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ẁ[wt wO u}= x@ xOW |aU xm CU= xr=kt u}= |rY= <=Wvt C=k}kLD u}= R= OQwt

"s}W=@ xDW=O u=tRty x=ov
xO}J}B |=ysDU}U CQwYx@ |O}rwD |=yOv}=Qi R= |Q=}U@ xm OvOkDat pw= xwQo
u}OvJ V}=B =@ O}=@ |HwQN pwYLt C}i}m wQu}= R= "Ov=|}xrLQtOvJ ,=@r=e w
�|}xrLQtOvJ |=yOv}=Qi V}=B� =Q pQDvm ẁv u}= &OQ}PB CQwY xDU@=w sy x@ Ov}=Qi
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|iO=YD |xvwtv u}t=j QO swO |xrLQt pkDUt Q}eDt K]U u}t=k w pw= |xrLQt

"�k = 1; :::; n2 w j = 1; 2; ::: 'i = 1; :::; n1� CU= u=tR pw] QO

(y11; x11; x12); (y12; x11; x22); :::; (y1n2 ; x11; xn22);

(y21; x21; x12); (y22; x21; x22); :::; (y2n2 ; x21; xn22);

:::; (yn11; xn11; x12); (yn12; xn11; x22); :::; (yn1n2 ; xn11; xn22)
(4)

|}=Dn1 |xvwtv l} pw= |xrLQt R= =OD@= xm CU= u}vJ 4 |x]@=Q QO pta |xwLv
|i}m |xYNWt R= Q=Okt Qy |=R=x@ p=L &s}vm|t PN= x1 |i}m |xYNWt R=
X=N ẁv x@ xHwD =@ "s} Q=O x2 hrDNt Q}O=kt |=R=x@ p}=iwQB l} pw= |xrLQt
w b Q=OQ@ 'y Q=OQ@ 'X |L=Q] T} QD=t 'Q_v OQwt |}xrLQtwO Ov}=Qi R= |Q}oxvwtv
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rLQt
wO|

=yOv
}=Qi

V}
=BCU= CQ=@a xm OwW|t xO=O V}=tv zj \UwD xOy=Wt Qy 11 |x]@=Q x@ xHwD =@

%R=
zj = (�̂0j ; 
̂1j ; �̂2j) (12)

w =]N C=a@ Qt pk=OL VwQ x@ xHwD =@ (�̂0j ; 
̂1j ; �̂2j) |va} pOt ?}=Q[ OQw;Q@
(�) 11 |x]@=Q QO C=Oy=Wt u}ov=}t "OwW|t x@U=Lt 6 |x]@=Q R= xO=iDU= =@

"CU=yv; ZQi V}B Q}O=kt =@ Q@=Q@
� = (�0; 
1; �2) (13)

� Tv=} Q=w T} QD=t '5 |x]@=Q j@=]t X |L=Q] T} QD=t x@ xHwD =@ |iQ] R=
%OwW|t x@U=Lt 14 |x]@=Q R= xO=iDU= =@ xr=kt u}= QO pOt ?}=Q[ Tv=} Q=wwm

� = �2
" � (X 0X)�1 (14)

|O=R; xHQO � =@ |=m `@ Qt `} RwD |=Q=O T 2
j CU= |Q=t; pQDvm CLD Ov}=Qi xm |v=tR

Q=Owtv u}= |q=@ pQDvm OL u}=Q@=v@ "CU= Ov}=Qi |i}m |=yxYNWt O=OaD � &CU=
%CU= 15 |x]@=Q j@=]t xDU@ty |i}m |xYNWt V}=B |=Q@

UCLT 2 = �2
�;� (15)

|q=@ pQDvm OL CU= 3 Q@=Q@ pOt |=yQDt=Q=B O=OaD xm u}= x@ xHwD =@ Q=DWwv u}= QO
"CU= |O=R; xHQO � = 3 =@ |=m `@ Qt `} RwD |=Q=O Q=Owtv u}=

