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R= |W=v Ot;QO Qou=}@ hOy `@=D QO !rf � (1 + rf ) CQ=@a "xrt=at Q=}DN= O} QN
Ot;QO NP

i=1
!i � si CQ=@a w CU= rf |a]k OwU MQv =@ lU} Q uwO@ |Q=Pox}=tQU

"OyO|t V}=tv |Q=Pox}=tQU |xQwO |=yDv= QO =Q s=yU QO |Q=Pox}=tQU R= |W=v
QO xm |v=tR �O} QN Cr=L QO p=Ft u=wvax@� xrt=at Q=}DN= Ot;QO |x@U=Lt QO
'CU= QDW}@ xrt=at Q=}DN= p=ta= C}tk R= Q=R=@ Ct}k |Q=Pox}=tQU |xQwO |=yDv=
(si�kci;j) xrt=at Q=}DN= p=ta= Ct}k w Q=R=@ Ct}k p[=iD R= xrt=at Q=}DN= Ot;QO
'OW=@ QDW}@ Q=R=@ Ct}k R= xrt=at Q=}DN= p=ta= Ct}k xJv=vJ =t= "OwW|t x@U=Lt
=@ CQwYu}= QO "OwW|t QiY u; R= |W=v Ot;QO w OwW|tv p=ta= xrt=at Q=}DN=
CQ=@ax@ O} QN |xrt=at Q=}DN= p=ta= sOa w p=ta= |=yCr=L R= |W=v Ot;QO?}mQD

%s}UQ|t O} QN xrt=at Q=}DN= Ot;QO |=Q@ �2 CQ=@a� |rm |R=Uxv}W}@
maxfsi � kci;j ; 0g (2)

CQ=@a 'CU= O} QN Cr=L Tma xm VwQi |xrt=at Q=}DN= |=Q@ CQwY u}tyx@
%O};|t CUO x@ xrt=at Q=}DN= O} QN R= |W=v Ot;QO V}=tv |=Q@ 3

maxfkpi;j � si; 0g (3)
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xrt=
atQ

=}DN
=|

=Q=O
|r=t

O@U
|R=

Uxv
}y@

Q=wDU
=pO

t3) qi;j � !pi;j ; i = 1; :::; n; j = 1; :::; Np
i

4)ui � 0; i = 1; :::; N
5) �i � 0; i = 1; :::; N
6) pi;j � 0; i = 1; :::; N; j = 1; :::; Nc

i

7) qi;j � 0; i = 1; :::; n; j = 1; :::; Np
i (10)

xrt=at Q=}DN= Ot;QO x@ \w@ Qt ?}=Q[ uOw@ |ivtQ}e x@ xHwD =@ 8 pOt QO %C=@F=
|v} Ro =H u=mt= '�|R=Uxv}tm � hOy `@=D ẁv x@ xHwD =@ u}vJty w hOy `@=D QO

"OwW|t O=H}= |R=UpOt QO Q} R

�=min(k �max(a; b)); k � 0 pO=at() �=min(k � t); s:t:

8>>>><>>>>:
t � a
t � b
k � 0

w (�) |w=Ut =} QDnQR@ x@ =yC}OwOLt |x}rm p}O@D 'jwi |v} Ro}=H x@ xHwD =@
*|R=Uxv}tm pOt '=yC}OwOLt AJ CtU QO s}tYD |=yQ}eDt |x}rm uO=O Q=Qk
"O};|t CUO x@ u}vJ CU= u=owO |R=Uxv}W}@ pOt |x�=Q= |=v@t xm xOW?DQt

min
";t

0@ NX
i=1

(!i � bi � "i) +
NX
i=1

NciX
j=1

(!ci;j � tci;j)+

NX
i=1

NpiX
j=1

(!pi;j � tpi;j)
1A

s:t:

1) "i � �1; i = 1; :::; N ui

2) � "i � �1; i = 1; :::; N �i

3) tci;j � bi � "i � �i � kci;j ; i = 1; :::; N; j = 1; :::; Nc
i pi;j

4) tci;j + bi � "i � kpi;j � �i; i = 1; :::; n j = 1; :::; Np
i qi;j

5) tci;j � 0; i = 1; :::; N j = 1; :::; Nc
i

6) tpi;j � 0; i = 1; :::; n j = 1; :::; Np
i (11)

