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|L=Q] '|R=Ux}@W |=yl}vmD R= =yQi=@ w Cq;u}W=t O=OaD �xv}y@ l}ORv� |R=Uxv}y@
"OQ@|t xQy@ |]N |wHwCUH w l}DvS sD} Qwor= 'MU=B K]U |SwrwODt '=yV}=tR;

mg amiri@ie.sharif.edu
mohtashami07@gmail.com

sD} Qwor= 'hY |=yxm@W 'Qi=@ '|R=wt� |QU O}rwD \w]N %|O}rm u=oS=w
"|]N |wHwCUH 'MU=B K]U |SwrwODt '=yV}=tR; |L=Q] '|R=Ux}@W 'l}DvS

xtOkt "1
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2009 p=U QO "OwW|t QmP =yu; R= |NQ@ xt=O= QO xm Ov=xDW=O C}r=ai |v}kkLt
"OW x�=Q= |O}rwD \w]N QO OwU |R=Uxv}W}@ Qw_vtx@ Qi=@ |L=Q] |=Q@ |tD} Qwor=
|a]k 'C@=F u; w OW xDiQo Q_v QO xOvvmxO=U |U=U= ZQi l} xOWO=} pOt QO
|@=QN ^=Lr =@ u}= Q@ xwqa "Ow@ |yOCtON |=yu=tR uDiQo Q_v QO |w=Ut w
C=Q}}eD CU= |vDio "OvOQm ZQi C@=F =Q u}W=t Q}taD w |@=QN |=yQDt=Q=B '=yu}W=t
R= TB [4]"OW s=Hv= x} RHD VwQ |xr}Uwx@ =yQi=@ sHL Q@ |vD@t \N |HwQN MQv
w OW p}rLD w |UQQ@ Qi=@ l} =@ xy=oDU}=wO O}rwD \N l} 'Qo}O |}xar=]t QO 'u;
xar=]t u; QO "OW Qw_vt u�t]t=v |R=wt u}W=t u}OvJ pt=W x=oDU}= Qy u; |]
u}= x@ 'OW xDiQo Q_v QO |O}rwD \N u}vJ p}rLD w x} RHD |=Q@ |U=U= ZQi l}
=Q Q}taD |=yu=tR w |@=QN |=yu=tR '|yOCtON |=yu=tR `} RwD `@=D xm CQwY
Q=Qk |@=} RQ= OQwt hwmQ=t xQ}HvR s}y=it \UwD =Q QwmPt sDU}U w xOQm ZQi |}=tv
Qy |=Q@ Q=Po T} QD=t Orwt xm |DWoR=@ sD} Qwor= l} R= xO=iDU= =@ `k=w QO "OvO=O
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|=yQ=}at 'Q=Po Cr=L CqO=at pL CQwY QO xm OvOQm u=wva =yu; "OvDN=OQB u;
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|=yx=oDU}= |xOvyOu=Wv =yMi O}rwD \N u}= QO "CU= xOW xO=O u=Wv Qi=@ K-1

QO |O=yvW}B |SwrwODt "OvDUy =yx=oDU}= u}@ |=yQi=@ |xOvyOu=Wv =yBi w |Q=m
CU= umtt =y?r=k =} =yu}W=t =yu; QO xm |}=ysDU}U |UQQ@ C}r@=k xar=]t u}=
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|a]k w C@=F =Q xOW QmP OQ=wt =} xm u}W}B C=ar=]t |NQ@ hqNQ@ �� OQ=O R}v
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|U=U= C=[wQit "2
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uOQmxv}W}@ 'u=v;|O=yvW}B OQm} wQ "OvO=O x�=Q=u�t]t=vO}rwD\w]NQO Qi=@X}YND
Qw_vtx@ x} RHD |r}rLD u}tND R= w 'Ow@ xDiQo hOy =Q O}rwD \N O}rwD MQv u}ov=}t
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|=yu=tR w |y=vDt =Q =yQi=@ 'hY |=ysDU}U p}rLD R= xO=iDU= =@ OwN |xar=]t
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QO =Q `} RwD `@=wD 'OwN pOt QO Cq;u}W=t uDiQo Q_v QO =@ w OQm xO=iDU= sDU}U
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umv@� Tm =@ R= GDvt |=yKQ] "Ov=VNQJ p@=k ,=@} QkD =} VNQJ p@=k w Ov};|t
KQ] l} 2 pmW QO "OvDUy =Q=m Q=}U@ ?re= V}=tR; OQwt OQ=wt O=OaD Q_vt R=

"OwW|t xOy=Wt |rt=axU umv@� Tm =@
j]=vt R= |NQ@ QO u}}=B xHQO =@ |}xrtHOvJ l} 'p�=Ut R= |Q=}U@ QO
|=yQ}eDt |]N `@=D\UwD |@ wNx@ MU=B Qo = "OwW|t xDiQo Q=m x@ pkDUt |=yQ}eDt

%Ow@ Oy=wN 1 xHQO `@=D l} xOvvRu}tND `@=D 'OwW pOt pkDUt

y = �0 + �1x1 + �2x2 + :::+ �nxn + e (1)

xHQO Ovv=t QDq=@ xHQO |}xrtHOvJ l} 'OW=@ xDW=O OwHw =vLv= pOt QO Qo = =t=
%OwW xO=iDU= O}=@ 2

y = �:+
Xn

i=1 �ixi +
Xn

i=1 �iix
2
i +

XX
i<j

�ijxixj + e

(2)

|}=wQ 'xar=]t u}= QO [37w16]"OwW|t u}}aD pOt hOy T=U=Q@ =ypOt=Dt |}=wQ
pOtVR=Q@ sOaXN=W "OwW|t xO}HvUpOt=DtVR=Q@ |=yXN=W\UwD pOt=Dt
=yxOv=t|k=@ `} RwD |UQQ@ u}vJty "CU=yxO=O VR=Q@ QO pOt C}=im |UQQ@ |=Q@

[38]"OwW|t pOt C=}[Qi R= |NQ@ |}=wQ u}}aD x@ QHvt

xr�Ut |R=UpOt "3"3
QO |R=wt Cq;u}W=t �xv}y@ x@ l}ORv� xv}y@ O=OaD uDi=} |=Q@ Q[=L |xar=]t QO
"CU= xOW VqD �=yx=oDU}= =}� Cq;u}W=t u=}t |=yQi=@ C}iQ_ w x=oDU}= Qy
O=OaD Q@ |}xrtHOvJ `@=wD ẁv R= |rOt=Dt =} x} wQ '|O=yvW}B |SwrwODt p@k s=o QO
\N O}rwD MQv w �pkDUt |=yQ}eDt u=wvax@� =yx=oDU}= u=}t |=yQi=@ w Cq;u}W=t
QO O}rwD MQv |=Q@ |}xOvvRu}tND u=wvax@ xm OwW|t VR=Q@ �xDU@=w Q}eDt u=wvax@�
xr�Ut u}= pOt hOy u}rw= u}=Q@=v@ "Ovm|t pta pkDUt pt=wa hrDNt Kw]U

%O=O u=Wv 3 |x]@=Q CQwYx@ =Q u; u=wD|t xm CU= O}rwD MQv |R=Uxv}W}@
MaximizeZ1 = f(xij ; yi) i = 1; 2; :::; k; j = 1; 2; :::; n

