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wO |xk]vt u}}aD w |Q=O}=B p}rLD |=Q@ |tD} Qwor=

`HQt |xawtHt QO Q}}eD R= xO=iDU= =@ |Q=O}=B
=yxO=O |WWwB p}rLD QO

�OWQ= T=vWQ� � u}Dt Cv} Rl}v u}UL
�O=DU=� TQOt OtLt

�Q=}O=DU=� |U=trU QY=v
h} QW |DavY x=oWv=O '`}=vY |UOvyt xOmWv=O

|WWwB p}rLD VwQ QO =yOL=w |Q=O}=B w C}U=UL p}rLD |=Q@ |WwQ j}kLD u}= QO
|RQt u} QDl}ORv u=wD|t u; |xr}Uwx@ xm OwW|t x�=Q= |rOt =OD@= "O@=}|t xaUwD =yxO=O
C}ty= "OQw; CUOx@ OwW|t Q} wYD u; |wQ V}=yxO=O QO Q}}eD =@ |UQQ@ OQwt OL=w xm =Q
QF-wt Q=}U@ Ov=wD|t =yOL=w |Q=O}=B |xk]vt uOQw; CUOx@ QO xm CU= u}= QO pOt u}=
OQwt OL=w |Q=O}=B |xk]vt u}}aD |=Q@ |tD} Qwor= 'pOt u}= R= xO=iDU= =@ TBU "OW=@

Vy=m |}x_Lqt p@=k u=R}tx@ C=@U=Lt sHL OQm} wQ u}=QO "OwW|t x�=Q= |UQQ@
R}v =Q Qo}O |=yOQm} wQ |=yC}OwOLt w =y\QWV}B R= |Q=}U@ xm |r=L QO 'O@=}|t

"CW=O Oy=wNv

Hosein matin@alum.sharif.edu
modarres@sharif.edu
nsalmasi@sharif.edu "|Q=O}=B |xk]vt 'C}U=UL p}rLD '=yxO=O |WWwB p}rLD %|O}rm u=oS=w

xtOkt
"Ov=xOQm xO=iDU= =yOL=w |Ov@x@DQ R= Q}e |OQ=wt |=Q@ OQm} wQ u}= R= |O=} R u=kkLt
xOQw; CUOx@ xWwo |=Q=m OL=w l} |=Q@ |Q=O}=B |xk]vt =y|UQQ@ R= |m} QO
hPL |UQQ@ OQwt |=Q=m OL=w TBU w u}}aD =Q=m |=yOL=w OQm} wQ u}= QO [6]"OW
s=Om xm OwW XNWt =D OvQ}o|t Q=Qk |UQQ@ OQwt ,=OOHt =Q=m =v |=yOL=w w xOW
=@ TBU "CU= xOW p}O@D =Q=m OL=w l} x@ |UQQ@ OQwt OL=w Ow@v QO =yv; R= l}
OQwt OL=w |=Q@ |Q=O}=B |xk]vt =yOL=w u}= R= xOvQPo |yHw |=yxLiYQ@= u}}aD
|[=} Q |=ypOt R= |O=} R O=OaD pL OvtR=}v Q=m u}= "OwW|t XNWt |UQQ@
OQwt |[=} Q |=ypOt O=OaD OW=@ QDW}@ =Q=m =v |=yOL=w O=OaD QOkQy ,=Da}@] w CU=

"OwW|t QDW}@ R}v R=}v
x@ u=wD|t u; |xr}Uwx@ xm OwW|t x�=Q= |O}OH pOt =OD@= j}kLD u}= QO
u; |wQ V}=yxO=O QO Q}}eD =@ u=wD|t =Q |UQQ@ OQwt OL=w xm |RQt u} QDl}ORv
xm CU= C}ty= R�=L ^=Lr u}= R= RQt u}= uOQw; CUOx@ "Ci=} CUO OQm Q} wYD
|=y|HwQN w =y|OwQw R=Ht C=Q}}eD |=Q@CU= |D}OwOLtCk}kL QO |RQt u}vJ
|tD} Qwor= pOt u}= R= xO=iDU= =@ TBU "=yv; |=Q@ |Q=O}=B |xk]vt u}}aD QO =yOL=w
xm OwW|t x�=Q= |UQQ@ OQwt |=Q=m OL=w l} x@ \w@ Qt |Q=O}=B |xk]vt u}}aD |=Q@
"CU= |[=} Q |=ypOt O=OaD u} QDsm pL OvtR=}v xOWx�=Q= |=yOQm} wQ x@ C@Uv
C=Q}}eD |xOvvmOwOLt |=yRQt xOWx�=Q= pOt R= xO=iDU= =@ sD} Qwor= u}= Ck}kLQO

