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"CU= p0 pQDvm CLD \}=QW QO pwYLt Qy uOw@ ?w}at p=tDL= "Ovm|t |wQ}B
VQ=tW �xvwtv n pt=W� |UQR=@ OL=w Qy QO =yXkv O=OaD c pQDvm |=yQ=Owtv QO

"Ovm|t |wQ}B uwU=wB `} RwD R= (Ct) pY=L OOa "OwW|t

|iYw |i}m |=yxYNWt |=Q@ GWMA pQDvm Q=Owtv "1"2
Ot=W}B O}vm ZQi [3]"OW |iQat 2003 p=U QO Q=@ u}rw= GWMA pQDvm Q=Owtv
Ot=W}B ẁkw u}rw= =D =yxvwtv O=OaD M .ODi}@ j=iD= xvwtv u}t=j QO qj p=tDL= =@ A

xm u}= p=tDL= "CU= |UOvy `} RwD |=Q=O M |iO=YD Q}eDt u}=Q@=v@ &CU= A

s}v=O|t w CU= P j = P (M > j) Q@=Q@ ODi}v j=iD= pw= |xvwtv j QO A Ot=W}B
QO Q=@u}rw= A Ot=W}B xm u}= p=tDL= u}=Q@=v@ "1 = P 0 � P 1 � P 2 � :::

u}vJty [3]"CU= P (M = j) = P j�1 � P j =@ Q@=Q@ ODi}@ j=iD= s=j |xvwtv
%s} Q=O

1X
m=1

P (M =m) = P (M = 1) + P (M = 2) + � � �

+ P (M = j) + P (M > j) =
� �P0 � �P1

�
+
� �P1 � �P2

�
+ � � �+ � �Pj�1 � �Pj

�
+ �Pj = 1 (1)

X=wN x@ xHwD =@ "OQ@ xQy@ =yxvwtv uRw u=wvax@ u=wD|t P (M = j) R= 'u}=Q@=v@
%s}v=O|t |UOvy `} RwD

� �P0 � �P1
�
>
� �P1 � �P2

�
> � � � > � �Pj�1 � �Pj

�
(2)
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lQLDt u}ov=}t O=tv yt xm ZQi u}= =@ "CU=m =yv; uRw R= =yxvwtv Qta V}=Ri= =@
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q0� � q1��xt +

�
q1� � q2��xt�1 + � � �

+
�
qt�1� � qt��x1 + qt

� � np0 (3)

|QDt=Q=B � > 0 w CU= 0 � q � 1 u}@ |D@=F Q=Okt q |L=Q] QDt=Q=B 'u; QO xm
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ARL Q}O=kt "OwW|t xU}=kt =yQ=Owtv pQDvm R= GQ=N ARL u; R= TB &OvwW
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`@vt =D CU= |LqY= C=t=Ok= OvtR=}v w OQ@|t QU x@ pQDvm R= GQ=N \}=QW QO

"OwW hPL w XNWt p}rO=@ C=i=QLv= O=H}=
|=yxYNWt %Ov= ẁv wO C}i}m pQDvm QO |Q}oxR=Ov= OQwt |i}m |=yxYNWt
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Qt u}}aD u}vJ R}v GWMA c Q=Owtv RmQt \N w u=tR pw] QO Q}eDt pQDvm OwOL

%OW Oy=wN8>>>><>>>>:
UCL = c0 + L

p
Qt � c0

CL = c0

LCL = c0 � LpQt � c0

(11)

|iYw |i}m |=yxYNWt |=Q@ DGWMA pQDvm Q=Owtv "2"2
[8]"OW |iQat 2009 p=U QO Ov}=Qi u}ov=}t V}=B |=Q@ DGWMA pQDvm Q=Owtv
� w � |oO}Wm j}@]D QDt=Q=B wO w 'q2 w q1 |L=Q] QDt=Q=B wO |=Q=O Q=Owtv u}=

%R= CU= CQ=@a DGWMA np |xQ=t; h} QaD "CU=

yt =
tX
i=1

P (M2 = i)Gt�i+1 + P (M2 > t)np0 (12)

[8]%xm O=O u=Wv u=wD|t "O};|t CUO x@ 3 pwtQi R= Gt 'u; QO xm8>><>>:
yt =

tP
i=1

(Wixt�i+1) +
�

1� tP
i=1

Wi

�
np0

Wt =
tP
i=1

P (M1 = j) � P (M2 = t� j + 1)
(13)