(3)

l} =ypOt=Dt |}=wQ x@ xDU@ CU= umtt w CU= 3"2 s=o |HwQN 3 |x]@=Q
�s}tYD Q}eDt� xij "OW=@ �|]N Q}e� swO xHQO =} �|]N� pw= xHQO |}xrtHOvJ
xDW=O OwHw s=i sDU}UQ} R QO O}=@ xm CU= s=j ẁv u}W=t O=OaD |xOvyOu=Wv
f(xij ; yi) "CU= s=i x=oDU}= Qi=@ u=R}t |xOvyOu=Wv �s}tYD Q}eDt� yi "OW=@
sQi "OvR|t u}tND =yQi=@ w =yu}W=t O=OaD hrDNt Q}O=kt x@ xDU@ =Q \N O}rwD MQv

"Ow@ Oy=wN 2 =} 1 |x]@=Q CQwYx@ hOy `@=D u}= |[=} Q

|=Q@ |OwQw I}y xm =QJ 'ODU}=|t Q=m R= CU= |r=N Bi�1 |Dkw Mi u}W=t "9
&OQ=Ov VR=OQB

xmwr@ Mi u}W=t 'CU= xmwr@ =} Q}taD CLD Mi+1 u}W=t w CU= QB Bi |Dkw "10
"OwW|t

|O=yvW}B |SwrwODt "3
|R=U x}@W "1"3

u}= QO "CU= O}rwD \N hY |xm@W |R=Ux}@W '|O=yvW}B |SwrwODt pw= s=o
xO=iDU= |}xv=}=Q |R=Ux}@W R= sDU}U |}=} wB QDxv=}=Qo`k=w |Q}oQ_v QO |=Q@ xar=]t
|Q=}U@ OQmrta |UQQ@ |=Q@ =Q=m Q=}U@ |WwQ Ot=W}B |xDUUo |R=Ux}@W "OwW|t
Q=OQwNQ@ |rw@k p@=k CLY R= |OwQw |=yxO=O xm u}= \QW x@ 'CU=ysDU}U R=
`@=D Qy |Q}oQ_v QO =@� xO}J}B |=ysDU}U |UQQ@ |}xv=}=Q |R=Ux}@W [15]"OvW=@
umtt |}q=@ CLY w CkO =@ =Q �=yx=oDU}= u=}t xO}J}B \@=wQ w |Q=t; `} RwD
|=yu=tR �"""w =t=o 'pw@} w 'p=tQv�|twta `} RwD `@=wD |Q}oQ_v QO x@ xHwD =@ "OR=U|t
|@=} RQ= w|UQQ@ |=Q@ |R=Ux}@W R= xO=iDU= 'Cq;u}W=t Q}taD w|@=QN '|yOCtON

"OUQ|t Q_v x@ ?U=vt Cq;u}W=t O=OaD w =yQi=@ C=Q}}eD QF= QO O}rwD MQv

MU=B K]U pOt=Dt CN=U "2"3
QO pOt=Dt xS=w xm |r=L QO 'CU= |ak=w sDU}U l} Qou=}=tv |R=Ux}@W pOt
Qw_vtx@ =ypOt=Dt [17w16]"OQ=O |R=Ux}@W pOt l} |[=} Q u}tND x@ xQ=W= =Hv}=
OQwt *sDU}U |HwQN |=yQ}eDt w |OwQw |=yQ}eDt u}@ x]@=Q C}y=t QDy@ syi
=ypOt=Dt VQDUo |=Q@ |[=} Q `@=wD R= |O=} R O=OaD [18]"Ov=xDi=} xaUwD xar=]t
xO=iDU= OQwt |R=Ux}@W C=ar=]t QO QDW}@ xm |}=ypOt=Dt =t= [19]Ov=xDi=} xaUwD
=@ xar=]t u}= QO [25�20w17]"Ov=xOw@ |}xrtHOvJ uw}UQoQ |=ypOt 'Ov=xDiQo Q=Qk
O=OaD w =yQi=@ C}iQ_ pt=W pQDvm p@=k |=yQ}eDt� pt=wa O=} R O=OaD x@ xHwD
|=yKQ] R= xO=iDU= =@ =OD@= �OvwW u}}aD O}=@ xm x=oDU}= Qy QO |R=wt |=yu}W=t
w s=i x=oDU}= QO |R=wt |=yu}W=t O=OaD� pt=wa R= l} Qy QF= '|QUm |rt=a
^=Lrx@ xm |rt=wa w '|UQQ@ �O}rwD MQv� MU=B Q}eDt |wQ �s=i x=oDU}= Qi=@ C}iQ_
K]U |SwrwODt |=yKQ] R= xO=iDU= =@ TBU "OvwW|t hPL OvDU}v Q=O=vat |Q=t;
=yQi=@ C=Q}}eD QF= QO O}rwD MQv |xOvvm|v}@V}B xm |}=yv MU=B K]U pOt=Dt 'MU=B
xDN=U O}rwD \N Ot=W}B |xDUUo |R=Ux}@W pOt T=U=Q@ CU= Cq;u}W=t w
xm CU= |Q=t; w |[=} Q |=yVwQ R= |}xawtHt MU=B K]U |SwrwODt "OwW|t
CU= Q}eDt u}OvJ R= QF-=Dt MU=B Q}eDtl} u; QO xm |r�=Ut p}rLD w |R=UpOt |=Q@
s=v �pt=a� =yQ}eDt VwQ u}= QO [26]"OwQ|t Q=m x@ CU= MU=B |R=Uxv}y@ hOy w
�Kw]U� OvwW|t xDiQo Q_v QO pt=wa |xar=]t |=Q@ xm =Q |irDNt Q}O=kt w OvQ=O
MU=B K]U |SwrwODt R= xO=iDU= |xiUri OQwtQO |O=} R u}kkLt [28w27]"Ovt=v|t
pt=W |Q=t; VwQ u}OvJ R= xO=iDU= 'MU=B K]U |SwrwODt [35�29]"Ov=xOQm EL@
R}v w 'MU=B w =yQ}eDt u}@ \@=wQ hWm Qw_vtx@ |]N uw}UQoQ w V}=tR; |L=Q]
QO =Q OwW|t sDU}U MU=B \UwDt uOWxv}y@ x@ QHvt xm |rt=wa Kw]U u}tND
|v=tR xR=@ l} QO O}rwD u=R}t� O}rwD MQv 'MU=B Q}eDt xar=]t u}= QO "OQ}o|t Q@
|=Q@ umv@ w Tm =@ "OvDUy =yx=oDU}= u=}t |=yQi=@ w =yu}W=t 'pt=wa w �XNWt
x�=Q= 'umv@� Tm =@ |=yKQ] x@ hwQat '|L]UxU |}=yKQ] MU=B Kw]U VR=Q@
OwHw x@ pt=m =v |mwr@ |=yKQ] =@ 2n|=yKQ] ?}mQD R= =yKQ] u}= [36]"Ov=xOQm
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|xOvyOu=Wvf�j '�u=oOvQ}os}tYD Q_v QO� s=jhOyC}ty= wuRw|xOvyOu=WvWj

�p;xO}=hr=Nt� xv}y@hr=Nt Q=Okt |xOvyOu=Wv f�j 'j hOy �p;xO}=� xv}y@ Q=Okt
QO =Q xOW?}mQD `@=D |xv}tm w xOQm ?}mQD =Q pOt h=Oy= 9 |x]@=Q "CU= j hOy