�2 pQDvm Q=Owtv "3"1"3
Q=Owtv R= xO=iDU= |r@k pQDvm |=yQ=Owtv Q=vm QO p}=iwQB Q=}at h=QLv= V}=B |=Q@
Q=Owtv Qo = "CUq=@ OL |=Q=O \ki pQDvm Q=Owtv u}= "OwW|t O=yvW}B �2 pQDvm
Q}O=kt w |ak=w Q}O=kt u}@ hqDN= xm CU=vat u}O@ 'OyO Q=OWy |=m `@ Qt pQDvm
16 |x]@=Q R= xO=iDU= =@ =yxOv=t|k=@ Q}O=kt "CU= xOW O=} Rp}=iwQB |xOW|v}@V}B
=yxOv=t|k=@ xm CU= xOW xO=O u=Wv 17 |x]@=Q QO T=U= u}=Q@ "OwW|t x@U=Lt
19 w 18 |=yx]@=Q "OvDUy �2

e Tv=} Q=w w QiY u}ov=}t =@ p=tQv `} RwD |=Q=O
h=QLv= V}=B |=Q@ �2 |O=yvW}B Q=Owtv |q=@ pQDvm OL w xQ=t; Qou=}@ ?}DQDx@

[21]%OvDUy pOt |=yxOv=t|k=@
eikj2 = yikj2 � ŷikj2 (16)

eikj2 = yikj2 �
�
�̂0j + 
̂1jxij1 + �̂2jxk2

�
eikj2 � N(0; �2

e) (17)

�2
j =

n1X
i=1

n2X
k=1

�
eikj2
�e

�2
(18)

UCL�2 = �2
�;n1�n2 (19)

swO |xrLQt QO p}=iwQB |i}m |xYNWt Kw]U |xOvQ=tW k '16 |x]@=Q QO
"CU= (k = 1; :::; n2)

p}=iwQB |=yxOv=t|k=@ V}=B OQm} wQ "2"3
&OwW|t pta swO |xrLQt |wQ R= pw= |xrLQt QF= uOQ@ u}@ R= |=Q@ OQm} wQ u}= QO

"OwW|t V}=B pOt |=yxOv=t|k=@ swO |xrLQt QO Qw_vtu}O@
\UwD pw= |xrLQt |i}m |xYNWt Q=}at h=QLv= w u}ov=}t OQm} wQ u}= QO
CU= C}ty= R�=L xDmv u}= QmP "OwW|t V}=B EWMA=R pQDvm |=yQ=Owtv

p}=iwQB ?}=Q[ V}=B OQm}wQ "1"3
|}xrLQtwO Ov}=Qi l} V}=B |=Q@ Q=DWwv u}= QO |O=yvW}B |=yOQm} wQ R= |m}
u}= QO xm CQwYu}O@ "CU= �p}=iwQB ?}=Q[ V}=B� OQm} wQ '1 pmW CQwYx@
pw= |xrLQt |i}m |xYNWt Qw[L QO swO |xrLQt QO p}=iwQB ?}=Q[ OQm} wQ
'�0 u=ty p}=iwQB ?}=Q[ R= Qw_vt '1 |x]@=Q x@ xHwD =@ "OQ}o|t Q=Qk V}=B OQwt
|xrLQt Q}eDt QF= 1 |x]@=Q QO xOW x�=Q= pOt xm CU= QmP x@ sRq "CU= �2 w 
1
|xrLQt |i}m |xYNWt QF= ,qta |OQm} wQ u}vJ =@ `k=w QO "Ovm|t ^=Lr =Q pw=
|L=Q] pQDvm Q=Owtv w OwQ|t u}@ R= swO |xrLQt QO p}=iwQB |=yQDt=Q=B |wQ R= pw=
"Ovm|t pta h=QLv= pt=a ?=NDv= Q=Owtv Ovv=t p}=iwQB ?}=Q[ V}=B |=Q@ xOW

