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OOa CQwYx@ xm k xQo |yOCtON MQv |R=i u}ov=}t %��k = (�ak; �ak; �ak)

"OwW|t u=}@ |FrFt |R=i

|R=i |Y}YNDlD |@]k p |xv=}t pOt "2
"s} R=OQB|t |@]k Rm =Qt |@=}u=mt p�=Ut QO |O=yvW}B pOt |iQat x@ VN@ u}= QO
Rm =Qt |@=}u=mt p�=Ut QDW}@ 'OW xQ=W= C=}@O= QwQt VN@ |=yDv= QO xm u=vJ
pkvwptL |=ysDU}U QO u=tR pt=a "OQ=O X=YDN= xiOylD Cq=L x@ |@]k
|UQQ@ |=Q@ "CU= syt Q=}U@ =ysDU}U u}= QO u; |R=Uxv}y@ w OQ=O |tyt Vkv
'=yQDt=Q=B '=yQ}eDt h} QaD x@ p}YiDx@ 'x]w@ Qt |=yVN@ Q} R R= l} Qy QO pOt QDy@

"CN=OQB s}y=wN =yC}OwOLt w hOy `@=wD

xr�Ut |=yQDt=Q=B w =yQ}eDt "1"2
|=yQDt=Q=B '|@]k Rm =Qt |@=}u=mt *p�=Ut |xRwL QO xOWx�=Q= |=yj}kLD |t=tD QO
xm 'q=m ptL p}@k R= |}=ysDU}U QO xm |r=L QO CU= |a]k CQwYx@ xr�Ut
O}a@ =yQDt=Q=B uOw@|a]kQ}e ZQi 'OQ=O OwHw u=} QH COW \=kv |QU l} u}@
=yQDt=Q=B �|R=i� |a]kQ}e |=yCr=L OwW|t |aU j}kLD u}= QO 'u}=Q@=v@ "CU}v

"OQ}o@ Q=Qk |UQQ@ OQwt
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"""Q_
vQO

=@xi
OyO

vJ
|@]

kp
|xv

=}t
|@=}

u=m
tp

Otw Xik |=yQ}eDt x@ xHwD =@ "CU= k RmQt x@ OwQw MQv OQ}o Q=Qk xHwD OQwt O}=@
%R= CU= CQ=@a k xQo x@ OwQw MQv 'Wij QDt=Q=B w Xijkm

�i =
X
i

X
m

X
j

WijXijkmXik (7)

hOy `@=D O}=@ 's} Q=O Rm =Qt R= l} Qy QO Q=_Dv= u=tR |R=Uxv}tm QO |aU xm =Hv; R=
%OwW xDiQo Q_v QO |@]k Rm =Qt QO Q=_Dv= u=tR xv}W}@ � xv}tm CQwYx@

min max
k

" 1
�k �Pi

P
m
P
jWijXijkmXik

#
(8)

u=} QH COW uDiQo Q_v QO =@ w CU= u; GQNt |xv}tm =@ Q@=Q@ jwi QUm |xv}W}@
%x@ O@=}|t Q}}eD 8 |x]@=Q ' ��k |R=i OwQw MQv u}ov=}t R}v w �W ij |R=i

max min
k

"
~�k �X

i

X
m

X
j

�
W ijXijkmXik

#
(9)

xv} Ry `@=D "4"2
|} wHxiQY R= xO=iDU= QO |@]k Rm =Qt |@=}u=mt |=ypOt |x�=Q= R= |rY= hOy
?} Q[ l} R= xm ?}DQD u}=x@ 'CU= Rm =Qt u}= O=H}= R= xOt; OwHw x@ |O=YDk=
' ẁ[wt u}= x@ xHwD =@ "Ovvm|t xO=iDU= |@]k uwQO |=yu=} QH |=Q@ ��� xOvy=m
10 |x]@=Q j@=]t m w k Rm =Qt j} Q] R= j xQo x@ i xQo R= u=} QH p=kDv= |xv} Ry

