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%CU= u}vJ pOt u}= |rm Q=DN=U "OwW|t s=Hv=

m~axf1(x)

m~axf2(x)

...

m~axfn(x)

s:t:

x 2 S

u}= QO "CU= xr�Ut ?=wH |=[i S w CU= xr�Ut s=i hOy fi(x)

=OD@= jwi |xr�Ut pL |=Q@ "CU= Q_v Ot h=Oy= |OwOL uOQmxv}W}@ pOt
u}= QO "O}; CUO x@ uOWxv}W}@ |=DU=Q QO h=Oy= C} w[a `@=D CU}=@|t
hOy u; uOW=[Q= |xHQO |vatx@ |R=i uOQmxv}W}@ |=Q@C} w[a `@=D 'Cr=L
Q=Okt =OD@= 'h=Oy= C} w[a `@=D uOQw; CUO x@ |=Q@ "CU= uOWxv}W}@ R=
=@ xyH=wt QO h=Oy= Q}=U R= =OH xm �� hOy Qy |xv}y@ Q=Okt u=ty =} xv}W}@
Mi =Q s=i hOy |xv}W}@ Q=Okt "O};|t CUO x@ �� OwW|t pL =yC}OwOLt

%O};|t CUO x@ 6 |x]@=Q CQwYx@ xm s}t=v|t

Mi = max fi(x)

s:t:

x 2 S (6)

Ci=} |OQwt 'xOW |UQQ@ Cq=kt QO [15]"Ow@ pOt QO h}iND uDiQo Q_vQO '|r@k
QO Q}N-=D j} Q] R= OwN VQ=iU sHL V}=Ri= x@ u=Q=O} QN j} wWD u; QO xm OWv
xOW ^=Lr Q=O} QN |=Q@ hOy `@=D l} u=wvax@ 'u=oOvvmu}t-=D ?v=H R= pwB Ci=} QO
u=oOvvmu}t-=D ?=NDv= x@ s=Ok= xm |Q=O} QN x=oO}O R= xm CU= |r=L QO u}= "OW=@
hOy `@=D u=wvax@ 'OR=OQB@ CU= Q=Qk xm 16pwB |rai VRQ= uOQmxv}tm 'Ovm|t
x@ |QwQ[ 'xOvvmu}t-=D ?=NDv= |xQw_vtOvJ |xr�Ut QO hOy `@=wD Q}=U x=Qtyx@

"OUQ|t Q_v
xO=iDU= OQwt s}y=it Q@ CW=O s}y=wN |QYDNt QwQt '|Oa@ |=yVN@ QO
l} x=Qtyx@ j}kLD |O=yvW}B pOt 's}y=it u}= u} w=va KQ] R= TB w Q=DWwv u}= QO

"OwW|t K} QWD |OOa p=Ft

R=}v OQwt h} Q=aD "3
"VywSB u}= QO R=}v OQwt |U=U= s}y=it Q@ CW=O s}y=wN |QwQt CtUk u}= QO
xO=iDU= |}xkvRwP w |FrFt |R=i O=Oa= w |R=i |=yxawtHt swyit R= j}kLD u}= QO

"OwW|t
Q@ A |FrFt OOa xYqN Qw]x@ =} 'A |FrFt |R=i OOa %17|FrFt |R=i OOa "1
"OwW|t h} QaD 1 |x]@=Q j@] C} w[a `@=D =@ |k}kL O=Oa= |xawtHt |wQ

�A(x) =

8>>>><>>>>:
x�a1
aM�a1 ; a1 � x � aM
x�a2
aM�a2 aM � x � a2

0; otherwise

(1)

|}xkvRwP OOa xYqN Qw]x@ =} |}xkvRwP |R=i OOa %18|}xkvRwP |R=i OOa "2
s}} wo "OwW|t h} QaD 2 |x]@=Q j@] C} w[a `@=D =@ O=Oa= |xawtHt |wQ Q@
a1 > 0 x=oQy CU= C@Ft ~A = (a1; a2; a3; a4) |}xkvRwP |R=i OOa

