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Z}waD |xv} Ry uOw@v C@=F ZQi =@ \}=QW Q@
|@=QN p}rOx@

�Q=}Wv=O� �|v�tpo =[QO}tL
�OWQ= |U=vWQ� |wHWv=O� |r}a=tU=QwB |[DQt

VQiD x=oWv=O '`}=vY |UOvyt |xOmWv=O

s=Hv= =@ xm CU= u}= hOy '1�CBM� x=oDUO \}=QW Q@ |vD@t Q}taD w |Q=Oxov QO
`@=D 'pQDvm OL VwQ QO "OW l}ORv Z} waD |ak=w Qta x@ x=oDUO '\}=QW pQDvm w |UQR=@
MQv |k}irD pOt R= xO=iDU= =@ '3\}=QW pQDvm |=yQ}eDt Q}F-=D w x=oDUO 2xQ]=Nt MQv s-=wD
'TBU "OwW|t xOR u}tND x=oDUO |D=aq]= j@=wU x@ xHwD =@ w '4�PHM� xQ]=Nt

w |@=QN p}rOx@ Z} waD |=yxv} Ry \UwDt xm OwW|t u}}aD |}xvwox@ pQDvm OL u} QDy@
'Q=DWwv u}= QO xOWx�=Q= pOt QO "OwW xv}tm |vqw] |xQwO l} QO xv=Q}oW}B Z} waD

|a@=D '|@=QN ẁv u}= |xv} Ry w hPL |@=QN p}rOx@ Z} waD |xv} Ry uOw@ C@=F ZQi
"CU= xOW xDiQo Q_v QO |@=QN X}NWD |=yQ}eDt Q}O=kt w x=oDUO Qta R= |OwaY

|=yxv} Ry \UwDt xm |}xvwox@ 'CU= xOW x�=Q= pQDvm OL u} QDy@ u}}aD |=Q@ |rOt TBU
"CU= xOW x�=Q= 'pOt QDy@ K} QWD Qw_vtx@ R}v |OOa p=Ft l} "OwW xv}tm Z} waD

golmakni@mie.utoronto.ca
pouresmaeeli@tafreshu.ac.ir

'xQ]=Nt MQv |k}irD pOt '\}=QW T=U=Q@ C=Q}taD w |Q=Oxov %|O}rm u=oS=w
"Q}eDt Z} waD |xv} Ry '=} wB |R} Qxt=vQ@ 'Z} waD CU=}U

xtOkt "1
Z} waD |=Q@ xv}y@ pQDvm OL u}}aD '|}xQwO CQ=_v =@ CBM QO |U=U=Vr=J
[8�5]"CU= xOWKQ]t|irDNt|=yx=oO}O pQDvm OL|R=Uxv}y@ |=Q@ "CU= xv=Q}oW}B
xrLQt |y=vDt O=OaD |] R= Oa@ 'x=oDUO xm CU= xOW ZQi 'C=k}kLD u}= QO
|xOy=Wt 'xv=Q}oW}B Z} waD |=Q@ pQDvm OL w OwW|t |@=QN Q=JO '�C}a[w�
|=Q@ pQDvm OL xm ZQi u}= =@ u}vJty "CU=|@=QNC}a[w x@C}a[w u} QDl}ORv
|R=Uxv}y@ Qw_vtx@ |}=ypOt 'CU= x=oDUO |=yC}a[w R= |m} xv=Q}oW}B Z} waD
C}r@=k V}=Ri= '=ypOt u}= ?re= *hOy lrP`t [13�9]"CU= xOW x�=Q= pQDvm OL
Z} waD x@ \w@ Qt |=y|Q}os}tYD QO |O=YDk= C=a@D QDsm w xOw@ x=oDUO u=v}t]=

"CU= xDiQo Q=Qk Q_v Ot x=oDUO Q}taD =}
R= |W=v *Z} waD |=yxv} Ry w xv=Q}oW}B Z} waD |=yxv} Ry ^=Lr =@ u}kkLt
xwqa xv=Q}oW}B Z} waD |=Q@ pQDvm OL 'u; |] xm Ov=xO=O x�=Q= |rOt '|@=QN ẁkw
Z} waD |SD=QDU= [19�14]"CU= xDU@=w R}v QwmPt |=yxv} Ry x@ 'x=oDUO C}a[w Q@
|UQR=@ Qy QO "OQ}o|t CQwY C@=F |v=tR pY=wi QO =y|UQR=@ xm CU= |}xvwox@
x@U=Lt |@=QN lU} Q Q=Okt w |Q}oxR=Ov= |@=QN X}NWD |=yQ}eDt Q}O=kt =OD@=
'OW=@ QDW}@ xOW u}}aD ,q@k xm |rQDvm OL R= Q=Okt u}= xm |DQwY QO "OwW|t
|UQR=@ =D x=oDUO 'CQwY u}= Q}e QO w OwW|t s=Hv= x=oDUO xv=Q}oW}B Z} waD
=@ =OD@= 'pOt u}= QO xv}y@ pQDvm OL u}}aD QO "OyO|t xt=O= OwN Q=m x@ |Oa@
xOW |Qw;`tH� =y|@=QN ẁkw u}vJty w =y|UQR=@ R= |D=aq]= j@=wU R= xO=iDU=

T=U=Q@ u; QO |Q}os}tYD xm 'C=Q}taD w |Q=Oxov |=Q@ CU= |}xt=vQ@ CBM

CBM hOy "OQ}o|t CQwY x=oDUO C}a[w VHvU R= pY=L C=aq]=
=yvD '|SD=QDU= u}= QO "CU= |QwQ[Q}e C=Q}taD w |Q=Oxov |=yC}r=ai R= |Q}owrH
|O=aQ}e Q=DiQ R= u=Wv xm C}a[w VHvU C=aq]= QO |Oy=wW OwHw CQwY QO
u}=Q@=v@ "OwW|t O=yvW}B C=Q}taD w |Q=Oxov |=yC}r=ai |=QH= 'OW=@ xDW=O x=oDUO
w |Q=Oxov |=yxv} Ry 'OwW =QH= w |L=Q] ?U=vt CQwYx@ CBM |xt=vQ@ Qo =
|=QH= =@ 'R}v sDU}U u=v}t]= C}r@=k [1]"CW=O Oy=wN |Q}otWJ Vy=m C=Q}taD
QDW}@ 'xv=Q}oW}B C=Q}taD w |Q=Oxov |=yVwQ Q}=U |=QH= =@ xU}=kt QO CBM

[3w2]"Ow@ Oy=wN
xDUw}B Ov=wD|t 'x=oDUO OQmrta w ẁv *?ULQ@ 'C}a[w VHvU w |UQR=@
|=yQoTL \UwD ,qwtat x=oDUO '�xDUw}B C}a[w VHvU� QO "OW=@ |}xQwO =}
�|}xQwO C}a[w VHvU� QO "OQ=O Q=Qk xDUw}B CQ=_v CLD u; |wQ xOW ?Yv
|Q}oxR=Ov= |@=QN X}NWD |=yQ}eDt w '|UQR=@ |Y=N |v=tR pY=wi QO x=oDUO
w s�qa uO=O CUO R= lU} Q '|}xQwO C}a[w VHvU xm CU= K[=w "OwW|t
umtt |r=wDt |=y|UQR=@ u}@ pY=wi QO xm =Q |}=y|@=QN x@ \w@ Qt |=yQ=OWy

[4]"CW=O Oy=wN x=Qty x@ R}v 'OyO MQ CU=
pw�Ut xOvU} wv �
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|R=

Uxv
}y@Z} waD wv x=oDUO l} =@ '|@=QN ẁkw CQwY QO w OQ}o|tv CQwY u; C}a[w

"OwW|t
w T =@ =Q x=oDUO |@=QN u=tR 'pQDvm OL |SD=QDU= C=}�RH K} QWD Qw_vtx@
"s}yO|t V}=tv Zt =@ =Q t u=tR QO xOW |Q}oxR=Ov= |@=QN X}NWD Q}eDt Q=Okt
Q}eDt |=Q@ umtt Q}O=kt xawtHt xm OwW|t ZQi 'xr�Ut C}rm R= uDU=m uwO@
s=Hv= � |v=tR pY=wi QO =y|UQR=@ "OW=@ |y=vDt w =Q=tW '|@=QN X}NWD
|=yu=tR |=Q@ u}=Q@=v@ "OwW |Q}oxR=Ov= |@=QN X}NWD Q}eDt Q}O=kt =D OwW|t
O}vm ZQi "CU= XNWt Zt = ik Q}O=kt 'k = 0; 1; 2; ::: u; QO xm t = k�

|@=QN X}NWD Q}eDt |=Q@ umtt Q}O=kt xawtHt ik 2 � = f0; 1; 2; :::;mg
k� � t < (k + 1) � |=Q@ |@=QN X}NWD Q}eDt Q=Okt "OW=@ |UQR=@ Qy QO
xOR u}tND Zk |va} xR=@ |=OD@= QO |@=QN X}NWD Q}eDt Q=Okt |xr}Uwx@