%OwW|t x@U=Lt

Cijkm = Cik + Cmj + �Ckm (10)

`@=D u}twO u=wvax@ xm xv} Ry `@=D 'u=} QH COW QDt=Q=B R= |R=i Cr=L x@ xHwD =@
%OwW|t h} QaD u}vJ CU= pOt u}= hOy

min
X

i

X
j

X
k

X
m

�
W ijXijkmCijkm (11)

|R=UpOt |=Q@ "OvDU}v |vat=@ hOy `@=wD jwi `@=wD 'OwW|t xOy=Wt xm u=vJ
=Q |R=i |R} Qxt=vQ@ R= |Q_v ?wJQ=yJ l} '|R=i |=yQDt=Q=B =@ p�=Ut R= xvwou}=

"s}vm|t O=yvW}B |Oa@ VN@ QO Ot;Q=m VwQ l} u=wvax@

|@]k p xv=}t xr�Ut |R=i |R} Qxt=vQ@ "3
QO "CU= xDiQo CQwY |R=i |R} Qxt=vQ@ |=ypOt Q@ |O=} R |=yQ=m u}= R= V}B
|@]k p |xv=}t |@=}u=mt p�=Ut |=Q@ =Q |R=i |R} Qxt=vQ@ |=ypOt VN@ Q} R u}=
"s}vm|t xQ=W= |D=mv x@ p�=Ut u}= |R=i |R=UpOt R= p@k "CU@ s}y=wN Q=m x@
|=Q@ "CU= � xawtHt 7u=wD P(�) '|yDQ}e |xawtHt l} � xm O}vm ZQi
=Q CrfAg OOa A O=ONQ Qy x@ xm CU= sRq Q=@Da= R= |@} QkD |i} QaD |x�=Q=
Oy=wN EO=L A O=ONQ u; QO xm CU= |Q=@Da= |xOvyOu=Wv xm O}yO X=YDN=
�
W ij xm O}vm ZQi "O}t=v@ Q=@Da= |=[i =Q ��;P(�); Cr� |}=DxU x=ov; "OW
|=yQ}eDt 'u}=Q@=v@ w OvwW h} QaD ��;P(�); Cr� Q=@Da= |=[i |wQ Q@ ��k w
|@]k |=yk s=tD |=Q@ ��k(�) w =yjw i s=tD |=Q@ �W ij(�) CQwYx@ ��k w �W ij

'Rm =Qt R= l} Qy QO Q=_Dv= u=tR xv}W}@ xm CU= K[=w "OvwW|t h} QaD �� 2 ��

xDiQo Q_v QO 6|@]k uwQO |=yu=} QH |=Q@ xm |O=YDk= |} wHxiQY ?} Q[ %�
"OwW|t

Qw@a m w k |@]k Rm =Qt R= xm j xQo x@ i xQo R= u=} QH p=kDv= |xv} Ry %Cijkm
"Ovm|t

"OvwW R=@ O}=@ xm |@]k Rm =Qt O=OaD %P

=yC}OwOLt "2"2
xm CU= xDmv u}= Qou=}@ C}OwOLt u}rw= "OQ=O OwHw C}OwOLt GvB pOt u}= QO
OwW xO=O X}YND |@]k RmQt l} x@ Ov=wD|t \ki |@]kQ}e \=kv R= l} Qy

%OwW|t u=}@ u}vJ C}OwOLt u}= "�|Y}YNDlD Cr=L�X
k

Xik = 1 for all i: (1)

CQwYx@ w 'OvwW R=@ O}=@ |@]k RmQt p O=OaD xm CU= u; Qou=}@ C}OwOLt u}twO
%OwW|t u=}@ 2 |x]@=QX

k

Xkk = p (2)

l} k xQo xm u; Q@ \wQWt 'i xQo xm CU= ẁ[wt u}= ut[Dt swU C}OwOLt
|v=tR Xik Q}eDt |va} &O@=} X}YND k |@]k xQo x@ Ov=wD|t 'OW=@ |@]k RmQt

