OwW O=} R xQwO |=OD@= |OwHwt Qo = 'Q=_Dv= j@=]t
|xv} Ry O@=}Vy=m Q=Okt u}= Qo =Tmar=@ w 'O@=}|tVy=m Ow@tm |xv} Ry w 'V}=Ri=
|xv} Ry `@=wD xm OwW|t x_Lqt "O@=}|t V}=Ri= Ow@tm |xv} Ry w Vy=m |OwHwt
|x]kv wQu}= R= "Ov=|rwRv =wvl} Ow@tm |xv} Ry `@=D w |OwaY =wvl} |OwHwt
`]=kD |x]kv Q@ j@]vt CqwYLt R= l} Qy |=Q@ w OQ=O OwHw |OwOLt |xv}y@

"CU= =yv; Ow@tm |xv} Ry w |Q=Oxov |xv} Ry |vLvt wO
K]U xm OwW|t xH}Dv x]w@ Qt C=@U=Lt w 12 =D 9 |=ypmW |=yQ=Owtv R=
%R= Ow@ Oy=wN CQ=@a ?}DQDx@ CqwYLt R= l} Qy |=Q@ x}rw= |OwHwt |xv}y@
'3 pwYLt |=Q@ "IS�4 = 1 5 w IS�3 � 0 w IS�2 = 4 5 wIS�1 = 6 5
Ov}=Qi s=tD= u=tR |iQ] R= w CU= nQR@ Ow@tm |xv} Ry x@ |Q=Oxov |xv} Ry C@Uv
|xv}y@ |OwHwt xm CU= |k]vt =Pr &CU= CqwYLt Q}=U R= QDx=Dwm R}v u; X=N
|r}N |Q=Oxov |xv} Ry '1 pwYLt |=Q@ p@=kt QO "OW=@ lJwm u; |xQwO |=OD@=
QO "CU= O=} R R}v u; X=N Ov}=Qi s=tD= u=tR R}v w CU= Ow@tm |xv} Ry R= QDsm
QDnQR@ O}=@ pwYLt u}= |=Q@ xQwO |=OD@= |xv}y@ |OwHwt xm CU= |y}O@ ẁtHt

"OW=@
|=OD@= |OwHwt Qo = xm Ci=} QO u=wD|t 'jwi |=yQ=Owtv QO CkO |tm =@
xJ 'OW=@ xQwO |=OD@= |xv}y@ |OwHwt R= �QDW}@� QDsm OL=w OvJ =} l} xQwO

"1 pwYLt |=Q@ xQwO |=OD@= |OwHwt � xv} Ry Q=Owtv "9 pmW
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DQt

"1 pwYLt |=Q@ O}rwD u=R}t � xv} Ry Q=Owtv "13 pmW

"2 pwYLt |=Q@ O}rwD u=R}t � xv} Ry Q=Owtv "14 pmW

"3 pwYLt |=Q@ O}rwD u=R}t � xv} Ry Q=Owtv "15 pmW

"4 pwYLt |=Q@ O}rwD u=R}t � xv} Ry Q=Owtv "16 pmW

xO=iDU= |O=yvW}B pL x=Q "OvwW xv}tm Ow@tm w |OwHwt |=yxv} Ry R}v w OwW <=[Q=
X}YND Ov}=Qi "OW xQ=W= u; x@ "2"3"3 VN@ QO xm CU= |v=tQ; |[=} Q pOt R=
CqwYLt xQwO u=}=B |OwHwt |[=} Q O}t= xm OW=@ |}xvwox@ O}=@ =yOv}=Qi x@ O=wt