"Ovm|t =O}B |rY= pOt xHwt |xk]vt
`@=D u}vJty &CU= |]N Q}e CQwYx@ P > 1 |=Q@ LP-Metric hOy `@=D
|SwrwODt u}=Q@=v@ "OW=@ |]NQ}eCU= umtt R}v �3 |x]@=Q� |rY= pOt pw= hOy
QO xr�Ut xm u}= |=Q@ xr�Ut u}= |]NQ}e pOt pL |=Q@ xar=]t u}= |O=yvW}B
R= O@=} CUO �xv}y@ l}ORv =}� xv}y@ ?=wH x@ w OwWv Q=DiQo |a[wt |=y?=wH
|OvtDQOk sD} Qwor= l}DvS sD} Qwor= "Ovm|t xO=iDU= l}DvS |Q=mD@==Qi sD} Qwor=
VwQ l} l}DvS sD} Qwor= "OQ=O =Q p�=Ut R= |a}Uw h}] pL C}r@=k xm CU=
xm xOW C@=F [41]"Ovm|t Q=m |rt=mD Q}U OQm} wQ =@ xm CU= |iO=YD |wHwCUH
sD} Qwor= u}= [42]"CU= |R=Uxv}y@ p�=Ut `=wv= |=Q@ xO=iDU= p@=k l}DvS sD} Qwor=
|=ypUv pw] QO =y?=wH u}= xm Ovm|t Q=m x@ ẁQW |vOW |=y?=wH R= |D}atH =@
QiY |=yxDWQ �swRwtwQm � R= |}xawtHt u=wvax@ ?=wH Qy "Ov@=}|t pt=mD |Oa@
QO Q}eDt l} |xOvyOu=Wv xDWQ Qy "OwW|t |Q=PoOm |k}kL |=yxDWQ =} 'l} w
'OOHt O}rwD Ovv=t =yQorta |NQ@ \UwD l}DvS sD} Qwor= QO pt=mD "CU= ?=wH
VR=Q@ `@=Dl}X}YND\UwD =y?=wHu} QDy@ C=}L "ODi=|t j=iD=VyH w `]=kD
QO w xOW h} QaD xr�Ut |rY= hOy `@=D ,qwtat `@=D u}= O}ktQ}e p�=Ut QO xm CU=
xawtHt [44w43]"OwW|t h} QaD xt} QH `@=D l} w hOy `@=D R= |@}mQD O}kt p�=Ut
|=yCiH Q=QmD Qy QO "CU= C@=F �=ypUv� =yQ=QmD |=R=x@ �C}atH� =y?=wH
?}mQD O}OH ?=wH l} x@ uO}UQ |=Q@ w xOW ?=NDv= |iO=YD CQwYx@ hrDNt
R}v |Q=}DN= CQwYx@ u=OvRQi O}rwD QO |iO=YD Q}}eD l} "�`]=kD Qorta� OvwW|t
VR=Q@ `@=D T=U=Q@ xOWO=H}= O}OH |=y?=wH "�VyH Qorta� OwW|t xDiQo Q=m x@
OwQ|t V}B |}=H =D OvwQ u}= "OvwQ|t |Oa@ pUv x@ =yu} QDy@ w OvwW|t |@=} RQ=
T=U=Q@ QDW}@ l}DvS sD} Qwor= |=yQDt=Q=B s}_vD [42]"OwW =[Q= hkwD \}=QW xm
sD} Qwor= |=yQDt=Q=B [45]"CU= xr�Ut C=Q}}eD |Q}oQ_v QO =@ |@ QHD C=Oy=Wt
[50�46]u}W}B |}kkLt C=ar=]t =@ j@]vt 'xOW xO=iDU= xar=]t u}= QO xm l}DvS
p@=k 1 pwOH QO xar=]t u}= QO xO=iDU= OQwt l}DvS sD} Qwor= |=yQDt=Q=B "CU=
OQ=O |@ wN OQmrta |rm |wHwCUH QO ?re= l}DvS sD} Qwor= "CU= xOy=Wt
|r}N VOQmrta w OQ=O |Ovm ,=D@Uv `[wt xv}y@ |x]kv l} x@ |}=Qoty QO =t=
|=yVwQ Ovv=t '|a[wt |xOvyOOw@y@ |=yVwQ 'Qo}O hQ] R= [51]"CU}v |@ wN
|a[wt |xv}y@ |x]kv x@ Ovv=wD|t '�|]N |wHwCUH Ovv=t� u=}O=Qo Q@ |vD@t
|wHwCUH QO ,=awv =t= 'Ov@=} CUO wHwCUH |=[i R= |mJwm |xk]vt QO
l}DvS sD} Qwor= OQmrta Ow@y@ |=Q@ |irDNt |=yQ=my=Q u}=Q@=v@ "Ov=h}a[ |rm
|o}=Uty Q=DUH l} |Q}oQ=mx@ pt=W ,qwtat =yQ=my=Q u}= [51w46]"CU= xOW x�=Q=
"CU= ?=NDv= w OOHt ?}mQD xNQJ QO l}DvS sD} Qwor= |xOvyOOw@y@ u=wvax@

%CU= u}vJ ,=twta xOWx�=Q= l}DvS sD} Qwor=
Qy |Q}oQ_v QO =@ "=yswRwtwQm |}=OD@= C}atH O=H}= %x}rw= |yOQ=Okt "1 s=o
?=wH l} u=wD|t =Q swRwtwQm l} xr�Ut u}= QO '?=wH l} u=wvax@ swRwtwQm

"l}DvS sD} Qwor= |=yQDt=Q=B "1 pwOH
xR=Ov= MQv MQv `@=D `]=kD VyHC}atH `]=kD VyH ?=NDv=
100 0 9 0 01 C@=kQ |}x]kv wO CN=wvm} CN=wvm}

|xv} Ry Qt= u}= 'OwW|t O}rwD MQv V}=Ri= x@ QHvt Cq;u}W=t V}=Ri= xJQo =
`@=D u}=Q@=v@ "OwW xv}tm O}=@ xm Ovm|t p}tLD u=tR=U x@ =Q O}OH Cq;u}W=t O} QN
O}OH Cq;u}W=t O} QN |=Q@ |Q=Pox}=tQU |xv} Ry |R=Uxv}tm Ov=wD|t swO hOy

%OW=@
min imizeZ2 =

Xm

i=1
Xn

j=1 cij(xij � lij) (4)

cij x]@=Q u}= QO "Ovm|t xv}tm =Q O}OH Cq;u}W=t O} QN pm |xv} Ry 4 |x]@=Q
"CU= i sDU}UQ} R x@ u; uOwRi= w j ẁv u}W=t OL=w O} QN |xv} Ry |xOvyOu=Wv
xDW=O OwHw i sDU}UQ} R QO O}=@ xm CU= j ẁv u}W=t u}}=B OL |xOvyOu=Wv lij
i sDU}UQ} R QO j ẁv u}W=t |rai u=R}t |xOvyOu=Wv lij Qo}O CQ=@ax@ &OW=@

"CU=
|O}rwD MQv Q=_Dv= u=wD|t OW=@ QDW}@ =yx=oDU}= u=}t |=yQi=@ u=R}t QOkJQy
"VOQo QO |=y|OwHwt |Q=Oxov |xv} Ry V}=Ri= Ct}k x@ xJQo = 'CW=O QDq=@

%CU= VOQo QO |=y|OwHwt u=R}t uOQmxv}tm swU hOy u}=Q@=v@
min imizeZ3 =

Xk�1
i=1 yi (5)

O}rwD \N s=tD QO Qi=@ |=y|OwHwt ẁtHt 'CU= |R=Uxv}tm ẁv R= xm 5 |x]@=Q
O}rwD \N |=yxv} Ry V}=Ri= p}rOx@ =yQi=@ QDq=@ Q}O=kt xm =QJ "Ovm|t xv}tm =Q
O}rwD \N x@ xOW xi=[= |=yu}W=t sHL |=Q@ q=@ OL C}OwOLt "CU= ?wr]t=v

