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'CavY Q}_v |}=yu=wva =@ |=y|Ov@xOQ u}= "OQ}PB|t CQwY �� =yv; C}r=ai
Oqwi 'wQOwN 'R=owCiv CavY x@ u=wD|t xrtH u; R= xm OvwW|t u=}@ """w 14VN@
|=yxOQ R= QDW}@ xOQ l} QO xOWs=Hv= |=yxrt=at sHL w VRQ= Qo = "OQm xQ=W= """w
xH}DvQO w [24]CW=O Ovy=wN |QDy@ OQmrta xOQ u; uwQO |=ysyU 'OW=@ Qo}O
"O@=} X=YDN= QDVRQ= =@ |=yxOQ |=ysyU x@ x}=tQU R= |QDW}@ syU CU= QDy@
OQmrta R= QDO@ 'Q=R=@ *QDVRQ==@ |xOQ QO CmQW l} OQmrta CU= umtt xD@r=
|=yxrt=at VRQ= xm s}vm ZQi Qo = ,qFt 'OW=@ QDVRQ=sm |xOQ QO `k=w |=yCmQW
OQmrta CU= umtt 'OW=@ wQOwN VN@ R= V}@ |t}WwQDB w |}=}t}W VN@ s=yU
R= "OW=@ QDO@ wQOwN VN@ |=yCmQW |xty OQmrta R= �V� |t}WwQDB CmQW

"OQ}ov Q=Qk C} wrw= QO |DmQW u}vJ |wQ |Q=Pox}=tQU xm CU= |a}@] 'wQ u}=
TQDUO QOCmQWN s=yU |wQ xm u; |=H x@VN@ VRQ=C}OwOLt 'u}=Q@=v@

xOW ^=Lr 2 C}OwOLt CQwYx@ Q=Pox}=tQU Q=_Dv= OQwt xOR=@ xv}tm uOW xOQw;Q@
|=yC@Uv ẁtHt u; j@] xm CU= xHOw@ C}OwOLt Qou=}@ 3 |x]@=Q "CU=
|Q=Pox}=tQU x@ xHOw@ pm X=YDN= u; swyit w OW=@ 1 =@ Q@=Q@ O}=@ |Q=Pox}=tQU
|ivt=v |=yOOa |Q=Pox}=tQU |=yC@Uv xm Ovm|t u}t[D 4 C}OwOLt "CU=

"OvW=@
x@ VN@ VRQ= w |D}r=v}OQ=m 'xrt=at Q=Okt u} QDsm |=yC}OwOLt uOwRi= =@

%CU= u}vJ u; *u=}@ xm s}UQ|t OwN Q_v OQwt |xDi=}pt=mD pOt

min �2
Rp =

NX
i=1

NX
j=1

wiwj Cov( �Ri; �Rj) (5)

%u; QO xm
wi = xicizi

NP
j=1

xjcjzj
(6)

w
NX
i=1

zi = M � N; M;N 2 N; 8i = 1; :::; N zi 2 f0; 1g (7)

%xm |}xvwox@
NX
i=1

xicizi �Ri � BR (8)

NX
i=1

xicizi � B (9)

0 � BLowi � xici � BUpi � B (10)X
is

Wis �
X
is0

wis0 8ys; ys0 6= 0; s; s0 2 f1; :::; sg; s < s0

(11)

%u; QO xm

ys =

8>><>>:
1 if

P
is
zi > 0

0 if
P
is
zi = 0

(12)

"is; is0 2 f1; :::; Ng w
�

%R= Ov=CQ=@a q=@ |=yx]@=Q QO xDiQ Q=m x@ |=yC@=F w =yQ}eDt
Q=Okt u} QDsm QO s=i syU Ct}k ?Q[ pY=L %ci &X}YND p@=k |xHOw@ %B
syU uOw@v =} uOw@ xm l} w QiY Q}eDt %zi &�K}LY OOa� =yci O=OaD %xi &xrt=at
&O@U |xR=Ov= = O@U QO R=Ht |=ysyU O=OaD %M &Ovm|t u}}aD =Q O@U QO s=i
|xHOw@ xv}W}@ %BUpi &s=i syU |wQ |Q=Pox}=tQU p@=k |xHOw@ xv}tm %BLowi
%� &CU= s=sVN@ x@ jraDt xm |tyU T}Ov= %is &s=i syU |wQ |Q=Pox}=tQU p@=k
uOW?=NDv= xm l} w QiY Q}eDt %ys w &�syU� CmQW N |=Q@ =yVN@ pm O=OaD

"OyO|t u=Wv O@U QO =Q s=sVN@ R= |tyU uOWv =}
,qFt "CU}v umtt x=wNrO O=OaD Qy x@ =ysyU VwQi w O} QN '|ak=w Q=R=@ QO
=ysyU |xrt=at 'xmr@ OQm xrt=at =Q CmQW l} s=yU R= syU 2 u=wD|tv RoQy
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=yxQ
Pxw

Qo|
R=Ux

v}y@
R=x

O=iD
U==@

s=yU
O@U

?=N
Dv=O};|tQ@ u}vJ |@ QHD |=yxH}Dv R= [38]"OW=@ �sD} Qwor= Q=QmD =}� u=tR R= |]NQ}e

[39]"OQ=O p=@vO x@ |@ wN |}=Qosy c1 = c2 = 1 49618 w w = 0 7298 xm

=yxQP xwQo *|}wOwO |R=Uxv}y@ "1"3
xm CU= |Dr=L [40]OW |iQat 1997 p=U QO xm =yxQP xwQo *|} wOwO |R=Uxv}y@
jq]= |D}@ |xDWQ l} hrDNt |=yCr=L |=[i x@ wHwCUH |=[i 'u;QO
|D}@ |xDWQ "OQ}o|t OwN x@ =Q 1 =} QiY Cr=L wO R= |m} u; C}@ Qy xm OwW|t
Q}}eD p=tDL= 'xQP CaQU Q=OQ@ |x}=QO Qy w OyO|t p}mWD =Q xQP C}akwt Q=OQ@
|R=Us=ovyx@ |=yx]@=Q "Ovm|t u}}aD =Q C}akwt Q=OQ@ QO Q_=vDt |x}=QO Cr=L