"OwW|t
',=Q=YDN= =}� |@=QN X}NWD |=yQ}eDt Q}O=kt w x=oDUO xQ]=Nt MQv s-=wD `@=D

%CW=O s}y=wN w xO=O u=Wv h (t; Zt) =@ =Q �xQ]=Nt MQv s-=wD `@=D

h(t; Zt) = lim
�t!0

P (t � T < t+ �tjT > t; Zs; 0 � s < t)
�t

(1)

MQv |k}irD pOt w |D=aq]= j@=wU R= xO=iDU= =@ 'xQ]=Nt MQv s-=wD `@=D u}tND
CQwYx@ xQ]=Nt MQv s-=wD `@=D 'PHM QO [15]"OQ}o|t CQwY '�PHM� xQ]=Nt
MQv `@=D h0(t) `@=D u; QO w OwW|t xDiQo Q_v QO h(t; Zt) = h0(t) (Zt)

Q}O=kt x@ xDU@=w xm CU= |D@Ft `@=D  (Zt) w 'x=oDUO Qta x@ xDU@=w x}=B xQ]=Nt
'OW=@ p@}=w x}=B xQ]=Nt `@=D hQat h0(t) xm u}= ZQi =@ "CU= X}NWD |=yQ}eDt

%s} Q=O p@}=w xQ]=Nt MQv `@=D h} QaD j@]

h0(t) =

8><>:�
�

�
t��
�

���1
t > �

0 Q}O=kt Q}=U (2)

w CU= QiY pO=at (�) u=mt QDt=Q=B 'Z} waD p�=Ut QO ?re= xm u}= x@ xHwD =@
3 |x]@=Q CQwYx@ xQ]=Nt MQv s-=wD `@=D ' (Zt) = expf
Ztg ZQi =@ R}v

%Ow@ Oy=wN

h(t; Zt) = �
�

�
t
�

���1
exp f
Ztg ; t = 0; �; 2�; :::; k�

(3)

QDt=Q=B� � |=yQDt=Q=B 'x=oDUO R= xOW|Qw;`tH |D=aq]= j@=wU uDiQo Q_v QO =@
R= xO=iDU= =@ �|@=QN X}NWD *Q}eDt Q}F-=D QDt=Q=B� 
 w �T=}kt QDt=Q=B� � '�pmW

[20w15'14]"OwW|t xOR u}tND |}=tvDU=Q xv}W}@ VwQ
Qo}Om} R= C@=F pY=wi =@ =y|UQR=@ xm CU= u}= Q@ ZQi 'QwmPt pOt QO
'|@=QN X}NWD |=yQ}eDt Q}O=kt u}}aD w |UQR=@ Qy R= TB "OvwW|t =QH=
=@ Qo = "OwW|t |Q}os}tYD x=oDUO R= |Q=OQ@xQy@ |xt=O= =} Z} waD XwYNQO
OUQ@ u; R= QDW}@ =} xv}y@ pQDvm OL x@ |@=QN lU} Q 'x=oDUO C}a[w x@ xHwD
|Oa@ |UQR=@ u=tR =D 'CQwY u}= Q}e QO w OwW|t s=Hv= xv=Q}oW}B Z} waD
'xQ]=Nt MQv s-=wD `@=D Q=DN=U x@ xHwD =@ u}=Q@=v@ "O@=}|t xt=O= u; R= |Q=OQ@xQy@
X}NWD |=yQ}eDt Q}O=kt w �x=oDUO Qta� |SD=QDU= u}= QO |Q}os}tYD |=v@t
|=ylwW T=U=Q@ x=oDUO xm |DQwY QO "CU=y|UQR=@ R= xOt; CUO x@ |@=QN
u}= Q@ ZQi [19�15]"OwW|t Z} waD xrY=iq@ R}v OwW CNU |@=QN Q=JO |a]kt

X}NWD |=yQ}eDt Q}O=kt w xQ]=Nt MQv s-=wD `@=D |=yQDt=Q=B '�x@=Wt |=yx=oDUO R=
*|=yxv} Ry *̀ wtHt \UwDt |R=Uxv}tm hOy =@ 'TBU w OwW|t xOR u}tND |@=QN
pQDvm OL 'COtOvr@ QO |@=QN ẁkw p}rOx@ Z} waD |=yxv} Ry w xv=Q}oW}B *Z} waD
R= QDu}}=B |OL pQDvm OL Qo = 'xm CU= K[=w "OwW|t x@U=Lt x=oDUO |=Q@ xv}y@
Z} waD |xv} Ry ,=@k=aDt w |@=QN ẁkw p=tDL= xJQo = 'OwW ?=NDv= xv}y@ pQDvm OL
Z} waD O=OaD 'O@=}|t Vy=m COt Ovr@ |v=tR ji= l} QO =y|@=QN ẁkw p}rOx@
"CW=O Oy=wN |Q}otWJ *V}=Ri= xv=Q}oW}B *Z} waD |xv} Ry 'u; p=@vOx@ w xv=Q}oW}B
'O@=}|tVy=m xv=Q}oW}BZ} waD O=OaD xJQo = 'q=@ pQDvm OL ?=NDv= =@ 'x@=Wt Qw]x@
|@=QN p}rOx@ Z} waD |xv} Ry ,=@k=aDt w x=oDUO |@=QN ẁkw p=tDL= C@Uv u=tyx@
OwW|t u}}aD |}xvwox@ xv}y@ pQDvm OL QwmPt pOt QO wQ u}= R= "O@=}|t V}=Ri= R}v
|@=QN R= |W=v *Z} waD w xv=Q}oW}B *Z} waD R= |W=v |=yxv} Ry u}@ sRq uR=wD xm
*Z} waD |xv} Ry uOw@ C@=F pOt u}= C=[wQit R= |m} xm OwW|t Qw;O=} "OwW Q=QkQ@
'OwW `k=w |@=QN x=oDUO QO xm u=tR Qy Qo}O CQ=@ax@ "CU= |@=QN R= |W=v
C}ak=w R= QwO |OL =D ZQi u}= xm CU= K[=w "CU= C@=F xOW ptLDt |xv} Ry
|@=QN ẁkw 'x=oDUO uOW xOwUQi w u=tR CWPo =@ ?re= xm =QJ 'OUQ|t Q_vx@
p}tLD R}v =Q |ia=[t |=yxv} Ry 'Ov=UQ|t <=RH= Qo}O x@ xm |QDW}@ ?}U; p}rOx@

"Ovm|t
|a@=D |@=QN ẁkw R= |W=v *Z} waD |xv} Ry xm ZQi u}= =@ 'Q=DWwv u}= QO
|xOW KQ]t pOt 'CU=|@=QNX}NWD |=yQ}eDt Q}O=kt w x=oDUO Qta R= |OwaY
CUO x@ QwmPt ZQi ^=Lr =@ xv}y@ pQDvm OL w xOW xO=O VQDUo [19�14]u}W}B

"CU= xOt;
CBM pOt pL VwQ w |R=UpOt |v=@t Q@ |QwQt '2 VN@ QO w xt=O= QO
p}YiD x@ |O=yvW}B pOt '3 VN@ QO TBU "CW=O s}y=wN [19�14]u}W}B
xOW KQ]t |OOa p=Ft l} 'QDW}@ K} QWD |=Q@ '4 VN@ QO w OwW|t x�=Q=
u=}@ xv}tR u}= QO |D; C=k}kLD C=aw[wt w |Q}oxH}Dv R}v 5 VN@ QO "CU=

"CU=xOW

CBM QO xv}y@ pQDvm OL u}}aD "2
'|DavY C=R}yHD w Cq;u}W=t ?re= xm CU= Q=wDU= Qw=@ u}= Q@ CBM pOt
|@=QN ẁkw |v}@V}B |=Q@ |}=yxv=Wv 'XNWt |xrLQt l} x@ uO}UQ R= TB
|@=QN X}NWD |=yQ}eDt j} Q] R= u=wD|t =Q =yxv=Wv u}= "OvyO|t RwQ@ OwN R=
X}NWD �� u; p=Ft= w =tO '|W}=UQi C=QP '=OY 'C=W=aDQ= u=R}t Ovv=t ��
C}r=ai '|v=QL@ pL=Qt x@ uO}UQ R= p@k w OQm |v}@V}B =Q |@=QN ẁkw 'O=O
|Q}owrH |@=QN ẁkw R= =D OQm =QH= w |R} Qxt=vQ@ =Q �Z} waD =} Q}taD� xv=Q}oW}B