%OQm KQ]t 6 |x]@=Q CQwYx@ u=wD|t =QXm

i=1
Xn

j=1 vijxij � v (6)

|xOvyOu=Wv v w 's=i sDU}UQ} R QO s=j ẁv u}W=t sHL |xOvyOu=Wv vij u; QO xm
"CU= sHL |=Q@ xOW xDiQo Q_v QO |q=@ OL

CQwYx@ =Q =yv; u=wD|t w CU= lij w uij u}}=B w q=@ OL wO x@ OwOLt xij
ẁv |rai u}W=t O=OaD Q@=Q@ xij u}}=B OL OwW|t Qw;O=} "CiQo Q_v QO 7 |x]@=Q
CU= |v}W=t xv}W}@ |xOvyOu=Wv u; |q=@ OL w CU= s=i x=oDU}= QO OwHwt s=j

"OQm xi=[= u=wD|t x=oDU}= QO xm
lij � xij � uij (7)

|rw 'CiQo Q_v QO C@Ft =} QiY u=wD|t Ov=xr�Ut s}tYD |=yQ}eDt xm =Q yi w xij
%OvW=@ K}LY OOa O}=@

xij ; yi � 0
xij ; yi : Integer (8)

pOt pL |@}mQD |O=yvW}B VwQ "4"3
xiOyOvJ pOt l} CQwYx@ xr�Ut |R=UpOt x@ |O=yvW}B |SwrwODt 3 =D 1 s=o
xiOyOvJ OQm} wQl} =@ O}=@ s}tYD Q}O=kt x@ |@=}CUO Qw_vtx@ pOt u}= &OR=OQB|t
Kw]U xm xiOyOvJ p�=Ut pL |=Q@ OvtCQOk |=yOQm} wQ R= |m} "OwW pL
VwQ 'OQ}o|t Q_v QO =Q hrDNt h=Oy= Q@ u=oOvQ}os}tYD C=L}HQD R= |irDNt

[40w39]%�9 |x]@=Q� CU= LP-Metric

Min =

"Xm

j=1 w
p
j

����� f�j � fjf�j � f�j

�����p# 1
p

(9)

108



|tW
DLt

|ra
w|

Q}t=
OwY

kt "hkwD \}=QW x@ uO}UQ =D '5 =D 2 |=ys=o Q=QmD %Q=QmD "5 s=o

|OOa p=Ft "4
u}= QO "CU= xOW xO=O u=Wv Qi=@ 10 w x=oDU}= 12 =@ O}rwD \N l} 3 pmW QO
|xOvyOu=Wv =yErFt w x=oDU}= Qy QO Cq;u}W=t |xOvyOu=Wv =yp}]DUt pmW
QO w u}W=t l} =yvD =yx=oDU}= |NQ@ QO OwW|t xOy=Wt xm u=vJ "OvDUy =yQi=@
R= V}@ |=Q=O |=yx=oDU}= QO "OQ=O OwHw u}W=t l} R= V}@ =yx=oDU}= |NQ@
QO "OvyO|t s=Hv= =Q |v=Um} h}=_w w xOw@ |R=wt CQwYx@ =yu}W=t 'u}W=t l}
Qw@a 9 w 5 |=yx=oDU}= R= 'OwW|t OQ=w 1 x=oDU}= x@ 1 s=N O=wt O}rwD \N u}=
OQ=w 2 x=oDU}= x@ 2 s=N O=wt u}vJty "OwW|t A |xa]k O}rwD x@ QHvt w Ovm|t
QO "OwW|t B |xa]k O}rwD x@ QHvt w Ovm|t Qw@a 10 w 6 |=yx=oDU}= R= 'xOW
22 w 20 '18 '16 '14 |=yx=oDU}= QO 'OwW|t S=Dvwt B w A C=a]k 12 x=oDU}=
GQ=N 22 x=oDU}= R= |}=yv pwYLt C}=yv QO w 'OQ}o|t CQwY |r}tmD C=}rta
|=yu=tR w |@=QN u}@ |=yu=tR 'VR=OQB |=yu=tR Q}O=kt 2 pwOH QO "OwW|t
QO =@ =yu}W=t |q=@ w u}}=B OL R}v 3 pwOH QO "CU= xOW x�=Q= x=oDU}= Qy Q}taD
|q=@ w u}}=B OL 'x=oDU}= Qy QO =yu}W=t X}YND |=Q@ =[i C=_Lqt uDiQoQ_v
hOy "CU= xOW x�=Q= x=oDU}= Qy QO u}W=t OL=w O} QN |xv} Ry u}vJty w =yQi=@
|xv}y@ C}iQ_ u}}aD u}vJty w x=oDU}= Qy QO Cq;u}W=t O=OaD |xv}y@ u}}aD
O}OH Cq;u}W=t O} QN |xv} Ry u} QDsm =@ xm |wLvx@ CU= =yx=oDU}= u}@ |=yQi=@

u}= |=yuS "CiQo Q_v QOCU=yu}W=t w =yQi=@ R=|@}mQD |xOvyOu=Wv xm xr�Ut
|R=wt |=yu}W=t O=OaD =} s=i x=oDU}= Qi=@ Q}O=kt |xOvyOu=Wv l} Qy swRwtwQm
x=oDU}= 4 =@ |R=wt� |QU \N l} Qo = p=Ft |=Q@ "OwQ|t Q=tW x@ s=i x=oDU}=
Q_v QO uS 7 =@ |twRwtwQm 's} Q}o@ Q_v QO =Q 1 pmW Q=DN=U Q@ |vD@t Qi=@ 3 w
'pw= x=oDU}= QO |R=wt |=yu}W=t O=OaD |xOvyOu=Wv pw= uS xm OwW|t xDiQo
|xOvyOu=Wv swU uS 'pw= x=oDU}= |wrH Qi=@ C}iQ_ |xOvyOu=Wv swO uS
|wrH Qi=@C}iQ_ |xOvyOu=Wv sQ=yJ uS 'swO x=oDU}= |R=wt |=yu}W=t O=OaD
x=oDU}= |R=wt |=yu}W=t O=OaD |xOvyOu=Wv sDiy uS ,=D}=yv w """'swO x=oDU}=

"CU= sQ=yJ
R= xO=iDU= =@ |rai C}atH QO =y?=wH OOHt ?}mQD %OOHt ?}mQD "2 s=o
CQwY O}OH |=yswRwtwQm CN=U |=Q@ �VyH w `]=kD� l}DvS |=yQorta
p=tDL= =@ |}x]kvwO CQwYx@ `]=kD Qorta xm CU= K}[wD x@ sRq "OQ}o|t
OL u}@ uS Qy VyH CQwYx@ VyH QwD=QB= w 'CN=wvm} `} RwD `@=D Q@ |vD@t
xOW xDiQo Q_v QO CN=wvm} `} RwD `@=D Q@ |vD@t p=tDL= =@ 'uS |q=@ w u}}=B

"CU=
�|]N |wHwCUH� |a[wt |xOvyOOw@y@ VwQ R= xO=iDU= %Ow@y@ "3 s=o
|wHwCUH \UwD xOW xO=O Ow@y@ swRwtwQm =@ OvRQi Qy |v} Ro}=H Qw_vtx@