�; � > 0 w q1; q2 2 (0; 1) 'P (M2 > t) = qt
�

2 'P (M1 > t) = qt
�

1
%OwW|t x@U=Lt u}vJ yt |xQ=t; Tv=} Q=w w u}ov=}t "OvDUy

E(yt) =
tX
i=1

Wi � E(x) +

 
1�

tX
i=1

Wi

!
np0 = np0 (14)

V ar(yt) =
tX
i=1

W 2
i � V ar(x) = np0 (1� p0) �

tX
i=1

W 2
i (15)

%O};|t CUO x@ u}vJ Q=Owtv RmQt \N w pQDvm OwOL u}=Q@=v@

UCL = np0 + L �
vuutnp0 (1� p0) �

tX
i=1

W 2
i

CL = np0

LCL = np0 � L �
vuutnp0 (1� p0) �

tX
i=1

W 2
i (16)

u}vJ 'Gt |x@U=Lt |=Q@ 8 pwtQi R= xO=iDU= =@ R}v DGWMA c pQDvm Q=Owtv
%OwW|t h} QaD

yt =
tX
i=1

P (M2 = i)Gt�i+1 + P (M2 > t) c0 (17)8>><>>:
yt =

tP
i=1

(WiCt�i+1) +
�

1� tP
i=1

Wi

�
c0

Wt =
tP
i=1

P (M1 = j) � P (M2 = t� j + 1)
(18)

E(yt) =
tX
i=1

Wi � E(C) +

 
1�

tX
i=1

Wi

!
c0 = c0 (19)

V ar(yt) =
tX
i=1

W 2
i � V ar(C) = c0 �

tX
i=1

W 2
i (20)

"CQ=ywW w EWMA 'GWMA pQDvm |=yQ=Owtv \=@DQ= "1 pmW

E(yt) =E
h�
q0� � q1��xt +

�
q1� � q2��xt�1 + � � �

+
�
qt�1� � qt��x1 + qt

� � np0
i

=
h�
q0� � q1��

+
�
q1� � q2��+ � � �+ �qt�1� � qt��inp0

+ qt
� � np0 = np0 (4)

V ar (yt) =
��
q0� � q1��2

+
�
q1� � q2��2

+ � � �

+
�
qt�1� � qt��2�

�2 = Qt � np0 (1� p0) (5)

[3]%CU= 6 |x]@=Q pO=at Qt u; QO xm
Qt =

�
q0� � q1��2

+
�
q1� � q2��2

+ � � �+ �qt�1� � qt��2

(6)

x@U=Lt 7 CqO=at j@=]t GWMA np Q=Owtv pQDvm OwOL w RmQt \N u}=Q@=v@
%OW Oy=wN8>>>><>>>>:

UCL = np0 + L
p
Qt � np0 (1� p0)

CL = np0

LCL = np0 � LpQt � np0 (1� p0)

(7)

%CU= u}vJ Q=Owtv |wQ xOW sUQ |xQ=t; GWMA c Q=Owtv QO
yt =

�
q0� � q1��Ct +

�
q1� � q2��Ct�1 + � � �

+
�
qt�1� � qt��C1 + qt

� � c0 (8)

%R= CU= CQ=@a yt Tv=} Q=w w |[=} Q O}t=
E(yt) =E

h�
q0� � q1��Ct +

�
q1� � q2��Ct�1 + � � �

+
�
qt�1� � qt��C1 + qt

� � c0
i

=
h�
q0� � q1��

+
�
q1� � q2��+ � � �+ �qt�1� � qt��i c0

+ qt
� � c0 = c0 (9)

V ar(yt) =
��
q0� � q1��2

+
�
q1� � q2��2

+ � � �

+
�
qt�1� � qt��2�

�2 = Qt � c0 (10)
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C=Q}}eD OvwQ |=ypmW R}v c ẁv |=yQ=Owtv OQwtQO "CU= xOW x�=Q= 4 w 3 pw=OH
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ARL0