%R= Ov=CQ=@a =yxQP xwQo |} wOwO |R=Uxv}y@ QO C}akwt w CaQU8>>>>>>><>>>>>>>:
vid(t) = vid(t� 1) + c1ri1(pid � xid(t� 1))+

c2ri2(pgd � xid(t� 1))

xid(t) =

8<:1 �id < sig (vid(t)) Qo =
0 OQ=wt Q}=U

(14)

`@=D "OwW|t O}rwD [0; 1] |xR=@ QO xm CU= |iO=YD OOa l} �id 'u;QO xm
%OwW|t x@U=Lt 15 |x]@=Q T=U=Q@ sig(vid)

sig(vid) = 1
1 + exp(�vid) (15)

"CU= |}=tv `@=D exp(�vid) 'u; QO xm

Q=OC}OwOLt |=yxr�Ut |R=Uxv}y@ w PSO "2"3
h} QaD u}vJ u=wD|t =Q �O}kt� Q=OC}OwOLt |R=Uxv}y@ p�=Ut R= |m} |rm pmW

%OQm
Min: or Max:f(~x); ~x = (x1; x2; :::; xn) 2 Rn (16)

%x@ \wvt
gi(~x) � 0; i = 1; 2; :::; p
hj(~x) = 0; j = 1; 2; :::;m

"xli � xi � xui ; i = 1; 2; :::; n %=yu; QO xm
xm CU= pwtat [41]"OvQ}PBjDWt w xDUw}B `@=wD =yh w =yg 'f 'h} QaD u}= QO

%Ovvm p}O@D |Q@=Q@=v C}OwOLt x@ 17 |x]@=Q T=U=Q@ =Q |Q@=Q@ |=yC}OwOLt
jhj(~x)j � " � 0 (17)

'=yC}OwOLt "CU= �lJwm Q=}U@ C@Ft Q=Okt l}� R=Ht Tv=QrwD " u; QO xm
"Ovvm|t s}UkD umtt=v w �F � umtt |x}L=v wO x@ =Q wHwCUH |=[i

l} R= xm OW |iQat �IPSO� xDi=}<=kDQ= PSO sD} Qwor= l} 2007 p=U QO
R= |Q}oW}B w wHwCUH |=[i QO =RHt |=yx}L=v QO Vw=m |=Q@ VyH Qorta
uOQm`tH =@ u}vJsy sD} Qwor= u}= [42]"OQ@|t xQy@ |rLt |=yxv}y@ QO uO=Di=Q}o

"OyO|t C}atHQ} R OvJ O}OH |WwQx@ 'sy x@ l}ORv w x}=Uty O=Qi= |NQ@

xOW?=NDv= CmQW M s=yU |wQ �=yCmQW� =ysyU ?=NDv= R= TB 'OwW p=ta=
xDW=Po Q=vm ?=NDv= C} wrw= R= �V� |t}WwQDB CmQW ?}DQD u}=x@ "OwW|t p=ta=
u}= 12 |x]@=Q j@] "OwW|t h} QaD ys l} w QiY Q}eDt 'Q=m u}= |=Q@ "OwW|t
u; R= syU l} smCUO xm OQ}o|t OwN x@ 1 Q=Okt |v=tR s=s VN@ |=Q@ Q}eDt

"OwW|t QiY u; Q=Okt CQwY u}= Q}e QO "OW=@ xDiQo Q=Qk O@U QO VN@
pOt QO =t= 'xDiQo 15�xOQ C}OwOLt� u=wva `@=vt R= |NQ@ QO C}OwOLt u}=
OQ=w s=yU O@U ?=NDv= pOt QO Q=@u}DUNv |=Q@ C}OwOLt u}= [11]"CU= xOWv OQ=w
|x]@=Q R= VRQ= C}OwOLt u=}@ |=Q@ =Hu}= QO [24]"CU= xOW xDiQo Q=m x@ w xOW
[24]C=ar=]t Qo}O QO xOW xDiQo Q=mx@ |=yx]@=Q Qo}O R= xm OwW|t xO=iDU= 11
w u} QDVRQ= =@ 1 VN@ xm OwW|t ZQi 'C=ar=]t Qo}O uwJty "CU= QDj}kO
?DQt |rwRv ?}DQDx@ VRQ= Q_v R= =yVN@ w CU= VN@ u} QDVRQ=sm s=� VN@
xDiQo Q=Qk O@U QO |}=ysyU '(s > s0)s0 w sVN@ wO R= xm O}vm ZQi "OvwW|t
ẁtHt xm OQ=O|t u=}@ 11 |x]@=Q CQwYu}= QO "�ys; ys0 6= 0 |va}� OW=@

|=ysyU Q=R=@ |=yVRQ= ẁtHt R= 's=sVN@ R= |@=NDv= |=ysyU Q=R=@ |=yVRQ=
"CU= QDW}@ s=s0 VN@ R= |@=NDv=

=yxQP xwQo |R=Uxv}y@ "3
u; QO xm [37�35]CU= |R=Uxv}y@ sD} Qwor= l} '16�PSO� =yxQP xwQo |R=Uxv}y@
|=[i QO xm OvDUy |}xwkr=@ |=y?=wH =yu; 17C}akwt QDj}kO CQ=@ax@ w =yxQP
l} |x@U=Lt =@ 'XNWt Q=}at l} x@ uO}UQ =D w Ov};|tQO R=wQB x@ wHwCUH
|D}atH =OD@= 'u}=Q@=v@ "OvOQo|t hOy `@=D Q=Okt u} QDy@ p=@vO x@ ?U=vD |x]@=Q
QO w X=N |=yx]@=Q j@] TBU "OwW|t p}mWD x}rw= |=yC}akwt =} =yxQP R=
Q}Ut |] QO "Ov};|tQO VOQo x@ wHwCUH |=[i QO '|B=}B *|v=tR |=ys=o
`@=D Q=Okt u} QDy@ R= CU= CQ=@a xm 'xQP Qy �18�pbest� *|YNW *u} QDy@� R=wQB
QO u}vJty "OwW|t C@F 'u; C}akwt Q=OQ@ w xQP u; |=Q@ xOt; CUOx@ hOy
|YNW |=yu} QDy@ u=}t R= Q=Okt u} QDy@ �� �19�gbest� *|rm *u} QDy@� 's=o Qy
Q=OQ@ R= s=d |x}=QO 't s=o Qy QO "OwW|t C@F �� u; C}akwt Q=OQ@ w =yxQP |xty
*C}akwt Q=OQ@ w �~vi(t) = (vi1; vi2; :::; viD)� |}=Hx@=H |xrY=i =} CaQU
|=ypwtQi j@] 'wHwCUH |=[i QO s=i|xQP �~xi(t) = (xi1; xi2; :::; xiD)�

"OwW|t s=ovyx@ Q} R |DWoR=@8>>>><>>>>:
vid(t) = vid(t� 1) + c1ri1(pid � xid(t� 1))+

c2ri2(pgd � xid(t� 1))

xid(t) = xid(t� 1) + vid(t)

(13)

&OvwW|t xOv=wN �?=DW?} Q[� w Ov=C@=F ,qwtat |=yOOa c2 w c1 '=yx]@=Q u}= QO
&OvwW|t O}rwDCN=wvm} `} RwD =@ [0; 1] |xR=@ QO xm Ov=|iO=YD |=yOOa ri2 w ri1
w (~pi = (pi1; pi2; :::; piD))i |xQP |YNW *u} QDy@ Q=OQ@ R= s=d |x}=QO pid

"CU= (~pg = (pg1; pg2; :::; pgD)) *|rm *u} QDy@ Q=OQ@ R= s=d |x}=QO pgd
Ov=t uRw w Vmax QDt=Q=B wO R= 'wHwCUH |=[i QO =yxQP CaQU pQDvm |=Q@
'x@U=Lt R= TB (vid(t)) CaQU Q=OQ@ |x}=QO Qy [38w37]"OwW|t xO=iDU= �w�
QO '13 pwtQi QO �w� Ov=t uRw "OwW|t [�Vmax; Vmax] |xR=@ x@ OwOLt
|rm |wHwCUH u=}t pO=aD O=H}= w Vkv "OwW|t ?Q[ vid(t� 1) |xrtH
=} |]N |a@=D =} C@=F C@Ft OOa l} Ov=wD|t w "CU= |rLt |wHwCUH w
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p[
=iO

=WQy
tw

|v=m
tpo

=[Q
O}tL pm QO |vwvm pbest u} QDy@ R= '�1 pmW QO C |xQP pFt� =yxQP |xOv=t|k=@

[42]"Ovvm|t xO=iDU= �gbest� C}atH
w C}akwt xm [42]CU= xOW xi=[= PSO x@ =} wB VyH MQv l} u}vJty
Qorta 'OwW|t =QH= sD} Qwor= xm |Dkw "OyO|t Q}}eD u=tRsy =Q =yxQP CaQU
O=} R |r}N VyH MQv xJv=vJ w OvR|t syQ@ =Q =yxQP �CaQU w C}akwt� VyH
|=yxQP O=OaD O}=@ 'u}=Q@=v@ "OQ=Po|t Q}F-=D xv}y@ |x]kv |=Q@ wHwCUH Q@ 'OW=@

%R= CU= CQ=@a xO=iDU= OQwt VyH MQv "Ov@=} Vy=m xDi=}VyH
temp = gen=max ge (19)

pmutation = 2(1� temp)2=var num (20)

w =yQ=QmD pm O=OaD max gen 'sD} Qwor= |vwvm Q=QmD |xQ=tW gen u; QO xm
tempCkwt Q}eDt "CU= xQP CaQU w C}akwt uDi=} VyH p=tDL= pmutation
pmutation xH}DvQO w OwW|t QDnQR@ sD} Qwor= |=QH= u}L =yQ=QmD O=OaD V}=Ri= =@
|xQP |=Q@ VyH "Oy=m@ QN; |=yQ=QmD QO =yxQP uOQwNsyQ@ R= =D O@=}|t Vy=m

%OwW|t u=}@ u}vJ s=i
vid = � � vid � 2 � random (21)

xid = xid + vid; d = 1; 2; :::; D (22)

|OOa random w |iO=YD Qw]x@ xOWO}rwD *CyH � 2 f�1; 1g u; QO xm
"CU= i |xQP C}akwt s=d Oa)@xid "CU= (0; 1) |xR=@ QO |iO=YD

|=yxQP xwQo |R=Uxv}y@ ?}mQD %|O=yvW}B sD} Qwor= "4
21 (CBIPSO) |}wOwO w xOW KqY=

XwYNQO xm|DtUk %CU=\@DQt|rw =RHtCtUk wO Q@|vD@t|O=yvW}B sD} Qwor=
?}mQD l} |=Q@ xm |DtUk w Ovm|t pta TQDUO QO *syU N R= syU M ?=NDv=
|=yC@Uv p=@vO x@ K}LY �|=yOOa� |=[i QO 'Q=QmD Qy QO xOWu}}aD *|tyUM
CU= pw]sy C}akwt Q=OQ@ wO |=Q=O xQP Qy 'T=U= u}=Q@ "CU= xv}y@ |Q=Pox}=tQU
w �=yzd� CU= l} w QiY *|} wOwO |=[i QO xQP C}akwt Q=OQ@ =yu; R= |m} xm
&OyO|t u=Wv =Q TQDUOQO *syU N R= syU M ?=NDv= XwYNQO |Q}os}tYD
|=y?=NDv= |=v@tQ@ xm CU= K}LY |=[i QO xQP C}akwt Q=OQ@ 'Qo}O Q=OQ@
�OvQ}o|t 1 Q=Okt xm |Q_=vDt |=yx}=QO� |} wOwO C}akwt Q=OQ@ QO xDiQoCQwY
QO "Ovm|t u}}aD =Q |Q=Pox}=tQU |=yC@Uv 'Q=OQ@ u}= "�=yxd� OwW|t s=ovyx@
C}akwt |Q]U Q=OQ@ p}mWD x@ sy Q=vm QO 'xOWxDio C}akwt Q=OQ@ wO 'sD} Qwor= u}=