"OwW|t h} QaD Q} R CQwYx@ jwi pOt QO t s}tYD |=yQ}eDt xawtHt

t = ftci;j j8[i 2 N; j 2 Nc
i ]g [ ftpi;j j8[i 2 N; j 2 Np

i ]g

h} QaD pOt u=owO |=yQ}eDt u=wvax@ qi;j w pi;j '�i 'ui |=yQ}eDt 11 pOt QO
CQwYx@ 8 pOt u=owO pO=at '9 |=yxawtHt w =yQ}eDt u}= x@ xHwD =@ xm OvwW|t

"O};|t CUO x@ 10 pOt
�

x@ '7 pOt QO 8 |R=Uxv}tm pOt =@ 10 |R=Uxv}W}@ pO=at |v} Ro}=H =@ p=L

s:t:

1)!rf +
NX
i=1

(!i � s0
i) +

NX
i=1

NciX
j=1

(!ci;j � pci;j)+
NX
i=1

NpiX
j=1

(!pi;j � ppi;j) = �

2) � 1 � "i; i = 1; :::; N
3) "i � 1; i = 1; :::; N
4)!rf � 0; !i � 0; i = 1; :::; N
5)!ci;j � 0; i = 1; :::; N; j = 1; :::; Nc

i

6)!pi;j � 0; i = 1; :::; n; j = 1; :::; Np
i (7)

C}OwOLt R}v w !rf � (1 + rf ) +
NP
i=1

(!i � �i) CQ=@a xm u}= x@ xHwD =@
|a]kQ}e |R=Uxv}tm pOt x@ 'Ov=|a]k 7 pOt |ivtQ}e |=yC}OwOLt w 1 xQ=tW

%s}UQ|t Q} R

min"

0@ NX
i=1

(!i � bi � "i) +NN
i=1

NciX
j=1

(!ci;j �maxf(�i + bi � "i)�

kci;j ; 0g) +
NX
i=1

NpiX
j=1

(!pi;j �maxfkpi;j � (�i + bi � "i); 0g)
1A

s:t:

1) � 1 � "i; i = 1; :::; N
2) "i � 1; i = 1; :::; N (8)

CyH QO u; u=owO |R=Uxv}W}@ pOt x@ 8 |R=Uxv}tm pOt '4 |x}[k R= xO=iDU= =@
%OwW|t p}O@D 7 Q=wDU= |=Dty uOQmQDxO=U

x@ xHwD =@ w u=owO |x}[k R= xO=iDU= =@ 8 |R=Uxv}tm pOt "1"4 |x}[k
|=yxawtHt

u = fuij8 2 Ng; � = f�ij8i 2 Ng
p = fpi;j j8[i 2 N; j 2 Nc

i ]g
p = fqi;j j8[i 2 N; j 2 Np

i ]g (9)

"CU= |R=Uxv}W}@ pOt pO=at

max
u;�;p;q

0@ NX
i=1

(�ui � �i) +
NX
i=1

NciX
j=1

(�i � kci;j) � pi;j+

NX
i=1

NpiX
j=1

(kpi;j � �i) � qi;j
1A

s:t:

1)ui � �i �
NciX
j=1

bi � pi;j +
NpiX
j=1

bi � qi;j = !i � bi; i = 1; :::; N

2) pi;j � !ci;j ; i = 1; :::; N; j = 1; :::; Nc
i
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OQit
xO=R

uU
Ls

}Qt
wT

QOt
OtL

t 'CU= xOW u=}@ ?OLt u=owO |xr�Ut |=v@tQ@ xm 13 |x}[k R= xO=iDU= =@
"s} R=OQB|t O}OH |R=Uxv}tm pOt w |R=Uxv}W}@ u=owO pOt |x�=Q= x@

|Q=mx_i=Lt pQDvmC}OwOLt uDiQo Q_v QO =@ 8 |R=Uxv}tm pOt Qo = "1"5 |x}[k
%OW=@ Q} R CQwYx@ 13

min
";t

0@ NX
i=1

(!i � bi � "i) +
NX
i=1

NciX
j=1

(!ci;j � tci;j)+

NX
i=1

NpiX
j=1

(!pi;j � tpi;j)
1A

s:t:

1) "i � �1; i = 1; :::; N
2) � "i � �1; i = 1; :::; N

3)
NX
i=1
j"ij � �

4) tci;j � bi � "i � �i � kci;j ; i = 1; :::; N; j = 1; :::; Nc
i

5) tpi;j � bi � "i � kpi;j � �i; i = 1; :::; N; j = 1; :::; Np
i

6) tci;j � 0; i = 1; :::; N; j = 1; :::; Nc
i

7) tpi;j � 0; i = 1; :::; n j = 1; :::; Np
i (14)

|=yxawtHt x@ xHwD =@ jwi |R=Uxv}tm pO=at u=owO |R=Uxv}W}@ pOt
"+ = f"+

i j8i 2 Ng
"� = f"�i j8i 2 Ng
Dual coef = f�g [ f�ij8i 2 Ng [ fkij8i 2 Ng[

f�ij8i 2 Ng [ f�ij8i 2 Ng[
f i;j j8[i 2 N; j 2 Nc

i ]g[
f�i;j j8[i 2 N; j 2 Np

i ]g[
f�i;j j8[i 2 N; j 2 Nc

i ]g[
f�i;j j8[i 2 N; j 2 Np

i ]g [ f�ij8i 2 Ng[
f
ij8i 2 Ng (15)

"O};|t CUO x@ Q} R CQwYx@

max
"+;"�Dual coef

 
�� � ��

NX
i=1

ki � ("+
i � "�i )�

NX
i=1

(�i + �i)+

NX
i=1

NciX
j=1

 i;j � (�i � kci;j) +
NX
i=1

NpiX
j=1

�i;j � (kpi;j � �i)
1A

s:t:

1)!i � bi + �i � �i + �i + bi �
NciX
j=1

 i;j � bi�
NpiX
j=1

�i;j = 0; i = 1; :::; n

"s}UQ|t 1 pOt |=Q@ Q} R Q=wDU= |=Dty

max
!;u;�;p;q

 
!rf � (1 + rf ) +

NX
i=1

(!i � �i)�
NX
i=1

(ui + �i)+

NX
i=1

NciX
j=1

(�i � kci;j) � pi;j +
NX
i=1

NpiX
j=1

(kpi;j � �i) � qi;j
1A

s:t:

1)!rf +
NX
i=1

(!i � s0
i) +

NX
i=1

NciX
j=1

(!ci;j � pci;j)+
NX
i=1

NpiX
j=1

(!pi;j � ppi;j) = �

2)ui � �i �
NciX
j=1

bi � pi;j +
NpiX
j=1

bi � qi;j = !i � bi; i = 1; :::; N

3) pi;j � !ci;j ; i = 1; :::; N; j = 1; :::; Nc
i

4) qi;j � !pi;j ; i = 1; :::; n; j = 1; :::; Np
i

5)!rf � 0;
6)!i � 0; i = 1; :::; N
7)!ci;j � 0; i = 1; :::; N; j = 1; :::; Nc

i

8)!pi;j � 0; i = 1; :::; n; j = 1; :::; Np
i

9)ui � 0; i = 1; :::; N
10) �i � 0; i = 1; :::; N
11) pi;j � 0; i = 1; :::; N; j = 1; :::; Nc

i

12) qi;j � 0; i = 1; :::; n; j = 1; :::; Np
i (12)

|=Q=O |r=t O@U|}xQwOlD |R=Uxv}y@ |xr�Ut Q=wDU= |=Dty 'xOt; CUO x@ pOt
?}mQD u} QDO@ QO 'Ot;QO |R=Uxv}W}@ x@ pOt u}= "CU= �1 pOt� xrt=at Q=}DN=
?}mQD u} QDO@ uO=OMQ u=mt= xmCU= K[=w "OR=OQB|t xQwO |=yDv= QO s=yU |WRQ=
u}}=B Q=}U@ u=tRsy CQwYx@ |Q=Pox}=tQU |xQwO |=yDv= QO s=yU |WRQ= Q}O=kt
|=Q@ |rQDvm Q=}at l} xt=O= QO 'pOt Ow@y@ w pmWt u}= `iQ Qw_vtx@ u}=Q@=v@ "CU=

"OwW|t xDiQo Q_v QO |R=UpOt QO |Q=Pox}=tQU |Q}PBlU} Q u=R}t

s}_vD p@=k |Q=mx_i=Lt |xHQO =@ Q=wDU= |=Dty "5
QO xm Q} R C}OwOLt R= pOt |Q=mx_i=Lt u=R}t |R=UOwOLt |=Q@ VN@ u}= QO

%s}vm|t xO=iDU= CU= xDiQo Q=Qk xO=iDU= OQwt w xOW x�=Q= 14 `HQt
NX
i=1
j"ij � � (13)

pOt |Q=mx_i=Lt u=R}t N =D 0 R= u; Q=Okt Q}}eD =@ xm CU= |QDt=Q=B � u; QO xm
x@ =Q 13 C}OwOLt '|Q=mx_i=Lt u=R}t pQDvm |=DU=Q QO 'xt=O= QO "O@=}|t V}=Ri=