"OQw;|t CUOx@ =Q |UQQ@ OQwt OL=w x@ \w@ Qt |=yxO=O
TBU "s}vm|t QwQt =Q x}rw= |=ypOt w |D=tOkt EL=@t =OD@= Q=DWwv u}= QO

1�DMU� |Q}os}tYD OL=wl} |}=Q=m |x@U=Lt '=yxO=O |WWwB p}rLD VwQ QO
C}U=UL p}rLD 'VwQ u}= QO "CU= xDiQo Q=Qk hOy =yOL=w Q}=U =@ xU}=kt QO
xDiQo Q=Qk u=kkLt xHwD OQwt Q=}U@ xm xOw@ |FL=@t R= xQ=wty OL=w l} |Q=O}=B w
Q=JO ?DQt w OvDU}v |a]k ,qwtat =yxO=O xm CU= u; EL@ u}= C}ty= p}rO "CU=
|NQ@ QO "OvQ=O OwHw C=Q}}eD u}= |UQQ@ |=Q@ |irDNt |=yOQm} wQ "OvwW|t Q}}eD
w Ov=xDiQo Q=Qk xHwD OQwt |iO=YD |=yQ}eDt CQwYx@ |D=Q}}eD u}vJ C=k}kLD R=
QO =t= 'Ov=xOw@ C=Q}}eD u}= |=Q@ ?U=vt |r=tDL= |=y`} RwD uDi=} p=@vOx@ u=kkLt
=yxO=O |Q=O}=B w C}U=UL p}rLD ?r=k QO C=Q}}eD u}= C=k}kLD R= Qo}O |NQ@
OQwt |HwQNlD l} |wQ C=Q}}eD |UQQ@ u}rw= QO "Ov=xDiQo Q=Qk |UQQ@ OQwt
|wQ u=tRty C=Q}}eD |=Q@ |i=m \QW |Oa@ C=ar=]t QO TBU [1]"CU= xOw@ xHwD
u; |}=Q=m xm |Qw]x@ CiQo Q=Qk |UQQ@ OQwt =Q=m OL=w l} |=y|HwQN w =y|OwQw
|}=yvDx@ =} =y|OwQw QO Q}}eD =@ =Q=m OL=w l} |=Q@ |Q=O}=B |xk]vt [2]"OwW ^iL
OQwt OL=w u; |=y|HwQN w =y|OwQw QO u=tRty C=Q}}eD u}vJty w =y|HwQN QO
|Oa@ C=ar=]t QO "CU= Q=QkQ@ |Y=N \}=QW |=Q@ u; G}=Dv xm [3]CiQo Q=Qk xar=]t
|=ypOt R= |O=} R O=OaD pL OvtR=}v xJQo = Ci=} |QDW}@ C}twta =y|UQQ@ u}=
xm CU= xOW x�=Q= |OQm} wQ =Q=m |=yOL=w |Ov@x@DQ |=Q@ [4]"CU= xOw@ |[=} Q
[5]"OwW|t x@U=Lt |}=Q=m w hPL =yOL=w xawtHt R= |UQQ@ OQwt OL=w u; QO

"1389 6 13 VQ}PB '1388 6 25 |Qw=O '1387 10 29 Ci=} QO %M} Q=D
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r=%Cio u=wD|t u}=Q@=v@ "OvyO|t

PPS = f(x; y)jy can be produced by xg
[8]%OQtWQ@ |}=y|oS} w u=wD|t jwi |xawtHt |=Q@

x@ jraDt j Q}O=kt |xty |=R=x@ (xj ; yj) |xOW xOy=Wt |=yC}r=ai �hr=
"CU= PPS |xawtHt