"�2 pmW� Ovt=Hv=|t xQP
"�3 pmW� OwW|t p}mWD CtUk wO R= R}v xQP CaQU *|Q]U Q=OQ@ u}vJty
pt=W w CU= |} wOwO |Q}os}tYD |=[i QO xQP CaQU |xOvvmu}}aD pw= CtUk
VmaxBd CQ=@a "CU= ��VmaxBd; VmaxBd� |xR=@ QO |k}kL |=yOOa
'swO CtUk "CU= |} wOwO CtUk QO s=d �syU� Oa)@ |=Q@ Vmax QDt=Q=B Qou=Wv
|L}LY |=yOOa R= u; |=yx}=QO w OyO|t u=Wv K}LY |=[i QO =Q xQP CaQU
|=Q@ Vmax QDt=Q=B 'VmaxId "OwW|t p}mWD ��VmaxId; VmaxId� |xR=@ QO
'|} wOwO wK}LYCtUk wO |R=Us=ovyx@ "CU=K}LYCtUk QO s=d �syU� Oa)@
xwQo |} wOwO |R=Uxv}y@ w xOW KqY= IPSO |=yVwQ j@] ?}DQDx@ w xv=o =OH

"OQ}PB|t CQwY 'OW xO=O K}[wD QDV}B xm '=yxQP

x@ |Q@=Q@ |=yC} wOwOLt 17 |x]@=Q j@] =OD@= =yC}OwOLt uOQm^=Lr |=Q@
|x@U=Lt QO [43]'u}kkLt R= |NQ@ |xw}Wx@ R}v =Hv}= QO "OvwW|t p}O@D |Q@=Q@=v
w Qo}Om} R= =yxQP C}akwt |@Uv |xrY=i xm xOW xO=iDU= xt} QH `@=D R= ?U=vD
Q_v QO =Q C}OwOLt RQt x@ C@Uv xQP |Q=wHsy |xHQO |va} 'umtt |x}L=v R=

%OwW|t x@U=Lt 18 |x]@=Q R= �Ffit� xQP ?U=vD `@=D Q=Okt "OQ=O

Ffit =

8>>>><>>>>:
f(~x); ~x 2 F
max (gi(~x); (jhj(~x)j � ") j ) +N ; ~x =2 F

i = 1; 2; :::; p; j = 1; 2; :::;m
(18)

sD} Qwor= QO '|rY= PSO hqNQ@ "CU= nQR@ C@Ft Q=Okt l} N u; QO xm
C}atHQ} R Qy QO =yxQP "OwW|t s}UkD C}atHQ} R |O=OaD x@ C}atH IPSO

Q@yQ |xQP �*|YNW *u} QDy@� pbest Q=Okt R= =Q OwN �|rm u} QDy@� gbest Q=Okt
C@=F ,=twRr x}=Uty |=yxQP w =y|o}=Uty =Hv}= QO "Ovvm|t Ci=} QO 20C}atHQ} R
xm =Q |}xQP IPSO w Ovm|t C@F =Q gbest Q=Okt =yC}atHQ} R R= |m} "OvDU}v
?=NDv= C}atHQ} R Q@yQ u=wvax@ OW=@ pbest u} QDy@ |=Q=O |vwvm C}atH QO
l}ORv |=yxQP 'wHwCUH |=[i QO|UO}rk= |xrY=i T=U=Q@ 'TBU [42]"Ovm|t
C}akwt |x@U=Lt QO xm OvyO|t p}mWD =Q |D}atHQ} R sy =@ C}atHQ} R Q@yQ x@
p}mWD |=Q@ "OQ}o|t Q=m x@ OwN CaQU pwtQi QO =Q Q@yQ |xQP pbest '|Oa@
Q@yQ =@ TBU &OwW|t hPL C}atH R= |r@k C}atHQ} R =OD@= '|Oa@ C}atHQ} R
|=yx}=Uty u}}aD w OQ=O xOv=t|k=@C}atH QO =Q pbest u} QDy@ xm |}xQP uO=OQ=Qk
=yC}atHQ} R |xty?}DQD u}tyx@ w OwW|t p}mWD |Oa@C}atHQ} R 'w= x@l}ORv

"�1 pmW� OvQ}o|t pmW
u}=Q@=v@ w OQ=O =Q �|YNW *u} QDy@� pbest Q=Okt u} QDy@hr= |xQP 1 pmW QO
,qFt� hr= |xQP x@ l}ORv |xQP "OwW|t ?=NDv= C}atHQ} R l} Q@yQ u=wvax@
R=wQB u; |wU x@ w OQ}o|t Q_v QO xDUy w RmQt u=wvax@ =Q hr= |xQP �? |xQP
=Q =yxQP xm OvyO|t p}mWD =Q 1 C}atHQ} R �hr= |xQP pt=W� =yxQP u}= "Ovm|t
3 w 2 |=yQ@yQ "Ovm|t C}=Oy q=@ *AJ CtU umtt |x}L=v QO wHwCUH |=Q@
u}}=B CU=Q umtt |x}L=v QO wHwCUH |=Q@ =Q 3 w 2 |=yC}atHQ} R ?}DQDx@
'OUQ|t xOWu}}aD V}B R= OL x@ =yC}atHQ} R O=OaD xm |Dkw "Ovvm|t |Q@yQ

[37]"IPSO sD} Qwor= |=Q@ =yC}atHQ} R p}mWD "1 pmW
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=yxQ
Pxw

Qo|
R=Ux

v}y@
R=x

O=iD
U==@

s=yU
O@U

?=N
Dv=xm CU= u}= hkwD \QW '=yxQP C}akwt w CaQU |R=Us=ovyx@ |xkrL QO

|=yC}akwt xv}W}@ Q@=Q@ xO R= Q=QmD O=OaD =} OwW xv}W}@ umtt |=yC}akwt O=OaD
umtt |x}L=v QO xQP Qo = "OwW|t x@U=Lt xQP Qy |=Q@ ?U=vD Q=Okt "OQPo@ umtt

%OwW|t x@U=Lt 23 |x]@=Q j@] xQP ?U=vD 'OW=@
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%u; QO xm
!
X� = ~x
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~z Q=OQ@ w �xQP C}akwt K}LY CtUk� ~x Q=OQ@ |x]kv x@ x]kv ?Q[pY=L !
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|=Q=O 18 |x]@=Q =@ xU}=kt QO 23 |x]@=Q "CU= �xQP C}akwt |} wOwO CtUk�
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"O@=}|t V}=Ri= |m} umtt
xQP ?U=vD 18 |x]@=Q T=U=Q@ 'OW=@v umtt |x}L=v QO xQP C}akwt Qo =