"OvwW u=WxQwO |=OD@= |xv}y@ |OwHwt x@ l}ORv u=mt= OL =D
|xQwO |=OD@= |OwHwt Q@=Q@ xQwO u=}=B QO |OwHwt |[=} Q O}t= |=Q@ u=tQ;
|[=} Q O}t= "CU= xOW u}}aD |Q}os}tYD pw= |xrLQt QO xm CU= (IS�i ) xv}y@
O}rwD u=R}t |xwqax@ xQwO |=OD@= |OwHwt R= CU= CQ=@a R}v xQwO u=}=B |OwHwt
u=wD|t u=tQ; u}= ltmx@ "|OwQw |=[=kD |[=} Q O}t= |=yvt |Q=H |xQwO QO
|=yxv} Ry|[=} Q O}t= ẁtHt xm OQm u}}aD|}xvwox@ =Q |Q}os}tYD |=yQ}eDt Q=Okt
|Oa@ |xrLQt QO xm u=tQ; R= h=QLv= |xv} Ry w |rai |xrLQt QO Ow@tm w |Q=Oxov

"OwW xv}tm 'OW Oy=wN p}tLD O}rwD
|OwHwtK]U xm s}vm|t ZQi O}rwD u=R}t OQwtQO |Q}os}tYD |=Q@ 'p=Ft |=Q@
Q=Ri=sQv =@ xm 16 =D 13 |=ypmW "OW=@ QiY Q@=Q@ CqwYLt s=tD |=Q@ xQwO |=OD@=
|=Q@ =Q Ow@tm w |OwHwt |=yxv} Ry u=R}t Ot; CUOx@ Mathemathica5 1
CU= QmP x@ sRq "OyO|t u=Wv O}rwD hrDNt Q}O=kt |=R=x@ hrDNt CqwYLt
|rw 'Ov=xOW xDiQo Q_v QO pkDUt CqwYLt R= l} Qy =yQ=Owtv u}= s}UQD QO xm
pw= |xrLQt hqNQ@� OQ=Ov OwHw pqkDU= u}= 'lQDWt C=R}yHD R= xO=iDU= Crax@
xHwD OQwt Q}O=kt u}= |oDU@=w |Oa@ s=o QO "�Ow@ C@=F w ZwQit O}rwD u=R}t xm

"OQ}o|t Q=Qk
pwYLt l} O}rwD u=R}t V}=Ri= =@ xm OvyO|t u=Wv 16 =D 13 |=ypmW
\w@ Qt CqO=at "O@=}|t Vy=m Ow@tm w V}=Ri= |OwHwt |xv} Ry 'xQwO l} QO
|Q}os}tYD pOt OQ=w |DL=Qx@ =Q =yv; u=wD|tv w Ov=xO}J}B Q=}U@ =yQ=Owtv u}= x@
=wvl} =} |OwaY =wvl} |Q=DiQ 'xO}J}B CqO=at u}= xm OwW|t x_Lqt |rw "OQm
QFm =OL xm |}xO=U `@=wD =@ =Q xO}J}B CqO=at u}= u=wD|t |oO=Ux@ "OvQ=O |rwRv
Qw]x@ '|Q}os}tYD |=Q@ `@=wD u}= |=yQ=DiQ =D OQm u} Ro}=H 'OvDUy 3 |xHQO R=

"OwW |[=} Q pOt OQ=w |@U=vt
CqO=at u}= '|Q=Oxov w Ow@tm |=yxv} Ry |xO}J}B CqO=at |R=UxO=U |=Q@
OwW|t x_Lqt "Ov=xOW OQw;Q@ uw}UQoQ p}rLD R= xO=iDU= =@ '3 xHQO `@=wD ltmx@
|=Q@ "CU= 0 99 R= QDnQR@ (R2) u}}aD ?} Q[ Q=Okt `@=wD |t=tD |=Q@ xm
xQwO |=OD@= |OwHwt � pm |xv} Ry |vLvt Q=DiQ FI(ISi ) `@=wD i = 1; :::; 4
pmW� O}rwD u=R}t � pm |xv} Ry |vLvt Q=DiQ R}v FP (ISi ) `@=wD w '�12 =D 9 pmW�

"OvvR|t u}tND =Q �16 =D 13

FI(IS1 ) = �0 0084(IS1 )3 + 0 6094(IS1 )2 � 7 4874 IS1
+59 23 R2 = 0 9961 (25)

FI(IS2 ) = �0 0071(IS2 )3 + 0 7665(IS2 )2 � 8 4571 IS2
+97 711 R2 = 0 9933 (26)

FI(IS3 ) = �0 0361(IS3 )3 + 1 317(IS3 )2 + 0 7661 IS3
+61 63 R2 = 0 9929 (27)

FI(IS4 ) = �0 0079(IS4 )3 + 0 666(IS4 )2 � 4 6717 IS4
+94 875 R2 = 0 9942 (28)

FP (P1) = �0 0036P 31 + 0 3231P 21 � 7 6224P1

+118 46 R2 = 0 9900 (29)
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"""=@
xDU

w}BO
}rwD

sDU
}UQ

OO}
rwD|

R}Qx
t=vQ@Subject to :

1 2P1 + 1 5P2 + 1 7P3 + 2P4 � 110
P1 � 18
P2 � 25
P3 � 15
P4 � 30
P1; P2; P3; P4 � 0 (36)

FI(IS�i ) C@=F Q}O=kt |=yvt 32 =D 25 `@=D CWy `tH '36 |xr�Ut hOy `@=D
xH}Dv u=wD|t wQu}= R= &Ov=?OLt 16 =D 9 |=ypmW x@ xHwD =@ |oty xm 'CU=
w 'Ov=|]N |oty =yC}OwOLt |iQ] R= "CU= ?OLt R}v hOy `@=D u}= xm CiQo
|iQ] R= "Ow@ Oy=wN xr�Ut s=a |xv}y@ ?=wH xr�Ut u}= |=Q@ xOt;CUOx@ ?=wH =Pr
'P2 � 68 'P1 � 35 Qo = xm s}@=}|tQO `@=D u}= u}Wy T} QD=t |x@U=Lt =@
x_Lqt "Ow@ Oy=wN C@Ft ,=O}m = T} QD=t u}= 'OW=@ P4 � 67 w P3 � 20
R}v ẁ[wt u}= "OvQ=O Q=Qk xr�Ut xHwt |=[i |xOwOLt QO Q}O=kt u}= xm OwW|t
Crax@ xm CU= |y}O@ "CU= 36 |xr�Ut |=Q@ xOt; CUOx@ ?=wH |ov}y@ O} -wt
|rY= |xr�Ut |xv}y@ ?=wH =y?=wH u}= 'xDiQoCQwY |=yu}tND w =y?} QkD

%R= CU= CQ=@a ?=wH u}= "Ov=l}ORv u; x@ COWx@ |rw OvDU}v
P �1 = 18 00000 P �2 = 22 36289 P �3 = 8 244232
P �4 = 24 01698 (37)

'Ovmv OwOLt =Q xv}y@ ?=wH 'C}iQ_ C}OwOLt xm |DQwYQO OwQ|t Q=_Dv=
|OwHwt =@ Q@=Q@ xQwO u=}=B |OwHwt |[=} Q O}t= xm OwW u}}aD |}xvwox@ O}rwD u=R}t
pwYLt u}= O}rwD xm u}= p}rOx@ '1 pwYLt |=Q@ "OwW (IS�i ) xv}y@ |xQwO |=OD@=
xO=Ov MQ C}a[w u}= 'CU= xOW xH=wt X=N |=yOv}=Qi C}iQ_ C}OwOLt =@
lQDWt Ov}=Qi C}iQ_ C}OwOLt xm u}= x@ xHwD =@ CqwYLt Q}=U |=Q@ |rw "CU=
Q@=Q@ xQwO u=}=B |OwHwt |[=} Q O}t= xm xOW s=Hv= |v=R}tx@ O}rwD 'xDW=Ov OwHw R}v