"OwW
|Q}os}tYD QOC}a[wVHvU C=aq]= R= xO=iDU= Qw_vtx@ xm 'u}W}B pOt QO
|D=aq]= |xk@=U T=U=Q@ 'xOW x�=Q= x=oDUO |xv=Q}oW}B Z} waD u=tR |=Q@
\UwDt |R=Uxv}tm *hOy =@ xv=Q}oW}B Z} waD |=Q@ pQDvm OL 'x=oDUO R= OwHwt
x@ COtOvr@ QO |@=QN R= |W=v *Z} waD w xv=Q}oW}B Z} waD |=yxv} Ry ẁtHt
x=oDUO C}a[w xm CU= u; Q@ ZQi xOWO=} pOt QO "CU= xOt; CUO
Q=JO Ov=wD|t |Q=OQ@xQy@ pw] QO w CU= |iwmQ=t Q=DiQ |=Q=O EL@ OQwt
|=ylwW R= |W=v CNU |@=QN =} 'OQmQ=m w Qta V}=Ri= R= |W=v sQv |@=QN
Ow@y@ |=DU=Q QO |D=Q}taD C}r=ai I}y '|Q=OQ@xQy@ pw] QO u}vJty "OwW |a]kt
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a=tU

=QwB
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DQt
w|

v=mt
po

=[Q
O}tL pQDvm OL x@Kh(t; i) Q=Okt 'CU= i x=oDUO C}a[w xm |r=L QO 'u=tR u; QO xm

w (ki � 1)� =@ ?}DQD x@ =Q tg(i) Qy *Oa@ w p@k |UQR=@ |=yu=tR "OUQ|t g
%s} Q=O 'xO=O u=Wv ki�

(ki � 1) � � tg(i) < ki� (8)

C}a[w QO s)=j |UQR=@ QO w CU= QDW}@ j� R= x=oDUO Qta O}vm ZQi
p=tDL= w W (j; i) '|Oa@ Z} waD =D xOv=t |k=@ u=tR \UwDt "OQ=O Q=Qk i
|UQR=@ QO x=oDUO xm u}= ZQi =@ 'Q(j; i) '|@=QN Crax@ x=oDUO Z} waD
Oy=wN CUO x@ Q} R \@=wQ R= xO=iDU= =@ 'OW=@ sr=U QiY u=tR QO QiY |xQ=tW

[9]"Ot;
E (min fT; Tgg) = W (0; 0)

P (T � Tg) = Q (0; 0) (9)

xO=iDU= 11|r= 10|DWoR=@\@=wQ R= R}vQ(0; 0) wW (0; 0) Q}O=kt u}tND |=Q@
[19]"OwW|t8>>>>>>>>>>>><>>>>>>>>>>>>:

W (j; i) = 0 j > ki � 1

W (ki � 1; i) =
tg(i)�(ki�1)�R

0
R (ki � 1; i; s) ds j = ki � 1

W (j; i) =
�R
0
R(j; i; s)ds+R(j; i;�)

mP
r=i

W (j + 1; r)pir(j)
j < ki � 1

(10)8>>>>>>>>>>>>><>>>>>>>>>>>>>:

Q (j; i) = 0 j > ki � 1
Q(ki � 1; i) = 1�R(ki � 1; i; tg(i)

�(ki � 1)�)
j = ki � 1

Q(j; i) = 1�R(j; i;�) +R(j; i;�)
mP
r=i

Q(j + 1; r)pir(j) j < ki � 1

(11)

QO ,=iQY 'C@=F x]kv Q=QmD VwQ R= pY=L pQDvm OL xm CW=O xHwD O}=@
u}= Q}e QO [19]"CU= xv}y@ 'OW=@ |rwRvQ}e xQ]=Nt MQv s-=wD `@=D xm |Dr=L
|OwaY � |rwRv w uoty Q}e xQ]=Nt MQv s-=wD `@=D xJv=vJ |va} 'CQwY
xH=wt Q=}U@ |=y|oO}J}B =@ Z} waD |xv}y@ |SD=QDU= uOQw; CUO x@ 'OW=@
u}}aD |=Q@ |WwQ u}kkLt uwvm =D 'Ov=`r]t u=oOvQ=ov xm =Hv; =D [15]"CU=
xwqa 'p}qO R= |m} O}=W "Ov=xOQmv x�=Q= QwmPt Cr=L QO xv}y@ pQDvm OL
CWPo =@ C=R}yHD xQ]=Nt MQv ,qwY= xm OW=@ u}= 'OwHwt |=y|oO}J}B Q@
uwJty |D=O}ytD s=Hv= =@ '=y|UQR=@ QO xm u; Qot CU= |OwaY ?re= u=tR
s=Hv= sOa 'Q[=L Q=DWwv ZQi =t= "O=O Vy=m =Q MQv u}= u=wD@ '|�RH Q}taD
xQ]=Nt MQv s-=wD `@=D uOw@ |rwRv Q}e xH}DvQO w =y|UQR=@ u}L QO |�RH C=Q}taD

"CU=
x�=Q= jwi pOt |xDi=}pt=mD |xNUv u=wvax@ |O=yvW}B pOt 'Oa@ VN@ QO
Q_v QO �Q}eDt� |@=QN R= |W=v Z} waD |xv} Ry '|O=yvW}B pOt QO "OW Oy=wN
x=oDUO C}a[w pRvD w x=oDUO Qta V}=Ri= =@ Qo}O CQ=@ax@ "CU= xOW xDiQo

Cr=L x@ x=oDUO '|@=QN R= |W=v =} xv=Q}oW}B R= sa= 'Z} waD Qy R= Oa@ xm CU=
"OOQo|tR=@ wv

u=v}t]= C}r@=k `@=D "OW=@ t 2 [0;�) w |UQR=@ |xQ=tW k O}vm ZQi
p=tDL= pO=at w OwW|t xO=O u=Wv R(k; Zk; t) =@ k� + t u=tR =D |]QW
|UQR=@ u=tR =D x=oDUO xm u; \QW x@ 'CU= k� + t u=tR =D x=oDUO uOw@ sr=U
u=Wv u}kkLt "OW=@ xDW=O Q=Qk Zk C}a[w QO |UQR=@ u; QO w xOw@ sr=U s)=k

%OwW|t x@U=Lt 4 |x]@=Q R= Q=Okt u}= xm [19]Ov=xO=O

R (k; Zk; t) = exp

8<:� k�+tZ
k�

h0 (s) exp f
Zsg ds
9=; ;

h0 (s) =�
�

�
s
�

���1
: (4)

�|@=QN ẁkw R=|W=vZ} waD =} xv=Q}oW}BZ} waD R= sa=�Z} waD |=yxv} Ry\UwDt
Q=Okt 'xO=O u=Wv �(g) =@ =Q g pQDvm OL |SD=QDU= uDiQo Q_v QO =@ w u=tR OL=w QO

%Ovvm|t x@U=Lt 5 |x]@=Q R= =Q u;

�(g) = (C +K)P (T � Tg) + C (1� P (T � Tg))
Emin(T; Tg)

= (C +K)Q (g) + C (1�Q (g))
W (g)

= C +KQ (g)
W (g) (5)

|xrY=i xm CU= |]}=QW QO xv=Q}oW}B Z} waD |=QH= |=Q@ pQDvm OL g 'u; QO xm
=@ xv=Q}oW}B Z} waD |=QH= u=tR Tg "CU= � =@ Q@=Q@ |r=wDt |=y|UQR=@ u}@
=@ Q@=Q@ C + K w xv=Q}oW}B Z} waD |xv} Ry C 'g pQDvm OL |SD=QDU= x@ xHwD
p=tDL= =@ Q@=Q@ Q(g) u}vJty [19�15]"CU= |@=QN ẁkw R= |W=v Z} waD |xv} Ry
sa=� Z} waD wO u}@ u=tR \UwDt pO=at W (g) w |@=QN Crax@ x=oDUO Z} waD
h} QaD g pQDvm OL |SD=QDU= |=QH= ZQi =@ �|@=QN R= |W=v =} xv=Q}oW}B Z} waD R=

"OwW|t
xDW=O =Q Q=Okt u} QDsm �(g) u; |] xm CU= |OL 'pQDvm OL u} QDy@
MQv s-=wD `@=D Qo = xm [21w19]xOW xO=O u=Wv xOW s=Hv= C=ar=]t QO "OW=@
Q=QkQ@ 6 |x]@=Q xv}y@ pQDvm OL |=R=x@ 'OW=@ |OwaY u=tR x@ C@Uv xQ]=Nt

%CU=
� (g�) = g� (6)

C@=F x]kv Q=QmD VwQ R= xO=iDU= =@ u=wD|t =Q 'xv}y@ pQDvm OL |va} 'g� =Pr
\UwDt u=tR O}=@ =OD@= 5 |x]@=Q x@ xHwD =@ 'Q=QmD Qy QO [19]"OQw; CUO x@
"OwW xOR u}tND |@=QN R= |W=v Z} waD p=tDL= w |r=wDt Z} waD wO u}@
h} QaD u}vJ tg(i) Q=Okt '� |xawtHt QY=va R= l} Qy |=R=x@ 'Qw_vtu}O@

%OwW|t
tg (i) = inf ft � 0 jKh (t; i) � g g ; g > 0; i 2 � (7)