%s} Q=O 11 C}OwOLt R= h=QLv= u=R}t u}}aD |=Q@ "OwW|t u}}aD Q} R j@=]t
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8><>:
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wds0 �

P
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P
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0 o:w:
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Q=Okt "ys0 6= 0 u; |=Q@ xm CU= sVN@ R= Oa@ VN@ u}rw= |xQ=tW s0 'u; QO xm
%s} Q=O ys; ys0 6= 0 xm |r=wDt s0 w s Qy |=Q@ '=t= O};|t CUO x@ 12 |x]@=Q R=
��s =

X
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C}akwt 'CQwY u}= QO "OwW|t |YNW *u} QDy@ u} Ro}=H?U=vD Q=Okt 'OW=@ QDsm

"OwW|t C@F |YNW *u} QDy@ C}akwt u=wvax@ R}v xQP |vwvm
*u} QDy@ u=wvax@ '|vwvm *|rm u} QDy@ w =yxQP?U=vD |=yQ=Okt u}@ Q=Okt u} QDsm
Q@=Q@ =y?U=vD Q=Okt u} QDsm =@ |rm *u} QDy@ Qo = 'TBU "OwW|t C@F O}OH |rm
"OwW|t Q@=Q@ OQ=O =Q ?U=vD u} QDsm xm |}xQP C}akwt =@ |rm u} QDy@ C}akwt 'OW=@
`k=w |=yxQP O=OaD T=U=Q@ =} wB Qw]x@ =yC}atHQ} R u=Q@yQ O=OaD 'Q=QmD Qy QO
xDW=Ov OwHw Q=QmD u; QO |vmtt |xQP I}y Qo = "OwW|t u}}aD umtt |x}L=v QO

'pmW u}= QO "u; |=RH= w CBIPSO sD} Qwor= QO xQP C}akwt Q=OQ@ "2 pmW
"CU= 4 �M � O@U |xR=Ov= w 8 �N � TQDUO QO |=ysyU pm O=OaD

"u; |=RH= w CBIPSO sD} Qwor= QO xQP CaQU Q=OQ@ "3 pmW

u}}=B OL u}@ |iO=YD K}LY |=yOOa =@ =yxQP C}akwt 'K}LY CtUk |=Q@
CaQU "OvwW|t x}rw=|yOQ=Okt �ubdd =

BUpd
cd

� q=@ OL w �lbdd =
BLowd
cd

�
x}rw= |yOQ=Okt ��VmaxId; VmaxId� |xR=@ QO K}LY |iO=YD |=yOOa =@ R}v
[44]"O};|tCUO x@ |QDy@ G}=Dv 'Oa)@ Qy QO Vmax = Xmax uO=O Q=Qk R= "OwW|t
Qy |=Q@ Ov=wD|t u}=Q@=v@ w 'CU= Oa)@ Qy QO wHwCUH |=[i |q=@ u=Qm Xmax

OwW|t xDiQo Q_vQO |}=DN Q=OQ@ l} CQwYx@ 'VmaxI "OW=@ Cw=iDt |OOa Oa@
"CU= (ubdd � lbdd) R= |@} Q[ u; d |x}=QO Qy Q=Okt xm

M |iO=YD CWo}=H R= C}akwt |Q]U Q=OQ@ Qy '|} wOwO CtUk |=Q@
CaQU |x}rw= |=yQ=OQ@ |=yx}=QO "OwW|t p}mWD QiY *OOa N �M w 1 *OOa

"OvwW|t ?=NDv= [�1; 1] |xR=@ R= |iO=YD Qw]x@ xm Ov=|k}kL |}=yOOa
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=iO
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|v=m
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=[Q
O}tL Wmax = 1 05 '=Hv}= QO "CU= xOW xO=O Q=Qk u}at OL x@ umtt |=yC}akwt

VyH MQv u}}aD |=Q@ xw}W u}ty x@=Wt [38]"Ov=xOW ?=NDv= Wmin = 0 4 w
%CU= xOW xDiQo V}B QO

pmutation = 0 25
�

1� Noof Feasible Positions
MaxFeasible Positions

�2
(30)

Vy=m u}= lrPat 'O@=}|t Vy=m sD} Qwor= |=QH= =@ VyH MQv xJQo = R}v =Hv}= QO
VwQ =@ xU}=kt QO |O=yvW}B VwQ QO |Qo}O R}=tD xHw ẁ[wt u}= "CU}v |]N

"�O}}=tQi x_Lqt =Q 20 |x]@=Q� "OW=@|t u}W}B
|=y?} Q[ Q=Okt 'K}LY w |} wOwO CtUk |=Q@ CaQU |R=Us=ovyx@ QO

"Ov=xOW ZQi 1 496 pO=at 3 VN@ T=U=Q@ c2 w c1 ?=DW
|R=Us=ovyx@ "OwW|t s=ovyx@ =yxQPC}akwt wCaQU|} wOwOCtUkCUNv
u} QDy@C}akwt R= xO=iDU= |=Hx@ xm Cw=iD u}= =@ OwW|t s=Hv= 14 |x]@=Q T=U=Q@
pld |va} 'OwW|t xO=iDU= C}atHQ} R *Q@yQ *|YNW u} QDy@ C}akwt R= '|rm
Qw]x@ [0; 1] |xDU@ |xR=@ R= 'Oa)@ Qy w xQP Qy |=Q@ r2 w r1 "OwW|t pgdu} Ro}=H
Qy QO O}OH CaQU 'CaQU |R=Us=ovyx@ R= TB "OvwW|t |yOQ=Okt |iO=YD
'TBU "OQ}ov Q=Qk u; R= QD=Qi =D OwW|t xU}=kt VmaxBd CaQU |q=@ OL =@ Oa)@

"OQ}o|t CQwY C}akwt |R=Us=ovyx@
VyH MQv xm |r=tDL= =@ 'OvW=@ Q=QkQ@ Q} R |=y\QW |xty Qo = xQP Qy |=Q@

"OwW|t p=ta= |} wOwO C}akwt |wQ VyH 'Ovm|t u}}aD
%xH}DvQO w �M < N � OW=@ TQDUO QO |=ysyU R= QDsm O@U |xR=Ov= �

&9d 2 f1; 2; :::; Ng; zd = 0
&OW=@ 1 xQP |} wOwO C}akwt R= �Oa)@� C}@ l} smCUO �

|xR=Ov= |w=Ut =} QDlJwm xQP |} wOwO C}akwt 1 �|=yOa)@� |=yC}@ O=OaD �
"OW=@ �M � O@U

|iO=YD Qw]x@ |} wOwOC}akwt R= |Oa)@ =OD@= |} wOwOCtUk uO=OVyH |=Q@
0 C}@ Q=Okt Qo = "OwW|t xO=O Q}}eD QiY x@ Ow@ 1 u; Q=Okt Qo = w OwW|t ?=NDv=
O@=}|t xt=O= =Hv; =D OvwQ u}= w OwW|t ?=NDv= ,=iO=YD |Qo}O C}@ ,=OOHt Ow@
|wHwCUH =yC}@ |x}k@ u=}t QO 'xrLQt u}= R= TB "OwW =O}B 1 C}@ l} xm

"OwW p}O@D 1 x@ u; Q=Okt =D OwW|t s=Hv= OW=@ 0 xm |D}@ uDi=} |=Q@ |iO=YD
Q=Okt xm OwW|t s=Hv= |}=yOa)@ QO K}LY CtUk |R=Us=ovyx@ 'xQP Qy |=Q@
'Qo}O CQ=@ax@ "OW=@ 1 =@ Q@=Q@ |} wOwO CtUk QO =yu; Q}_v |} wOwO �Oa)@� C}@
Q=m u}= "OW=@ xOW ?=NDv= O@U |=Q@ xm OwW|t xO=O Q}}eD|tyU |Q=Pox}=tQUC@Uv
"Oy=m|t C=@U=Lt sHL R= |yHwD p@=k Q=Okt 'OUQ|t Q_v x@ |k]vt xm u; ut[
=@ [45]"OvwW|t ?=NDv= [0 5; 1 5] |xR=@ R= |iO=YD Qw]x@ ?=DW |=y?} Q[
CU= O@U QO s=d |}=Q=O C@Uv |xOvvmu}}aD xdcd ?Q[ pY=L xm u; x@ xHwD
=@ wd QO xd Q}}eD OL=w l} R= |W=v Q}F-=D 'Ov=Cw=iDt sy =@ =ycd R}v w �6 |x]@=Q�
|=Q@ wQ u}= R= "CU= Cw=iDt �d 6= j xm � wjQO xj Q}}eD OL=w l} R= |W=v Q}F-=D
|R=Up=tQv ?} Q[ l} R= =[i hrDNt |=yOa)@ QO wHwCUH Q}F-=D |R=Up=tQv
CUO x@ 31 |x]@=Q R= xm s}vm|t xO=iDU= K}LY CtUk C}akwt R= Oa)@ Qy |=Q@

"O};|t
nd = (maxfcdjd = 1; 2; :::; Ng)=cd) (31)

pwtQi 'u}=Q@=v@ "OwW|t ?Q[ Ov=t uRw QO ?} Q[ u}= 'CaQU |R=Us=ovyx@ QO

|=Q@ |ikU 'Qo}O |wU R= "OwW|t Qw_vt 1 =@ Q@=Q@ =yC}atHQ} R u=Q@yQ O=OaD 'OW=@
QDq=@ hkU u}= R= umtt |=yxQP O=OaD Qo = &�10 ,qFt� OwW|t ^=Lr O=OaD u}=
u} QDW}@ =@ Q@=Q@ xm u=Q@yQ O=OaD "OwW|t |w=Ut hkU Q=Okt =@ u=Q@yQ O=OaD 'OW=@
j}kLD u}= XDNt w O};|t CUO x@ 28 pwtQi T=U=Q@ CU=yC}atHQ} R O=OaD

%CU=
MaxNo of SubPops =8<:min(Noof feasible particles; cte) 9~xi 2 F

1 @~xi 2 F
(28)

ZQi 10 =@ Q@=Q@ cte C@=F 'j}kLD u}= QO "CU= umtt |x}L=v F 'u; QO xm
"OwW|t

CU= xOW xDiQo V}B QO =yC}atHQ} R p}mWD |=Q@ Q=DWwv u}= QO xm |WwQ
*u} QDy@ T=U=Q@ =yxQP =OD@= 'VwQ u}= QO "OQ=O Cw=iD [42]u}W}B |=yVwQ =@
ẁQW xQP u} QDy@ R= TBU "OvwW|t ?DQt �� u} QDO@ =D u} QDy@ R= �� u=W|YNW

u=}t R= 'x=ov; "OvwW|t =OH C}atH R= w u}}aD Q@yQ |=yxQP swrat O=OaD x@ w xOQm
nv}ty |xrY=i w |UO}rk= |xrY=i |=yQ=}at T=U=Q@ w C}atH |xOv=t|k=@
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Q=Okt �� Qo}O |=yxQP =@ xU}=kt QO �� sy x@ l}ORv |xQP OvJ Qo = xm OwW|t
OvwW C}atHQ} R l} |=[a= |oty 'OvW=@ xDW=O C}atH QO |@ wN |r}N ?U=vD
Qo}O |wHwCUH Q}F-=D ,qta w 'OvW=@ xDW=O |i}a[ |Q@yQ Qo}O |=yC}atHQ} R w
VwQ =t= "OUQ@ OL u} QDsm x@ xv}y@ MU=B x@ |@=}CUO CaQU QO =yC}atHQ} R
u=Wv sy =@ VwQ wO u}= |rta |xU}=kt "OR=U hQ]Q@ =Q xY}kv u}= Ov=wD|t O}OH