(tx; ty) C}r=ai x=ov; 'OW=@ PPS |xawtHt x@ jraDt (x; y) C}r=ai Qo = �?
x@ xOR=@� =Q |oS} w u}= "CU= PPS |xawtHt x@ jraDt t Q}O=kt s=tD |=Q@ R}v

"Ovt=v|t �C@=F T=}kt
�x; �y � 0 '(�x; �y) 'C@Ftxt}v C}r=ai Qy 'PPS QO (x; y) C}r=ai |=Q@ �G
u; QO xm 'OW=@ QiY Q}e =yQ=OQ@ u}= R= s=Om Qy R= xir-wt l} smCUO w

"Ow@ Oy=wN PPS QO OW=@ �x � x; �y � y
"Ow@ Oy=wN PPS QO R}v PPS |=yC}r=ai R= u}i; ?}mQD Qy pY=L �O

O =D hr= |=y|oS} w s=tD |=Q=O xm =Q PPS(Tc) u=mt= |xawtHt %2 h} QaD
%OQm u=}@ u}vJ u=wD|t 'OW=@

PPS(Tc) =
�

(x; y)
����x � nX

j=1
�jxj ; y �

nX
j=1

�jyj ; �j � 0;

j = 1; :::; n
�

xawtHt R= �? \QW� C@=F T=}kt x@ xOR=@ \}=QW xm |DQwYQO %3 h} QaD
O}rwD u=mt= xawtHt Qou=}@ xm PPS(Tv) |xawtHt 'OwW hPL jwi |=y|oS} w

[8]%OwW|t u=}@ u}vJ CU= Q}eDt T=}kt x@ xOR=@ |=Q@

PPS(Tv) =
�

(x; y)
����x � nX

j=1
�jxj ; y �

nX
j=1

�jyj ;
X
j

�j = 1;

�j � 0; j = 1; :::; n
�

"CU= Q_v OQwt PPS(Tv) O}rwD u=mt= |xawtHt j}kLD u}= QO

5|yHw |=yxLiYQ@= w |t=L |=yxLiYQ@=
|xLiYQ@= "Ovm|t s}UkD CtUk wO x@ =Q =[i xLiYQ@= Qy

Hk : UT yk�V Txk+u0 = 0
Qy |=R=x@ Qo = OwW|t xO}t=v (xk; yk) |x]kv QO �|t=L |xLiYQ@=� l}

%s}W=@ xDW=O j = 1; :::; n
UT yj � V Txj + u0 � 0; (u; v) � 0

"OvQ=O Q=Qk |t=L |xLiYQ@= hQ] l} QO PPS \=kv s=tD
X}NWD Q@ |vD@t 'xOWx�=Q= ?r]t |xt=O= QO xm |tD} Qwor= j}kLD u}= QO
|=yxLiYQ@= R= u; l}miD w O}rwD u=mt= xawtHt x@ \w@ Qt |yHw |=yxLiYQ@=

"CU= xOW x�=Q= |D=L}[wD xt=O= QO Q=m u}= |=Q@ u}=Q@=v@ w 'CU= |t=L
pL xWwo |=Q=m OL=w l} |=Q@ =Q �8 =D 5 \@=wQ�BBC |@ Q[t pOt x=oQy
|t=L |xLiYQ@= l} Qou=Wv (U�; V �; u�0 ) CQwYx@ u; |xv}y@ ?=wH Qy s}vm

x�=Q= =yv; u}@ Cw=iD w |yHw |=yxLiYQ@= w |t=L |=yxLiYQ@= R= |i} QaD
|=yRQt u} QDl}ORv uOQw; CUOx@ |=Q@ |O}OH |[=} Q pOt Oa@ w OwW|t
'xt=O= QO "O@=}|t xaUwD |UQQ@ OQwt |=Q=m OL=w l} uOQmQ} wYD |=Q@ |}=Q=m
l} |=Q@ =Q |Q=O}=B |xk]vt u=wD|t u; |xr}Uwx@ xm OwW|t x�=Q= |tD} Qwor=
OQwt |O=yvW}B OQm} wQ |OOa p=Ft wO R= xO=iDU= =@ "OQm u}}aD =Q=m OL=w
Oy=wN x�=Q= xrY=L G}=Dv |Ov@`tH C}=yv QO w OQ}o|t Q=Qk QDW}@ |UQQ@