"s}vm|t xi=[= 8 |R=Uxv}tm pOt
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xrt=
atQ

=}DN
=|

=Q=O
|r=t

O@U
|R=

Uxv
}y@

Q=wDU
=pO

t

|D=@U=Lt G}=Dv "6
O@U x@ \w@ Qt Q=wDU= |R=Uxv}y@ |xr�Ut *|[=} Q |=ypOt p@k |=yVN@ QO
xU '=ypOt OQmrta |UQQ@ |=Q@ VN@ u}= QO "OW x�=Q= xrt=at Q=}DN= |=Q=O |r=t
pY=L |=y?=wH w 'pL GAMS Q=Ri=sQv \UwD N = 100 |xR=Ov= =@ =Q xr�Ut
xr�Ut Qy |=yxrt=at Q=}DN= O=OaD w x}rw= |x}=tQU u=R}t "s}vm|t xU}=kt =Q u; R=

"CU= xOW x�=Q= 1 pwOH QO
O}rwD |k]vt CQwYx@ w |iO=YD CQwYx@ x}rw= Q}O=kt |x}rm 'p�=Ut u}= QO
|iO=YD CQwYx@ xQwO |=OD@= QO s=yU `=wv= VRQ= u}}=B w q=@ OL ',=vt[ "Ov=xOW
xrt=at Q=}DN= p=ta= Ct}k w O} QN Ct}k 'xrt=at Q=}DN= O=OaD w [15; 50] xR=@ QO
|=yDv= QO s=yU VRQ= C=Q}}eD xR=@ uwJ |OQ=wt x@ xHwD =@ |iO=YD CQwYx@ R}v
|UQQ@ 'VN@ u}= QO =yp=Ft |x�=Q= R= hOy OwW|t Qw;O=} "OvwW|t O}rwD xQwO
'Qo}O hQ]R= "CU=yu; R= pY=L G}=Dv |HvUCLY w xOWx�=Q= |=ypOt OQmrta
CU}v QU}t u=QoVywSB Q}=U G}=Dv =@ xU}=kt 'C=}@O= QO x@=Wt |rOt Ow@v x@ xHwD =@

"CU= hOy `@=D C=Q}}eD |xU}=kt =yvD hOy w
Q=Ri=sQv \UwD u; pL w Visual Basic \UwD p�=Ut |x}rw= |=yxO=O O}rwD
|=Dty |=Q@ swU =D pw= p�=Ut pL R= pY=L G}=Dv "CU= xDiQo CQwY GAMS

|=y� |=Q@ �17 pOt� |rQDvm Q=wDU= |=Dty w �12 pOt� xv=Q=mx_i=Lt V}@ Q=wDU=
"CU= xOW x�=Q= 2 pwOH QO hrDNt

Q}O=kt |=Q=O '12 pOtpL R=pY=LG}=Dv 2 pwOH QO OwW|t xOy=Wt xm u=vJ
xR=@ pm � = 100 |=Q@ uwJ Cr=L u}= QO "CU= � = 100 =@ 17 pOt x@=Wt
xv=Q=mx_i=Lt V}@ Cr=L |=Q=O pOt 'OwW|t OQ=w |R=UpOt QO =yQDt=Q=B C=Q}}eD

"Ovm|t pta 12 pOt x@=Wt xH}DvQO w CU=
'xv=Q=mx_i=LtV}@ Cr=L QO pOt wO OQmrta x@=WD Q@ xwqa 2 pwOH QO
Vy=m 17 pOt hOy `@=D Q=Okt '� Q=Okt uOWQDnQR@ =@ xm OwW|t xOy=Wt
QO =Q 14 |R=Uxv}tm pOt ?=wH |=[i V}=Ri= � Q=Okt uOWQDnQR@ "O@=}|t

"p�=Ut C=YNWt "1 pwOH
swU |xr�Ut swO |xr�Ut pw= |xr�Ut KQW

100 100 100 N

217 201 188 Nc
i

197 203 196 Np
i

1000 1000 1000 �

"swU =D pw= |xr�Ut |D=@U=Lt G}=Dv "2 pwOH
swU xr�Ut swO xr�Ut pw= xr�Ut �

1; 081 33 1; 097 84 1; 072 98 { 12 pOt
2; 289 30 2; 361 02 2; 352 45 0

17 pOt
1; 849 84 1; 861 48 1; 803 98 10
1; 389 25 1; 375 17 1; 338 42 30
1; 142 06 1; 149 74 1; 124 60 50
1; 081 89 1; 098 65 1; 073 08 70
1; 081 33 1; 097 84 1; 072 98 100