"OW=@

�A(x) =

8>>>>>>><>>>>>>>:

x�a1
b1�a1 ; a1 � x � b1
1; b1 � x � b2
x�a2
b2�a2 ; b2 � x � a2

0; otherwise

(2)

|R=i OOa wO ?Q[ pY=L 's=aQw]x@ %|}xkvRwP |R=i OOa wO ?Q[ "3
|OOaDt |=yVwQ x@ xHwD =@ "CU}v |}xkvRwP |R=i OOa l} ,=twRr |}xkvRwP
QO 'xOW O=yvW}B ẁ[wt C=}@O= QO |}xkvRwP |R=i OOa wO ?Q[ |=Q@ xm
~A s}vm ZQi Qo = xm OQ}o|t Q=Qk xO=iDU= OQwt u}vJ swyit u}= Q[=L j}kLD
CQwYx@ xm ~C |R=i OOa x=ov; 'OvW=@ C@Ft |}xkvRwP |R=i OOa wO ~B w
l} ?r=k QO =Q =yu; ?Q[pY=L |@ wN ?} QkD =@ 'OwW|t h} QaD 3 |x]@=Q

[18�16]" ~B = (b1; b2; b3; b4) u; QO xm Ovm|t x�=Q= |}xkvRwP |R=i OOa
~C = ~A� ~B �= (a1b1; a2b2; a3b3; a4b4) (3)

l}Uqm pOt l} uDiQo Q_v QO =@ u}kkLt '1970 p=U QO %|R=i s}tYD "4
xm OvDN=U KQ]t =Q |R=i \}=QW QO |Q}os}tYD pOt l} '|Q}os}tYD
\}=QW CLD =Q |Q}os}tYD =yu; "OvO=O xaUwD =Q u; |Qo}O u=OvtWv=O

57



"""|
=Q@|

R=i
|xi

Oy
OvJ

O}OH
pOt

l}
|x�

=Q=

j}kLD |O=yvW}B pOt "4
xQw_vtOvJ |xOvvmu}t-=D ?=NDv= pOt "1"4

u=}@ u}vJ u=wD|t =Q xOvvmu}t-=D ?=NDv= |xr�Ut |=Q@ |rm |xQw_vtOvJ pOt l}
%OQm

minZ1; Z2; :::; Zk

maxZk+1; Zk+2; :::; Zp

s:t:

x 2 Xd;
Xd = fxjg(x) � br; r = 1; 2; :::;mg (13)

QO Q}N-=D w xv} Ry Q}_v �� Ov=|ivt |=yQ=}at =} h=Oy= Z1; Z2; :::; Zk u; QO xm
p}@k R= �� Ov=C@Ft |=yQ=}at =} `@=wD Zk+1; Zk+2; :::; Zp w �� """w p} wLD u=tR
|=y?=wH |xawtHtXd "xQ}e w VwQi R=TB C=tON'`kwtx@ p} wLD u=tR 'C}i}m
xQ}e w xOvvmu}t-=DC}iQ_ w =[=kD p}@k R= pOt |=yC}OwOLt QO xmCU= 22umtt
CQwYx@ xOvvmu}t-=D ?=NDv= |xr�Ut |=Q@ pwtat |]N pOt l} "Ovm|t jOY

[3]%CU= 14 |x]@=Q
minZ1 =

Xn

i=1 Pixi

maxZ2 =
Xn

i=1 Fixi

maxZ3 =
Xn

i=1 Sixi

s:t:Xn

i=1 xi � D
xi � Ci; i = 1; 2; :::; n
xi � 0; i = 1; 2; :::; n (14)

R= xOW|Q=O} QN |=yOL=w O=Oa= xi 'xQwO |] QO =[=kD Q=Okt D u; QO xm
C}iQ_ Ci 's=i |xOvvmu}t-=D R= OL=w Qy O} QN |xv} Ry Pi 's=i |xOvvmu}t-=D
K]U OYQO Si 's=i |xOvvmu}t-=D C}i}m K]U OYQO Fi 's=i |xOvvmu}t-=D
?}DQDx@ jwi hOy `@=wD "CU= u=oOvvmu}t-=D O=OaD n w 's=i |xOvvmu}t-=D C=tON
OQ=wt C=tON K]U w C}i}m uOQmxv}W}@ w pm |rwB |xv} Ry uOQmxv}tm |=Q@
uOt;Q@ u}t[D |=Q@ Pn

i=1 xi � D C}OwOLt "Ov=xOW xrwtQi xOW |Q=O} QN
Q=Okt xm CU=vatu}O@ xi � Ci |=yC}OwOLt xawtHt w CU=[=kD |xOya R=
|=yC}OwOLt w OW=@ u; C}iQ_ =@ |w=Ut =} QDlJwm O}=@ xOvvmu}t-=D Qy VQ=iU