"OW

|D=tOkt EL=@t
xj = [x1j ; :::; xmj ]|OwQw Q=OQ@|=Q=ODMUj ; j = 1; 2; :::; ns}vmZQi
DMUj = (xj ; yj) CQwYx@ w CU= yj = [y1j ; :::; ysj ] |HwQN Q=OQ@ w
j}kLD u}= QO xm |[=} Q |=ypOt R= |NQ@ 'ZQiV}B u}= =@ "OwW|t xO=O u=Wv

%R= Ov=CQ=@a OvQ}o|t Q=Qk xO=iDU= OQwt
[7]|W}=Ri= pOt �hr=

max
mX
i=1

s�i +
sX
r=1

s+
r (1)

s:t:
nX
j=1

�jxij + s�i = xi0; i = 1; :::;m (2)X
j

�jyrj � s+
r = yr0 (3)X

j

�j = 1 (4)

s�i � 0; s+
r � 0: �j � 0; i = 1; :::;m; r = 1; :::; s; j = 1; :::; n

[8]2 BCC |@ Q[t pOt �?
maxUTY0 + u0 (5)

s:t: UTYj � V YXj + u0 � 0 (6)

V TX0 = 1 (7)

U; V > 0; u0 : free in sign (8)

w CU=y|HwQN x@ \w@ Qt ?}=Q[ Q=OQ@ UT = (u1; :::; us) u; QO xm
R= xO=iDU= =@ xm CU=y|OwQw x@ \w@ Qt ?}=Q[ Q=OQ@ R}v V T = (v1; :::; vm)

QwLt|OwQw =} |va} CU= CyH |=Q=O BCC pOt "OvwW|t u}}aD pOt u}=
`@=D =Q} R CU}v u}vJ 3|W}=Ri= pOt xm |DQwY QO 'QwLt|HwQN =} CU=
pOt wO Qy xJQo = "CU= xOW xDWwv |mtm |=yQ}eDt T=U=Q@ \ki u; hOy
X}NWD x@ QO=k |W}=Ri= pOt |rw OvDUy =Q=m =v w =Q=m |=yOL=w |xOvvmu}}aD
CU= u}= QO ?}=Q[ u}= C}ty= p}rO "CU}v BCC pOt QO xOWx�=Q= ?}=Q[
"OwW|t xO=iDU= |yHw |=yxLiYQ@= w |t=L |=yxLiYQ@= h} QaD QO =yv; R= xm
OL=w l} |}=Q=m =v =} |}=Q=m uOQmXNWt QO |W}=Ri= pOt R= j}kLD u}= QO
|=yxLiYQ@= w |t=L |=yxLiYQ@=h} QaD QO R}v BCC pOt R= w OwW|t xO=iDU=

"|yHw
xawtHt 's}vm h} QaD C}r=ai l} =Q DMUj = (Xj ; Yj) Qy Qo = %1 h} QaD
V}=tvPPS O=tv =@ =Q u; w Ovt=v|t �4O}rwD u=mt= xawtHt� =Q xHwt |=yC}r=ai
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OtO
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tC

v}Rl
}vu

}UL QDlJwm OL=w u}= x@ \w@ Qt |=y|HwQN w QDnQR@ |UQQ@ OQwt OL=w x@ \w@ Qt
"OvwW|t