"OwW xv}y@ xQwO |=OD@= |OwHwt

|Q}oxH}Dv "5
'O=yvW}B �|t}WwQDB `}=vY�|WR=OQB `}=vY |=Q@ |R} Qxt=vQ@ pOtl} xar=]t u}= QO
`} RwD R= =yC}r=ai s=Hv= u=tR w uwU=wB `} RwD R= =[=kD OwQw MQv xm OW ZQi w
CQwYx@ Ov}=Qi |QU wO R= hrDNt CqwYLt O}rwD Ov}=Qi w Ovm C}a@D CN=wvm}
Q@u=tR wC}ty= p}rOx@ lQDWt |=yOv}=Qi "OwW p}mWD 'X=N |=yOv}=Qi w lQDWt

"Ovvm|t u}at =Q O}rwD Q=QmD =} ?w=vD |xQwO 'uOw@
Qy QO u; ltmx@ =D OW x�=Q= |Q=mD@= |}xrLQt wO pOt l} C=}[Qi u}= =@
|=yxv} Ry |[=} Q O}t= ,qw= =D OwW u}}aD CqwYLt |xv}y@ ?}mQD 'O}rwD R= xrLQt
Qw_vtx@ "OwW p=ta= C}iQ_ |=yC}OwOLt ,=}v=F w OwW pk=OL |OwHwt w Ow@tm
|OwHwt |xv}y@ K]U pw= |xrLQt QO '|OwHwt w Ow@tm |=yxv} Ry |R=Uxv}tm
|xQwO |=OD@= |OwHwt Qo = "OW u}}aD CqwYLt R= l} Qy |=Q@ xQwO |=OD@=
u; QO Ow@tm w |OwHwt |=yxv} Ry |[=} Q O}t= 'OW=@ xv}y@ K]U Q@=Q@ |rwYLt
R}v xQwO u=}=B |OwHwt |[=} Q O}t= uwJ 'Qo}O hQ] R= "Ow@ Oy=wN xv}tm xQwO
xQwO |=OD@= |OwHwt u}@t Q=Okt u}= w OW Oy=wN xQwO u=ty |=OD@= |OwHwt Q@=Q@

FP (P2) = 0 3092P 22 � 11 655P2 + 207 83
R2 = 0 9926 (30)

FP (P3) = �0 0255P 33 + 1 5435P 23 � 18 964P3

+119 32 R2 = 0 9962 (31)

FP (P4) = 0 4058P 24 � 16 789P4 + 261 11
R2 = 0 9971 (32)

h=QLv= |xt} QH Q=Okt u=wD|t FI(ISi ) `@=wD ltmx@ w '|Q=mD@= CQwYx@
Q=Okt 'OW=@ IFi Q@=Q@ xQwO u=}=B |OwHwt |[=} Q O}t= Qo = "OQm u}}aD =Q u=tQ; R=
33 |x]@=Q j@=]t xmFG(IFi ) %R= CU= CQ=@a u; u=tQ; R= |]ND |xt} QH

%OwW|t x@U=Lt

FG(IFi ) = FI(IFi )� FI(IS�i ) for i = 1; 2; 3; 4 (33)

`@=D |xv}tm =@ Q_=vDt (IS�i ) xQwO |=OD@= |xv}y@ |OwHwt OW xQ=W= xm u=vJ
QiY Q@=Q@ u; Q=Okt u} QDsm w CU= C@Ft xQ=wty FG(IFi ) `@=D =Pr &CU= FI(ISi )

"OW=@ IFi = IS�i xm OyO|t MQ |v=tR w CU=
|OwHwt w |Q=Oxov |=yxv} Ry R= CU= CQ=@a pOt swO |xrLQt hOy `@=D

%R= CU= CQ=@a |OOa p=Ft u}= |=Q@ w 'u=tQ; R= h=QLv= |=yxv} Ry |xwqax@

Min T =
mX
i=1

FP (Pi) +
mX
i=1

FG(IFi )

