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[18]"CiQo
|=ypOt QO CU= umtt |vt}= |=yQ}oxR=Ov= 'lU} Q |=yxHvU hqNQ@
|xHvU Qy |=Q@ |rm Qw]x@ [20w19]"OvQ}o Q=Qk |R} QolU} Q OQmrta R= |QD|tUQ
��(X) = �(X)�CQwYx@��(X) Q_=vDt|vt}= |Q}oxR=Ov=l} ��(X)�lU} Q
CU= �SSD� swO xHQO |iO=YD |oQ}J |=Q=O ��(X) Qy [4]"OQ=O OwHw �(X)

|xHvU Qo = "OW=@ xDW=O ��(X0)] � ��(X00) Q@ CrqO RX0 �SSD RX0 Qo =
Q}O=kt =@ |r=t |=yO@U RH x@ x=ov; OW=@ �SSD� swO xHQO |iO=YD |oQ}J '|vt}=

%xQ=}atwO |xr�Ut |=Q=m ?=wH Qy 'u=Um} ��(X); �(X)

max
�

[�(X); ��(X)] : X 2 P	 (5)

x@ |vt}= � u}ov=}t xQ=}atwO |R=Uxv}y@ x@ pOt u}= =Pr [21]"CU=Q=m |r=t O@U l}
SSD u=wvax@ xm =Q F (2)

X `@=D Qy "OQ=O RmQtD lU} Q � u}ov=}t |R=Uxv}y@ |=H
[4]%OQm |U} wvR=@ u}vJ u=wD|t OwW|t h} QaD

F (2)
X (�) = E fmax f� �RX ; 0gg (6)

|xHvU 13p}=Dv=wm Cw=iD Q@ RmQtD pOt u}= QO "CU= |]N pOt l} jwi pOt
CQwYx@ xm [23w22]CU= 14�ALC� RvQwr |=y|vLvt jr]tQOk =@ \@DQt lU} Q

%OwW|t |iQat swO p}=Dv=wm `@=wD

F (�2)
X (P ) =

Z P

0
F (�1)
X (�)dx 0 < P � 1; F (�2)

X (0) = 0
(7)

%xm |}=H
F (�1)
X(P ) = inf f� : FX(�) � Pg (8)

%s} Q=O RvQwr |=y|vLvt T=U=Q@ '|iQ] R=
F (�2)
X (B) = max

�2R
h
B� � F (2)

X (�)
i

= max
�2R [B� � E fmax f� �RX ; 0gg] (9)

"Ovm|t |Q}oxR=Ov= =Q B p}=Dv=wm Q=Okt xm CU= |ak=w Q}eDt l} � xm |}=H
MB(X) =CQwYx@ ALC 'xOW p=tQv 0 < B � 1 Q=Okt Qy |=Q@

xOv=wN �CVaR� �|]QW Q]N ZQat QO VRQ=� xm OwW|t h} QaD F (�2)
X (B)
B
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Qm}w

QR=
xO=i

DU=
=@|

r=tO
@UQ

=wDU
=|

R=Ux
v}y@%xH}DvQOX

j2S0
�̂j jxj j+ (�� b�0c)�̂� jx� j (23)

hOy `@=D l} O}=@ xm =QJ &Ovm Q}}eD �P�jxj � ��0 x@ O}=@ 19 C}OwOLt
|=Dty "Ovm|t sy=Qi =Q u=mt= u}= Q}}eD u}= w OwW |Q=Po}=H u; QO |R=Uxv}tm