2)�� �i + "�i � ki � 0; i = 1; :::; n
3)�+ �i + "+

i � ki � 0; i = 1; :::; n
4)!ci;j �  i;j � 0; i = 1; :::; n; j = 1; :::; Nc

i

5)!pi;j � �i;j � 0; i = 1; :::; n; j = 1; :::; Np
i

6)�; �i; �i � 0; i = 1; :::; n
7) i;j � 0; i = 1; :::; n; j = 1; :::; Nc

i

8) �i;j � 0; i = 1; :::; n; j = 1; :::; Np
i

(16)

"OwW xaH=Qt xt}t[ x@ %C=@F=
�

pO=at |R=Uxv}W}@ pOt =@ =Q 14 |R=Uxv}tm pOt "1"5 |x}[k x@ xHwD =@ p=L
w s}vm|t u} Ro}=H 'CU= xOW xi=[= u; x@ R}v 13 C}OwOLt xm 7 pOt QO u;
"s} Qw;|t CUO x@ s}_vD p@=k |Q=mx_i=Lt |xHQO =@ =Q Q} R Q=wDU= |}=yv |=Dty

max
!;"+;"�Dual coaf

!rf � (1 + rf ) +
NX
i=1

(!i � �i)� � � ��
NX
i=1

ki � ("+
i � "�i )�

NX
i=1

(�i + �i)+

NX
i=1

NciX
j=1

 i;j � (�i � kci;j) +
NX
i=1

NpiX
j=1

�i;j � (kpi;j � �i)

s:t:

1)!rf +
NX
i=1

(!i � s0
i) +

NX
i=1

NciX
j=1

(!ci;j � pci;j)+
NX
i=1

NpiX
j=1

(!pi;j � ppi;j) = �

2)!i � bi + �i � �i + �i + bi �
NciX
j=1

 i;j � bi�
NpiX
j=1

�i;j = 0 i = 1; :::; n

3)�� �i + "�i � ki � 0; i = 1; :::; n
4)�+ �i + "+

i � ki � 0; i = 1; :::; n
5)!ci;j �  i;j � 0; i = 1; :::; n; j = 1; :::; Nc

i

6)!pi;j � �i;j � 0; i = 1; :::; n; j = 1; :::; Np
i

7)!rf ; � � 0
8)!i; �i; �i � 0; i = 1; :::; N
9)!ci;j ;  i;j � 0; i = 1; :::; N; j = 1; :::; Nc

i

10)!pi;j ; �i;j � 0; i = 1; :::; n; j = 1; :::; Np
i

(17)
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OQit
xO=R

uU
Ls

}Qt
wT

QOt
OtL

t xawtHt 5000 'pw= |xr�Ut QO xQwO |=yDv= QO s=yU Ct}k C=Q}}eD xR=@ uDiQo
hOy `@=D |a]k Q=Okt "OW O}rwD |iO=YD CQwYx@ s=yU |WRQ= |=yQDt=Q=B R=
hrDNt |=y� |=Q@ 17 pOt R= |W=v ?=wH T=U=Q@ =yxawtHt u}= |=Q@ =Q 1 pOt

"s}OQm x@U=Lt
xv=v}@WwN |=vatx@ ��C}a]k sOa uDiQov Q_v QO ,=twta xm OW xDio u}= R=V}B
Qo}O |wU R= &OwW|t |r=t O@U xOR=@ uOW |ak=wQ}e Ea=@ �� xr�Ut x@ uOQmx=ov
"OwW|t Q=}U@ |=yCYQi uO=O CUO R= Ea=@ R}v xr�Ut u}= x@ xv=v}@O@ VQov
|=Q@ �17 pOt� s}_vD p@=k |Q=mx_i=Lt xHQO =@ Q=wDU= |=Dty pOt R= xO=iDU=
Q=wDU= pOt R= pY=L ?=wH Cr=L u}= QO "CU= xOW O=yvW}B pmWt u}= Q@ x@re
CUOx@ hOy `@=D Q=Okt '� Q=Okt uOW QDW}@ =@ \UwDt Qw]x@ xm CU= |wLvx@
u=R}t |xOvvmu=}@ QDnQR@ |=y� QO pOt hOy `@=D Vy=m "O@=}|t Vy=m xOt;
Qou=}@ R}v u}}=B |=y� QO hOy `@=D Q=Okt V}=Ri= w 'Q=Pox}=tQU |q=@ |Q=mx_i=Lt
3 Q=Owtv "CU= |Q=Pox}=tQU |q=@ lU} Q xH}DvQO w Q=Pox}=tQU |xv=v}@WwN x=ov
|xvwtv 5000 QO hOy `@=D u=R}t \UwDt |=R=x@ =Q 1 pOt hOy `@=D C=Q}}eD
|QDW}@ u=v}t]= � Q=Okt V}=Ri= =@ pOt u}= QO Q=Pox}=tQU "OyO|t u=Wv |iO=YD
ẁ[wt u}= w OQ=O OwN |Q=Pox}=tQU R= |W=v Ot;QO K]U u} QDsm XwYNQO
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R= '=y?=wH QO ẁvD O=H}= |=Q@ xOWx�=Q= |=ypOt QO xm CU= QmP x@ sRq
xO=iDU= |Q=Pox}=tQU |=yxv} Ro `=wv= QO |Q=Pox}=tQU u=R}t pQDvm |=yC}OwOLt