"C}atH QO xOW xO=O Ow@y@ OvRQi uO=OQ=Qk w |]N
u=wvax@ swRwtwQm u; |iQat w C}atH swRwtwQm u} QDy@ ?=NDv= %?=NDv= "4 s=o

"Q=QmD swRwtwQm u} QDy@

"Qi=@ 10 w u}W=t 15 =@ O}rwD \N l} "3 pmW

"Cq;u}W=t Q}taD |=yu=tR 'Cq;u}W=t |@=QN u}@ |=yu=tR 'Cq;u}W=t VR=OQB |=yu=tR COt `} RwD `@=wD "2 pwOH
x=oDU}= VR=OQB u=tR COt u}W=t |@=QN u}@ u=tR COt Q}taD u=tR COt

1 =t=o �21; 9; 3� pw@} w �19500; 75; 15� =t=o �1200; 300; 75�
2 pw@} w �27; 9; 5� pw@} w �14000; 230; 14� =t=o �1300; 260; 73�
5 pw@} w �37; 9; 2� =t=o �16000; 240; 25� =t=o �500; 240; 60�
6 pw@} w �34; 8; 11� pw@} w �18450; 260; 45� |}=tv �3100�
9 =t=o �32; 14; 6� pw@} w �15300; 400; 15� =t=o �630; 280; 50�
10 pw@} w �50; 17; 11� =t=o �12300; 200; 75� =t=o �740; 200; 35�
12 |}=tv �45� pw@} w �13500; 150; 70� pw@} w �2000; 240; 27�
14 pw@} w �50; 18; 3� pw@} w �12500; 400; 150� |}=tv �1500�
16 |}=tv �260� pw@} w �14000; 250; 75� =t=o �1600; 350; 50�
18 pw@} w �48; 15; 10� pw@} w �10300; 100; 75� =t=o �1850; 340; 36�
20 |}=tv �28� =t=o �13400; 369; 120� =t=o �1700; 257; 70�
22 =t=o �63; 22; 8� pw@} w �15500; 350; 40� =t=o �1200; 247; 40�

109



"""O}
rwD\

w]N
QO=

yQi=
@sH

Lw
u}W

=tO
=OaD

u}}a
D

Xi w xOWOm Q=Okt |xOvyOu=Wv CV u}vJty "CU= s=i pt=a |ak=w u}}=B OL
[26]"CU= s=i pt=a |xOWvOm Q=Okt |xOvyOu=Wv

|=yu}W=t� pt=a 22 |=Q@ pt=m CQwYx@ xmwr@l} umv@� Tm =@ KQ] |=QH=
x@ uwQkt |v=tR ^=Lrx@ xm CU= V}=tR; 936 OvtR=}v �=yQi=@ w =yx=oDU}=
=QH= OQwt 26 |QUm |rt=a KQ] l} pw= |xrLQt QO u}=Q@=v@ "CU}v xiQY
"OvwW XNWt OvDUy Q=O=vat |Q=t; ^=Lrx@ xm QDsyt pt=wa =D CiQo Q=Qk
|=Q@ xOW |R=Ux}@W pOt QO =yV}=tR; R= l} Qy '=yV}=tR; |L=Q] R= TB
10 V}=tR; p=Ft |=Q@ "OW C@F \N |HwQN MQv w '=QH= |v=tR OL=w 1,000,000
OyO|t u=Wv ��1'�1'1'�1'�1'1'1'�1'�1'1'1'�1'�1'1'�1'1'1'�1'1'1'�1�
'3 '2 '0 '600 '5 '1'0 '400 '2 '1 =@ Q@=Q@?}DQDx@ =QX22 =DX1 |=yQ}eDt Q}O=kt Qo = xm
1,000,000QO\N|HwQN's}yO Q=Qk1 '450 '5 '0 '1 '680 '6 '0 '5 '0 '1 '700
Q}O=kt|=R= x@\N|HwQN xmCU=|r=L QOu}= "Ow@ Oy=wN OL=w 1350|v=tR OL=w
OL=w 139 �1'0'1'0'1'0'2'0'1'0'1'0'1'2'0'0'1'1'0'0'2'1�|rai X22 =D X1
|=Q@ =yV}=tR; |t=tD xm CU= K}[wD x@ sRq "CU= |v=tR OL=w 1,000,000 QO
|tDU}U\UwD =yKQ] |R=Ux}@W u=tR pm w 'xOW s=Hv= |v=tR OL=w 1,000,000
QO "OW u}}aD xk}kO 84 OwOL '1 99 sQ w RDQy=o}o 2 w}|B|U C=YNWt =@
p}rLD G}=Dv 5 pwOH w xOW x�=Q= |]N uw}UQoQ pOt Tv=} Q=w p}rLD 4 pwOH

"OyO|t u=Wv =Q |rt=a |L=Q]
u}= "CU= 0 01 R= QDlJwm pOt pm P-value OwW|t xOy=Wt xm u=vJ
"CU= Q=O|vat OYQO 99 u=v}t]= K]U QO uw}UQoQ pOt xm OyO|t u=Wv Qt=
u=Wv OOa u}= &OyO|t u=Wv =Q 0 567626473 Q=Okt R `@ Qt XN=W =t=
xHwD =@ "CU= pt=wa R= |W=v MU=B Q}eDt C=Q}}eD R= OYQO 56 OwOL xm OyO|t
|}xrtHOvJ x@ |@=}CUO |=Q@ MU=B K]U p}rLD s=Hv= R `@ Qt OOa uOw@ u}}=B x@
uw}UQoQ |xrO=at ?}=Q[ 5 pwOH QO "OUQ|t Q_v x@ syt |Qt= QDq=@ xHQO
"CU= xOW x�=Q= |rt=a |L=Q] pOt QO pt=wa P-value w t |xQ=t; x=Qtyx@
u}= u}=Q@=v@ 'CU= 0 05 R= QDlJwm Ov=xOW nvQQB xm |}=yQ}eDt P-value Q=Okt
P-value Q}O=kt "OvQ=O |vat |Q=t; ^=Lrx@ OYQO 95 u=v}t]= K]U QO =yQ}eDt
QO |Q=t; ^=Lrx@ w xOw@ 0 05 R= QDnQR@ �nvQQB Q}e |=yQ}eDt� =yQ}eDt |k@=t
|}xrtHOvJ l} x@ |@=}CUO |=Q@ u}=Q@=v@ "OvDU}v Q=O|vat OYQO 95 K]U
s=Hv= =Q MU=B K]U p}rLD w OQm hPL pOt R= =Q =yu; u=wD|t QDq=@ xHQO

"O=O
MQv |wQ Q@ |R}J=v Q}F-=D w OvDU}v Q=O|vat |Q=t; ^=Lrx@ xm |rt=wa hPL =@
w X21 'X18 'X17 'X15 'X13 'X12 'X7 'X4 'X3 pt=a 10 'OvQ=Po|t O}rwD
X18 'X12 |=yQ}eDt xm OwW|t xOy=Wt 3 pwOH x@ xaH=Qt =@ "Ov=t|t |k=@ X22
xmwr@l} umv@� Tm =@ MU=B K]U V}=tR; |L=Q] "OvQi=@ x}k@ w u}W=t X22 w
umv@� Tm =@ KQ] "CU= xOW s=Hv= Minitab Q=Ri=sQv \UwD Q}eDt 10 u}= |=Q@
QO =yV}=tR; R= l} Qy "OQ=O V}=tR; 170 s=Hv= x@ R=}v Q}eDt 10 |=Q@ xmwr@l}
C@F |HwQN MQv w xOW =QH= |v=tR OL=w 1,000,000 |=Q@ xOW |R=Ux}@W pOt
xm OyO|t u=Wv (0; 1; 0; 0; 0; 1;�1; 0; 0;�1) 4 V}=tR; p=Ft |=Q@ "OW

|xv} Ry '=yQi=@ |q=@ w u}}=B OL 'x=oDU}= Qy QO =yu}W=t |q=@ w u}}=B OL "3 pwOH
"u}W=t OL=w O} QN