\w@ Qt Q}O=kt uOQw; CUOx@ |=Q@ |irDNt |=yVwQ OwHwt `@=vt R= |NQ@ QO
OwW|t xO=O u=Wv j}kLD u}= QO xJv; =t= [3]'CU= xOW x�=Q= jwi ?}=Q[ x@dDMU 0 xm OQw;|t CUOx@ |}xvwox@ =Q ?}=Q[ u}= Q}O=kt xm CU= |rOt
OL=w xm |Qw]x@ 'OQ}o Q=Qk =yOL=w Q}=U R= pY=L |=Q=m RQt u} QDl}ORv |wQ
|xr}Uwx@ =Q Q=m u}= "OW=@ xOWQ} wYD OL=w R= xrY=i u} QDsm |=Q=O |UQQ@ OQwt
Q=Okt Qo = xm CU= XNWt "�3 pmW� O=O s=Hv= u=wD|t 19 =D 11 \@=wQ
&OQ}o|t Q=Qk EC RQt |wQ OL=w u}= Q} wYD s}yO V}=Ri= =Q B OL=w |OwQw
=@ pmW QO xm �|OwQw QO sRq V}=Ri= Q=Okt� u; Q} wYD =D OL=w u}= pw]
|HwQN \ki Qo = w CU= (� � 1)xB Q@=Q@ CU= xOW xO=O u=Wv u}J\N
Q@=Q@ u; pw] xm OQ}o|t Q=QkAD RQt |wQ OL=w u}= s}yO Vy=m =Q OL=w u}=
QO xOWx�=Q= pOt QO "�|HwQN QO sRq Vy=m Q=Okt� Ow@ Oy=wN (1 � �)yB
|wQ Q} wYD u}= xm u}= |=Q@ 'xOW xO=O u=Wv 19 =D 11 \@=wQ QO xm j}kLD u}=
l} Qy ?U=vDt=v V}=Ri= R= O}=@ xm CU= xOW pqODU= u}vJ OQ}o@ Q=Qk ED RQt
Min-Max p�=Ut ẁv R= pOt u}= Ck}kL QO "OwW |Q}owrH =ypw] u}= R=

"CU=
|OwQw QO xm CU= |W}=Ri= Q=Okt (�i�1)xi0; i = 1; :::;m\@=wQ u}= QO
R= pY=L |=Q=m RQt |wQ OL=w u}= Q} wYD =D OwW|t pY=L DMU0 OL=w s=i

"Ovm|t CmQL =yv; CtU x@ =yxO=O QO Q}}eD =@ B OL=w xm |}=Q=m |=yRQt "2 pmW

"B OL=w Q}wYD |=Q@ |}=Q=m RQt u} QDl}ORv uDi=} "3 pmW

"|t=L |=yxLiYQ@= w |yHw |=yxLiYQ@= "1 pmW

R= s=OmQy xm OQPo|t |t=L |xLiYQ@= Q=tW|@ xWwo |=Q=m OL=w l} R= [7]"CU=
|O=OaD \ki =t= "CU= BCC |@ Q[t pOt |=Q@ xv}y@ ?=wH l} =yxLiYQ@= u}=

[9]"OvDUy PPS |xOvyOp}mWD xwHw |t=L |=yxLiYQ@= u}= R=
|=yxLiYQ@= w Ov=xDiQo Q=Qk |UQQ@ OQwt C w B 'A |=yOL=w 1 pmW QO
w H1 |=yxLiYQ@= "OvDUy PPS |xawtHt |=yRQt |xOvyOu=Wv BC wAB

u}= R= |]N ?}mQD Qy w OvDUy O}rwD u=mt= xawtHt |=Q@ |yHw |=yxLiYQ@= H2
smCUO xm CU= xawtHt u}= |=Q@ |t=L |xLiYQ@= l} H0 Ovv=t xLiYQ@= wO
�OQ=O |kqD B |x]kv QO pmW u}= QO� OQ=O OQwNQ@ xawtHt u}= =@ x]kv l} QO
xm OQ=O OwHw |t=L |xLiYQ@= C}=yv |@ CU= XNWt 1 pmW QO xm u=vJ w

"OvQPo|t x]kv u}= R=
QO xm [9]xOW u=}@ |WwQ O}rwD u=mt= |xawtHt hQat |=Q=m xwHw u}}aD |=Q@
x@ |@=}CUO Qw_vtx@ Q_v OQwt |=Q=m xwHw uOQw; CUOx@ |=Q@ u; R= j}kLD u}=

"OwW|t xO=iDU= |Q=O}=B |xk]vt

Q}wYD xm |RQt u} QDl}ORv u}}aD |=Q@ |rOt |x�=Q=
Q=Qk u; |wQ =yxO=O Q}}eD =@ |UQQ@ OQwt |=Q=m OL=w