"OwW|t pOt QO |ivt |=y=[=kD R= `v=t xi � 0
|=yQ=}at x@ `H=Q |k}kO w pt=m C=aq]= u=oOvQ}os}tYD '|ak=w |=}vO QO
|=yxO=O 'xOvvmu}t-=D ?=NDv= p�=Ut |=Q@ "OvQ=Ov =yC}OwOLt w |Q}os}tYD
l} 'xt=O= QO "Ov=|R=i |D=P Qw]x@ ,=twta =yxO=O u}= w OvDU}v |a]k xOW|Qw;`tH

"OwW|t xO=O xaUwD xr�Ut =@ xyH=wt |=Q@ |R=i |xQw_vtOvJ pOt

|R=i |xOvvmu}t-=D ?=NDv= pOt "2"4
%O=O u=Wv u}vJ u=wD|t =Q |]N |xQw_vtOvJ `t=H pOt l}

xOW xO=O u=Wv xT = [x1; x2; :::; xn] CQwYx@ xO=yv=QD pmW x@ xm =Q x Q=OQ@

xO=O u=Wv mi =@ xm Q=Okt u} QDO@ u=wvax@ 's=i hOy `@=D pk=OL Q=Okt TBU
%OwW|t x@U=Lt 7 |x]@=Q CQwYx@ OwW|t

mi = min fi(x)

s:t:

x 2 S (7)

%CU= Q=QkQ@ 8 |x]@=Q xW}ty 's=i hOy `@=D |=Q@ xH}DvQO
mi � fi(x) �Mi (8)

C} w[a `@=D 9 |x]@=Q j@] u=wD|t 'xr�Ut h=Oy= |=Q@mi wMi |x@U=Lt =@
%OQw; CUO x@ =Q hOy Qy uOWxv}W}@

�i (fi (xi)) = f i (x)�mi

Mi �mi
(9)

%O};|t CUO x@ 10 |x]@=Q j@] xr�Ut |xv}y@ ?=wH 'C}=yv QO
max min

i
ffi(x)g

s:t:

x 2 S (10)

|R} Qxt=vQ@ |xr�Ut l} x@ p}O@D jwi |xr�Ut 'sRq C=Q}}eD p=ta= R= TB xm
[17]"CU= pL p@=k |DL=Qx@ xm OwW|t |]N

MQv "CU= u}at M} Q=D QO pwB ?ULQ@ 'pwB Q@ |DN=OQB V=O=B 'xQy@ %20xQy@ "6
'|DQ=@ax@ "OwW xDN=OQB Q=@Da= Ci=} QO |=Q@ O}=@ xm CU= |}xv} Ry `k=w QO xQy@
|xv} Ry 'OW=@ QDW}@ xQy@ MQv u=R}t xJQy "CU= x}=tQU R= xO=iDU= |xv} Ry xQy@

"OW Oy=wN CN=OQB x}=tQU R= xO=iDU= |=Q@ |QDW}@
QO xm |rwB |x}rw= dr@t x@ %Xr=N |rai VRQ= w 21pwB |v=tR VRQ= "7
TB 'OwW|t Qw_vt |}=H QO |Q=Pox}=tQU u=wvax@ =} OwW|t R=Ov=TB |mv=@
xQy@ MQv OwHw QF= Q@ xm |i=[= dr@t u}= "OW Oy=wN xOwRi= |er@t |DOt R=
pwB |v=tR VRQ= swyit Qoh}YwD 'OwW|t O=H}= �x}=tQU CWoR=@ MQv =}�

"CU=
|=yOL=w R= xDUO u; "Ov=Cw=iDt Qo}Om} =@ |v=tR Q_v R= |rwB |=yOL=w
OvDUy |rwB |=yOL=w xDUO u; R= QDVRQ= =@ Ov};|t CUO x@ QDOwR xm |rwB
p}O@D '|r=t Ov}=Qi l} |rai VRQ= |x@U=Lt "OvwW|t p}YLD QDQ}O xm
p=L u=tR QO |rai VRQ= x@ =yCN=OQB w =yCi=} QO |x}rm |xOv}; VRQ=
xQy@ MQv w |rwB OL=w A =@ Q@=Q@ s} Q=O uwvm = xm |rwB u=R}t xJv=vJ [20]"CU=
x_Lqt Q} R \@=wQ x@ xHwD =@ 'OW=@ OYQO i =@ Q@=Q@ |r=t |xQwO l} QO
Ow@ Oy=wN Q@=Q@ |r=t |xQwO n R= TB pwB Q=Okt u}= VRQ= xm OwW|t

%=@
A(1 + i)n (11)

u=tpwB Q=Okt 'OYQO i |xQy@ MQv =@ w |r=t |xQwO n R= Oa@ s}y=wN@ Qo = uwvm =
%=@ Ow@ Oy=wN Q@=Q@ pwB |rai VRQ= x=ov; 'OW=@ B =@ Q@=Q@

NPV = B(1 + i)�n (12)
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Q=Or
OO

waU
tw

|t_
=mp

[ir
=w@=

"|R=i OOa l} u=wvax@ hOy `@=D "1 pmW

%OvwW|t h} QaD u}vJ

�Zk (x) =

8>>>><>>>>:
1 Zk � Z�k
(Z+

k � Zk(x))=(Z+
k � Z�k ); Z�k � Zk(x) � Z+

k

0 Zk � Z+
k

; k = 1; 2; :::; p

�Zl(x) =

8>>>><>>>>:
1 Zl � Z+

l

(Zl(x)� Z�l )=(Z+
l � Z�l ); Z�l � Zl(x) � Z+

l

0 Zl � Z�l
l = p+ 1; :::; q (18)

%R= CU= CQ=@a R}v |R=i |=yC}OwOLt |=Q@ |]N C} w[a `@=D

�gr (x) =

8>>>><>>>>:
1 gr(x) � br
1�gr(x)�br

dr
; br � gr(x) � br + dr

0 gr(x) � br + dr

; r = 1; 2; :::; h (19)

OwOL R= R=Ht Rw=HD Qou=}@ xm OvW=@|t |D@=F Q}O=kt =ydr '2 pmW x@ xHwD =@
"OvDUy s=r |w=Ut=v C}OwOLt

CQwYx@ j}kLD u}= QO xOW xO=O xaUwD pOt 'xOWO=} C=L}[wD x@ xHwD =@

%u; QO xm O}@=}@ u=vJ Ovm|t xv}W}@ =Q Zl hOy `@=wD w xv}tm =Q Zk hOy `@=wD w

Zk =
Xn

i=1 ckixi; k = 1; 2; :::; p
Zl =

Xn

i=1 clixi; l = p+ 1; p+ 2; :::; q
x 2 Xd;
Xd = fxjg(x) =

Xn

i=1 arixi � br; r = 1; 2; :::;m; x > 0g
(15)

23|a]k Q}O=kt br w ari w cli w cki w 'xr�Ut |=yC}OwOLt x@ \w@ Qt QN; Q]U
[3]"Ov=|R=i =}

[19]"OW pL |]N |R=i |R} Qxt=vQ@ R= xO=iDU= =@ 15 p�=Ut 1978 p=U QO
(Z+

j ) xv}W}@ Q}O=kt x@ Zj hOy `@=D Qyl}miD =@ |R=i |]N |xt=vQ@ 'Qw_vtu}O@
%OW |Ov@pwtQi 16 |xr�Ut pL =@ w '(Z�j ) V=xv}tm w