"x}rw= |x}=tQU T=U=Q@ hOy `@=D C=Q}}eD OvwQ "2 Q=Owtv

"hOy `@=D C=Q}}eD "3 Q=Owtv

OvwQ � V}=Ri= =@ |R=Uxv}tm pOt u}= hOy `@=D Q=Okt CU= |y}O@ "OQ=O Q@
u}=Q@=v@ "OwW|t 17 pOt QO |OwaYQ}e OvwQ O=H}= x@ QHvt w OQ=O |OwaYQ}e
Q}O=kt =@ OQwNQ@ QO |Q=mx_i=Lt u=R}t V}=Ri= R= |W=v hOy `@=D Q=Okt Vy=m
u=R}t Vy=m |=vatx@ R}v |Q=mx_i=Lt V}=Ri= 'Qo}O hQ] R= "CU=yQDt=Q=B |WRQ=
uOQm Q_vhQY x@ QHvt xW}ty pOt |Q}PBlU} Q Vy=m "CU= pOt |Q}PBlU} Q
|Q=Pox}=tQU R= |W=v Ot;QO Vy=m xH}DvQO w |Q=Pox}=tQU |=yCYQi |[a@ R=

"OwW|t
'xr�Ut xU |=Q@ =Q 17 pOt hOy `@=D Q=Okt C=Q}}eD OvwQ V}=tv 1 Q=Owtv
p@=k |DL=Qx@ � V}=Ri= =@ hOy `@=D |Wy=m OvwQ "Ovm|t u=}@ � C=Q}}eD T=U=Q@
QO hOy `@=D QD`} QU |Wy=m OvwQ Q=Owtv u}= QO xHwD p@=k |xDmv "CU= xOy=Wt
|xr�Ut |=Q@ hOy `@=D |Wy=m C=Q}}eD OYQO 3 pwOH QO "CU= QDu}}=B |=y�

"CU= xOW u=}@ pw=
� C=Q}}eD Q}F-=D u=R}t R= � V}=Ri= =@ OwW|t xOy=Wt 3 pwOH QO xm u=vJ
100 =D 70 u}@ C=Q}}eD |DL xm |wLvx@ 'OwW|t xDU=m hOy `@=D Q}O=kt |wQ Q@
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Cr=L xr�Ut u}= "CU= |D; |=yVywSB |=Q@ xr�Ut u}= QO OwHwt |rY= |=yxv}tR
Q@ QDW}@ C}r=ai 'u}= Q@ xwqa "CU= Q=DWwv u}= QO |UQQ@ OQwt |xr�Ut QD|rm
C=Q}}eD xR=@ uDiQo Q_vQO "CU= umtt R}v xQwO |=yDv= QO s=yU VRQ= C=Q}}eD xR=@
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xO=R
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}Qt
wT

QOt
OtL

t %OwW|t u=}@ u}vJ 14 pOt |=Q@ xOW?DQt |R=Uxv}tm pOt

min
";"+;"�;t

0@ NX
i=1

(!i � bi � "i) +
NX
i=1

NciX
j=1

(!ci;j � tci;j)+

NX
i=1

NpiX
j=1

(!pi;j � tpi;j)
1A

s:t:

1)
nX
i=1

("+
i + "�i )� � � 0 �

2) "i � "+
i + "�i = 0; i = 1; :::; n �i

3) "+
i � "�i = 0; i = 1; :::; n ki

4) � "i � 1 � 0; i = 1; :::; n �i

5) "i � 1 � 0; i = 1; :::; n �i

6) � tci;j + bi � "i + �i � kci;j � 0;
i = 1; :::; N; j = 1; :::; Nc

i ; 	i;j

7) � tpi;j � bi � "i + kpi;j � �i � 0;
i = 1; :::; n; j = 1; :::; Np

i ; �i;j

8) � tci;j � 0; i = 1; :::; N; j = 1; :::; Nc
i �i;j

9) � tpi;j � 0; i = 1; :::; n; j = 1; :::; Np
i �i;j

10) � "+
i � 0; i = 1; :::; n 
i

11) � "�i � 0; i = 1; :::; n �i (3� A)

|=yC}OwOLt 'jwipOt|=yC}OwOLt|=Q@ xOWx�=Q= u=owO|=yQ}eDt|xr}Uwx@ =OD@=
%s} Qw;|t CUO x@ �?OLt u=owO |xr�Ut� x@ xHwD =@ =Q u=owO |R=Uxv}W}@ pOt

1) @"i : !i � bi + 1 � �i � 1 � �i + 1 � �i + bi �
NciX
j=1

	i;j�

bi �
NpiX
j=1

�i;j = 0; i = 1; :::; n

2) @"+
i : 1 � �� 1 � �i + "�i � ki � 1 � 
i = 0;
i = 1; :::; n

3) @"�i : 1 � �+ 1 � �i + "+
i � ki � 1 � �i = 0;

i = 1; :::n
4) @tci;j : !ci;j �	i;j � �i;j = 0; i = 1; :::; n; j = 1; :::; Nc

i

5) @tpi;j : !pi;j � �i;j ��i;j = 0; i = 1; :::; n; j = 1; :::; Np
i

6)�; �i; �i;	i;j ; �i;j ;�i;j ;�i;j
i;�i � 0 (4� A)

xt}t[
�"1"5� |x}[k C=@F=

x@ Q}}eD =@ w 'Qakt u=owO |xr�Ut R= �"2"5� |R=Uxv}tm pOt u=owO |x@U=Lt |=Q@
"s}vm|t xO=iDU= CU= OQ@ Q=m p@=k |R=Uxv}tm |x}rw= pOt |=Q@ xm ?OLt Cr=L

?OLt u=owO |xr�Ut
[15]"OwW|t xDiQo Q_vQO Q} R CQwYx@ x}rw= |R=Uxv}tm pOt

minxf(x)

s:t:

gi(x) � 0; i = 1; :::; n
hj(x) = 0; j = 1; :::;m

u; u=owO pO=at pOt f(x) w h(x) 'g(x) `@=wD |t=tD uOw@ ?OLt CQwYQO
%O};|t CUO x@ u}vJ

maxxf(x) +
nX
i=1

�igi(x) +
mX
j=1

�jhj(x)

s:t:

rf(x) +
nX
i=1

�irgi(x) +
mX
j=1

�jrhj(x) = 0 �i � 0

�
`@=wD ẁtHt Qo}O hQ] R= w 'CU= ?OLt |a@=D jxj `@=D xm CU= K[=w
u=wvax@ xm 13 C}OwOLt AJ CtU `@=D u}=Q@=v@ "CU= ?OLt |a@=D R}v ?OLt
"CU= ?OLt |a@=D 'CU= xOW xi=[= pOt x@ |Q=mx_i=Lt xHQO pQDvm C}OwOLt
QO u=owO pOt |x@U=Lt |=Q@ �?OLt u=owO |xr�Ut� R= xO=iDU= u=mt= xH}DvQO

"OQ=O OwHw pOt
=@ 13 C}OwOLt |v} Ro}=H x@ '14 pOt QO |Q}ojDWt u=mt= O=H}= CyH
|=[i u=vJty Cr=L u}= QO "s} R=OQB|t |R=UpOt QO Q} R pO=at |=yC}OwOLt

"OQ=O =Q p@k C=}YwYN 14 pOt
nX
i=1

("+
i + "�i ) � �

"i = "+
i � "�i ; "+

i � "�i = 0
"+
i � 0; "�i � 0 (1� A)

pOt |=yC}OwOLt uOQm ?DQt w 1� A |=yCQ=@a =@ jr]tQOk |v} Ro}=H R= Oa@
|=yxawtHt x@ xHwD =@ (� 0) |w=Ut QDlJwm CQwYx@ 14

"+ = f"+
i j8i 2 Ng; "� = f"�i j8i 2 Ng

t = ftci;j j8[i 2 N; j 2 Nc
i ]g \ ftci;j j8[i 2 N; j 2 Np

i ]g
" = f"ij8i 2 Ng (2� A)
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Q=wDU
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t"OwW|t u=}@ Q} R CQwYx@ |}=yv hOy `@=D pOt R= =yu; hPL =@ xm O};|t CUO