OL=w O} QN xv} Ry q=@ OL u}}=B OL Qi=@/x=oDU}=
70000 5 1 1
58000 6 2 2

| 400 0 3
| 550 0 4

41000 3 1 5
26000 5 1 6

| 600 0 7
| 350 0 8

33000 6 2 9
18000 3 1 10

| 700 0 11
26000 7 1 12

| 580 0 13
43000 5 1 14

| 430 0 15
21000 6 2 16

| 680 0 17
55000 5 1 18

| 530 0 19
17000 5 1 20

| 450 0 21
36000 7 1 22

"OwW pY=L �O}rwD MQv� \N |HwQN u} QDW}@ 'Qi=@ |=y|OwHwt u} QDsm w
|=v@tQ@ O}rwD \N u}= hY |xm@W '|O=yvW}B |SwrwODt pw= s=o j@]
`} RwD `@=wD |t=tD w xOW |R=Ux}@W MATLAB Q=Ri=sQv QO 2 pwOH |=yxO=O
u}= =@ j@=]t Cq;u}W=t Q}taD |=yu=tR w |@=QN u}@ |=yu=tR 'VR=OQB |=yu=tR
MU=B K]U pOt=Dt O=H}= |=Q@ "CU= xOW p=ta= xOW |R=Ux}@W pOt QO pwOH
KQ] u}= xm =QJ 'CU= xOW ?=NDv= lwr@ l} =@ umv@� Tm =@ KQ] 'O}rwD MQv |=Q@
O=OaD ^=Lrx@ w OQ=O =Q =yQ}eDt C=a@ Qt R}v w =yQ}eDt C=Ot=aD |Q}oQ_v QO C}r@=k
'xmwr@l} *umv@� Tm =@ KQ] "CU= Q=OQwNQ@ |}q=@ |}=Q=m R= R=}v OQwt |=yV}=tR;
u}= "Ovm|t |Q=PoOm ?}DQDx@ 1 w 0 '�1 =@ =Q pt=a Qy |q=@ w \Uw 'u}}=B OL
u=ty u}}=B w q=@ OwOL |ak=w Q}O=kt \UwD Q}eDt Qy |=Q@ u=wD|t =Q xOWOm Q}O=kt

"OQm p}O@D xOWOm Q}e Q}O=kt x@ 10 |x]@=Q R= xO=iDU= =@ w Q}eDt
CV =

xi � uli+lli2
uli�lli2

(10)

|xOvyOu=Wv lli w 's=i pt=a |ak=w |q=@ OL |xOvyOu=Wv Uli '10 |x]@=Q QO
"|rt=a |L=Q] Tv=} Q=w p}rLD "4 pwOH

R `@ Qt P-value F-value =y`@ Qt \UwDt swO |=yu=wD ẁtHt |O=R; xHQO `@vt
0 5675 8 38 E-06 4 75942 3013507 66297162 22 uw}UQoQ

633166 25959817 41 xOv=t|k=@
1464396 92256979 63 pm
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|tW
DLt

|ra
w|

Q}t=
OwY

kt |xOW xO=O j}@]D C=a@ Qt\UwDt Q@ VR=Q@ sOa |xOW xO=O j}@]D C=a@ Qt\UwDt
|xOvyOu=Wv Qt= u}= "CU= C}=yv|@ u; Q=Okt xm O};|t CUO x@ Xr=N |=]N
OQ pOt VR=Q@ sOa uwtR; 'u}=Q@=v@ w CU= VR=Q@ sOa XN=W uOw@v Q=O|vat
u}= "OR=OQB|t uw}UQoQ pOt |=yxOv=t|k=@ uOw@ p=tQv |UQQ@ x@ 4 pmW "OwW|t
xU}=kt uOw@ p=tQv |=Q@ Q=_Dv= OQwt |=yxO=O =@ =Q xOW xOy=Wt |=yxO=O pmW
Ov=xOW RmQtDt \N l} CQwYx@ ,=@} QkD \=kv OwW|t xOy=Wt xm u=vJ "Ovm|t
R= "CU= Q=_Dv= OQwt |=yxO=O w xOW xOy=Wt |=yxO=O j@=]D |xOvyOu=Wv xm
Q@=Q@ =yxOv=t|k=@ |wQ Q@ xOW s=Hv= hwvQ}tU=� hwQowtrwm uwtR; |xQ=t; Qo}O hQ]
0 150 R= V}@ OwW|t xOy=Wt R}v pmW QO xm u=vJ P-value Q=Okt w 0 032
QiY ZQi 'CU= 0 05 R= V}@ P-value Q=Okt xm u}= x@ xHwD =@ u}=Q@=v@ "CU=
x@ |=yQ}eDt ?}=Q[ |Q}oQ_v QO =@ "OwW|t O}}-=D =yxOv=t|k=@ uOw@p=tQv Q@ |v@t
xv}W}@ O}=@ xm |@} QkD O}rwD MQv |xOvvmOQw;Q@ `@=D 'MU=B K]U p}rLD R= xOt; CUO

%CiQo Q_v QO 11 |x]@=Q CQwYx@ u=wD|t =Q OwW
Z1 =� 1167=7292 + 1=3024 � x3 + 1=0603 � x4

+ 2=4864 � x7 + 41=0052 � x12 + 1=7831 � x13

+ 2=5446 � x15 + 0=9668 � x17 + 1999=2005 � x18

� 2=8122 � x21 + 140=5156 � x22 � 0=0019 � x23

� 0=0033 � x24 � 0=0044 � x27 � 8=1285 � x212

� 0=0013 � x213 � 0=0024 � x215 � 0=0019 � x217

� 29=1484 � x218 � 0=0046 � x221 � 23=066 � x222

� 0=0017 � x3�x7 + 0=0054 � x3�x12 + 0=0014x3x18

+ 0=0001 � x3 � x21 � 0=005 � x3 � x22

+ 0=0009 � x4 � x7 + 0=0085 � x4 � x12

+ 0=0002 � x4x15 + 0=0012 � x4 � x17

+ 0=0122 � x4 � x18 + 0=0017 � x4 � x21

+ 0=1272 � x4x22 + 0=0091 � x7 � x12

+ 0=0001 � x7 � x13 + 0=0014 � x7 � x13

+ 0=0014 � x7 � x17 + 0=0136 � x7�x18

+ 0=0018 � x7 � x21 + 0=1199 � x7 � x22

� 0=0072 � x12 � x13 + 0=0047 � x12 � x15

+ 0=0515 � x12 � x17 + 0=0463 � x12 � x21

+ 3=4653 � x12 � x22 � 0=0039 � x13 � x15

+ 0=0001 � x13 � x17 + 0=0001 � x13 � x21

+ 0=0162 � x13 � x22 � 0=0003 � x15 � x17

+ 0=0002 � x15 � x22 � 0=0302 � x17 � x18

� 0=0005 � x17 � x21 + 0=0737 � x17 � x22

� 0=1442 � x18 � x21 + 5=9792 � x18 � x22

� 0=1369 � x21 � x22 (11)

|Q}oQ_v QO =@ u=wD|t 'OwW xv}tm O}=@ xm =Q O}OH Cq;u}W=t O} QN pm |xv} Ry `@=D

"|rt=a |L=Q] p}rLD G}=Dv "5 pwOH
P-value t-value ?} Q[ Q}eDt

3 49E� 07 �6 06555 �4083 18 C@=F OOa
0 212438 1 266624 62 99219 X1
0 883454 �0 14751 �7 33594 X2
0 006229 2 884032 1 434297 X3
0 041649 2 102976 0 760625 X4
0 703361 0 383459 38 14062 X5
0 795214 0 261242 12 99219 X6
0 000201 4 083265 1 353802 X7
0 087848 1 748579 0 993839 X8
0 176787 1 374389 68 35156 X9
0 170208 1 396067 138 8594 X10
0 056852 1 959709 0 55692 X11
0 014604 2 550057 84 54688 X12
0 0364 2 163299 0 741972 X13