Subject to :
mX
i=1

�iPi � CCom i = 1; 2; 3; 4

Pi � Ci i = 1; 2; 3; 4
IFi = Pi + ISi � �iBCom +ACom

2
i = 1; 2; 3; 4

Pi � 0 i = 1; 2; 3; 4 (34)

'OW ZQi QiY Q@=Q@ CqwYLt xty |xQwO |=OD@= |OwHwt xmu}= x@ xHwD =@
%s} Q=O 'Ovm|t p=ta= =Q xr�Ut u=tQ; xm swU C}OwOLt |=Q@

IF1 = P1 + 0� 13 5; IF2 = P2 + 0� 18;

IF3 = P3 + 0� 9; IF4 = P4 + 0� 22 5 (35)

O}rwD u=R}t ?ULQ@ =Q `@=wD u}= u=wD|t 28 =D 25 `@=wD QO jwi Q}O=kt uO=O Q=Qk =@
pY=L 36 |xOWxO=U |xr�Ut '34 |xr�Ut QO 32 =D 25 `@=wD uO=OQ=Qk =@ "CWwv

"OwW|t

Min T = 2353 32� 36 16P1 + 1 27P 21 � 0 01P 31�
54 61P2 + 1 46P 22 � 0 007P 32 � 50 68P3 + 3 84P 23

�0 06P 33 � 63 43P4 + 1 61P 24 � 0 008P 34
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|m=
}vu=

wN=
|kD

O}U
wOv

tWw
yO

wtL
t'|

U=@a
|[

DQt |=Q@ =D OQ=O =Q C}r@=k u}= w CU= xO=U pOt |Q}oQ=mx@ "OW xO=iDU= Lingo8 0
Q=Owtv =} pwOH CQwYx@ xrY=L G}=Dv w OwW xDiQo Q=m x@ Q=@ l} |O}rwD OL=w Qy
|Q}os}tYD R= xrLQt Qy QO u=wD|t =yQ=Owtv =} pw=OH u}= ltmx@ "OvwW G=QNDU=

"OQw; CUOx@ =Q C=O}rwD |xv}y@ ?}mQD '�?w=vD xQwO�
|=yC}r@=k R=C=@U=LtCkO w?OLthOy `@=D '|]N|xO=U|=yC}OwOLt
|=y`} RwD R= |}=}t}W |=yOv}=Qi R= |Q=}U@ s=Hv= u=tR |iQ] R= "CU= pOt u}=
=yOv}=Qi ẁv u}= |oO=Ux@ xm OQ=O =Q C}r@=k u}= pOt u}= "Ovvm|t C}a@D |]N Q}e

"OQ}o@ Q@ QO R}v =Q
X=N \}=QW w C=}[Qi Q}=U u=wD|t w CU= h]avt Q=}U@ |O=yvW}B VwQ
|Oa@ C=k}kLD |=Q@ p}P OQ=wt p=Ft |=Q@ "OQm Qw_vt u; QO |DL=Qx@ =Q sDU}U
u}}aD lQDWt Ov}=Qi R= Q}ex@ |Qo}O Ov}=Qi =Q sDU}U ?w=vD |xQwO %OwW|t O=yvW}B
VQ=@v= u=mt= &OQ=Ov OwHw pL=Qt |t=tD QO CqwYLt |xty O}rwD u=mt= &Ovm|t
sHL x@ xDU@=w |]N Q}e `} RwD R= VR=OQB u=tR &OQ=O OwHw xOW VR=OQB O=wt
&OvwW|t O}rwD R}v O=Rty CqwYLt '|rY= pwYLt =@ x=Qty &Ovm|t C}a@D O}rwD
|R=Ov= x=Q/|R=UxO=t; u=tR &OwW|tQw_vt O}rwD |R} Qxt=vQ@ QO pkv w ptL u=tR

