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ẁv "2 'hOy `@=D ẁv "1 %CU= xOW |Ov@xk@] u}vJ xOW xO=O \U@ |=ypOt

'|OwHwt sDU}U Kw]U O=OaD "5 'h}iND |=yCU=}U "4 '=yC}OwOLt "3 '=[=kD
u=WhOy xm xOW x�=Q= |}=ypOt 'CUNv ẁv |=y\U@ QO "Qo}O |=y\U@ "6
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%CW=O Oy=wN OwHw Q} R |=yCq=L ẁkw u=mt= u=} QDWt |=[=kD pm T=U=Q@
|=OD@= QO xOW xO=t; |}=yv pwYLt Q=Okt |w=Ut =} QDsm pm |=[=kD %1 Cr=L

"xr�Ut |rm |=tW "1 pmW

%OwW CN=OQB |rwB OL=w Cjk 's=k |x}rw= |xO=t Qy |=R=x@ O}=@ x=ov; 'OwW
"k = 1; :::K 'j = 1; :::;m

ZQi u}= =@ 'Ovm|t C}a@D |rm h}iND VwQ R= |}=yv pwYLt VwQi Ct}k �
Qy |=R=x@ O}=@ x=ov; Ovm |Q=O} QN 'q0i Q=Okt l} R= QDsm |QDWt l} Qo = xm

"i = 1; :::; n 'Ovm CN=OQB |rwB OL=w ri pwYLt
O}rwD |=R=x@ xm |vat u}= x@ &CU}v 1:1 |O}rwD pwYLt =@ x}rw= O=wt |x]@=Q �

"Ow@ Oy=wN R=}v Cw=iDt Q}O=kt =@ x}rw= O=wt x@ |}=yv pwYLt OL=w Qy
QO 'VwQi |xQwO u}L QO |}=yv pwYLt s=tD= CQwY QO u=} QDWt R= |D@Uv �
R= xDUO u}= |=Q@ xQwO u}L QO u}=Q@=v@� Ovv=t|t |}=yv pwYLt O}rwD Q=_Dv=

"�OQ=O OwHw O}rwD u=} QDWt
u=} QDWt O=OaD w � u}ov=}t =@ |}=tv |iO=YD Q}eDt |QDWt Qy |=[=kD u=R}t �
CU= u=} QDWt O=OaD u}ov=}t Qou=}=tv xm xOW u}}aD V}B R= C@=F Q=Okt l}

"OwW|t xDiQo Q_vQO

xr�Ut |R=UpOt "3
w 'Ot;QO '=yxv} Ry \@=wQ TBU w OwW|t xDio pOt |=yQDt=Q=B =OD@= VN@ u}= QO

"O};|t CUO x@ |}=yv pOt uDN=U |=Q@ OwU QN; QO

=yQDt=Q=B "1"3
a = 1; :::; A w k = 1; :::;K 'j = 1; :::;m 'i = 1; :::; n Q}O=kt |=Q@

%OwW|t h} QaD u}vJ pOt |=yQDt=Q=B
swrat |=yQDt=Q=B "1"1"3

&|}=yv pwYLt OL=w l} O}rwD |=Q@ s=k |x}rw= |xO=t R= xO=iDU= ?} Q[ %�k
&s=j h}iND |x]kv QO s=k |x}rw= |xO=t OL=w l} O} QN |xv} Ry %Cjk

&|}=yv pwYLt OL=w l} O}rwD |xv} Ry %C0
u=}=B QO xOv=t|k=@ s=k |x}rw= |xO=t OL=w l} VwQi |=Q@ xDi=}Vy=m Ct}k %Lk

&xQwO
u=}=B QO xOv=t|k=@ |}=yv pwYLt OL=w l} VwQi |=Q@ xDi=}Vy=m Ct}k %L0

&xQwO
u}L QO Ct}k� s=i h}iND |x]kv QO |}=yv pwYLt OL=w l} VwQi Ct}k %ri

&�xQwO
xOv=t xO=iDU=q@ xQwO u=}=B =D xm s=k |x}rw= |xO=t OL=w l} |Q=Oxov |xv} Ry %hk

&CU=
&CU= xDiQv VwQi xQwO u=}=B =D xm |}=yv pwYLt OL=w l} |Q=Oxov |xv} Ry %h0
Qo =� OvWm|t Q=_Dv= |}=yv pwYLt O}rwD |=Q@ xm u=} QDWt |=[=kD R= |D@Uv %�

&�OwW s=tD xQwO u}L QO pwYLt xm
&|}=yv pwYLt OL=w Qy Ow@tm |xv} Ry %�

&s=k |x}rw= |xO=t O} QN |=Q@ s=j |rm h}iND CUmW |x]kv %qjk
&|}=yv pwYLt O} QN |=Q@ s=i |rm h}iND CUmW |x]kv %q0i

&�CU= u=} QDWt O=OaD u}ov=}t Qou=}=tv xm |D@=F Q=Okt� u=} QDWt OwQw O=OaD %A
&�� u}ov=}t =@ |}=tv |iO=YD Q}eDt� |QDWt Qy |=[=kD |iO=YD Q}eDt %Da

"|}=yv pwYLt O}rwD w x}rw= O=wt O} QN |=Q@ TQDUO QO |xHOw@ pm %B
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}xrL
Qtw

O|
}xQw

Ol
D|

OwH
wtp

QDvmCU= |}x}rw= xO=t x@ \w@ Qt xO=iDU= ?} Q[ �min� '(QRmin � �minQS)

%u}=Q@=v@ �xOW xDN=vW QRmin u=wvax@ xm

QS <
AX
a=1

Da � QS + QRmin �QS:�min

�

%R= Ow@ Oy=wN CQ=@a Cr=L u}= |=Q@ OwU `@=D q=@ C=mv T=U=Q@

U2(QR;QS;D) =
S1X
a=1

nX
i=1

rixiDa +
S2X
a=S1

�
nX
i=1

rixiDa

+
KX
k=1

Lk

 
QRk � �k

 
QS + �

 
AX
a=1

Da �QS
!!!

�

266666666664

KP
k=1

mP
j=1

CkjykjQRk + C0QS+

C0
�
QS + �

�
AP
a=1

Da �QS
��

+ (1� �)
�
AP
i=1

Di �QS
�
�+

KP
k=1

hk
�
QRk � �k

�
QS + �

�
AP
a=1

Da �QS
���

377777777775
(3)

%xm |Qw]x@
"swO Cr=L |=Q@ OwU `@=D U2 (QR;QS;D) �

S2 w QS Q@=Q@ =yv; |atHD O} QN Q=Okt xm |}xDW=@v= u=} QDWt O=OaD S1 �
R= QDsm u=WxDW=@v= O} QN Q=Okt xm CU= |}xDW=@v= u=} QDWt O=OaD

"CU= xOW QS + QRmin�QS:�min
�

QO pwYLt uOW xO=t; |=Q@ xm CU= |}=[=kD pm �
�

AP
a=1

Da �QS
�
�

"OWm|t Q=_Dv= xQwO u}L
"xOW xH=wt Ow@tm =@ xm CU= |}=[=kD u=R}t (1� �)

�
AP
a=1

Di �QS
�
� �

%CW=O s}y=wN 3 |x]@=Q |R=UxO=U =@

U2(QR;QS;D) =
S1X
a=1

nX
i=1

rixiDa +
S2X
a=S1

nX
i=1

rixiDa

+

 
KX
k=1

(�Lk + hk)�k � C0�� (1� �)�

!
AX
a=1

Da

+
� KX
k=1

((1� �)hk � (1 + �)Lk)�k + (�� 2)C0

+ (1� �)�
�
QS +

KX
k=1

 
Lk � hk �

mX
j=1

Ckjykj

!
QRk

(4)

R}v w xOw@ QDnQR@ |}=yv pwYLt Q=Okt R= =[=kD Cr=L u}= QO %swU Cr=L
Q=Okt R= OvWm|t Q=_Dv= xQwO u}L QO pwYLt uOW xO=t; |=Q@ xm |v=} QDWt
w ' AP
i=1

Da > QS '|va} 'CU= QDW}@ pwYLt O}rwD |=Q@ TQDUO QO x}rw= O=wt

Oy=wN CQ=@a OwU `@=D T=U= u}= Q@ " AP
i=1

Da � QS |va} 'CU= VwQi |xQwO
%R= Ow@

U1(QR;QS;D) =
AX
a=1

nX
i=1

rixiDa +
KX
k=1

Lk (QRk � �kQS)

+ L0
 
QS �

AX
a=1

Da

!