0 061614 1 921693 95 57031 X14
0 020948 2 401449 1 110974 X15
0 123562 1 572323 78 19531 X16
0 00355 3 093906 0 905101 X17
0 030248 2 244672 111 6328 X18
0 12298 1 574837 0 591097 X19
0 193523 1 32192 65 74219 X20
0 003352 3 114956 1 377014 X21
0 001867 3 325772 110 2656 X22

x=oDU}= |=yu}W=t O=OaD '300 '550 '200 ?}DQDx@ 7 w 4 '3 Qi=@ C}iQ_ Qo =
u}W=t O=OaD '0 w 430 '290 ?}DQD x@ 17 w 15 '13 |=yQi=@ C}iQ_ '4 '12
MQv 'OW=@ 1 '22 x=oDU}= u}W=t O=OaD w 225 '21 Qi=@ C}iQ_ '3 '18 x=oDU}=
K}[wD x@ sRq "Ow@ Oy=wN OL=w 1120 |v=tR OL=w 1,000,000 QO \N O}rwD
u=tR pm w xOW s=Hv= |v=tR OL=w 1,000,000 |=Q@ =yV}=tR; |t=tD xm CU=
1 99 sQ w RDQy=o}o 2 w}|B|U C=YNWt =@ |tDU}U \UwD =yKQ] |R=Ux}@W

"OW u}}aD xk}kO 230 OwOL
xOWVR=Q@K]Uu} QDy@ u=wD|tpt=mCQwYx@umv@�Tm =@ KQ]uDiQoQ_v QO =@
\UwD u=wD|t =Q xOW VR=Q@ pOt Q=@Da= "OQw; CUO x@ =Q jwi |=yxO=O |wQ
|=yxOv=t|k=@ uOw@p=tQv uwtR; w Tv=} Q=w p}rLD 'VR=Q@ sOa uwJ |}=yXN=W
|=ypOt |=Q@ umv@� Tm =@ KQ] |Q}oQ_v QO =@ =yXN=W u}= "O}HvU uw}UQoQ
|@=} RQ= �pt=m swO xHQO w =yOt=aD + |]N 'C=a@ Qt + |]N '|]N� hrDNt
VR=Q@ R= pY=L G}=Dv "OW |}=U=vW pt=m swO xHQO pOt 'pOt u} QDy@ w xOW
x�=Q= 4 pmW w 6 pwOH QO Minitab Q=Ri=sQv R= xO=iDU= =@ swO xHQO pOt
xm u=vJ "OyO|t u=Wv MU=B |=Q@ =Q Tv=} Q=w p}rLD G}=Dv 6 pwOH "CU= xOW
xm CU= 0 000 swO xHQO uw}UQoQ pOt pm P-value Q=Okt 'OwW|t xOy=Wt
xOW x@U=Lt R `@ Qt Q=Okt "CU= uw}UQoQ pOt |Q=t; uOw@ Q=O|vat |xOvyOu=Wv
Q=Okt "CU= pt=wa R= |W=v MU=B Q}eDt C=Q}}eD OYQO 87 OwOL xm OyO|t u=Wv
u=Wv xQ=DU Ctqa =@ �CU= pOt VR=Q@ sOa |vatx@ xm � VR=Q@ sOa XN=W
s}UkD pY=L R= VR=Q@ sOa XN=W |=Q@ F |xQ=t; Q=Okt xm =QJ CU= xOW xO=O
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"""O}
rwD\

w]N
QO=

yQi=
@sH

Lw
u}W

=tO
=OaD

u}}a
D"MU=B Tv=} Q=w p}rLD G}=Dv "6 pwOH

`@ Qt R
P F

C=a@ Qt \UwDt C=a@ Qt ẁtHt C=a@ Qt ẁtHt |O=R; xHQO `@vt
��� xOW xO=O j}@]D xOW xO=O j}@]D

87 23 0 000 10 93 545718 35471651 35471651 65 uw}UQoQ
0 001 3 48 173869 1738690 21642444 10 |]N
0 000 19 91 993607 9936070 9936070 10 `@ Qt
0 011 1 73 86514 3893137 3893137 45 Ot=aD

49915 5191171 5191171 104 xOv=t|k=@ |=]N
* * 54644 5191171 5191171 95 VR=Q@ sOa

0 0 0 9 Xr=N |=]N
40662822 169 pm

|ivt l} ?Q[ =@ �\N |HwQN MQv |R=Uxv}W}@� 11 |x]@=Q xm OwW|t Qw;O=}
xv}y@ Q=Okt "�14 x]@=Q� CU= xOW xDiQo Q_v QO xv}tm CQwYx@ u; u}iQ] QO
|=Q@ u}}=B w q=@ OL |Q}oQ_v QO =@ 11 |x]@=Q �p;xO}= O[� xv}y@ O[ w �p;xO}=�
=@ 12 |x]@=Q �p;xO}=� |xv}y@ Q=Okt "CU= xOt; CUO x@ ?}DQDx@ =yQ}eDt s=tD
QO =@ 12 |x]@=Q �p;xO}= O[� |xv}y@ O[ Q=Okt w =yQ}eDt u}}=B OL |Q}oQ_v QO
QO =@ 13 |x]@=Q |xv}y@ Q=Okt "CU= xOt; CUO x@ =yQ}eDt |q=@ OL |Q}oQ_v
|q=@ OL |Q}oQ_v QO =@ 13 |x]@=Q |xv}y@ O[ Q=Okt w =yQ}eDt u}}=B OL |Q}oQ_v
w 7 |x]@=Q |Q}oQ_v QO =@ =yQ}eDt u}}=B w q=@ OwOL "CU= xOt; CUO x@ =yQ}eDt

%R= CU= CQ=@a 3 pwOH
x3 � 0;x3�400;x4 � 0;x4 � 550;x7 � 0;x7�600;

x12 � 1;x12 � 7;x13 � 0;x13 � 580;x15 � 0;x15 � 430;

x17 � 0;x17 � 680;x18 � 1;x18 � 50;x21 � 0;x21 � 450;

x22 � 1;x22 � 7

=@ xr�Ut 'pOt |=yC}OwOLt w hOy `@=D u=wvax@ 14 |x]@=Q |Q}oQ_v QO =@
Q=Ri=sQv QO xm �1 pwOH j@=]t =yQDt=Q=B s}_vD w� l}DvS sD} Qwor= R= xO=iDU=
hrDNt u=Rw= |=Q@ xr�Ut pL G}=Dv "CU= xOW pL 'xOW |U} wvOm MATLAB