%R= CU= CQ=@a 19 C}OwOLt Q=wDU=

�
nX
j=1

�jxj+ maxfS0[f�gjS0�J0j;S0=b�0c�2J0nS0gnX
�̂j jxj j (�0 � b�0c �̂j jxj j)

o � ��0 (24)

xOW xi=[= C}OwOLt u}= x@ C}a]k sOa `@=D l} CU= XNWt xm u=vJ
xO=O =yQ}eDt x@ umtt C=v=Uwv u} QDW}@ OwW|t VqD `@=D u}= QO "CU=
QO "CU}v pL p@=k pmW u}= x@ C}OwOLt u}= xm CU= XNWt =t= "OwW
pOt T=U=Q@ "OwW x�=Q= O}OH |DQwYx@ C}OwOLt u}= OwW|t VqD xt=O=
Q} R CQwYx@ =Q 22 =D 18 pOt Q=wDU= |=Dty u=wD|t [12]s}U w T=t}UDQ@
s}v=O|t "jxj j � yj xm |vat u}= x@ CU= jxj j |q=@ OL yj "OQm |R=UpOt

%xm

max
mX
k=1

wkqk �
mX
k=1

wk
Bk

TX
t=1

1
T
dtk (25)

S:t

�
nX
j=1

�jxj+ maxfS0[f�gjS0�J0j;S0=b�0c�2J0nS0g(
nX
j=1

�̂j jxj j+ (�0 � b�0c �̂j jxj j)
)
� ��0 (26)

nX
j=1

Xj = 1 (27)

dtk � qk +
nX
j=1

rjtxj � 0 (28)

dtk � 0 xj � 0
t = 1; :::; T k = 1; :::;m
t = 1; :::; T k = 1; :::;m (29)

%x=ov; OwW ?=NDv= K}LY OOa l} CQwYx@ �0 Qo =

B0(x:�0) = maxfS0jS0�J0;jS0j=�0g

8<:X
j2S0

�̂j jxj j
9=; (30)

WCVaR |rY= pOt Q@=Q@ jwi pOt w 'B0(x:�0) = 0 x=ov; '�0 = 0 Qo =
"Ow@ Oy=wN

pOt l} x@ 24 |a]k Q}e `@=D OW VqD OW QmP jwi ?r=]t QO xm u=vJ
QO pt=W xm CU= |}=yv hOy u=ty `k=w QO 30 |x]@=Q "OwW p}O@D |R} Qxt=vQ@

"CU= pOt QO umtt C=v=Uwv u} QDW}@ uDiQo Q_v

=@ "CU= WCVaR uOQmxv}W}@ u; hOy xm CU= 15�SPM� |r=t O@U |vt}=
[4]%OwW|t x�=Q= u}vJ WCVaR pOt jwi ?r=]t R= xO=iDU=

max
mX
k=1

wkqk �
mX
k=1

wk
Bk

TX
t=1

1
T
dtk (18)

S:tX
�jxj � �0 (19)X
Xj = 1 (20)

dtk � qk +
nX
j=1

rjtxj � 0 (21)

dtk � 0 xj � 0
t = 1; :::; T k = 1; :::;m
t = 1; :::; T k = 1; :::;m (22)

OwOLtQ}e Q}eDt l} qk &OwW|t x@U=Lt p@k R= xm Bk Qy x@ \w@ Qt uRw wk
T &s=k u=Uwv K]U Bk &Ovm|t |Q}oxR=Ov= =Q Bk p}=Dv=wm x@ \w@ Qt Q=Okt xm
R= QDW}@ |r=t O@U CQ=UN u=R}t Qou=}@ xm |iO=YD Q}eDt dtk &=yw} Q=vU O=OaD
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wQ u}= R= w CU= |a]k Q}e �j '|v}H sO pOt QO "CU= [12]s}U w T=t}UDQ@
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x�=Q= pOt |Q=wDU= p}OaD QDt=Q=B u}= Vkv "OQ=O Q=Qk [0; jJ0j] xR=@ QO 'OW=@ K}LY
Q_v QO =Q S0 |xawtHt =Hv}= QO "CU= ?=wH |Q=mx_i=Lt K]U p@=kt QO xOW
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xOWXNWt xR=@ RQt =D xm CU= |}=yQDt=Q=B O=OaD b�0c `k=w QO "Ovm Q}}eD Ov=wD|t
23 |x]@=Q j@=]t =Q C=v=Uwv R= |v}at K]U u=wD|t xH}DvQO "Ovm|t u=Uwv
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vT
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|v=Q
]yk