"CU= xDW=O |QDy@ |xH}Dv w OQmrta O}OH VwQ xm OyO|t
`=aW l} =@ 'K}LY |wHwCUH |=[i QO Q@yQ R= =yxQP |UO}rk= |xrY=i
'OvQ}o|t Q=Qk Q@yQ *|o}=Uty `=aW uwQO xm |}=yxQP "OwW|t xO}HvU |o}=Uty
R}v |Qo}O Q=}at '|UO}rk= |xrY=i Q@ xwqa "OvyO|t C}atHQ} R p}mWD w= =@
nv}ty |xrY=i u; w CU= xOW xO=O Q=Qk Q@yQ l} *C}atHQ} R QO C} w[a |=Q@
QDsm u}at Q=Okt l} R= O}=@ xm CU= Q@yQ |} wOwO C}akwt =@ xQP |} wOwO C}akwt
Q@yQ *|YNW *u} QDy@ C}akwt R= 'u; Q@yQ xrtHR= 'C}atHQ} R Qy |=yxQP "OW=@
uRw "Ovvm|t xO=iDU= CaQU |R=Us=ovyx@ pwtQi QO |rLt |rm *u} QDy@ u=wvax@
u}vJ Ov=t uRw |x@U=Lt VwQ "Ovm|t Q}}eD |rwRv Qw]x@ Q=QmDQy QO �w� Ov=t

%CU=
w = wmax � Noof Feasible Positions

MaxFeasible Positions
� (wmax � wmin)

(29)

umtt |=yC}akwt O=OaD |xOvQ=tW Noof Feasible Positions 'u; QO xm
uwJ "CU= umtt |=yC}akwt xv}W}@ MaxFeasible Positions w uwvm =D
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|=yC}akwt O=OaD 29 |x]@=Q QO xm u}= p}rO "O@=}|tvVy=m|]N Qw]x@ Ov=t uRw
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u}= |xty ẁtHt 'xJv=vJ OW=@ �10 =D Ov=wD|t Q=Okt u}= &OvW=@ `=Wt |Q=Pox}=tQU

"OW=@ |}=Q=O Xr=N VRQ= �40 R= QDtm =y|}=Q=O
8. index tracking or sharpe's single factor model
9. asset allocation problem
10. reliability methods
1 `HQt x@ |v=QL@ \N VwQ w Markowitz pOt R= |rt=m K}[wD Ci=} QO |=Q@ "11

"O}vm xaH=Qt
12. market or sector capitalization
13. classi�cation
14. sector
15. class constraint
16. particle swarm optimization
17. position
18. personal best
19. global best
20. core leader
21. combined binary and improved particle swarm optimization
22. stability

"CU= x |k}kL OOa hm =} K}LY <RH |xv=Wv bxc "23
24. Agent

`@=vt
1. Markowitz, H.M. \Portfolio selection", The Journal of

Finance, 7, pp. 77-91, (March 1952).

2. Markowitz, H.M., Portfolio Selection: E�cient Diversi-
�cation of Investments, New York: Wiley (1959).

3. Sharpe, W.F., \A simpli�ed model for portfolio analy-
sis", Management Science, 9, pp. 277-293 (1963).

4. Mansini, R and Speranza, M. \Heuristic algorithms for
the portfolio selection problem with minimum transac-
tion lots", European Journal of Operational Research,
114, pp. 219-233 (1999).

5. Mulvey, J.M. and Vladimirou, H. \Stochastic network
programming for �nancial planning problems" Manage-
ment Science, 38, pp. 1642-1664 (1992).

6. Loraschi, A., et al., Distributed Genetic Algorithms with
an Application To Portfolio Selection, Berlin: Springer
Verlag, pp. 384-387 (1995), Proceedings of the Interna-
tional Conference on Arti�cial Neural Networks and Ge-
netic Algorithms (ICANNGA95).

7. Shoaf, J.S. and Foster, J.A., A Genetic Algorithm Solu-
tion to the E�cient Set Problem: A Technique for Port-
folio Selection Based on the Markowitz Model, Dept. of
Computer Science, Univ. of Idaho, Moscow: s.n., (1995).
Tchnical Report TR-LAL-96-04.

8. Glover, F.; Mulvey, J.M. and Hoyland, K. Solving Dy-
namic Stochastic Control Problems in Finance Using
Tabu Search with Variable Scaling, Meta-heuristics: the-
ory & application, Springer, pp. 429-448 (1996).

123



=yxQ
Pxw

Qo|
R=Ux

v}y@
R=x

O=iD
U==@

s=yU
O@U

?=N
Dv=

9. Yoshimoto, A. \The mean-variance approach to portfolio
optimization subject to transaction costs. 1", Journal of
Operations Research Society of Japan, 15, pp. 99-117
(1996).

10. Rolland, E., A Tabu Search Method for Constrained
Real-Number Search: Applications to Portfolio Selection,
Dept. of Accounting & Management Information Sys-
tems, Ohio State University, Columbus: s.n. (1996).

11. Chang, T.J., et al., \Heuristics for cardinality con-
strained portfolio optimisation", Computers & Opera-
tions Research, Elsevier Science Ltd., 27, pp. 1271-1302
(2000).

12. Busetti, F.R., Metahuristic Approaches to Realistic Port-
folio Optimization, Ms Degree Dissertation, University
of South Africa (2000).

13. Jobst, N.J., et al., \Computational aspects of alterna-
tive portfolio selection models in the presence of discrete
asset choice constraints", Quantitative Finance, 1, pp.
489{501, Institute of Physics Publishing, (2001).

14. Schaerf, A. \Local search techniques for constrained
portfolio selection problems", Computational Eco-
nomics, 20, pp. 177-190, Springer Netherlands, (Decem-
ber 2002).

15. Kellerer, H. and Maringer, D., Optimization of Cardinal-
ity Constrained Portfolios with an Hybrid Local Search
Algorithm, Porto, Portugal: s.n., MIC'2001 - 4th Meta-
heuristics International Conference, pp. 585-589 (2001).

16. Lin, D. and Wang, S. \A genetic algorithm for portfolio
selection problems", Advanced Modeling and Optimiza-
tion, 4, pp. 13-27 (2002).

17. Crama, Y. and Schyns, M., \Simulated annealing for
complex portfolio selection problems", Elsevier B.V.,
European Journal of Operational Research, 150, pp.
546{571 (2003).

18. Fieldsend, J.E.; Matatko, J. and Peng, M. \Cardi-
nality constrained portfolio optimisation", Intelligent
Data Engineering and Automated Learning IDEAL,
Berlin/Heidelberg Springer, 3177, pp. 788-793 (2004).

19. Streichert, F.; Ulmer, H. and Zell, A., Evolutionary
Algorithms and the Cardinality Constrained Portfolio
Optimization Problem, Operations research proceedings
2003: selected papers of the International Conference on
Operations Research (OR 2003), Heidleberg, September
3-5, 2003, Heidleberg, pp. 253-260 (Springer 2004).