Z+
k = maxZk; x 2 Xa

Z�k = minZk; x 2 Xd
Z+
l = maxZl; x 2 Xd

Z�l = minZl; x 2 Xa (16)

xm ?}DQD u}= x@ &Ov};|t CUO x@ xQw_vtOvJ |xr�Ut pL j} Q] R= Z�j w Z+
j

xr�Ut |=yC}OwOLt u=ty w hOy `@=wD R= |m} \ki uDiQoQ_v QO =@ Q=@ Qy xr�Ut
'Ovvm jOY =yC}OwOLt QO O}=@ =y?=wH xm CU=vat u}= x@ x 2 Xd "OwW pL
`@=wD pL j} Q] R= xm CU= xv}y@ |=y?=wH s=tD |xawtHt x 2 Xa xm |r=L QO
hOy`@=D Qy |=Q@ xm xDmv u}= x@ xHwD =@ "CU= xOt; CUO x@ |O=Qiv= CQwYx@ hOy
l} u=wvax@ =Q u; u=wD|t 'Ovm|t Q}}eD Z�j w Z+

j u}@ |]N Qw]x@ u; Q=Okt 'Zj
[3]"CiQo Q_v QO �1 pmW� �Zj (x) |]N C} w[a `@=D =@ |R=i OOa

=@ R}v w |R=i h=Oy= =@ 17 |]N |R} Qxt=vQ@ |xr�Ut 'OW u=wva xm u=vJ
|}xvwox@ =Q x Q=OQ@ "O=O u=Wv 17 \@=wQ pmWx@ u=wD|t =Q |R=i |=yC}OwOLt

%xm O}vm =O}B
~Zk =

Xn

i=1 ckixi � Z0
k; k = 1; 2; :::; p

~Zl =
Xn

i=1 clixi � Z0
l ; l = p+ 1; p+ 2; :::; q

s:t:

~gi(x) =
Xn

i=1 arixi �� br; r = 1; 2; :::; h
gp(x) =

Xn

i=1 apixi � bp; p = h+ 1; h+ 2; :::;m
xi � 0; i = 1; 2; :::; n (17)

xawtHt QO �� O=tv "CU= |R=i |=y\}Lt Qou=Wv � Ctqa 'pOt u}= QO
|=vatx@ R}v �� O=tv w '�=@ |w=Ut =} QDlJwm ,=DQwQ[� |=vatx@ =yC}OwOLt
xOvQ}os}tYD xm OvDUy |Lw]U Z0

l w Z0
k "CU= �=@ |w=Ut =} QDnQR@ ,=DQwQ[�

=} C}LHQ= Q@ |vD@t C} w[a `@=wD xm u}= ZQi =@ "OQ=O =Q =yu; x@ uO}UQ OYk
�Zl� xv}W}@ h=Oy= w �Zk� xv}tm h=Oy= |=Q@ |]N C} w[a 'Ov=|]N C}=[Q
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"""|
=Q@|

R=i
|xi

Oy
OvJ

O}OH
pOt

l}
|x�

=Q=

|Q}os}tYD |=yQorta "3"4
=@ '|R=i ?=wH l} u=tQt} R VwQ R= xO=iDU= =@ '|R=i |R} Qxt=vQ@ |R=UpOt QO
�� |R=i |=yC}OwOLt =} |R=i h=Oy= R= sa= �� |R=i |=yxawtHt s=tD u}@ l =QDW=
l} QO =yC}OwOLt w hOy `@=wD u}@ |x]@=Q 'pL x=Q u}= QO "Ot; Oy=wN CUOx@
xvwoI}y =yC}OwOLt w hOy `@=wD 'Qo}O CQ=@ax@ "CU= uQ=kDt ,qt=m |R=i \}Lt
x@ xDU@ 'u}=Q@=v@ [19]"OvQ=O |v=Um} uRw |oty w OvQ=Ov Qo}Om} x@ C@Uv |D} wrw=
xm CiQo Q_v QO O}=@ =Q |}=yC}a[w w =yC}akwt 'xOvvmu}t-=D ?=NDv= |xr�Ut
xOvQ}os}tYD |=Q@ |v=Um} C}ty= R= |R=i |=yC}OwOLt w |R=i h=Oy= =yu; QO
"CUH xQy@ 24|vRw Q}PB`tH pOt R= u=wD|t pmWt u}= pL |=Q@ "OvDU}v Q=OQwNQ@