�
2664

KP
k=1

mP
i=1

CkjykjQRk + C0QS+
KP
k=1

hk (QRk � �kQS) + h0(QS � AP
a=1

Da)

3775
(1)

%xm |Qw]x@
"CU= pw= Cr=L |=Q@ OwU `@=D U1 (QR;QS;D) �

xQwO u}L QO |}=yv pwYLt VwQi R= pY=L Ot;QO u=R}t AP
a=1

nP
i=1

rixiDa �
OwW|t u}}aD s=a |QDWt O} QN u=R}t T=U=Q@ pwYLt OL=w Qy Ct}k &CU=
T=U=Q@ |QDWt Qy \UwD =[=kD OQwt pwYLt Q=Okt O}W=@ xDW=O xHwD�
"�Ovm|t u}}aD =Q pwYLt OL=w Qy Ct}k u=R}t 'xOW h} QaD |=yC}OwOLt

|x}rw= O=wtVwQi R=pY=L Ot;QO R=CU=CQ=@a KP
k=1

Lk (QRk � �kQS) �
"xDi=}Vy=m Ct}k =@ xQwO u=}=B QO xOv=t|k=@

u=}=B QO xOv=t|k=@ CqwYLt VwQi R= pY=L Ot;QO L0
�
QS � AP

a=1
Da
�
�

"xDi=}Vy=m Ct}k =@ xQwO
"x}rw= O=wt O} QN pm |xv} Ry KP

k=1
CkjykjQRk �

"VwQi |xQwO |=OD@= QO pwYLt O}rwD pm |xv} Ry C0QS �
|x}rw= O=wt |=Q@ xQwO u=}=B =D |Q=Oxov |xv} Ry KP

k=1
hk (QRk � �kQS) �

"xOv=t|k=@
"xQwO u=}=B =D xOv=t|k=@ CqwYLt |Q=Oxov |xv} Ry h0(QS � AP

a=1
Da) �

QRk w QS ' AP
a=1

Da T=U=Q@ u; uOQm ?DQt w 1 |x]@=Q |R=UxO=U =@
%O};|t CUO x@ 2 |x]@=Q

U1 (QR;QS;D) =

 
nX
i=1

rixi � L0 + h0
!

AX
a=1

Da

�
 

KX
k=1

(Lk�hk)�k+C0 + h0 � L0
!
QS

+
KX
k=1

 
Lk �

mX
j=1

Ckjykj � hk
!
QRk (2)

|=OD@= QO xOW O}rwD |}=yv pwYLt Q=Okt R= =[=kD pm 'Cr=L u}= QO %swO Cr=L
Q=_Dv= pwYLt uOW xO=t; |=Q@ xm |v=} QDWt MQv T=U=Q@ =t= 'CU= QDW}@ xQwO
O}rwD |=Q@ TQDUO QO |x}rw= O=wt Q=Okt R= u=} QDWt u}= |=[=kD Q=Okt 'OvWm|t
�
�

AP
a=1

Da �QS
�
� w AP

a=1
Da > QS %|va} 'CU= QDsm xQwO u}L QO
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xO}O
vUB

=[Q
O}tL

O}U
w|

RQw=
Wm

u}t
Q; %Ot; Oy=wN CUO x@ 9 |x]@=Q R= (U) OwU \UwDt u}=Q@=v@

U =
1Z

0
U (QR;QS;D) fD (z) dz (9)

%u}=Q@=v@

U =
QSZ
0
U1fD (z) dz +

Z QS+QRmin�QS:�min
�

QS
U2fD (z) dz

+
Z 1
QS+QRmin�QS:�min

�

U3fD (z) dz (10)

%xm u}= x@ xHwD =@ R}v w '10 |xrO=at QO 6 w 4 '2 \@=wQ |Q=Po}=H =@
S1X
a=1

Da � G
�
S1;

1
�

�
;

S2X
a=S1+1

Da � G
�
S2 � S1;

1
�

�
;

S3X
a=1

Da � G (S3)

%R= Ow@ Oy=wN CQ=@a OwU \UwDt `@=D
U =

 
nX
i=1

rixi � L0 + h0
!Z QS

0
DfD (z) dz

�
Z QS

0

0BBB@
�

KP
k=1

(Lk�hk)�k+C0+h0�L0
�
QS

� KP
k=1

 
Lk � mP

j=1
Ckjykj � hk

!
QRk

1CCCAfD(z)dz

+

nP
i=1

rixi

A!