ẁkw p}rOx@Z} waD |xv} Ry |xU}=kt R= xmCU= |i=[= |xv} RyK '7 |x]@=Q QO
u} QDlJwm hQat inf O=tv "O};|t CUO x@ xv=Q}oW}B Z} waD |xv} Ry =@ |@=QN
`@=D Q=Okt h(t; i) w pQDvm OL g "CU= jO=Y u; |=Q@ QwmPt \QW xm CU= |v=tR
QO xOW |Q}oxR=Ov= Q}eDt Q=Okt xm CU= ZQi u}= =@ t u=tR QO xQ]=Nt MQv s-=wD
CU= |v=tR u}DUNv hQat tg(i) 'Qo}O CQ=@ax@ "OW=@ i pO=at '|UQR=@ u} QN;
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vD@t

Q}ta
Dw

|Q=
Oxo

vQO
pQDv

mOL
|R=

Uxv
}y@

"|r=wDt |=y|UQR=@ QO uoty Q}e|iwmQ=t Ov}=Qi QO|]QW p=kDv= p=tDL= "2 pmW

|iwmQ=t |Q}os}tYD Ov}=Qi |[=} Q u=}@ "2"3
'k� |=yu=tR QO C=t}tYD w =y|UQR=@ s=Hv= x@ xHwD =@ "C}a[w |=[i
l} =@ Q@=Q@ (z) =yu=tR u}= QO X}NWD Q}eDt Q=Okt xm u}= w 'k = 0; 1; 2; :::
� = f0; 1; :::;mg |=Q=tW w |y=vDt |xawtHt R= |ivtQ}e *K}LY Q=Okt
"O=O V}=tv (k; z) GwR CQwYx@ u=wD|t =Q |UQR=@ Qy QO x=oDUO C}a[w 'CU=
*u=tR =D |va} �� s)=k |UQR=@ =D x=oDUO xm OyO|t u=Wv (k; z) GwR 'Qo}O u=}@ x@
xm |Qw]x@ CU= z =@ Q@=Q@ u=tR u}= QO X}NWD Q}eDt Q=Okt w xOw@ sr=U �� k�

|x]@=Q CQwYx@ u=wD|t =Q C}a[w |=[i u}=Q@=v@ "z 2 � = f0; 1; :::;mg
[19]"O=O u=Wv 12

S = N � �; � = f0; 1; :::; mg ; N = f0; 1; 2; :::g (12)

%CU= s}tYD ẁv xU pt=W s}tYD |=[i '|UQR=@ Qy R= TB "s}tYD |=[i
"2 &(0 < a < �) xm |Qw]x@ |v=tR OL=w a CWPo R= Oa@ xv=Q}oW}B Z} waD "1
u}= xm |Qwi |xv=Q}oW}B Z} waD l} "3 & (a = +1) =} Z} waD sOa x@ s}tYD
CQwYx@ s}tYD |=[i u}=Q@=v@ "OvyO|t V}=tv < 0; a > CQwYx@ =Q s}tYD

"Ow@ Oy=wN 13 |x]@=Q
A = B [ fh0; ai ; a 2 Bg ; B = (0;�) [ f+1g (13)

'A *s}tYD |=[i =@ Z} waD |xr�Ut xm CU= xO=O u=Wv xOW s=Hv= C=ar=]t
A0 = [0;�) [ f+1g s}tYD |=[i =@ |ov}y@ |x]@=Q l} pL =@ pO=at

[1w19]"CU=
p=tDL= T} QD=t R= xO=iDU= =@ =y|UQR=@ QO x=oDUO C}a[w Q}}eD "C}a[w p=kDv=
|]QW p=kDv= p=tDL= T} QD=t u}= QO "CU= u}}@D p@=k '(P(k)) 5|]QW p=kDv=
|xr}Uwx@ (k+ 1)� u=tR QO j 2 � x@ k� x=wNrO u=tR QO i 2 � C}a[w R=

%OwW|t xO=O u=Wv P(k) = [pij(k)] T} QD=t s)=j uwDU w s)=i Q]U QYva
pij (k) = P

�
Z(k+1)� = jjT > (k + 1) �; Zk� = i

�
(14)

R= 'p=kDv= Cq=tDL=T} QD=t u}tND w|@=QNX}NWD |=yQ}eDt Q=DiQ|v}@V}B |=Q@
[15]"OwW|t xO=iDU= x=oDUO|D=aq]= j@=wU x@ xHwD =@ w 6|}=tvCU=Q xv}W}@ VwQ
w |r=wDt |UQR=@ wO u}@ |v=tR |xrY=i QO x=oDUO C}a[w xm CU= u}= Q@ ZQi
"OwW|t xOR u}tND s)=k |UQR=@ u=tR QO u; C}a[w \UwD s)=k+1 w s)=k x=wNrO
OwW|t s=Hv= � |v=tR pY=wi QO =y|UQR=@ 'xOW xO=O u=Wv 2 pmW QO xm u=vJ
C}a[w p=kDv= p=tDL= T} QD=t s)=j uwDU w s)=i Q]U |x}=QO hQat pij(k) w

"CU= s)=k + 1 |UQR=@ =D s)=k |UQR=@ |xrY=i QO '(P(k))

=}wB |R} Qxt=vQ@ "3"3
Z} waD pm}U l} |xv} Ry u} QDsm [19]'|D=}[Qi uDiQo Q_v QO =@ CtUk u}= QO
%R= Ov=CQ=@a QwmPt C=}[Qi "OQm s}y=wN x�=Q= |DWoR=@ |x]@=Q l} ?r=k QO =Q

V}=Ri= |@=QN |W=v Z} waD |xv} Ry ',=t-=wD �|@=QN X}NWD Q}eDt Q=Okt V}=Ri=�
"O@=}|t

|xv} Ry uOw@ Q}eDt ZQi =@ pQDvm OL |R=Uxv}y@ "3
|@=QN

Q}eDt |@=QN |xv} Ry "1"3
CU= umtt |Q=OQ@xQy@ pw] QO xm O} Q}o@ Q_v QO |iwmQ=t Q=DiQ =@ =Q |y=oDUO
|=ylwW R= |W=v CNU |@=QN =} 'OQmQ=m w Qta V}=Ri= R= |W=v sQv |@=QN Q=JO
|=DU=Q QO |D=Q}taD C}r=ai I}y 'COt u}= QO O}vm ZQi u}vJty "OwW |a]kt
=@ =} xv=Q}oW}B CQwYx@ x=oDUO u}= "OQ}ov CQwY QwmPt x=oDUO C}a[w Ow@y@
xv=Q}oW}B x=oDUO Z} waD Qo = "OwW|t Z} waD wv x=oDUO l} =@ '|@=QN |xOy=Wt
OW=@ |@=QN R= |W=v Z} waD xJv=vJ w &Ow@ Oy=wN C |xR=Ov=x@ u; |xv} Ry 'OW=@
K(t; Zt) 'Qo}O CQ=@ax@ "s} wW|t K(t; Zt) + C xR=Ov=x@ |}xv} Ry ptLDt
|xv} Ry =@ xU}=kt QO '|@=QN ẁkw R= |W=v O=R=t |xv} Ry hQat xm CU= |a@=D
|OwaY |a@=D 'O=R=t |xv} Ry u}= xm CU= u}= Q@ ZQi "CU= xv=Q}oW}B Z} waD
Zi u=tR u}= QO |@=QN X}NWD Q}eDt Q=Okt w CU= (t) |@=QN ẁkw u=tR R=

"CU=
QwLt *C=W=aDQ= u=R}t |UQR=@ Qy QO xm O} Q}o@ Q_v QO =Q |QwD=QvS p=Ft |=Q@
xU 'C=W=aDQ= u=R}t x@ xHwD =@ |UQR=@ Qy QO "OwW|t |Q}oxR=Ov= u; |rY=
C}a[w u} QDy@ QiY C}a[w 'CU= xOy=Wt *p@=k u; |=Q@ f0; 1; 2g C}a[w
ẁkw p}rOx@ Z} waD |xv} Ry 1 pmW QO "CU= C}a[w u} QDO@ 2 C}a[w w
xU CQwYx@ '|@=QN ẁkw s=ovyx@ x=oDUO C}a[w w Qta =@ xU}=kt QO |@=QN
xm u=vJty "CU= xOW xO=O u=Wv x=oDUO hrDNt |=yC}a[w =@ ?U=vDt |vLvt
Ow@ Oy=wNxv} Ry u}= V}=Ri= ?Hwt x=oDUO Qta V}=Ri= wU l} R= OwW|t xO}O
|vLvt x@ xv} Ry u}= |vLvt R}v x=oDUO C}a[w Q}}eD CQwYQO Qo}O |wU R= w
Q}eDt Q=Okt V}=Ri=� QwD=QvS C}a[w pRvD u}=Q@=v@ "Ovm|t Q}}eD QDq=@ |xv} Ry =@
p}rOx@ Z} waD |xv} Ry V}=Ri= ?Hwt ,=t=wD 'u; Qta V}=Ri= w �|@=QN X}NWD