%CU= xOW O=yvW}B 23 \@=wQ CQwYx@ pOt u}=

�D(x) =
Xq

j=1 wj�Zj (x) +
Xh

r=1 �r�gr (x)Xq

j=1 wj +
Xh

r=1 �r = 1; wj ; �r � 0 (23)

w |R=i h=Oy= u}@=t |@Uv C}ty= w 'OvDUy |vRw ?}=Q[ �r w wj u; QO xm
|R} Qxt=vQ@ pOt l} 'jwi pOt pL Qw_vtx@ "OvQ=O|t u=}@ =Q |R=i |=yC}OwOLt
C=}@O= QO "CU= pOt u}= =@ pO=at |twyit Q_v R= xm s} R=U|t |a]k |]N
"CU= xOW |iQat 'Ov=|R=i pOt u}= =@ pO=at xm =ypOt u}= R= xvwo wO ' ẁ[wt
25 |x]@=Q ?r=k QO R}v swO pOt w [3]'OW |iQat 24 |x]@=Q CQwYx@ pw= pOt
p}O@D 24 pOt R= xO=iDU= =@ j}kLD u}= |OOa p=Ft [21]"OQ}o|t Q=Qk |UQQ@ OQwt
CUOx@ |=y?=wH 'C}=yv QO "OwW|t pL w xOW |]N |R} Qxt=vQ@ |xr�Ut x@

"CiQo Ovy=wN Q=Qk p}rLD w x} RHD OQwt VQ@ �� swyit R= xO=iDU= =@ xOt;

max
Xq

j=1 wj�j +
Xh

r=1 �r
r

s:t:

�j � �Zj (x); j = 1; 2; :::; q

r � �gr (x); r = 1; 2; :::; h
gp(x) � bp; p = h+ 1; :::;m
� 2 [0; 1]; j = 1; 2; :::; q; r = 1; 2; :::; hXq

j=1 wj +
Xh

r=1 �r = 1
xi � 0; i = 1; 2; :::; n; � 2 [0; 1] (24)

max�

s:t:

wj� � �Zj (x); j = 1; 2; :::; q
�r� � �gr (x); r = 1; 2; :::; h
gp(x) � bp; p = h+ 1; :::;m
� 2 [0; 1]; j = 1; 2; :::; q; r = 1; 2; :::; hXq

j=1 wj +
Xh

r=1 �r = 1
xi � 0; i = 1; 2; :::; n; � 2 [0; 1] (25)

"|R=i |=yC}OwOLt |=Q@ |]N C}w[a `@=D "2 pmW

%Ow@ Oy=wN 20 |x]@=Q

min Z1 =
Xn

i=1 Pixi(1 + i)�di

max Z2 =
Xn

i=1 Fixi

max Z3 =
Xn

i=1 Sixi

s:t:Xn

i=1 xi � DXn

i=1 (1� Fi)xi � QD
xi � Ci; i = 1; 2; :::; n
xi � 0; i = 1; 2; :::; n (20)

PiOW=@ =v@ Qo = w 'OW=@ s=i |xOvvmu}t-=D R= OL=w Qy O} QN |xv} Ry s}vm ZQi Qo =
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i Q=R=@ |xQy@ MQv xm s}vm ZQi Qo = "s}vm|t xO=iDU= NPV swyit R= 'CN=OQB
'OW=@ di Q@=Q@ OQ}o|t Q_v QO Q=O} QN |=Q@ s=i |xOvvmu}t-=D xm |}xQwO u} QDW}@ w
|=Q@ xv} Ry x@ \w@ Qt hOy `@=D '21 w 12 |x]@=Q wO R= xO=iDU= =@ CQwYu}= QO

%R= Ow@ Oy=wN CQ=@a Q=O} QN
min Z1 =

Xn

i=1 Pixi(1 + i)�di (22)

QO Q=O} QN |=Q@ xm |Q}N-=D x@ xHwD =@ xOvvmu}t-=D xm CU= |Dt}k Pi u; QO xm
C}i}m K]U OYQO Fi 'jwi pOt QO "Ovm|t x�=Q= q=m OL=w l} |=Q@ 'xDiQo Q_v
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2. alternatives
3. multiple criteria decision making
4. performance history
5. total cost of ownership (TCO)
6. qualitative
7. quantitative
8. order lot sizing
9. procurement
10. computational models
11. operation research
12. approach
13. individual approaches
14. integrated approaches
15. cost-based approaches
16. net present value (NPV)
17. triangular fuzzy number
18. trapezoidal fuzzy number
19. multi objective decision making
20. interest
21. time value of money
22. feasible solutions
23. crisp
24. weighted additive
25. e�cient
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