Z QS+QRmin�QS:�min
�

QS

e
��2 z�

�
(z)(A�1+S1�1)

(�A+S1)S1!
dz

+
�
nP
i=1
rixi

A!

Z QS+QRmin�QS:�min
�

QS

e
��2 z�

�
(z)(A�1+S2�S1�1)

�(A+S2�S1) (S2 � S1)!
dz

+

 
KX
k=1

(�Lk + hk)�k � C0�� (1� �)�

!
Z QS+QRmin�QS:�min

�

QS
D:fD (z) dz

+

266664
0BB@

KP
k=1

((1��)hk�(1+�)Lk)�k

+(��2)C0+(1��)�

1CCAQS
+

KP
k=1

 
Lk�hk�

mP
j=1

Ckjykj

!
QRk

377775
Z QS+QRmin�QS:�min

�

QS
D:fD (z) dz

+

nP
i=1

rixi

A!

Z 1
QS+QRmin�QS:�min

�

e�
�

2 z�
�

(z)(A�1+S3�1)

�(A+S3)S3!
dz0B@ (��C0)QS+

KP
k=1

 
Lk�

mP
j=1

Ckjykj

!
QRk

+

 
��C0
�min

+
KP
k=1

Lk

!
QRmin��

1CA

%u}=Q@=v@ "�
�

AP
a=1

Da �QS
�
> (QRmin � �minQS)

D > QS + QRmin �QS:�min

�

U3(QR;QS;D) =
S3X
a=1

nX
i=1

rixiDa +
KX
k=1

Lk (QRk �QRmin)

�
2664

KP
k=1

CkjykjQRk + C0
�
QS + 1

�min
QRmin

�
+
�

AP
a=1

Da �QS � 1
�min

QRmin

�
�

3775
(5)

%xm |Qw]x@
"CU= swU Cr=L |=Q@ OwU `@=D U3 (QR;QS;D) �

xOQw;Q@ u=wD|t xm CU= Q=_Dv= p=L QO u=} QDWt R= |}=[=kD u=R}t 1
�k
QRmin �
"CN=U

%CW=O s}y=wN 5 |x]@=Q uOQm ?DQt w |R=UxO=U =@

U3(QR;QS;D)=� �
AX
a=1

Da+
S3X
a=1

nX
i=1

rixiDa+
�
� � C0�QS

+
KX
k=1

 
Lk �

mX
j=1

Ckjykj

!
QRk

+

 
� � C0
�min

+
KX
k=1

Lk

!
QRmin (6)

OwU `@=D uOQw; CUO x@ "3"3
`} RwD Q@ RmQtD =@ =OD@= =t= O};|t CUO x@ u; u}ov=}t w |}=yv OwU `@=D VN@ u}= QO
x=ov; 'OwW xO=O u=Wv D =@ pm |=[=kD Qo = "OwW|t XNWt u; Q=DiQ '=[=kD |rm

%OwW|t |iO=YD Q}eDt A ẁtHt =@ Q@=Q@ pm |=[=kD p=tDL= `} RwD

D �
AX
a=1

Da

(A; 1
� ) C=YNWt =@ =t=o '� u}ov=}t =@ u=Um} |}=tv Q}eDt A ẁtHt xm =Hv; R=

%O};|t CUO x@ 7 |x]@=Q =[=kD pm |=Q@ u}=Q@=v@ 'CU=

F fD � dg = P fD � dg = G (A;�) =
Z d

0
e�
�
z
�

�
zA�1

�AA!
dz

(7)

=Q u; u=wD|t 'xOW xO=O KQW Cr=L xU x@ xHwD =@ 'OwU `@=D uOQw; CUO x@ |=Q@
%CWwv u}vJ

U (QR;QS;D) =8>>>><>>>>:
U1 (QR;QS;D) ; if D � QS
U2 (QR;QS;D) ; if QS < D � QS + QRmin�QS:�min