"OQ=O OwHw

|=yxQwO x@ u=wD|t =Q |Q=H xQwO |=yxv} Ry uOWxv}y@ =Pr 'CU= O}rwD |Oa@ xrLQt
x@ xHwD =@ 'O}rwD R= xQwO Qy QO xm OW XNWt swO |xrLQt QO "O=O |QUD |Oa@
O}t= =D OwW O}rwD u=R}t xJ x@ pwYLt Qy R= 'xQwO |=OD@= QO CUOQO |OwHwt
xJv; j@=]t w OwW xv}y@ xQwO |=OD@= |OwHwt Q@=Q@ xQwO |=yDv= |OwHwt |[=} Q
O}rwD |Oa@ |xQwO QO u; |=yxv} Ry w |OwHwt Q=DiQ |[=} Q O}t= 'OW xDio xm
|xrLQt QO 'Q=YDN=x@ "O@=} |QUD O}rwD |Oa@ |=yxQwO x@ u; G}=Dv w OwW xv}y@
=yxv} Ry uOWxv}tm xm OW Q} wYD sDU}U |=Q@ p;xO}= |rm OvwQ l} |Q}os}tYD pw=
h=QLv= '=yQDt=Q=B R= |NQ@ uOw@|iO=YD x@ xHwD =@ "OQ=O Q_v Ot =Q COtOvr@ QO
`iQ OOYQO sDU}U |Q}os}tYD swO |xrLQt QO "CU= |y}O@ p;xO}= OvwQ u}= R=

"O};|tQ@ |r=tDL= C=i=QLv=
QO |rw Ov=xv}y@ =yxr�UtQ} R |=Q@ xOt; CUOx@ |=y?=wH xm CU= QmPx@ sRq
sDU}U pm |xv}y@ |=y?=wH 'xDiQ}PB CQwY |=yu}tND w =y?} QkD Crax@ pm
?=wH x@ =y?=wH O=} R |m}ORv Crax@ xr=kt u}= QO "Ov=l}ORv u;x@ xmr@ OvDU}v
�xv}y@ x@ l}ORv Q=}U@� CQ=@a u} Ro}=H �xv}y@� CQ=@a Q=YDN= |=Q@ R}v w 'xv}y@

"CU= xOW
w Excel 'Mathematica5 1 |=yQ=Ri= sQv R= pOt u}= |=QH= |=Q@

CWwv=B
1. APICS dictionary
2. successive linear programming

`@=vt
1. Pantel, C.A., Haro, L.B., and Baudet, P. \A two-

stage methodology for short-term batch plant schedul-
ing: discrete-event simulation and genetic algorithm";

Laboratoire de G
0
enie chimique (2000).

2. Floudas, C.A., and Lin, X.; \Continuous-time versus
discrete-time approaches for scheduling of chemical pro-
cesses: a review", Computers and Chemical Engineering,
28, pp. 2109{2129 (2004).

3. Jia, Z., and Ierapetritou, M. \E�cient short-term
scheduling of re�nery operations based on a continuous
time formulation", Computers and Chemical Engineer-
ing, 28, pp. 1001-1019 (2004).

4. Kelly, J.D. \on the formulation of petroleum and petro-
chemical planning optimization models", Honeywell Hi-
Spec Solutions, 300 Yorkland Blvd., Toronto, Ontario,
Canada (2003).

5. Mendez, C.A., and Grossmann, I.E. \Optimization tech-
niques for blending and scheduling of oil-re�nery oper-
ations", Department of Chemical Engineering-Carnegie
Mellon University Pittsburgh, USA (2004).

6. Pinto, J.M.; Joly, M., and Moro, L.F.L. \Planning and
scheduling models for re�nery operations", Computers
and Chemical Engineering, 24, PP. 2259-2276 (2000).

7. Rajaram, K., and Karmarkar, U.S. \Product cycling
with uncertain yields: analysis and application to the
process industry", Decision, Operations, and Technol-
ogy Management, The Anderson School, University of
California at Los Angeles (2001).