=[Q
}ra jwi |a]k Q}e `@=D OwW|t VqD ' 16u=owO |wk |x}[k R= xO=iDU= =@ 'xt=O= QO

%|]N |R} Qxt=vQ@ pOt =@ CU= Q@=Q@ jwi pOt "OwW p}O@D |R} Qxt=vQ@ pOt l} x@
B0(x;�0) = max

X
j2J0

�̂j jx�j jzj (39)

S:T:X
j2J0

zj � �0 (40)

0 � zj � 1 8j 2 J0 (41)

�0 � b�0c Q@=Q@ Q}eDt l} w 1 Q@=Q@ Q}eDt b�0c pt=W jwi pOt |xv}y@ ?=wH
%=@ CU= Q@=Q@ jwi pOt u=owO "Ow@ Oy=wN

min
X
j2J0

Pj + �z0 (42)

s:t

z0 + Pj � �̂j jx�j j 8j 2 J0 (43)

Pj � 0 8j 2 J0 (44)

z0 � 0 (45)

�0 2 [0; jJ0j] xJv=vJ 41 =D 39 pOt QO xm =Hv; R= 'u=owO |wk x}[k x@ xHwD =@
|=Q=O R}v 45 =D 42 u=owO pOt TB CU= |vOW w OwOLt ?=wH |=Q=O pOt x=ov;
ZQat QO VRQ= Q=wDU= pOt u=wD|t T=U= u}= Q@ "CU= |vOW w OwOLt ?=wH

%OQm |R=UpOt u}vJ =Q uwRwt |]QW Q]N

max
mX
k=1

wkqk �
mX
k=1

wk
TBk

TX
t=1

dtk (46)

S:t

�
nX
j=1

�jxj + Z0�0 +
X
j2J0

Pj � ��0 (47)

Z0 + Pj � �̂jyj (48)

�yj � xj � yj (49)

dtk � qk +
nX
j=1

rjtxj � 0 (50)X
xj = 1 (51)

dtk � 0 xj � 0 Pj � 0
yj � 0 Z0 � 0 (52)

t = 1; :::; T K = 1; :::;m (53)

|r=t O@U QO |Q}PB ẁvD ^iL |r=t O@U |x} Q_v |=y|oS} w u} QDsyt R= |m}
xi=[= xr�Ut x@ |}=yC}OwOLt xawtHt pY= u}= QDW}@ xJQy C}=aQ |=Q@ "CU=

%OwW|t

KSk +
nX
j=1

F skj � ck (54)

F skj � xj � sk; F skj � 0 j = 1:::n (55)

Q} R CQwYx@ =Q jwi Q=wDU= |=Dty u=wD|t [12]s}U w T=t}UDQ@ pOt T=U=Q@
"jxj j � yj xm |vat u}= x@ CU= jxj j |q=@ OL yj xm |}=H "OQm |R=UpOt

maxfS0[f�gjS0�J0;jS0j=b�0c�2J0nS0g8<:X
j2S0

�̂j jxj j+ (�0 � b�0c)�̂� jxj j
9=; (31)

%=@ CU= Q@=Q@ x]@=Q u}=
maxfS0[f�gjS0�J0;jS0j=b�0c�2J0nS0g8<:X

j2S0
�̂jyj + (�0 � b�0c)�̂�yj

9=;
xj � yj ; �xj � yj yj � 0 (32)

%=@ CU= pO=at xr�Ut C}OwOLt Q=wDU= |=Dty 'u}=Q@=v@

�
nX
j=1

�jxj + maxfS0[f�gjS0�J0;jS0j=b�0c�2J0nS0g8<:X
j2S0

�̂jyj + (�0 � b�0c)�̂�y�
9=; � ��0

�yj � xj � yj
yj � 0 (33)