�

U3 (QR;QS;D) ; if D > QS + QRmin�QS:�min
�

(8)
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QDvms}y=wN x]@=Q hQ] wO R= uDiQo ln =@ w |}=tv |atHD `} RwD `@=D x@ xHwD =@
%CW=O

q0i+1xi < �� ln (1� p) ; 8 i = 1; :::; n
q0ixi � �� ln (p) ; 8 i = 1; :::; n
nX
i=1

xi = 1 (14)

'Ovm|t |wQ}B |Ovv=ty `} RwD R= |QDWt Qy O} QN Q=Okt p=tDL= xm =Hv; R=Ck}kL QO
pwYLt O}rwD u=R}t "OQm Ovy=wN xO=iDU= h}iND l} R= |oty OwQ|t p=tDL=
pwYLt |xO=iDU= Q=Okt xm =Hv; R= w 'OW=@ TQDUO QO |x}rw= O=wt R= QDsm O}=@|}=yv

%CWwv u=wD|t TB 'CU= Cw=iDt x}rw= |xO=t Qy R=

1
�k
QRk � QS+

 
QS + �

 
AX
a=1

Da�QS
!!

; 8 k=1; :::;K

CUO x@ 15 |x]@=Q C}=yv QO jwi |x]@=Q |R=UxO=U w uDiQo |[=} Q O}t= =@
%O};|t

1
�k
QRk � (2� �)QS + �:A:�; 8 k = 1; :::;K (15)

%OQm xO=iDU= Q} R |=yC}OwOLt R= u=wD|t ?}DQDx@ S3 w S2 'S1 u}}aD |=Q@
S1X
a=1

Da � QS
S2X
a=1

Da � QS + QRmin �QS:�min

�
S3X
a=1

Da �
AX
a=1

Da �
�
QS + QRmin �QS:�min

�

�
) D <

�
QS + QRmin �QS:�min

�

�
|=yC}OwOLt 'u=v}t]= K]U l} uDiQo Q_vQO w =t=o `} RwD x@ xHwD =@ 'u}=Q@=v@

%O};|t CUO x@ 16
QSZ
0

e�
�
z
�

�
zS1�1

�S1S1!
dz � p

Z QS+QRmin�QS:�min
�

0
e�
�
z
�

�
zS2�1

�S2S2!
dz � pZ QS+QRmin�QS:�min

�

0
e�
�
z
�

�
zA�S3�1

�S3 (A� S3)!
dz � p (16)

u}}aD =Q u; Q=Okt u=wD@ =D OW=@ O}=@ QRmin |=Q@ C}OwOLt l} C}=yv QO w
%OQm

1
�min

QRmin � 1
�k
QRk; 8 k = 1; :::;K (17)

Z 1
QS+QRmin�QS:�min

�

D:fD (z) dz (11)

=yC}OwOLt u}}aD "4"3
TQDUOQO |OwOLt |xHOw@ CqwYLt O}rwD w x}rw= O=wt O} QN |=yxv} Ry |=Q@

%CU=
KX
k=1

CjyjQRk + C0QS � B (12)

O}=@ xQwO |=OD@= QO xOW O}rwD CqwYLt s=tD xm =Hv; R= 'O}W=@ xDW=O xHwD
Oy=wN OwHw R}v O}rwD xQwO u}L QO |QDWt OwHw CQwYQO R}v w 'OwW xDNwQi
Oy=wNv |rmWt xQwO u}L QO O}rwD |=Q@ x}=tQU Ow@tm ^=Lr R= u}=Q@=v@ 'CW=O
OwHw |}=yv pwYLt VwQi w x}rw= O=wt O} QN |=Q@ h}iND \}=QW xm =Hv; R= "Ow@

%OQ=O

QRk < qkj+1ykj ; 8 k = 1; :::;K & j = 1; :::m
QRk � qkjykj ; 8 k = 1; :::;K & j = 1; :::m
mX
j=1

ykj = 1; 8 k = 1; :::;K (13)

%CqwYLt VwQi QO h}iND |=Q@ w

Da < q0i+1xi; 8 i = 1; :::; n
Da � q0ixi; 8 i = 1; :::; n
nX
i=1

xi = 1

l} uDiQo Q_vQO =@ u=wD|t CU= |iO=YD Q}eDt l} Da xm u}= x@ xHwD =@ R}v w
j} Q] R= w OQm p}O@D |r=tDL= C}OwOLt l} x@ =Q C}OwOLt u}= u=v}t]= ?} Q[