�� � ��
NX
i=1

ki � ("+
i � "�i )�

NX
i=1

�i �
NX
i=1

�i +
NX
i=1

NciX
j=1

	i;j�

(�i � kci;j) +
NX
i=1

NpiX
j=1

�i;j � (kpi;j � �i) (6� A)

w '6� A CQ=@a '4� A |=yC}OwOLt x@ xHwD =@ pOt u}= u=owO pO=at u}=Q@=v@
"O};|t CUO x@ Q} R CQwYx@ 15 |=yxawtHt

max
"+;"�;Dual coef

 
�� � ��

NX
i=1

ki � ("+
i � "�i )�

NX
i=1

(�i + �i)+

NX
i=1

NciX
j=1

	i;j � (�i � kci;j) +
NX
i=1

NpiX
j=1

�i;j � (kpi;j � �i)
1A

s:t:

1)!i � bi + �i � �i + �i + bi �
NciX
j=1

	i;j � bi �
NpiX
j=1

�i;j = 0;

i = 1; :::; n
2)�� �i + "�i � ki � 
i = 0; i = 1; :::; n
3)�+ �i + "+

i � ki � �i = 0; i = 1; :::; n
4)!ci;j �	i;j � �i;j = 0; i = 1; :::; n; j = 1; :::; Nc

i

5)!pi;j � �i;j ��i;j = 0; i = 1; :::; n; j = 1; :::; Np
i

6)�; �i; �i;
i;�i � 0; i = 1; :::; n
7) 	i;j ;�i;j � 0; i = 1; :::; n; j = 1; :::; Nc

i

8) �i;j ;�i;j � 0; i = 1; :::; n; j = 1; :::; Np
i (7� A)

w 'hOy `@=D QO �i;j ;�i;j ;
i;�i |=yQ}eDt Q}F-=D sOa x@ xHwD =@ jwi pOt QO
R= =Q =yC}OwOLt w OQm hPL =yC}OwOLt R= =Q =yu; u=wD|t =yu; uOw@ |ivtQ}e
O@=}|t Vy=m R}v pOt |=yQ}eDt O=OaD ?}DQD u}= x@ "O=O Q}}eD � x@ |w=Ut Cr=L

"O};|t CUO x@ 17 Q=wDU= |=Dty ,=D}=yv w
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j=1
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i=1

NpiX
j=1
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i=1

("+
i + "�i )� �) +

NX
i=1

�i � ("i � "+
i + "�i )+

NX
i=1
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i � "�i ) +

NX
i=1

�i � (�"i � 1) +
NX
i=1

�i � ("i � 1)+

NX
i=1

NciX
j=1

	i;j � (�tci;j � bi � "i + �i � kci;j) +
NX
i=1

NpiX
j=1

�i;j�

(�tpi;j � bi � "i + kpi;j � �i) +
NX
i=1

NciX
j=1

�i;j � (�tci;j)+
NX
i=1

NpiX
j=1

�i;j � (�tpi;j) +
NX
i=1


i � (�"+
i ) +

NX
i=1

�i � (�"�i )

xO=iDU= u; |=yC}OwOLt R= |R=Uxv}W}@ pOt hOy `@=D |R=UxO=U |=Q@ p=L
QO u; x@ \w@ Qt Q}eDt QO �4� A� u=owO C}OwOLt Qy ?Q[ =@ =OD@= "s}vm|t

%s}UQ|t Q} R |w=UD |=yC}OwOLt x@ '|Q}ojDWt

1)!i � bi � "i + "i � �i � "i � �i + "i � �i + "i � bi �
NciX
j=1

	i;j�

"i � bi �
NpiX
j=1

�i;j = 0; i = 1; :::; n

2) "+
i � �� "+

i � �i + "+
i � "�i � ki � "+

i � 
i = 0 i = 1; :::; n
3) "�i � �+ "�i � �i + "�i � "+

i � ki � "�i � �i = 0 i = 1; :::; n
4) tci;j � !ci;j � tci;j �	i;j � tci;j � �i;j = 0;

i = 1; :::; n; j = 1; :::; Nc
i

5) tpi;j � !pi;j � tpi;j � �i;j � tpi;j ��i;j = 0;
i = 1; :::; n; j = 1; :::; Np

i (5� A)

x@ �5� A� CqO=at AJ CtU x@=Wt |=yCQ=@a hOy `@=D uOQm?DQt =@ TBU
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