%OwW|t xDWwv u}vJ R}v C}OwOLt u}= "OW=@ l} Xkk Q}eDt xm OwW|t l}
Xik � Xkk for all i; k: (3)

k |@]k xQo x@ i xQo xm |v=tR xm CU= ẁ[wt u}= ut[Dt sQ=yJ C}OwOLt
OQPo|t k |@]k RmQt R= xm j xQo x@ i xQo u=} QH pm O}=@ 'OwW|t xO=O X}YND
|@]k xQo u}rw= k xQo xm CU= |v=tR |=Q@ C}OwOLt u}= "�OwW l}� OwW xOQw;Q@

%OW=@X
k

Xijkm = Xik (4)

k |@]k xQo x@ i xQo xm |v=tR xm CU= ẁ[wt u}= ut[Dt sHvB C}OwOLt
Rm =Qt Qo}O w k |@]k RmQt R= xm j xQo x@ i xQo u=} QH pm 'OwW|t xO=O X}YND

%OwW|t u=}@ u}vJ C}OwOLt u}= "OwW|t l} Ovm|t Qw@a |@]kX
k

Xijkm = Xim (5)

Q=_Dv= u=tR `@=D "3"2
p�=Ut xvwou}= syt h=Oy= R= |m} |@]k Rm =Qt R= l} Qy QO Q=_Dv= u=tR |R=Uxv}tm
hY pOt l} u=wvax@ =Q |@]k Rm =Qt R= l} Qy j}kLD u}= QO xm =Hv; R= "CU=
[16]'pD}r\@=wQ x@ xHwD =@ =Q Q=_Dv= u=tR u}ov=}t s}v=wD|t 's}DiQo Q_v QO M/M/1

%s}vm h} QaD u}vJ
!k = 1

�k � �k (6)

RmQt QO |yOCtON MQv u}ov=}t �k 'k RmQt QO Q=_Dv= u=tR u}ov=}t !k u; QO xm
Q=_Dv= u=tR pwtQi QO xm |}xDmv =yvD "CU= k xQo x@ OwQw MQv u}ov=}t �k w 'k
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"""w
|Ov

wW
uU

L'
u=}Q

iaH
|i]

Yt

OQwt |R=i |xv} Ry w Q=_Dv= u=tR u}tND QO |R=i |R=Ux}@W "2"3
Q=_Dv=

|R=i |R} Qxt=vQ@ pOt |=Q@ |R=i |R=Ux}@W |=QH= OvwQ |UQQ@ x@ CtUk u}= QO
pOt hOy `@=D u}tND |=Q@ "s} R=OQB|t [17]|R=i Q=_Dv= OQwt xv} Ry w Q=_Dv= u=tR
CQ=@a |R=Ux}@W sD} Qwor= |=QH= pL=Qt 'OwW|t xO=O u=Wv Q} R QO xm 'Q_v OQwt

%R= Ow@ Oy=wN
U(x) : x!

�
E
h�!max(Xik; Xilkmj�)

i
; E
��
C(Xijkmj�)

��
"eC = 0 w e! = 0 O}yO Q=Qk %pw= |xrLQt �

"O}vm O=H}= �W ij ;
��j xr�Ut |R=i |=yQDt=Q=B lDlD R= � VQ@ %swO |xrLQt �

|=Q@ � VQ@ R= xOWO}rwD |=yxR=@ R= |iO=YD OOa N O=OaD %swU |xrLQt �
�jk w Wijk ?}DQDx@ =Q =yv; w 'O}vm O}rwD xr�Ut |R=i |=yQDt=Q=B R= l} Qy
xm �k(W ) = �(Wijk) %O}yO Q=Qk TBU "O}t=v@ k = 1; 2; :::; N |=Q@
� u; QO xm �k(�) = �(�jk) w �W ij |R=i Q}eDt C} w[a `@=D � u; QO