%OQw; CUO x@ =Q ?wr]t Da u;

P
�
Da < q0i+1xi

	 � p; 8 i = 1; :::; n & a = 1; :::A
P
�
Da � q0ixi	 � p; 8 i = 1; :::; n & a = 1; :::A

nX
i=1

xi = 1

Ov=CQ=@a xrY=L \@=wQ u}=Q@=v@ "CU= ?wr]t u=v}t]= K]U p u; QO xm
%R=Z q0i+1xi

0
1
�
e�
�
da
�

�
dda � p; 8 i = 1; :::; n & a = 1; :::AZ 1

q0ixi

1
�
e�
�
da
�

�
dda � p; 8 i = 1; :::; n & a = 1; :::A

nX
i=1

xi = 1
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xO}O
vUB

=[Q
O}tL

O}U
w|

RQw=
Wm

u}t
Q; xDio |UQv}= u; x@ xm �� OwN |r@k Q=QmD CmQL CyH QO |Q=Okt w 'Q=QmD u; QO

"Ovvm|t wHwCUH =Q ?=wH |=[i T=U= u}= Q@ w Ovvm|t CmQL �� OwW|t
QO "Ovm|t Q=m hOy `@=D u=}O=Qo OQwtQO |D=aq]= I}y uwO@ C=QP |atHD sD} Qwor=
TBU w OwW|t |@=} RQ= C=QP C}akwt C=YDNt R= xO=iDU= =@ hOy `@=D Q=QmD Qy
l} T=U=Q@ R}v w '|rm |xv}y@ ?=wH w QDy@ ?=wH Q=Okt x@ xHwD =@ Q=QmD Qy QO
Q}}eD ?Hwt w xO=O Q}}eD =Q CaQU Q=OQ@ 'xQP |x}rw= CyH ^iL |=Q@ |UQv}= Q=Okt
|R=Uxv}y@ sD} Qwor= u}= XwYNQO "OwW|t Q=QmD Qy QO xQP |v=mt C=YDNt QO

[31�29]"CU= xDiQo CQwY |}=yVywSB
u=Wv s=t Q=QmD |=Q@ Pt =@ =Q xQP Qy C=YDNt w 'Vt =@ =Q CaQU Q=OQ@ Qo =
C=YDNt w OwW|t xDiQo Q_vQO QiY Q@=Q@ CaQU Q=OQ@ CUNv Q=QmD QO 'OvyO
xDiQo Q_vQO xOW O}rwD |iO=YD |x}rw= ?=wH =@ Q@=Q@ ?=wH |=[i |wQ xQP Qy
Q=QmD QO 'hOy `@=D VR=Q@ T=U=Q@ xQP u} QDy@ C=YDNt u}}aD R= TB "OwW|t

%OQm |v=UQRwQx@ 25 |x]@=Q T=U=Q@ xQP Qy |=Q@ =Q CaQU Q=OQ@ u=wD|t |Oa@
Vt = w (Vt�1) + c1:r1

�
P 2
t�1 � Pt�1

�
+ c2:r2

�
P 1
t�1 � Pt�1

�
(26)

u} QDy@ w pm QO xOt; CUO x@ ?=wH u} QDy@ ?}DQDx@ P 2
t�1 w P 1

t�1 'u; QO xm
CtU x@ |Q}owU ?} Q[ ?}DQDx@ 'r1 'c1 u}vJty "CU= Q=QmD Qy QO ?=wH
'x@=Wt Qw]x@ "OvDUy 1 w QiY u}@ |iO=YD OOa l} w 'p@k Q=QmD QO QDy@ ?=wH
l} w 'Q=QmD u} QN; =D ?=wH u} QDy@ CtU x@ |Q}owU ?} Q[ ?}DQDx@ r2 'c2
Qw_vtx@ |iO=YD O=Oa= xm O}W=@ xDW=O xHwD "OvDUy 1 w QiY u}@ |iO=YD OOa
Q=OQ@ T=U=Q@ "Ov@=}|t CQwQ[ C=QP \UwD ?=wH |=[i |iO=YD |wHwCUH
T=U=Q@ Q=QmD u}= |=Q@ =Q xQP Qy O}OH C=YDNt u=wD|t xOt; CUO x@ CaQU