"OwW|t |@=QN
ẁkw R= |W=v Z} waD w xv=Q}oW}B Cr=L wO Qy QO Z} waD xm ZQi u}= =@

'OwW|tv hQY x=oDUO Z} waD |=Q@ |v=tR w CU= |}x_Lr CQwYx@ |@=QN
xv}tm u=tR OL=w QO Z} waD |xv} Ry xm |wLvx@ 'CU= xv}y@ pQDvm OL u}}aD hOy

"OwW

w Qta =@ xU}=kt QO |@=QN ẁkw R= |W=v Z}waD |xv} Ry |=y|vLvt "1 pmW
"x=oDUO C}a[w
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|r}
a=tU

=QwB
|[

DQt
w|

v=mt
po

=[Q
O}tL W (k; Zk;+1; g; v)

=
�Z

0
[K (k� + t; Zk) + C + v (0; 0)] dF (tjk; Zk)

+

24 mX
j=Zk

v (k + 1; j) pZkj (k)

35R (k; Zk;�)

� g� (k; Zk;+1) =
�Z

0
K (k� + t; Zk) dF (tjk; Zk)

+ [C + v (0; 0)] [1�R (k; Zk;�)]

+

24 mX
j=Zk

v (k + 1; j) pZkj (k)

35R (k; Zk;�)

� g� (k; Zk;+1) = � (k; Zk;�) + [C + v (0; 0)]

[1�R (k; Zk;�)] +

24 mX
j=Zk

v (k + 1; j) pZkj (k)

35
R (k; Zk;�)� g� (k; Zk;+1) (17)

p}rOx@Z} waD |xv} Ry Qou=}@ [K(k�+t; Zk)+C+v(0; 0)] 'jwi\@=wQ QO
s)=k |UQR=@ QO X}NWD Q}eDt Q=Okt xm |r=L QO 'CU= k� + t u=tR QO |@=QN
|UQR=@ wO u}@ |v=tR |xrY=i QO x=oDUO C}a[w xm s} Q=O xHwD "OW=@ Zk =@ Q@=Q@
xOR u}tND s)=k |UQR=@ u=tR QO u; C}a[w \UwD s)=k+1 w s)=k x=wNrO w |r=wDt
Q@=Q@ k� + t |x_Lr QO x=oDUO C}a[w 't 2 [0;�) xm u}= x@ xHwD =@ "OwW|t
|xOvyOu=Wv dF (tjk; Zk) "CU= Zk |va} k� |x_Lr QO x=oDUO C}a[w =@
=D x=oDUO xm |]QWx@ 'CU= k� + t |x_Lr QO |]QW p=tDL= |r=oJ `@=D
|xOvyOu=Wv g "OW=@ Zk u=tR u}= QO X}NWD Q}eDt Q=Okt w sr=U k� u=tR
"CU= |vqw] |Q}os}tYD ji= l} QO u=tR OL=w QO Z} waD |xv} Ry \UwDt
u=tR R= Oa@ x=oDUO CtqU p=tDL= Qou=}@ ?}DQDx@ �(k; Zk; a) w R(k; Zk; a)

|k=@ (k; Zk) C}a[w QO x=oDUO xm CU= |v=tR COt \UwDt w k� + a

u}= QO w OW=@ Zk =@ Q@=Q@ s=k |UQR=@ QO X}NWD Q}eDt Q=Okt xm |]QWx@ 'Ov=t|t
=@ "OW=@ xOW xDiQo x=oDUO Z} waD x@ s}tYD u=tR OL=w aCWPo R= TB '|UQR=@
p@=k 18 |x]@=Q R= R(k; Zk; a) '4 |x]@=Q QO u=v}t]= C}r@=k h} QaD x@ xHwD

%Ow@ Oy=wN x@U=Lt

R(k; Zk; a) = P (T > k� + ajT > k�; Zk)

= exp

8<:� k�+aZ
k�

�
�

�
s
�

���1
expf
Zkgds

9=; ; a 2 [0;�)

(18)

Qo = 'CU= xOW xO=O u=Wv 3 pmW QO xm Qw]u=ty '�(k; Zk; a) XwYNQO
|k=@ (k; Zk) C}a[w QO x=oDUO xm |v=tR \UwDt 'OwW xDiQo a 2 B s}tYD

%=@ CU= Q@=Q@ �(k; Zk; a) |va} 'Ov=t|t

� (k; Zk; a) =
aZ

0
tdF (tjk; Zk) + aR (k; Zk; a)

Qo}O CQ=@ax@ 'CU= QiY R= QDnQR@ |Q=Okt C}a[w Q}}eD wO u}@ u=tR COt "1
Q=Okt wO s}vm|t ZQi Qw_vt u}tyx@ "ODi=|tv j=iD= xrY=iq@ C}a[w Q}}eD

%s} Q=O (k; Zk) 2 S Qy |=Q@ xm |Qw]x@ OvQ=O OwHw � > 0; � > 0

R (k; z; �) � �

CU=vat u=O@ u}= w &R(k; z;�) � � < 1 s} Q=O (k; Zk) 2 S Qy |=Q@ "2
"CU= QiY R= QDnQR@ |@=QN p=tDL= C}a[w Qy QO xm

'k = 0; 1; 2; ::: 'xm |Qw]x@ t = k� wZ = fZt; t � 0g|iO=YD Ov}=Qi "3
Qo}OCQ=@ax@ "CU= (k; Zk) x=oDUO|vwvmC}a[w?ULQ@|rwRv Q}e|Ov}=Qi
'G(jj(k; Zk)) = P (Zk+1 � jjT > (k+1)�; Zk = z) `} RwD `@=D

"(k; Zk) 2 S xm |Qw]x@ 'CU= (k; Zk) ?ULQ@ |rwRv |a@=D
V}=Ri= =@ x=oDUO Qo}O CQ=@ax@ "CU= t ?ULQ@ |rwRv Q}e |a@=D h0(t) `@=D "4

"OwW|t xOwUQi Qta
|rwRvQ}e |a@=D 'k = 0; 1; 2; ::: w t = k� u; QO xm  (Zt) |ivt Q}e `@=D "5
CQ=@ax@ " (0) = 1 wCU= (Zt = z)|@=QNX}NWD Q}eDt Q=Okt?ULQ@

"CU= Zt = z R= |rwRvQ}e |a@=D x=oDUO xQ]=Nt MQv Qo}O
Z} waD pm}U l} QO xv} Ry u} QDsm '5 |r= 1 C=}[Qi |Q=QkQ@ CQwY QO
|xrO=at j@=]t '�CU= (k; Zk) CQwYx@ x=oDUO |vwvm C}a[w xm |v=tR�

"OwW|t x@U=Lt 15 |DWoR=@

v(k; Zk) = min
�

inf
a2[0;�)

fV (k; Zk; a; g; v)g

;W (k; Zk;+1; g; v)
�

(15)

xm |Qw]x@ CU= Z} waD |xv} Ry \UwDt hQat V (k; Zk; a; g; v)u; QO xm
u}vJty &OW=@ xOW xDiQo (k; Zk) 2 S C}a[w QO a 2 [0;�) s}tYD
'OyO xt=O= OwN Q=m x@ |Oa@ |UQR=@ =D s}yO xR=H= x=oDUO x@ xm |Dr=L QO
x@ `@=D wO u}= "CU= Z} waD |xv} Ry \UwDt hQat W (k; Zk;+1; g; v)

"OwW|t x@U=Lt 17 w 16 \@=wQ R= ?}DQD

V (k; Zk; a; g; v)

=
aZ

0
[K (k� + t; Zk) + C + v (0; 0)] dF (tjk; Zk)

+ [C + v (0; 0)]R (k; Zk; a)� g� (k; Zk; a) ; (k; Zk) 2 S

=
aZ

0
K (k� + t; Zk) dF (tjk; Zk) + [C + v (0; 0)]

[1�R (k; Zk; a)] + [C + v (0; 0)]R (k; Zk; a)

� g� (k; Zk; a) ; (k; Zk) 2 S
= � (k; Zk; a) + C + v (0; 0)� g� (k; Zk; a) ; (k; Zk) 2 S

(16)
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Oxo

vQO
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|R=

Uxv
}y@

x=oDUOZ}waD sOa x@ s}tYD xm|v=tR x=oDUO uOw@ sr=U u=tR\UwDt "4 pmW
"CU= xOWxDiQo

=OD@= =Pr [24w23'19]"CU= (k; Zk) ?ULQ@ Q=Ov=Qm w |OwaY |a@=D 'OW h} QaD 15
h0(k� + a) (Zk) < g=K(k� + a; Zk) |xrO=at=v Qo = s}yO|t u=Wv
uOQmv Z} waD '(k; Zk) C}a[w QO xv}y@ s}tYD 'OW=@ Q=QkQ@ 0 � a < � |=Q@
|x]@=Q� a x@ C@Uv V (k; Zk; a; g; v) R= jDWt uDiQo =@ 'Qw_vtu}= |=Q@ "CU=