%R= CU= CQ=@a |v}H sO Q=wDU= pOt 'xH}DvQO

max
mX
k=1

wkqk�
mX
k=1

wk
Bk

TX
t=1

1
T
dtk (34)

S:T

�
nX
j=1

�jxj + maxfS0[f�gjS0�J0;jS0j=b�0c�2J0nS0g8<:X
j2S0

�̂jyj + (�0 � b�0c)�̂�y�
9=; � ��0 (35)X

xj = 1 (36)

dtk � qk +
nX
j=1

rjtxj � 0

�yj � xj � yj
dtk � 0 xj � 0 t = 1; :::; T ; k = 1; :::;m (37)

CQwQ[ 38 |]QW |x]@=Q |Q=QkQ@ '|]N pOt x@ 29 =D 25 pOt uOQm p}O@D |=Q@
%O@=}|t

B0(x;�0) = maxfS0[f�gjS0�J0;jS0j=b�0c�2J0nS0g8<:X
j2S0

�̂j jxj j+ (�0 � b�0c)�̂� jxj j
9=; (38)
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u=Wv `k=wQO w Ov=xOWv QDy@ hOy `@=D Q}O=kt �0 V}=Ri= =@ OwW|t xOy=Wt xm
QO QiY Q@=Q@ �0 xm |v=tR "Ov=xOW QDxv=Q=mx_i=Lt =y?=wH �0 V}=Ri= =@ OyO|t
QiY Q@=Q@ �0 |=R=x@ `k=w QO w CU}v R=Ht |v=Uwv I}y `k=w QO OwW|t xDiQo Q_v

"CU= u=Uwv uwO@ xr�Ut ?=wH

w '�xDi=} X=YDN= |=ysyU u} QDW}@ Qou=}@� OwOLt Q}e Q}eDt l} Sk u; QO xm
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F s3j � 0 j = 1:::n (59)

6S6 +
nX
j=1

F s6j � 0 75 (60)

F s6j � xj � s6 (61)
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|Q}PB ẁvD |}=yC}OwOLt uOQmxi=[= =@ w xOw@ |]N |R} Qxt=vQ@ pOt 'xOW QmP

"OwW|t u}t[D R}v u;

|@ QHD p}rLD w x} RHD "4
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|R} Qxt=vQ@ pOt l} Q=DWwv u}= QO xOW x�=Q= pOt "OW xO=iDU= |Q=Pox}=tQU O@U
xOW x�=Q= pOt |=y|oS} w u} QDsyt R= "CU= |D=@U=Lt |=y|QDQ@ |=Q=O w |]N
OyO|t u=Wv G}=Dv |@ QHD p}rLD w x} RHD "CU= pOt u}= QO |iO=YD |oQ}J OwHw
QDsyt w xOw@ Q=wDU= =yxO=O |Q}PBu=Uwv p@=kt QO pta QO xOW x�=Q= Q=wDU= pOt xm
u}= "OyO|t x�=Q= |Q=Pox}=tQU |=Q@ |r=t p}rLD QO |QDW}@ |Q}PBh=]av= xm u}=
w T=t}UDQ@ OQm} wQ R= xO=iDU= x@ xHwD =@ OwN x@=Wt |=ypOt x@ C@Uv pOt
|=yC}OwOLt x@ xHwD =@ w xOw@ |D=@U=Lt |QDQ@ |=Q=O w CU= |]N [12]s}U

"CU= xOW ^=Lr R}v QwmPt pOt |Q}PB ẁvD 'xOW xi=[=
|Q=_Dv= xOR=@ ?=UDL= =@ �0 C=Q}}eD p@=kt QO hOy `@=DQ=Okt Q=Owtv "4 pmW

"0 0002

=yCWwv=B
1. weighted conditional value at risk (WCVaR)
2. portfolio selection problem
3. risk measure
4. mean absolute deviation (MAD)
5. value at risk (VaR)
6. conditional value at risk (CVaR)
7. stochastic dominance
8. robust optimization
9. tail gini
10. �rst degree stochastic dominance (FSD)
11. second degree stochastic dominance (SSD)
12. safety measure
13. Quintile
14. absolute Lorenz curves (ALC)
15. safety portfolio maximization (MSP)

16. strong duality theorem
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