"CU= ��j |R=i Q}eDt C} w[a `@=D
|=yQ}eDt Q}O=kt R}v w =yQDt=Q=B R= xOt; CUOx@ Q}O=kt x@ xHwD =@ %sQ=yJ |xrLQt �
|@]k Rm =Qt R=l} Qy QO Q=_Dv= u=tR Q}O=kt '8 SA sD} Qwor= R= xOWO}rwD *s}tYD

"O}vm x@U=Lt =Q sDU}U pm |xv} Ry w
Q=_Dv= u=tR hOy `@=D Q=Okt u=wvax@ =Q Rm =Qt Q=_Dv= u=tR xv}W}@ %sHvB |xrLQt �

"O}t=v@ k = 1; 2; :::; N |=Q@ !k =Q u; w O}yO Q=Qk
"O}yO Q=QkCk =Q k = 1; 2; :::; N Qy |=Q@ sDU}U pm |xv} Ry %sWW |xrLQt �
w a = !1 ^ !2 ^ ::: ^ !k CQwYx@ =Q b w a OOa wO %sDiy |xrLQt �

"O}vm x@U=Lt b = !1 _ !2 _ ::: _ !k
"O}vm O}rwD [a; b] xR=@ R= |iO=YD Qw]x@ =Q r OOa %sDWy |xrLQt �

%O}yO Q=Qk %syv |xrLQt �
e!  e! + Crf�!max(Xik; Xijkmj�) � rg

"O}vm Q=QmD xaiO N =D =Q syv =D sDWy pL=Qt %syO |xrLQt �
w c = C1 ^ C2 ^ ::: ^ Ck CQwYx@ =Q d w c OOa wO %syOR=} |xrLQt �

"O}vm x@U=Lt d = C1 _ C2 _ ::: _ Ck
"O}vm O}rwD [c; d] xR=@ R= |iO=YD Qw]x@ =Q r OOa %syOR=wO |xrLQt �

O}yO Q=Qk %syOR}U xrLQt �
ec  ec + Crf�C(Xijkmj�) � rg

"O}vm Q=QmD xaiO N =D =Q syOR}U =D syOR=} |=ys=o %syOQ=yJ |xrLQt �
O}yO Q=Qk %syORv=B |xrLQt �

U!(x) = a _ 0 + b ^ 0 +
�
e! � (b� a)

N

�
O}yO Q=Qk %syORv=W |xrLQt �

Uc(x) = c _ 0 + d ^ 0 +
�
eC � (c� d)

N

�

OQw;Q@ 'Ci=} jkLD |@]k Rm =Qt |R=i |yOCtON MQv w u=} QH COW xm u}= R= TB
%R= CU= CQ=@a xm s} Q=O \@DQt Q=_Dv= u=tR xv}W}@ l} � 2 � Qy |=Q@ "OwW|t
!max(Xik; Xijkmj�) =

min
k2Hub

�
��(�)�X

i

X
m

X
j

�
W ij(�)XijkmXik

�
(12)

|=[i |wQ Q@ |R=i Q}eDt l} !max(Xik; Xijkmj�) xm CiQ}PB O}=@ |v=U;x@
"CU= ��;P(�); Cr� Q=@Da=

�
C =

P
i
P
j
P
k
P
m

�
W ij(�r)XijkmCijkm xv} Ry`@=D Q=Oktu}vJty

hOy u}=Q@=v@ "CU= ��;P(�); Cr� Q=@Da= |=[i |wQ Q@ |R=i Q}eDt l} R}v
|R=i |xv} Ry w !max(Xik; Xijkmj�) |R=i Q=_Dv= u=tR |R=Uxv}tm =t |xr�Ut
h} Q=aD x@ xHwD =@ "CU= |R=i |R} Qxt=vQ@ |x} Q_v R= xO=iDU= =@ �C(Xijkmj�)

%R= Ow@ Oy=wN CQ=@a |O=yvW}B pOt '|r@k
min �!max (Xik;Xijkmj�) (13)

min
�
C (Xijkmj�) (14)

Subject to: A (15)