%s} Q=O �16
dV (k; Zk; a; g; v)

da
= d� (k; Zk; a)

da
� g d� (k; Zk; a)

da

=
d
� aR

0
K (k� + t; Zk) dF (tjk; Zk)

�
da

�g
d
� aR

0
R (k; Zk; t) dt

�
da

(23)

%s} Q=O t x@ C@Uv 20 |xrO=at hQ] wO R= |Q}ojDWt =@ Qo}O |wU R=
dF (tjk; Zk)

dt
= h0 (k� + t) (Zk)R (k; Zk; t) (24)

%CW=O s}y=wN 23 |x]@=Q QO dF (tjk; Zk) |Q=Po}=H =@ C}=yv QO
dV (k; Zk; a; g; v)

da
=

[h0 (k� + a) (Zk)K (k� + a; Zk)� g]R (k; Zk; a) :

(25)

`@=D 'u}W}B VN@ QO xOW KQ]t 5 w 4 C=}[Qi w '25 |xrO=at x@ xHwD =@
a � a�(k; Zk) |=Q@ w |rwRv |a@=D a < a�(k; Zk) |=Q@ V (k; Zk; a; g; v)

%xm |Qw]x@ 'CU= |OwaY |a@=D
a� (k; Zk) = inf fa � 0;

h0 (k� + a) (Zk) � g=K (k� + a; Zk)g (26)

%a�(k; Zk) � � Qo =
V (k; Zk;�; g; v) = inf

a2[0;�)
fV (k; Zk; a; g; v)g]

%CW=O s}y=wN 17 w 16 \@=wQ R= =Pr w
W (k; Zk;+1; g; v)� V (k; Zk;�; g; v)

=

24 mX
j=Zk

[v (k + 1; j)� C � v (0; 0)]pZkj (k)

35R (k; Zk;�)

(27)

xOWxDiQo k� + a s}tYD xm |v=tR 'x=oDUO uOw@ sr=U u=tR \UwDt "3 pmW
"OW=@

=
aZ

0
R (k; Zk; t) dt (19)

|@=QN p}rOx@ xm CU= |O=R=t |xv} Ry \UwDt �(k; Zk; a) '16 |x]@=Q QO
|@=QN |]QW |atHD `@=D [22]'|@=QN R}r=v; |=yVwQ x@ xHwD =@ "s} wW|t ptLDt
Zk =@ Q@=Q@ s)=k |UQR=@ QO X}NWD Q}eDt Q=Okt xm |]QW x@ k� + t u=tR =D

%OwW|t x@U=Lt 20 |x]@=Q R= 'OW=@
F (tjk; Zk) = 1�R (k; Zk; t) ; t � 0 (20)

R= Oa@ xm u}= x@ xHwD =@ '=Q |@=QN p}rOx@ O=R=t Z} waD |xv} Ry \UwDt u}=Q@=v@
x=oDUO *|vwvmC}a[w w xOW xDiQo x=oDUOZ} waD x@ s}tYD|v=tR OL=w aCWPo

%OQm x@U=Lt 21 |x]@=Q j@] u=wD|t 'CU= (k; Zk)

� (k; Zk; a) =
aZ

0
K (k� + t; Zk) dF (tjk; Zk) (21)

|vqw] ji= l} QO Z} waD |xv} Ry \UwDt u=wvax@ g xm u}= x@ xHwD =@ 'u}vJty
�(k; Zk; a) u=tR pw] QO |@=QN |xv} Ry \UwDt g�(k; Zk; a) 'OW h} QaD
=@ Q@=Q@

"
mP

j=Zk
v(k + 1; j)pZkj(k)

#
Q=Okt '17 |x]@=Q QO xwqax@ "CU=

|UQR=@ =D x=oDUO xm u; \QWx@ 'Ow@ Oy=wN Z} waD pm}U l} QO xv} Ry u} QDsm
"OW=@ j =@ Q@=Q@ pZkj(k) p=tDL= =@ u=tR u}= QO u; C}a[w w xOWv ?=QN s)=k+1
sr=U p=tDL= =@ CU= Q@=Q@ R(k; Zk;�) '18 |x]@=Q x@ xHwD =@ 'u}vJty
xOw@ sr=U k� u=tR =D x=oDUO xm u; \QWx@ s)=k + 1 |UQR=@ =D x=oDUO uOv=t
\UwDt �(k; Zk;+1) "OW=@ Zk =@ Q@=Q@ u=tR u}= QO X}NWD Q}eDt Q=Okt w
xR=H= x=oDUO x@ xm |Dr=L QO CU= (k; Zk) C}a[w QO x=oDUO uOv=t |k=@ u=tR

"�4 pmW� OwWv Z} waD w OyO xt=O= Q=m x@ |Oa@ |UQR=@ =D OwW xO=O

� (k; Zk;+1) =
�Z

0
R (k; Zk; t) dt (22)

xv}y@ |SD=QDU= u}}aD "4"3
QO u=tR OL=w QO Z} waD |xv} Ry� g ?ULQ@ |Q}os}tYD Q=}at l} VN@ u}= QO
Qw_vtx@ |DWoR=@ |WwQ |Oa@ VN@ QO TBU "OwW|t u=}@ �COtOvr@ ji= l}

"OW Oy=wN x�=Q= u=tR OL=w QO Z} waD |xv} Ry u} QDsm |x@U=Lt
C=}[Qi Qo = xm CU= |QwQ[ ?r]t u}= x@ xHwD '|Q}os}tYD Q=}at u}}aD QO
|x]@=Q QO xm v(k; Zk) `@=D 'OW=@ Q=QkQ@ u}W}B VN@ QO xOW KQ]t 5 |r= 1
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|r}
a=tU

=QwB
|[

DQt
w|

v=mt
po

=[Q
O}tL |xrO=at=v QO TB 'v(k; Zk) < C + v(0; 0) s}OQm ZQi uwJ Qo}O |wU R=

v(k + 1; Zk) < O}=@ Qo}O CQ=@a x@ &OwW Q=QkQ@ O}m = |w=Ut=v O}=@ 30
h0(k�) (Zk) � g=K(k�; Zk) Qo = u}=Q@=v@ "CU= Zk=vD xm v(k; Zk)

"CU= |Qwi Z} waD xv}y@ s}tYD w v(k; Zk) = C + v(0; 0) x=ov;
%swO Cr=L QO

h0((k+1)�) (Zk) � g=K((k+ x=ov; 0 < a�(k; Zk) < � Qo =
"1)�; Zk)

 (0) `@=D 'CU= (k; Zk) ?ULQ@ |OwaY Ov}=Qi l} fZng Ov}=Qi uwJ =t=
%s} Q=O w CU= |OwaY |a@=D

W (k; Zk;+1; g; v)� V (k; Zk; a�; g; v)

=
�Z

a�(k;Zk)

[h0 (k� + t) (Zk)K (k� + t; Zk)� g]

R (k; Zk; t) dt � 0
Z} waD R=CU= CQ=@a xv}y@ s}tYD w v(k; Zk) = V (k; Zk; a�; g; v) u}=Q@=v@

"OwW|t pt=m C=@F= ?}DQDu}O@ w &a�(k; Zk) u=tR CWPo R= TB
|SD=QDU= 'OW=@ Q=QkQ@ u}W}B VN@ QO xOW u=}@ 5 |r= 1 C=}[Qi Qo = u}=Q@=v@
h} QaD u}vJ w CU= (k; Zk) R= |rwRv |a@=D a�(k; Zk) 'Z} waD |xv}y@

[19]%OwW|t
a� (k; Zk) = inff0 � a < �;

h0 (k� + a) (Zk) � g/K (k� + a; Zk)g (31)

�COtOvr@ QO u=tR OL=w QOZ} waD |xv} Ry\UwDt� g QDt=Q=B R=|a@=D jwi |xrO=at
"Ow@ s}y=wN g Q=Okt u} QDsm p=@vO x@ Oa@ VN@ QO "CU=

xv}y@ |xv} Ry |x@U=Lt "5"3
'OW=@ Z} waD pm}U pw] \UwDt PTg w Z} waD |xv} Ry \UwDt CTg Qo =
COtOvr@ QO Z} waD |xv} Ry \UwDt 'OwW Z} waD Tg u=tR QO x=oDUO xm |t=ovy

[26w25]%OwW|t x@U=Lt u}vJ u=tR OL=w QO

�Tg = CTg

PTg
= C(1�P (T < Tg))+(C+K(T; ZT ))P (T < Tg)

Emin(T; Tg)

= C(1�Q(g)) + (C +K(T;ZT ))Q(g)
W (g)

= C + �(g)
W (g)

(32)

K(T;ZT ) '|@=QN p}rOx@ x=oDUOZ} waD p=tDL= P (T < Tg) jwi |x]@=Q QO
Emin(T; Tg) w(T;ZT )?ULQ@|@=QNp}rOx@Z} waD O=R=t|xv} Ry|OwaY`@=D