OQ}o|t
Q}}eD =Q B OL=w |=y|HwQN w =y|OwQw Qo = CU= XNWt 2 pmW QO xm u=vJ
u}= x=ov; �OvwW QDlJwm =y|HwQN R= |NQ@ w QDnQR@ =y|OwQw R= |NQ@� s}yO
"Ovm|tCmQL D 'C 'E 'A |=yOL=w Q}=U R= pY=L |=Q=m |=yRQtCtU x@ OL=w
QO "CU= B OL=w x@ RQt u} QDl}ORv ED RQt |UO}rk= |xrY=i ^=Lr R= =t=
CUOx@ =Q RQt u} QDl}ORv u}= s}v=wD@ |rOt R= xO=iDU= =@ xm CU= u}= hOy =Hv}=

"s} Qw;
DMU0 = (x0; y0) = (x10; :::; xm0; y10; :::; ys0) xm ZQi u}= =@
=y|OwQw QO |Q}}eD Qy 'OW=@ |Q=O}=B |xk]vt u}}aD |=Q@ |UQQ@ OQwt |=Q=m OL=w

%O=O u=Wv 10 w 9 \@=wQ R= xO=iDU= =@ u=wD|t =Q OL=w u}= |=y|HwQN w
x̂k0 = �kxk0; k = 1; :::;m; �k � 1 (9)

ŷr0 = �ryr0; r = 1; :::; s; �r � 1dDMU 0 = (x̂0; ŷ0) (10)

x@ xHwD =@ u}=Q@=v@ "OvwW|t pY=L �k; �r |OOa ?}=Q[ QO Q}O=kt u}=
|=y|OwQw 'xOW xO=O 10 w 9 \@=wQ QO xm |OOa ?}=Q[ u}= R= xOWx�=Q= h} QaD
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"""|
xk]

vtu
}}aD

w|
Q=O}=

Bp}
rLD

|=Q@
|tD

}Qwo
r=

p � (�i � 1)xi0; 8i (23)

q � (1� �r)yr0; 8r (24)

w � p (25)

w � q (26)

X
j 6=0
j =2Ti

�j = 1 (27)

�i � 1; 0 � �r � 1 (28)

|=Q=m |=yOL=w xm Cw=iD u}= =@ OvDUy|r@k\@=wQ u=tyCk}kLQO 28 =D 20\@=wQ
x@ "Ov=xOW hPL =yOL=w xawtHt R= Ov=xOt; CUOx@ T1 |xawtHt QO xm |}x} wv=F
"OvwW|t |}=U=vW O}OH |x} wv=F |=Q=m |=yOL=w '=yOL=w u}= hPL =@ ?}DQD u}=

%s}vm|t s=ovyx@ u}vJ =Q T2 w T1 |=yxawtHt QY=va
T1 = T1 [

�
j
�����i > 0 ; OW=@ =Q=m =v |OL=w DMUj ; j 6= 0

�
T2 = T2 [

�
j
�����i > 0 ; OW=@ =Q=m |OL=w DMUj ; j 6= 0

�
;

T1 |xawtHt |va} 'OvW=@ =Q=m |=yOL=w \ki `HQt |=yOL=w Qo = �sQ=yJ s=o
s}OQo|tQ@ 3 s=o x@ CQwYu}= Q}e QO Ovm|t hkwD sD} Qwor= 'OW=@ xDW=Ov |Q}}eD
|}x} wv=F |=Q=m OL=w I}y CQwYu}= QO xm CU= K[=w R}v 3 pmW |wQ R= =Q} R

"OW=@ xDW=O OwHw Ov=wD|tv

2 = T2 [fDMU0g w 
1 = T1 [T2 CQwYx@ |O}OH |=yxawtHt

"s}vm|t h} QaD
hQat |yHw |=yxLiYQ@= [9]'|r@k |xOWx�=Q= sD} Qwor= R= xO=iDU= =@ �sHvB s=o
xawtHt Qo = "Ov};|t CUOx@ 
2 w 
1 |=yxawtHt R= s=OmQy |=Q@ PPS
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