48 3988 39 8866 33 9798 29 4497 92 14995 85 8622 75 6666 61 4966 145 09105 141 864 135 179 119 743 31
9 49555 9 05305 8 1152 8 445 21 68145 19 9582 17 8308 17 7219 50 8714 48 3829 44 8491 40 2067 32
4 1173 4 01465 4 09035 4 64275 7 93845 7 4147 7 2317 8 62855 19 56765 19 397 18 1736 18 038 33
2 82145 2 809 2 83275 3 2647 4 11135 4 0687 4 2917 5 33125 9 24245 9 18255 9 38275 10 1308 34
2 3709 2 33575 2 3817 2 6325 2 89085 2 9727 3 10315 3 8579 5 45685 5 36245 5 517 6 5318 35
2 1385 2 116 2 1258 2 27615 2 41825 2 45285 2 54205 3 1116 3 6127 3 7465 3 8378 4 7055 36
2 0208 1 9846 1 9912 2 0806 2 1831 2 1959 2 26105 2 63945 2 76625 2 86815 3 0113 3 6798 37
1 9271 1 88095 1 8921 1 9208 2 04035 2 04325 2 08735 2 3476 2 3647 2 42085 2 5502 3 06825 38
1 8577 1 80395 1 81595 1 8087 1 92955 1 94205 1 9702 2 13445 2 14445 2 1823 2 27905 2 64725 39
1 7908 1 74325 1 73895 1 71805 1 85915 1 8633 1 8802 2 00365 1 99225 2 02245 2 09485 2 3359 40
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"OwW|t pQDvm Q=Owtv
Ow@y@ OYQO Q=Owtv sUQ =@ 'Ov}=Qi p}rO=@ C=i=QLv= hWm QO =yQ=Owtv |}=Q=m
"CiQo Q=Qk xU}=kt OQwt 'pQDvm |=yQ=Owtv Q}=U x@ C@Uv DGWMA pQDvm Q=Owtv
|=Q@ xm |t=ovy DGWMA pQDvm Q=Owtv xm CU= u; R= |m =L xrY=L G}=Dv
lJwm Q}O=kt w C@Ft |=yCi}W hWm QO 'OwW sUQ |iYw |i}m |=yxYNWt
pQDvm Q=Owtv w Ovm|tptaGWMA wEWMA Q=Owtv wO R= QDy@|ivt|=yCi}W
"CU= DGWMA pQDvm Q=Owtv R= QDy@ \UwDt C@Ft |=yCi}W QO DEWMA

u=tRtyV}=B R}v w Ov}=QiTv=} Q=wV}=B |=Q@ DGWMA pQDvm Q=Owtv|L=Q]
|=yOv}=Qi |=Q@ DGWMA pQDvm Q=Owtv |xaUwD R}v w 'Ov}=Qi Tv=} Q=w w u}ov=}t

"OwW|t O=yvW}B |D; |=yVywSB |=Q@ |D=aw[wt u=wvax@ 14xDU@tyOwN

u}= QO "Ov=xOW x�=Q= 'C=Oy=Wt |xDUw}B `} RwD uOw@p=tQv ZQi =@ w 'Q}eDt |i}m
|iYw |i}m |=yxYNWt |=Q@ DGWMA w GWMA pQDvm |=yQ=Owtv xr=kt
VQ=tW j@]vt=v sqk= O=OaD =yu; |] xm |}=yOv}=Qi QO =yxYNWt u}= "OW x�=Q=
O=OaD =yu; |] xm |}=yOv}=Qi QO w '|}xrtHwO |xDUUo |=y`} RwD |=Q=O OvwW|t
ARL u=R}t "OvDUy uwU=wB `} RwD |=Q=O OwW|t VQ=tW |UQR=@ OL=w QO =yXkv
C=Q}}eD Q}F-=D w xOW xOR u}tND wrQ=m Cvwt |R=Ux}@W R= xO=iDU= =@ pQDvm |=yQ=Owtv
xm OyO|t u=Wv G}=Dv "OW |UQQ@ =yv; \re Q=OWy MQv Q@ =yQ=Owtv |=yQDt=Q=B
QO q2 w q1 R}v w GWMA pQDvm Q=Owtv QO q� =yQ=Owtv |L=Q] |=yQDt=Q=B V}=Ri=
OwW|t pQDvm Q=Owtv ARL0 QO xHwD p@=k Ow@y@?Hwt �DGWMA pQDvm Q=Owtv
w GWMA pQDvm Q=Owtv QO �� =yQ=Owtv pmW |=yQDt=Q=B V}=Ri= xm |r=L QO
=yQ=Owtv ARL0 QO |yHwD p@=k Ow@y@ �DGWMA pQDvm Q=Owtv QO � w � R}v

=yCWwv=B
1. shewhart control charts
2. statistical process control (SPC)
3. memory control charts
4. exponentially weighted moving average (EWMA)
5. double exponentially weighted moving average (DGWMA)
6. generally weighted moving average (GWMA)
7. double generally weighted moving average (DGWMA)
8. average run length
9. center line (CL)
10. upper control limit (UCL)
11. lower control limit (LCL)
12. kurtosis
13. skewness
14. auto-correlated DGWMA control chart
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