\UwD pw= |xrLQt |i}m |xYNWt Q=}at h=QLv= w u}ov=}t OQm} wQ u}= QO
|Q}oxvwtv Q=@ Qy sHL x@ xHwD =@ xD@r= "OwW|t V}=B �X=R pQDvm |=yQ=Owtv
Cra u}= x@ Q[=L Q=DWwv QO "OQm xO=iDU= CQ=ywW pQDvm |=yQ=Owtv Q}=U R= u=wD|t
xOW xO=iDU= �X=R pQDvm Q=Owtv R= 'CU= xOW xDiQo Q_v QO 5 xvwtv |xR=Ov= xm
Q}eDt� swO |xrLQt |i}m |xYNWt |=Hx@ 'swO |xrLQt V}=B |=Q@ TBU "CU=
|=yQ=t; u}vJty w =yQ=Owtv xt=O= QO "OwW|t V}=B p}=iwQB |=yQDt=Q=B '�MU=B

"O=O s}y=wN KQW =Q OQm} wQ u}= QO xO=iDU= OQwt
�X=b Q=Owtv "1"1"3

l} Tv=} Q=w w u}ov=}t V}=B |=Q@ |DvU |=yQ=Owtv wRH �X=b pQDvm |=yQ=Owtv
"OW=@lJwm |Q}oxvwtv Q=@ Qy QO xvwtv xR=Ov= xm |v=tR 'CU= Q}eDt |i}m |xYNWt
|xYNWt Q=}at h=QLv= w u}ov=}t V}=B |=Q@ pQDvm |=yQ=Owtv u}= R= Q=DWwv u}= QO
|xQ=t; "OwW|t xO=iDU= p}=iwQB ?}=Q[ V}=B OQm} wQ QO (x1) pw= |xrLQt |i}m
|xOvQ=tW i "CU= xOW xO=O x�=Q= 8 w 7 \@=wQ QO ?}DQDx@R w �X pQDvm |=yQ=Owtv
"(i = 1; :::; n1) CU= x1 pw= |xrLQt |i}m |xYNWt R= |}=Dn1 |xvwtv xR=Ov=
"CU= xOW u=}@ 10 w 9 \@=wQ QO ?}DQDx@ R w �X Q=Owtv pQDvm OwOL u}vJty

[20]%Ov=xvwtv xR=Ov= x@ xDU@=w xm OvDUy |D@=F Q}O=kt d2; d3

�xj =

n1P
i=1

xi1

n1
(7)

Rj = max(xi1)�min(xi1) (8)8<:UCL �X = �x1 + L �x1pn1

LCL �X = �x1 � L �x1pn1

(9)8<:UCLR = �x1(d2 + L1d3)

LCLR = max f0; �x1(d2 � L1d3)g
(10)

nv}rDy T 2 pQDvm Q=Owtv "2"1"3
|i}m |xYNWt l} R= V}@ |=Q=O xm |Ov}=Qi V}=B |=Q@ |Q=t; Ov}=Qi pQDvm QO
OQw;Q@ xm =Hv; R= "OwW|t xO=iDU= T 2 |xQ}eDtOvJ pQDvm Q=Owtv R= CU= xDU@ty
|x]@=Q T=U=Q@ (�̂0j ; 
̂1j ; �̂2j) xO=U |]N p}=iwQB |=yQDt=Q=B C=a@ Qt pk=OL
Qw]x@ nv}rDy T 2 |xQ}eDtOvJ Q=Owtv l} \UwD =Q =yv; u=wD|t 'Ov=xDU@ty 6