%OQw; CUOx@ 26 |x]@=Q
Pt = Pt�1 + Vt (27)

[31]%OQm |iQat u}vJ u=wD|t =Q C=QP |atHD |R=Uxv}y@ sD} Qwor= |rm Qw]x@
%O}vm Q=QmD =Q Q} R |=ys=o xQP Qy |=Q@

"O}vm RwQx@ =Q =yCaQU "1
"O}vm RwQx@ =Q =yC}akwt "2

"O}vm |@=} RQ= Q_vOt |xv}y@ Q=Okt T=U=Q@ =Q xOt; CUO x@ Q=Okt "3
"O}vm RwQx@ Q=QmD Qy QO =Q xQP Qy C}akwt u} QDy@ w pL u} QDy@ "4

CU}= 'CUw}B ẁkw x@ |v=}=B Q=}at =} 'O}UQ s=tD= x@ =yQ=QmD O=OaD xm |t=ovy "5
"O}vm

xOW xO=O xaUwD sD} Qwor= "2"4
%R= CU= CQ=@a xOW xO=O xaUwD pOt u}= pL |=Q@ xm C=QP |atHD sD} Qwor=

O}rwD Q}eDt Qy u}}=B w q=@ |=yu=Qm T=U=Q@ |iO=YD CQwYx@ =Q x}rw= C}atH "1
u=R}t T=U=Q@ =OD@= &QS w QRj %R= Ov=CQ=@a s}tYD |=yQ}eDt =Hv}= QO "O}vm
u}}aD =Q O} QN x}rw= |xO=t u=wD|t xm |Q=Okt xv}W}@ 'B TQDUO QO |xHOw@
"O};|t CUO x@ |vt[ Qw]x@ x}rw= |xO=t Q=Okt |q=@ u=Qm T=U= u}= Q@ &O}vm
|iO=YD OOa l} TBU w O} Q}o@ Q_vQO QiY Q@=Q@ =Q x}rw= O=wt u}}=B u=Qm
u}}aD =Q xOv=t|k=@ |xHOw@ u=R}t TBU "O}vm O}rwD u=Qm wO u}= u}@ CN=wvm}

pOt "5"3
u}vJ u=wD|t =Q Q_v OQwt |xr�Ut pOt C}=yv QO 16 =D 11 \@=wQ R= xO=iDU= =@

%CWwv
maxU (18)

ST :
KX
k=1

CjyjQRk + C0QS � B (19)

QRk < qkj+1ykj ; 8 k = 1; :::;K & (20)

; j = 1; :::m
QRk � qkjykj ; 8 k = 1; :::;K & j = 1; :::m
mX
j=1

ykj = 1; 8 k = 1; :::;K (21)

q0i+1xi < �� ln (1� p) ; 8 i = 1; :::; n
q0ixi � �� ln (p) ; 8 i = 1; :::; n
nX
i=1

xi = 1 (22)

1
�k
QRk � (2� �)QS + �:A:�; 8 k = 1; :::;K (23)

QSZ
0

e�
�
z
�

�
zS1�1

�S1S1!
dz � p

Z QS+QRmin�QS:�min
�

0
e�
�
z
�

�
zS2�1

�S2S2!
dz � pZ QS+QRmin�QS:�min

�

0
e�
�
z
�

�
zA�S3�1

�S3 (A� S3)!
dz � p (24)

1
�min

QRmin � 1
�k
QRk; 8 k = 1; :::;K

QS � 0; QRk � 0; S1 � 0; S2 � 0; S3 � 0;
xi = f0; 1g ; yjk = f0; 1g ;
8 i = 1; :::n & j = 1; :::;m & k = 1; :::;K (25)