20. Streichert, F.; Ulmer, H. and Zell, A. \Evaluating a
hybrid encoding and three crossover operators on the
constrained portfolio selection problem", IEEE, Pro-
ceedings of the Congress on Evolutionary Computation
(CEC2004), 1, pp. 932-939 (2004).

21. Streichert, F.; Ulmer, H. and Zell, A. \Comparing dis-
crete and continuous genotypes on the constrained port-
folio selection problem", Genetic and Evolutionary Com-
putation { GECCO Berlin/Heidelberg, 3103, pp. 1239-
1250 (Springer 2004).

22. Stein, M. ; Branke, J. and Schmeck, H., Portfolio Selec-
tion: How to Integrate Complex Constraints, (2005).

23. Oh, K.J., et al. \Portfolio algorithm based on portfo-
lio beta using genetic algorithm", Expert Systems with
Applications, Elsevier Ltd., 30, pp. 527-534 (2006).

24. Soleimani, H., Portfolio Selection Using Genetic Algo-
rithm, Industrial Engineering Department, Amirkabir
Univ. of Tech., MS Thesis, Supervisors: Golmakani H.R.,
Salimi Namin, M.H. (2007).

25. Soleimani, H.; Golmakani, H.R. and Salimi, M.H.,
\Markowitz-based portfolio selection with minimum
transaction lots, cardinality constraints and regarding
sector capitalization using genetic algorithm", Expert
Systems with Applications, Elsevier Ltd., 36, pp. 5058-
5063 (April 2009).

26. Zhang, W.G.; Chen, W. and Wang, Y.L. \The adap-
tive genetic algorithms for portfolio selection problem",
IJCSNS International Journal of Computer Science and
Network Security, 6, pp. 196-200 (January 2006).

27. Lin, C.C. and Liu, Y.T. \Genetic algorithms for portfolio
selection problems with minimum transaction lots", El-
sevier B.V., European Journal of Operational Research,
185, pp. 393-404 (2007).

28. Fernandez, A. and Gomez, S. \Portfolio selection using
neural networks", Elsevier Ltd., Computers & Opera-
tions Research, 34, pp. 1177-1191 (2007).

29. Xu, F.a.; Chen, W. and Yang, L., \Improved par-
ticle swarm optimization for realistic portfolio selec-
tion", IEEE Computer Society, Eighth ACIS Interna-
tional Conference on Software Engineering, Arti�cial In-
telligence, Networking, and Parallel/Distributed Com-
puting, pp. 185-190 (2007).

30. Golmakani, H.R. and Jalilipour Alishah, E., \Portfolio
selection using an arti�cial Immune system", Las Vegas:
IEEE, IRI 2008 (Information Reuse Integration), pp. 28-
33 (2008).

31. Hana�zadeh, P. and Ponnambalam, K. \Asset allocation
using reliability method", Elsevier Ltd., Mathematical
and Computer Modelling, 50, pp. 21-31 (2009).

32. Elbeltagi, E.; Hegazy, T. and Grierson, D. \Compar-
ison among �ve evolutionary-based optimization algo-
rithms", Advanced Engineering Informatics, 19, pp. 43-
53 (2005).

33. Hassan, R.; Cohanim, B. and de Weck, O., A
Comparison of Particle Swarm Optimization and
the Genetic Algorithm, In Proceedings of the 46th
AIAA/ASME/ASCE/AHS/ASC Structures, Structural
Dynamics and Materials Conference (2005).

34. Mansini, R. and Sperznza, M.G. \An exact approach for
portfolio selection with transaction costs and round", IIE
Transactions, 37, pp. 919-929, (2005), ISSN 1545-8830
online.

35. Kennedy, J. and Eberhart, R. \Particle swarm optimiza-
tion", IEEE, Proceeding of International Conference on
Neural Networks, pp. 1942-1948, (1995), 0-7803-2768-3.

36. Kennedy, J. and Eberhart, R. \A new optimizer using
particle swarm theory", IEEE, Sixth International Sym-
posium on Micro Machine and Human Science, pp. 39-
43, (1995), 0-7803-2676-8.

37. Kennedy, J. \The particle swarm: Social adaptation of
knowledge", IEEE, pp. 303-308 (1997).

38. Shi, Y. and Eberhart, R. \A modi�ed particle swarm
optimizer", IEEE, pp. 69-73 (1998).

39. Li, X.E. and Andries, P., Particle Swarm Optimization-
an Introduction and its Recent Developments (A tuto-
rial), London: ACM, GECCO'07, pp. 3391-3414 (2007).

124



p[
=iO

=WQy
tw

|v=m
tpo

=[Q
O}tL 40. Kennedy, J. and Eberhart, R. \A discrete binary ver-

sion of particle swarm algorithm", IEEE, pp. 4104-4108
(1997), 0-7803-4053-1.

41. Coath, G. and Halgamuge, S.K. \A comparison of
constraint-handling methods for the application of par-
ticle swarm optimization to constrained nonlinear op-
timization problems", IEEE, pp. 2419-2425 (2003), 0-
7803-7804-0.

42. Zheng, J.; Wu, Q. and Song, W. \An improved particle
swarm algorithm for solving nonlinear constrained opti-
mization problems", IEEE-Computer Society, Third In-
ternational Conference on Natural Computation (ICNC
2007), 0-7695-2875-9.

43. Pulido, G.T. and Coello Coello, C.A. \A constraint-

handling mechanism for particle swarm optimization",
IEEE, pp. 1396-1403, (2004), 0-7803-8515-2.

44. Eberhart, R.C. and Shi, Y. \Comparing inertia weights
and constriction factors in particle swarm optimization",
IEEE, pp. 84-88, (2000), 0-7803-6375-2.

45. Coello Coello, C.A.; Pulido, G.T. and Lechuga, M.S.
\Handling multiple objectives with particle swarm op-
timization", IEEE, Transactions on Evolutionary Com-
putation, 8, pp. 256-279, (June 2004), 1089-778X.

46. Fazel, M., Portfolio Selection Using Particle Swarm Op-
timization, Industrial Engineering Department, Tafresh
Univ., MS Thesis, Supervisor: Golmakani, Hamid Reza
(2009).

125