%OwW|t x@U=Lt u}vJ R}v Tg "CU= Z} waD pm}U pw] \UwDt
Tg = inf ft � 0;K (t; Zt)h0 (t) (Zt) � gg : (33)

xv}tm =Q 34 |x]@=Q '32 |x]@=Q uOQm xv}tm |=H x@ 'g� uOQw; CUO x@ Qw_vtx@
[20]%s}vm|t

CTg � gPTg = [C +K (T;ZT )P (T < Tg)]� gEmin (T; Tg)

(34)

%s} Q=O 'CU= k + 1 xQwO QO xv} Ry u} QDsm v(k + 1; j) xm =Hv; R= w
v (k + 1; j) < C + v (0; 0)

v (k + 1; j) pZkj (k) � [C + v (0; 0)] pZkj (k)
mX

j=Zk

v (k + 1; j) pZkj (k) �
mX

j=Zk

[C + v (0; 0)] pZkj (k)

= C + v (0; 0)

%u}=Q@=v@24 mX
j=Zk

[v (k + 1; j)� C � v (0; 0)]pZkj (k)

35R (k; Zk;�) � 0

(28)

'W (k; Zk;+1; g; v) � V (k; Zk;�; g; v) � 0 xm =Hv; R= '?}DQDu}O@
"Ow@ Oy=wN �x=oDUO uOQmv Z} waD� xv}y@ s}tYD

u=Wv =OD@= "0 � a�(k; Zk) < � u; QO xm s}vm|t |UQQ@ =Q |Dr=L uwvm =
u}vJ O}vm ZQi "CU= |Qwi Z} waD xv}y@ s}tYD x=ov; a� = 0 Qo = s}yO|t

%w a� = 0 Qo = |va} 'OW=@ CUQO=v |t}tYD
v(k; Zk) = W (k; Zk;+1; g; v) < C + v (0; 0)

= inf
a2[0;�)

fV (k; Zk; a; g; v)g : (29)

%s} Q=O 17 |x]@=Q R= 'p=L u}= QO
v(k + 1; Zk)� v (k; Zk) = v (k + 1; Zk)R (k; Zk;�)

+ v (k + 1; Zk) [1�R (k; Zk;�)]� v (k; Zk)

= �� (k; Zk;�) + [v (k + 1; Zk)� C � v (0; 0)]

[1�R (k; Zk;�)] + g� (k; Zk;+1)

+

24v (k + 1; Zk)�
mX

j=Zk

v (k + 1; j) pZkj (k)

35R (k; Zk;�)

= �� (k; Zk;�) + g� (k; Zk;+1)

+ [v (k + 1; Zk)� C � v (0; 0)]| {z }
1

[1�R (k; Zk;�)]| {z }
2

+

24 mX
j=Zk

[v (k + 1; Zk)� v (k + 1; j)] pZkj (k)

35| {z }
3

R (k; Zk;�)| {z }
4

C=Q=@a 'CU= (k; Zk) ?ULQ@ |OwaY |a@=D v(k+ 1; Zk) xm u}= x@ xHwD =@
=yv; h} QaD x@ xHwD =@ R}v 4 w 2 C=Q=@a "OvDUy QiY |w=Ut =} QDlJwm 3 w 1

%CW=O s}y=wN 26 |x]@=Q x@ xHwD =@ u}=Q@=v@ "Ov=|ivt=v
v (k + 1; Zk)� v (k; Zk) < g� (k; Zk;+1)� � (k; Zk;�) � 0

(30)

v(k; Zk) xm =Hv; R= =t= "v(k+1; Zk)�v(k; Zk) � 0 xmCiQo s}y=wN xH}Dv w
"v(k+ 1; Zk)� v(k; Zk) = 0 O}=@ 'CU= (k; Zk) ?ULQ@ |OwaY |a@=D
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"""|
vD@t

Q}ta
Dw

|Q=
Oxo

vQO
pQDv

mOL
|R=

Uxv
}y@

"CU= Q]N |xQwO R= QD?ka xQwO l} x=oDUO |vwvm u=tR "7 pmW

"CU= Q]N |xQwO R= QD?ka xQwO l} R= V}@ x=oDUO |vwvm u=tR "8 pmW

|@=QN u=tR Q@ pm}U pw] uOQm \wQWt =@ '�8 pmW� j < ki� 1 Qo = 'xQNq=@ w
%CW=O s}y=wN

W (j; i) =
(j+1)�Z
j�

E (min (T; Tg) j (j; i) ; T = s)dF (s� j�j (j; i))| {z }
1

+
mX
r=i

(
E(min(T; Tg)j(j; i); T > (j + 1)�; Zj+1 = r)

�P (T > (j + 1); Zj+1 = rj(j; i))
)

| {z }
2

�j� (37)

'1 |xQ=tW CQ=@a u}vJty "F (tjk; Zk) = 1�R(k; Zk; t) ' 37|x]@=Q QO
u}@ |v=tR QO |@=QN xm OyO|t u=Wv |Dr=L QO =Q pm}U pw] \UwDt
QO =Q pm}U pw] \UwDt 'R}v 2 |xQ=tW CQ=@a "ODi= j=iD= j+ 1 w j |UQR=@
|}=Hv; R= "ODi=}v j=iD= j + 1 |UQR=@ R= p@k |@=QN xm OyO|t u=Wv |Dr=L

%s} Q=O 'E(min(T; Tg)j(j; i); T = s) = s xm

W (j; i) =

(j+1)�Z
j�

sdF (s� j�j(j; i))

+
mX
r=i

8>><>>:
E(min(T; Tg)j(j; i); T > (j + 1)�; Zj+1 = r)

�P (T > (j + 1)�j(j; i))
P (Zj+1 = rjT > (j + 1)�; Zj = i)

9>>=>>;
�j�

W (j; i) =

(j+1)�Z
j�

(s� j�)dF (s� j�j(j; i)) + j�(1�R(j; i;�))

�Tg `@=D 'g� = min�Tg xm |Qw]x@ 'Tg Z} waD u=tR xm xO=O u=Wv C=ar=]t
[27w21]'CU= g = �(g) |xrO=at |=Q@ =Dm} |@=wH g� Q=Okt w Ovm|t xv}tm =Q
R= xO=iDU= =@ 'Tg� ,=@k=aDt w g� |x@U=Lt Qw_vtx@ "�(g) � �Tg xm |Qw]x@
|xrY=i uDiQo Q_v QO =@ '=Q Z} waD |=Q@ xv}y@ pQDvm OL 'C@=F x]kv Q=QmD VwQ
g� Ovv=t |D@Ft |k}kL OOa uDi=} |va}� s} Qw;|t CUO x@ =y|UQR=@ u}@ �

'xrLQt u}= =D xOt;CUO x@ pQDvm OL "�Ovm jOY �(g�) = g� |x]@=Q QO xm
Q=Okt wO O}=@ Qw_vtu}O@ "Ovm|t xv}tm =Q COtOvr@ QO Z} waD |=yxv} Ry \UwDt

[19]"s}vm x@U=Lt =Q Emin(T; Tg) w K(T;ZT )P (T < Tg)

|k=@ u=tR COt u=wvax@ =Q W (j; i) = E fmin(T; Tg)� j�j(j; i)g
C}a[w w OW=@ sr=U x=oDUO j� u=tR =D xm |DQwY QO '|Oa@ Z} waD =D xOv=t
Q=Okt i 2 � QYva Qy |=Q@ 'u}vJty "s}vm|t h} QaD 'OW=@ i u=tR u}= QO x=oDUO

[22]%R= Ow@ Oy=wN CQ=@a tg(i)
tg (i) = inf ft � 0;K (t; i)h0 (t) (i) � gg :

C}a[w xm |r=L QO 'u; QO xm CU= |v=tR u}DUNv hQat tg(i) 'Qo}O CQ=@ax@
|=yu=tR "OUQ|t g pQDvm OL x@ K(t; i)h0(t) (i) Q=Okt 'CU= i x=oDUO
s}yO|t u=Wv ki� w (ki � 1)� =@ ?}DQDx@ =Q tg(i) Qy *Oa@ w p@k |UQR=@

%�5 pmW�
(ki � 1) � � tg (i) < ki�

j � ki Qo = "s}t=v|t �Q]N |xQwO� =Q ki |UQR=@ w ki � 1 |UQR=@ u}@ u=tR
Z} waD ,q@k x=oDUO '32 |x]@=Q QO xOW u=}@ *Z} waD Q=}at j@] '�6 pmW� OW=@

%CU= xOW xv=Q}oW}B
W (j; i) = 0 (35)

%OwW|t x@U=Lt u}vJ W (j; i) x=ov; �7 pmW� j = ki � 1 Qo =

W (ki � 1; i) =

tg(i)�(ki�1)�Z
0

sdF (sjki � 1; i) + (tg(i)

� (ki � 1)�)R(ki � 1; i; tg(i)� (ki � 1)�)