[20]%OwW|t x@U=Lt 11 |x]@=Q j@=]t T 2 |xQ=t; "OQm V}=B u=tRty

T 2
j = (zj � �)T��1(zj � �) (11)
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|oOvm =QB V}=B |=Q@ w 'nv}rDy T 2 pQDvm Q=Owtv R= pOt |=yQDt=Q=B V}=B |=Q@
'Qo}O CQ=@ax@ "CU= xOW xO=iDU= �2 pQDvm Q=Owtv l} R= pOt |=yxOv=t|k=@
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"CU= xOW xO=iDU= �2 pQDvm Q=Owtv =@ u=tRty nv}rDy T 2 pQDvm Q=Owtv R=
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V}=B |=Q@ u}vJty w EWMA pQDvm Q=Owtv l} R= pOt |=yxOv=t|k=@ u}ov=}t
Q=}at "CU= xOW xO=iDU= �2 pQDvm Q=Owtv l} R= pOt |=yxOv=t|k=@ Q=}at h=QLv=
wO xU}=kt xr=kt u}= G}=Dv R= |m} uwJ xm 'CU= xr=@vO pw] \UwDt '|@=} RQ=
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O=OaD x@ xHwD =@ 'CU= ARL0 = 200 pO=at �overall = 0 005 uwJ w xOW
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p1� �overall |x]@=Q w �Q=Owtv 4� OQm} wQ Qy |=yQ=Owtv
xOW x@U=Lt �i = 0 001252 Q=Owtv Qy pw= ẁv |=]N p=tDL= u=R}t
xDiQo Q_v QO 800 ,=@} QkD Q=Owtv Qy |=Q@ xr=@vO pw] \UwDt wQu}= R= "CU=
wO \UwD 1 pmW j@=]t Ov}=Qi R= xrLQt Qy xm u}= x@ xHwD =@ "CU= xOW
xOW Qw_vt 400 pO=at xrLQt Qy |=Q@ xr=@vO pw] \UwDt 'OwW|t V}=B Q=Owtv
xr=kt u}= QO 'swO |xrLQt QO pw= |xrLQt QF= hPL C=@F= |=Q@ wQu}= R= "CU=
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Q@=Q@ 22 w 20 |x]@=Q QO � Q=Okt "CU= 44 6 w 15 8 Q@=Q@ ?}DQDx@ 19 w 15
w Q@=Q@ 23 w 21 |x]@=Q QO R}v L3 w L2 Q=Okt "CU= xOW xDiQo Q_v QO 0 2
|xYNWt 1 |x]@=Q x@ xHwD =@ 'Qo}O |wU R= "CU= xOW Qw_vt 3 12 pO=at
w xi1 � N (�x1 = 0; �2

x1 = 1) CU= p=tQv `} RwD |=Q=O pw= |xrLQt |i}m
QO pkDUt Q}eDt Q}O=kt Kw]U "CU= xOW xDiQo Q_v QO n1 = 5 |R=Ux}@W QO
'(n2 = 4)X2 = [2 4 6 8] C@=F O=Oa= CQwYx@ |r}=iwQB |i}m |xYNWt

"CU= xOW xDiQo Q_v QO
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Qw_vt u}= |=Q@ "OwW|t |@=} RQ= pQDvm R= GQ=N Cr=L X}NWD QO =yOQm} wQ R=

u=O@ u}= w CU= Ov}=Qi V}=B |=Q@ x_i=L =@ Q=Owtv l} EWMA Q=Owtv xm
|=Q@ "OW=@ T=UL x=Dwm u=tR QO lJwm C=Q}}eD x@ Ov=wD|t Q=Owtv u}= xm CU=vat
'p}=iwQB =} swO |xrLQt |i}m |xYNWt Q=Okt |=Hx@ 'swO |xrLQt p}=iwQB V}=B
QO "OwW|t V}=B 16 |x]@=Q T=U=Q@ pOt |=yxOv=t|k=@ Q=}at h=QLv= w u}ov=}t
"OwW|t K} QWD OQm} wQ u}= QO xO=iDU= OQwt |=yxQ=t; u}vJty w =yQ=Owtv 'xt=O=