"CU= xOy=Wt p@=k 7 pwOH QO P= 2 w p= 1 |Q}oQ_v QO =@ hOy `@=D xU
xOvQ}os}tYD w CU= xr�Ut |=Q@ ?=wH l} |xOvyOu=Wv uwDU Qy pwOH u}= QO
p=Ft |=Q@ "Ovm =QH= w ?=NDv= xr�Ut pL u=wvax@ =Q =y?=wH u}= R= |m} Ov=wD|t
sHL w pm |xv} Ry '|HwQN MQv h=Oy= |=Q@ xOvQ}os}tYD |L}HQD u=Rw= Qo =
=Q 7 w 4 '3 Qi=@ C}iQ_ O}=@ 'OW=@ 0 06 w 0 24 '0 7 ?}DQDx@ =yQi=@ pm
'13 Qi=@ C}iQ_ '4 =Q 12 x=oDU}= u}W=t O=OaD '585 '550 '82 ?}DQD x@
C}iQ_ '1 =Q 18 x=oDU}= u}W=t O=OaD '680 '59 '580 ?}DQDx@ =Q 17 w 15
MQv CQwY u}= QO "O=O Q=Qk 5 =Q 22 x=oDU}= u}W=t O=OaD w 414 =Q 21 Qi=@
x=oDU}= QO� 222000 =yu}W=t uOQmxi=[= pm |xv} Ry '2522 |@} QkD O}rwD
'OwW xi=[= O}=@v |v}W=t I}y 18 x=oDU}= QO 'OwW xi=[= u}W=t 3 O}=@ 12
Oy=wN 2950 =yQi=@ pm C}iQ_ w �OwW xi=[= u}W=t 4 O}=@ 22 x=oDU}= QO w

"Ow@

"=yxOv=t|k=@ uOw@p=tQv uwtR; "4 pmW
%CiQo Q_v QO u}vJ 3 pwOH w 4 |x]@=Q

z2 =26000 � (x12 � 1) + 55000 � (x18 � 1)

+ 36000 � (x22 � 1) (12)

u}vJ u=wD|t 5 |x]@=Q |Q}oQ_v QO =@ R}v OwW xv}tm O}=@ xm =Q =yQi=@ pm u=R}t `@=D
%CiQo Q_v QO

z3 = x3 + x4 + x7 + x13 + x15 + x17 + x21 (13)

w Cq;u}W=t |xv} Ry '\N |HwQN |va} |rY= pOt hOy xU |@}mQD hOy `@=D
%R= CU= CQ=@a 'LP-Metric 9 |x]@=Q R= xO=iDU= =@ =yQi=@ pm sHL

min =

26664
wp1
����2828�(�(11 |xrO=at))

�2665
���p

+wp2
��� 0�(12 |xrO=at)
�592000

���p
+wp3

��� 0�(13 |xrO=at)
�2690

���p
37775

1
p

(14)
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|tW
DLt

|ra
w|

Q}t=
OwY

kt "hOy `@=wD hrDNt u=Rw= |=Q@ xr�Ut pL "7 pwOH
P= 2 P= 1

10 ?=wH 9 ?=wH 8 ?=wH 7 ?=wH 6 ?=wH 5 ?=wH 4 ?=wH 3 ?=wH 2 ?=wH 1 ?=wH
0 1 0 3 0 5 0 7 0 9 0 1 0 3 0 5 0 7 0 9 W1
0 72 0 56 0 4 0 24 0 08 0 72 0 56 0 4 0 24 0 08 W2
0 18 0 14 0 1 0 06 0 02 0 18 0 14 0 1 0 06 0 02 W3

0 76 81 88 97 0 70 98 82 98 X3
97 368 489 550 550 0 328 421 550 550 X4
218 424 530 583 600 90 393 462 585 600 X7
1 1 1 3 6 1 1 1 4 7 X12
0 162 580 580 580 0 124 146 580 580 X13

280 305 47 48 70 90 326 360 59 64 X15
24 395 596 680 680 0 337 461 680 680 X17
1 1 1 1 2 1 1 1 1 3 X18

207 354 398 418 404 82 351 399 414 388 X12
1 2 3 5 6 1 1 1 5 7 X22

639 1723 2068 2461 2740 233 1504 1631 2522 2815 O}rwD MQv hOy `@=D
0 36000 72000 196000 365000 0 0 0 222000 482000 pm xv} Ry hOy `@=D

826 2084 2721 2947 2981 262 1929 2347 2950 2960 =yQi=@ pm sHL hOy `@=D

`@=wD |Q}oQ_v QO =@ R}v w O}rwD \N |oO}J}B p=tDL= x@ xHwD =@ w xOW xDiQo Q_v
Cq;u}W=t O=OaD u}}aD Qw_vtx@ "OQ@|t xQy@ |R=Ux}@W l}vmD R= '|twta `} RwD
|=yV}=tR; |L=Q] R= xrLQt wO QO 'hrDNt |=yx=oDU}= QO =yQi=@ C}iQ_ w
xOvvm|v}@V}B |@} QkD `@=D u} QDy@ w xOQm xO=iDU= MU=B K]U |SwrwODt w |QUm
|xiOyOvJ |[=} Q |R=UpOt R= TB |SwrwODt u}= "Ovm|t OQw;Q@ =Q |HwQN MQv
R= |Q}oxQy@ =@ w |]N |wHwCUH w l}DvS sD} Qwor= R= xO=iDU= =@ 'xr�Ut
x�=Q= =Q ?wr]t |=y?=wH hOy `@=wD hrDNt u=Rw= QO LP-Metric VwQ

"Ovm|t

|Q}oxH}Dv "5
Cq;u}W=t �xv}y@ x@ l}ORv =}� xv}y@ O=OaD u}}aD |=Q@ |SwrwODt l} Q=DWwv u}= QO
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Abstract
A production line consists of machines connected in se-
ries and separated by bu�er capacity. Each part is re-
quired to be processed on each machine during a time
called the service or process time. Material 
ow may be
disrupted by machine failure or by di�erences between
the service times of the stations. The inclusion of bu�ers
increases the average production rate of the line by limit-
ing the propagation of distributions, but at an additional
cost of capital investment, 
oor space of the line and in-
ventory. On the other hand, the inclusion of parallel
machines in a station increases its reliability and results
in higher production rate. Determining bu�er size and
number of parallel machines in a station is a challenging
problem. This paper formulates the problem of deter-
mining the optimal (or near optimal) number of ma-
chines and bu�er capacities in failure-prone production
and assembly lines to optimize production rate. This pa-
per also provides a methodology to solve this problem.
The objective is to maximize production rate with min-
imum machine purchase cost and minimum total bu�er
size (A multi-objective formulation). The majority of so-
lution methods assume that the process times, time be-
tween failures and repair times, are deterministic or ex-
ponentially distributed. This paper relaxes these restric-
tions by proposing a simulation based methodology that
can consider general distribution functions for all param-
eters of production lines. Considering the large number
of factors in such problems (machines and bu�ers of each

station), we �rst use a two level fractional factorial de-
sign to determine the more signi�cant factors, and sec-
ond, use a response surface design to build a response
surface metamodel as a production rate estimator, based
on di�erent con�gurations of bu�er capacity and num-
ber of machines. We use the Lp-metric method as one of
the powerful methods for multi-objective problem solv-
ing that generates di�erent solutions based on objective
weights. Finally, we use a genetic algorithm combined
with the lines search method to solve the multi objective
model and to determine the optimal (or near optimal)
number of machines and bu�er capacities in each sta-
tion.

Key Words: Series-parallel production line, bu�er, queu-
ing networks, genetic algorithm, simulation, design of ex-
periments, response surface methodology, line search.
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