W (ki � 1; i) =

tg(i)�(ki�1)�Z
0

R(ki � 1; i; s)ds (36)

"OUQ|t pQDvm OL x@ |@=QN lU} Q xm |v=tR "5 pmW

"CU= xDWPo Q]N |xQwO R= x=oDUO |vwvm u=tR "6 pmW
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|r}
a=tU

=QwB
|[

DQt
w|

v=mt
po

=[Q
O}tL W (j; i) |x@U=Lt Ovv=ty "tg(i) u=tR =D s)=j + 1 |UQR=@ R= Oa@ |@=QN ẁkw w

%s} Q=O |@=QN u=tR Q@ |@=QN |xv} Ry uOQm\wQWt =@

' (j; i) =
(j+1)�Z
j�

(K (T; ZT )P (T � Tg) j (j; i) ; T = s) dF (s� j�j (j; i))| {z }
1

+
mX
r=i

(
(K(T;ZT )P (T � Tg)j(j; i); T > (j + 1)�;

Zj+1 = r)� P (T > (j + 1) �; Zj+1 = rj (j; i))
)

| {z }
2

(42)

xm OyO|t u=Wv|Dr=L QO =Q|@=QNp}rOx@Z} waD |xv} Ry\UwDt '1 xQ=tW CQ=@a
|xv} Ry\UwDt '2 xQ=tW CQ=@a "ODi}@ j=iD= j+1 w j |UQR=@ u}@|v=tR QO|@=QN
j=iD= j+1|UQR=@ R=p@k|@=QN xm OyO|t u=Wv|Dr=L QO =Q|@=QNp}rOx@Z} waD
'(K(T;ZT )P (T � Tg)j(j; i); T = s) = K (s; Zs) xm =Hv; R= "ODi}v

%s} Q=O

' (j; i) =

(j+1)�Z
j�

K (s; Zs)dF (s� j�j (j; i))

+
mX
r=i

(
(K (T;ZT )P (T � Tg) j (j; i) ; T > (j + 1) �;

Zj+1 = r)� P (T > (j + 1) �; Zj+1 = rj (j; i))
)

' (j; i) =
�Z

0
K (j� + s; i) dF (sj (j; i))

+
mX
r=i

8>>>>>>><>>>>>>>:
(K(T;ZT )P (T � Tg)j(j; i); T > (j + 1)�;

Zj+1 = r)� P (T > (j + 1)j(j; i))| {z }
R(j;i;�)

P (Zj+1 = rjT > (j + 1)�; Zj = i)| {z }
pir(j)

9>>>>>>>=>>>>>>>;
'(j; i) =

�Z
0
K(j� + s; i)dF (sj(j; i)) +R(j; i;�)

mX
r=i

'(j + 1; r)pir(j) (43)

%R= Ow@ Oy=wN CQ=@a |@=QN p}rOx@ Z} waD O=R=t |xv} Ry \UwDt u}=Q@=v@

K (T;ZT )P (T � Tg) = (K (T;ZT )P (T � Tg) j (0; 0)) =

� (0; 0) (44)

|D=@U=Lt 'P (T � Tg) pm}U QO |@=QN p=tDL= |x@U=Lt Qw_vt x@
R= |W=v O=R=t |xv} Ry \UwDt w pm}U pw] \UwDt |x@U=Lt x@ x}@W
h} QaD =@ 'Z} waD pm}U l} pw] QO |@=QN p=tDL= w OwQ|t Q=m x@ |@=QN

+
mX
r=i

8>>>><>>>>:
E(min(T; Tg)� (j + 1)�j(j; i); T > (j + 1)�;

Zj+1 = r)� P (T > (j + 1)�j(j; i))| {z }
R(j;i;�)

P (Zj+1 = rjT > (j + 1)�; Zj = i)

9>>>>=>>>>;
+ (j + 1) �R (j; i;�)�j�

W (j; i) =
�Z

0
sdF (sj (j; i)) + �R (j; i;�) +R (j; i;�)

mX
r=i

W (j + 1; r)P (Zj+1 = rjT > (j + 1) �; Zj = i)| {z }
pir(j)

W (j; i) =
�Z

0
R (j; i; s) ds+R (j; i;�)

mX
r=i

W (j + 1; r)pir (j)

(38)

%OW Oy=wN x@U=Lt u}vJ pm}U pw] \UwDt '?}DQDu}O@
Emin (T; Tg) = E (min (T; Tg) j (0; 0)) = W (0; 0) (39)

=OD@= 'K(T; Tg)P (T � Tg) |x@U=Lt Qw_vt x@
'(j; i) = (K(T; Tg)P (T � Tg)j(j; i))

O}=@ |@=QN p}rOx@ xm s}vm|t h} QaD |O=R=t Z} waD |xv} Ry \UwDt u=wvax@ =Q
X}NWD Q}eDt Q=Okt w xOWv ?=QN j� u=tR =D x=oDUO xm |Dr=L QO� s} wW ptLDt
'pm}U pw] u=tR COt |x@U=Lt =@ 'x@=Wt Qw]x@ "�CU= xOw@ i =@ Q@=Q@ u=tR u}= QO
Z} waD ,q@k x=oDUO '32 |x]@=Q QO xOW u=}@ Z} waD Q=}at j@] 'j � ki Qo =

%=Pr w xOW xv=Q}oW}B
' (j; i) = 0 (40)

Z} waD '(ki � 1)� � tg(i) < ki� xm u}= x@ xHwD =@ 'j = ki � 1 Qo =
Q}eDt Q=Okt xm u}= x@ xHwD =@ "OwW|t s=Hv= tg(i) w (ki � 1)� u}@ xv=Q}oW}B
'(ki� 1; i) Q=Okt '(Zki�1 = i) CU= i pO=at ki� 1 |UQR=@ QO X}NWD
w (ki � 1)� |v=tR xR=@ QO |@=QN R= |W=v Z} waD |xv} Ry \UwDt =@ CU= Q@=Q@

%Qo}O CQ=@ax@ &tg(i)

' (ki � 1; i) =

tg(i)�(ki�1)�Z
0

K ((ki � 1) � + s; i)dF (sjki � 1; i)

(41)

s=Hv= ki � 1 |UQR=@ R= p@k j |UQR=@ 'OW=@ j < ki � 1 xm |]}=QW QO w
Z} waD 'p=L u}= QO "CU= xOw@ i x=oDUO C}a[w |UQR=@ u; QO w CU= xOW
j� u}@ |v=tR |xrY=i QO |@=QN ẁkw p}rOx@ Ov=wD|t �j� u=tR R= Oa@� |Oa@
TBU w OwWv `k=w xrY=i u}= QO |@=QN p}rOx@ Z} waD xm u}= =} w OW=@ tg(i) =D
Ot |Oa@ Z} waD ,=iQY xm =Hv; R= "OQ}o CQwY xv=Q}oW}B Z} waD tg(i) u=tR QO
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ẁtHt \UwDt |R=Uxv}tm Q=}at =@ w Q}eDt |@=QN |=yxv} Ry ^=Lr =@ xv=Q}oW}B

Q=DiQ =@ |y=oDUO |=Q@ |R=UpOt u}= "OW x�=Q= COtOvr@ QO u=tR OL=w QO =yxv} Ry
Ow@y@ |=DU=Q QO |D=Q}taDC}r=ai I}y '|Q=OQ@xQy@ pw] QO xm xDiQo CQwY |iwmQ=t
R= Oa@ "OwW CNU =} sQv |=y|@=QN Q=JO Ov=wD|t w OQ}o|tv CQwY u; C}a[w
Z} waD wv x=oDUO l} =@ x=oDUO 'xv=Q}oW}B Z} waD s=Hv= s=ovyx@ =} |@=QN Qy

"OwW|t
pQDvm OL 'u; |] xm CU= |rOt p}tmD w \U@ 'Q=DWwv u}= QO |O=yvW}B pOt
xDU@=w R}v QwmPt |=yxv} Ry x@ 'x=oDUO C}a[w Q@ xwqa xv=Q}oW}B Z} waD |=Q@
C@=F |Q=Okt x=oDUO |@=QN R= |W=v Z} waD |xv} Ry QwmPt pOt QO [19�14]"CU=
|@=QN R= |W=v Z} waD |xv} Ry xm OQ=O OwHw |OOaDt OQ=wt =t= 'OwW|t ZQi
QO xOW xOy=Wt C}a[w w |@=QN ẁkw =D xOW |QBU Qta =@ ?U=vDt 'x=oDUO
C}a[w pRvD w u=tR CWPo =@ ?re= Qo}O CQ=@ax@ "CU= Q}eDt '|r@k |=y|UQR=@
R}v =Q |ia=[t |=yxv} Ry 'Qo}O =RH= x@ QDW}@ ?}U; p}rO x@ |@=QN ẁkw 'x=oDUO
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1. condition-based maintenance (CBM)
2. hazard rate
3. covariates
4. proportional hazards model (PHM)
5. transition probability matrix
6. maximum likelihood method
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