"CU= pOt |=yC}OwOLt s=tD |xawtHt A u; QO xm

Q=_Dv= OQwt |R=i |xv} Ry w Q=_Dv= u=tR |R=Uxv}tm pOt "1"3
O=Oa= Q=_Dv= OQwt Q=Okt |R=Uxv}tm =@ |R=i |R} Qxt=vQ@ OQm} wQ '2007 p=U QO
|R=i Q=_Dv= u=tR |Q=Po}=H w OQm} wQ u}= x@ xHwD =@ [17]"OW |iQat |R=i
�
C(Xijkmj�) |R=i |xv} Ry w u; Q=_Dv= OQwt Q=Okt =@ �!max(Xik; Xijkmj�)

%x@ OwW|t p}O@D hOy `@=D 'u; Q=_Dv= OQwt Q=Okt =@
min

�
E
h�!max(Xik; Xijkmj�)

i
; E
��
C(Xijkmj�)

��
Subject to: A (16)

=@ Q@=Q@ |R=i Q=_Dv= OQwt Q=Okt xm u}= x@ xHwD =@
E[�] =

Z +1

0
Crf� � rgdr �

Z +1

0
Crf� � rgdr

%s} Q=O 'CU=

min
Xik;Xijkm

8<:R +1
0 Crf0 2 �j�!max(Xik; Xijkmj�) � rgdrR +1

0 Crf� 2 �j�C(Xijkmj�) � rgdr
Subject to: A (17)

w �!max (Xik ; Xijkmj�) w CU= =yC}OwOLt |xawtHt A u; QO xm
"Ov=xOW h} QaD |r@k VN@ QO R}v �C(Xijkmj�)

OyO|t u=Wv =Q Rm =Qt u}= x@ xv}y@ X}YND w |@]k Rm =Qt |@=}u=mt jwi pOt
|xv} Ry u} QDsm w Q=_Dv= u=tR Q=_Dv= OQwt Q=Okt u} QDsm x@ |@=}CUO j} Q] u}= R= =D
Rm =Qt X}YND w |@=}u=mt Q@ xOWp=ta= |=yC}OwOLt x@ xHwD =@ 'Q=_Dv= OQwt
R= 'CU= umttQ}e jwi |R=i Q=_Dv= OQwt Q}O=kt u}tND uwJ "OwW QwOkt '|@]k

"OwW|t xO=iDU= [17]"|R=i |R=Ux}@W
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"""Q_
vQO

=@xi
OyO

vJ
|@]

kp
|xv

=}t
|@=}

u=m
tp

OtpL OW Q=QkQ@ jwi |w=Ut=v Qo = "O};|t CUOx@ |R=i |R=Ux}@W j} Q] R= xm CU=
=Q |r@k pL u=ty Ow@v Q=QkQ@ |w=Ut=v u}= Qo = w 'OwW|t |r@k pL u} Ro}=H |rai

"CiQo s}y=wN Q_v QO x}rw= pL u=wvax@ |Oa@ Q=QmD |=Q@

SA sD} Qwor= |=yQDt=Q=B "4"4
x}rw= |=tO "1"4"4

u} wv |=yxw}W ?=Dm QO xmCU=|WwQ R= xO=iDU= x}rw= |=tO u}}aD |=yVwQ R=|m}
%R= CU= CQ=@a Q_v OQwt |x]@=Q "CU= xOW x�=Q= [19]|@}mQD p�=Ut |=Q@ |Q=mD@=
T0 = �

� ln�
f(x0)

|=Q@ =Pr 'OyO|t?=NDv=Tv=W R}vVRQ=|@|=y?=wH x@SAsD} Qwor= xmv}= x@ xHwD =@
QD?wr]t=v OYQO � xm|}=y?=wH OYQO � O=OaD x]@=Q u}= j@]Q@ x}rw= |=tO u}}aD
xrLQt QO |o}=Uty O}rwD |=Q@ =Q OvDUy 'f(x0) x}rw= ?=wH C}@ wr]t Q=Okt R=
"CU= � 2 [�5; �10] w � 2 [�10; �20] OQ=wt ?re= QO "Ovm|t ?=NDv= Oa@
=Q f(X0) Q=Okt |D=tOkt |=QH= l} =@ =OD@= 'x}rw= |=tO x@ |@=}CUO |=Q@
=Q 6000 Q=Okt jwi |x]@=Q w � = �10 w � = �15 Q}O=kt =@ w xOQw; CUO x@

"s} Qw;|t CUOx@
Tk |=tO QO �Nk� =yp=kDv= O=OaD "2"4"4

Nk = N0 %|va} 's}vm|t ZQi C@=F =Q =tO Qy QO Q=QmD O=OaD sD} Qwor= u}= QO
"OW=@ Ov=wD|t 50 =D 6 u}@ Nk u; QO xm

=tO Vy=m MQv "3"4"4
Tk+1 = �Tk |x]@=Q R= xO=iDU= =@ sD} Qwor= u}= QO xO=iDU= OQwt |=tOVy=m MQv

"CU= � 2 [0 5; 0 99] u; QO xm OwW|t x@U=Lt
hkwD Q=}at "4"4"4

?=Dm QO =yv; R= |NQ@ xm OQ=O OwHw SA sD} Qwor= QO hkwD |=Q@ |O=} R |=yQ=}at
=yQ=}at u; R=|m} "Ov=xOW|iQat [18]�2007� uQOt |Q=mD@= |R=Uxv}y@ |=y|Qw�D

"CU= xOW xO=iDU= u; R= j}kLD u}= QO xm CU=tO QO =yVy=m O=OaD

|O=yvW}B sD} Qwor= pL OvwQ "5"4
%R= CU= CQ=@a |R=i |R=Ux}@W w SA |@}mQD sD} Qwor= pL |rm OvwQ

& ẁQW "1
&O}yO Q=Qk =Q N0 w T0 |=yQDt=Q=B "2

&k = 0 O}yO Q=Qk "3
&O}vm OQw;Q@ =Q x}rw= ?=wH "4

w O} Qw=}@ CUOx@ |R=i |R=Ux}@W R= xO=iDU= =@ =Q ?=wH C}@ wr]t `@=D Q=Okt "5
&O}t=v@ =Q f(Sc) u;

&O}vm Q=QmD =Q Q} R OvwQ "6
&Nk =D 1 R= L |=Q@ "7

&O}vm OQw;Q@ =Q |rai pL R= |o}=Uty "8
CUO x@ |R=i |R=Ux}@W R= xO=iDU= =@ =Q x}=Uty pL C}@ wr]t `@=D Q=Okt "9

&O}t=v@ f(Sn) u; w O} Qw=}@

|@}mQD OvtWwy sD} Qwor= "4
',=Da}@] w CU= \rDNt K}LY OOa ẁv R= |@]k p |xv=}t |@=}u=mt |xr�Ut
QO "CU= \rDNt K}LY OOa |R} Qxt=vQ@ |xr�Ut l} R}v xr�Ut u}= |R=i Cr=L
K}LY OOa |R} Qxt=vQ@ |xQtR QO *p�=Ut xm OW xQ=W= xDmv u}= x@ C=}@O= QwQt
pOt pL |=Q@ VN@ u}= QO u}=Q@=v@ "OvDUy NP-hard p�=Ut xDUO <RH \rDNt
�SA� O} Q@D |R=Ux}@W w |R=i |R=Ux}@W *|@}mQD *OvtWwy sD} Qwor= 'xOWx�=Q= *|R=i
|=Q@ |R=i |R=Ux}@W R= 'OW xO=O K}[wD p@k VN@ QO xmu=vJ "OwW|t x�=Q=
sD} Qwor= ?ULQ@ xOWO}rwD |=y?=wH |@=} RQ= Qw_vtx@ xm |iOy `@=D Q=Okt u}tND
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6. inter hub 
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