8. Schulz, C., and Engell, S. \Scheduling of a multi-product
polymer batch plant", Process Control Group, Univer-
sity of Dortmund, Germany (1996).

9. Yin, K.K.; Liu, H., and Yin, G.G. \Stochastic models
and numerical solutions for production planning with ap-
plications to the paper industry", Computers and Chem-
ical Engineering, 27, pp. 1693-1706 (2003).

10. Sambasivan, M., and Yahya, S. \A lagrangean-based
heuristic for multi-plant, multi-item, multi-period ca-
pacitated lot-sizing problems with inter-plant transfers",
Computers and Operations Research, 32, pp. 537-555
(2005).
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"""=@
xDU

w}BO
}rwD

sDU
}UQ

OO}
rwD|

R}Qx
t=vQ@%s} Q=O u; u}ov=}t w uwU=wB `} RwD X=wN x@ xHwD =@ |iQ] R=

1X
Xti=Ii+1

Xt
i

(t�i)X
t
i e��t

Xt
i !

+
IiX
X=0

Xt
i

(t�i)X
t
i e��t

Xt
i !

) =

E(Xt
i ) = t�i (40)
1X

Xti=Ii+1
Ii

(t�i)X
t
i e��t

Xt
i !

+
IiX

Xti=0
Ii

(t�i)X
t
i e��t

Xt
i !

) =

E(Ii) = Ii (41)

%s} Q=O 40 w 39 CqO=at x@ xHwD =@
1X

Xti=Ii+1
Xt
i

(t�i)X
t
i e��t

Xt
i !

= t�i �
IiX

xti=0
Xt
i

(t�i)X
t
i e��t

Xt
i !

) =

for i = 1; :::;m (42)
1X

Xti=Ii+1
Ii

(t�i)X
t
i e��t

Xt
i !

= Ii �
IiX

Xti=0
Ii

(t�i)X
t
i e��t

Xt
i !

) =

for i = 1; :::;m (43)

R}v w u; |wQ Q@ p=QoDv= p=ta= w 38 |xrO=at QO 42 w 41 CqO=at |Q=Po}=H =@
%OwW|t xH}Dv 37 |xrO=at x@ xHwD =@

E(Bi(0;Ai)) = �i
Z Ai

0
(t�i � ISi )dt+ �i

hi
E(Hi(0;Ai))

for i = 1; :::;m (44)

w sDU}U |=yQDt=Q=B R= |@}mQD �i(�iA2
i2 � ISi Ai) OwW|t x_Lqt xm Qw]v=ty

"CU= xQwO |=OD@= |OwHwt

CUw}B
=@ w CU= C@=F Ki u; QO xm CU= jO=Y 5 |x]@=Q 4 w 3 CqO=at u}@ %x}[k

"OwW|t x@U=Lt xr�Ut |=yQDt=Q=B x@ xHwD

E(Bi(0;Ai)) = Ki + �i
hi
E(Hi(0;A)) for i = 1; :::;m (5)

%CWwv u}vJ u=wD|t =Q 3 |xrO=at %C=@F=

E(Hi(0;Ai)) = hi
Z Ai

0
(
ISiX
Xti=0

(Ii)
(t�i)X

t
i e��t

Xt
i !

)dt� hi

Z Ai

0
(
ISiX
Xti=0

Xt
i

(t�i)X
t
i e��t

Xt
i !

dt for i = 1; :::;m (38)

%s} Q=O 4 |xrO=at |=Q@ x@=Wt |[=} Q C=}rta s=Hv= =@

E(Bi(0;Ai)) = �i

AiZ
0

1X
Xti=I

S
i +1

Xt
i

(t�i)X
t
i e��t

Xt
i !

dt� �i
AiZ
0

1X
Xti=I

S
i +1

Ii
(t�i)X

t
i e��t

Xt
i !

dt for i = 1; :::;m (39)
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