EWMA=R Q=Owtv "1"2"3
pw= |xrLQt |i}m |xYNWt Q=}at h=QLv= w u}ov=}t V}=B |=Q@ OQm} wQ u}= QO
21 w 20 |x]@=Q QO "OwW|t xO=iDU= R w EWMA |=yQ=Owtv R= ?}DQDx@
OwW|t Qw;O=} [22]"CU= xOW x�=Q= EWMA Q=Owtv pQDvm OwOL w xQ=t; ?}DQDx@
?} Q[ � '(x1) pw= |xrLQt |i}m |xYNWt |=Q@ s=j |xvwtv u}ov=}t �xj xm
=@ xm CU= pQDvm OwOL ?} Q[ L2 w '1 w QiY u}@ |Q=Okt |=Q=O w |R=UQ=wty
Cy@=Wt Crax@ ut[ QO "OwW|t x@U=Lt 1 ẁv |=]N p=tDL= u=R}t x@ xHwD
s=OmQy |=Q@ swO |xrLQt =@ xrLQt u}= QO xO=iDU= OQwt EWMA Q=Owtv |tU=
CU= |Q=Owtv EWMA1 ,qFt 'CU= xOW xO=iDU= xrLQt xQ=tW T}Ov= R= =yv; R=

"CU= xOW xO=iDU= u; R= pw= |xrLQt u}ov=}t V}=B |=Q@ xm
EWMA1j = ��xj + (1� �)EWMA1j�1 ; EWMA10 = �x1

(20)8><>:UCLEWMA1 = �x1 + L2�x1
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(2��)n1

LCLEWMA1 = �x1 � L2�x1
q

�
(2��)n1
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"OvwW|t x@U=Lt 10 w 8 \@=wQ j@=]t R}v R Q=Owtv OwOL w xQ=t;
p}=iwQB |xOv=t|k=@ EWMA=�2 Q=Owtv "2"2"3

pQDvm |=yQ=Owtv R= ?}DQDx@ pOt |=yxOv=t|k=@ Q=}at h=QLv= w u}ov=}t V}=B |=Q@
=yxOv=t|k=@ u}ov=}t '17 |x]@=Q x@ xHwD =@ "OwW|t xO=iDU= �2 w EWMA
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n1P
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�
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|=]N |oOvm =QB Q}}eD w pw= |xrLQt |i}m |xYNWt Q=}at h=QLv= w u}ov=}t

7



"""|
i}m

|xY
NW

t=@
|}x

rLQt
wO|

=yOv
}=Qi
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=B"|O=yvW}B OQm} wQ wO Qy \UwD swO |xrLQt V}=B QO pw= |xrLQt QF= hPL |UQQ@ "1 pwOH

swO |xrLQt |xr=@vO pw] \UwDt
�x1

swO |xrLQt |xr=@vO pw] \UwDt
�x1?}=Q[ xOv=t|k=@ V}=B p}=iwQB ?}=Q[ V}=B ?}=Q[ xOv=t|k=@ V}=B p}=iwQB ?}=Q[ V}=B

408 3208 396 632 1 405 0241 405 6358 0
402 6649 399 7459 1 05 408 2925 406 1424 0 05
405 7249 403 0938 1 1 402 6241 400 1499 0 1
392 8787 399 1589 1 15 405 0881 401 9273 0 15
401 9184 405 9161 1 2 406 4376 401 9821 0 2
405 9793 403 0473 1 25 402 5372 399 1045 0 25
402 776 403 4805 1 3 403 7716 402 3893 0 3
406 6728 409 1203 1 35 403 4848 394 7119 0 35
399 4535 401 5461 1 4 406 5467 397 5574 0 4
407 9184 390 5928 1 45 407 5077 405 2934 0 45
405 6336 392 829 1 5 401 8404 402 5878 0 5
399 9832 399 0627 1 55 395 2658 396 9736 0 55
402 3089 404 0922 1 6 404 1066 402 407 0 6
405 535 402 9049 1 65 401 7615 404 8324 0 65
402 1968 403 6543 1 7 403 4612 402 7073 0 7
404 9272 399 6791 1 75 410 8484 401 1775 0 75
403 2517 402 6209 1 8 404 0768 397 0035 0 8
399 021 404 1741 1 85 403 8335 398 2146 0 85
395 9064 397 6172 1 9 405 3364 395 6924 0 9
399 3293 407 979 1 95 402 847 401 533 0 95
406 7454 393 0621 2 407 7317 405 1553 1
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