pL sD} Qwor= "4
(PSO) C=QP |atHD |R=Uxv}y@ sD} Qwor= "1"4

x�=Q= [27]|a=tDH= xwQo |=yQ=DiQ |R=Ux}@W R= s=yr= =@ =OD@= C=QP |atHD sD} Qwor=
CQyW C}OwOLt uwO@ w Q=OC}OwOLt p�=Ut |R=Uxv}y@ |=Q@ ,=Q}N= VwQ u}= "OW
sD} Qwor= [28]"CU= xDW=O x=Qtyx@ |OwHwt pQDvm p�=Ut QO |@U=vt G}=Dv w xDi=}
?=NDv= x}rw= |=y?=wH u=wvax@ xm |iO=YD |x}rw= C}atH l} =@ C=QP |atHD
Q=OQ@ l} Q=QmD Qy QO xQP Qy x@ "OwW|t ẁQW Ovt=v|t C=QP =Q =yv; w xOW
?=wH |=[i Q=QmD Qy QO Ov=wD|t u; T=U=Q@ xm OwW|t xO=O X}YND CaQU
CtU x@ |Q=Okt Q=QmD Qy QO CaQU Q=OQ@ T=U=Q@ C=QP u}= "Ovm wHwCUH =Q
xOt; CUO x@ ?=wH u} QDy@ CtU x@ |Q=Okt 'u=tR u; =D xOW O=H}= ?=wH u} QDy@
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QDvm'Ow@ QDy@ R}v u=tR u; =D OwU u} QDy@ R= Q=QmD u}= QO xOt; CUO x@ QDy@ OwU Qo = "14
"O}vm u} Ro}=H u} QDy@ OwU =@ =Q QDy@ OwU

"O}yO s=Hv= xQ=@ wO Q_vOt |=yQ=QmD O=OaD s=tD= =D =Q 14 =D 5 |=ys=o "15

|OOa p=Ft "5
=@ |}=tv `} RwD R= |QDWt Qy |=[=kD xm O}vm ZQi 'XwYNx@ |q=m l} |=Q@
|xQwO QO pwYLt u}= u=} QDWt O=OaD w Ovm|t |wQ}B pwYLt OOa 3 u}ov=}t
?}=Q[ =@ x}rw= |xO=t xU R= xO=iDU= =@ pwYLt u}= "CU= 40 Q@=Q@ w C@=F VwQi
15 =@ Q@=Q@ pwYLt Qy O}rwD |xv} Ry w OwW|t O}rwD 2 w 1 '1 ?}DQDx@ hQYt
pwYLt O}rwD w x}rw= O=wt O} QN |=Q@ TQDUO QO |xHOw@ u=R}t "CU= |rwB OL=w
uOW xO=t; |=Q@ u=} QDWt �30 "CU= xOW xDiQo Q_vQO |rwB OL=w 200000
2 w 1 pw=OH QO xr�Ut |=yQDt=Q=B Qo}O "OvWm|t Q=_Dv= xQwO u}L QO OwN VQ=iU

"CU= xOW x�=Q=
?=wH u} QDy@ w OW =QH= Q=@ 50 xOW xO=O xaUwD sD} Qwor= 'xr�Ut u}= pL |=Q@
QO xOt; CUO x@ |=yMU=B "OW xDiQo Q_vQO xv}y@ pL u=wvax@ xOt; CUO x@

"CU= xOW x�=Q= 3 pwOH
x} wQ u}= "OyO|t s=Hv= =Q Q=QmD 1000 Q=@ Qy QO xOW xO=O xaUwD sD} Qwor=
Q_vQO |}=yv ?=wH u=wvax@ xOt; CUO x@ ?=wH u} QDy@ TBU w OW =QH= Q=@ 50
xOW xO=O V}=tv 2 pmW QO Q=QmD 1000 R= TB sD} Qwor= pL |x} wQ "OW xDiQo
|}=yv MU=B x@ sD} Qwor= CUNv Q=QmD 500 R= TB OwW|t xOy=Wt xm u=vJ "CU=
=QH= w |U} wvOm ?rDt Q=Ri=sQv R= xO=iDU= =@ sD} Qwor= pL=Qt s=tD "CU= xO}UQ OwN
xOW xO=iDU= |iO=YD |wHwCUH VwQ R= |HvUQ=@Da= |=Q@ ut[ QO "CU= xOW

"CU= xDW=O |QDy@ OQmrta xOW x�=Q= VwQ xm OyO|t u=Wv G}=Dv "CU=

|D; C=k}kLD w |Q}oxH}Dv "6
|}=yv pwYLtl} u; QO xm 'OW xO=O xaUwD |}xQwOlD |xr�Utl} j}kLD u}= QO
'|rm h}iND \}=QW CLD |oty 'Cw=iDt hQYt ?}=Q[ =@ x}rw= |xO=t u}OvJ w
O=wt O} QN |=Q@ &OwW O}rwD R}v xQwO u}L QO CU= umtt |}=yv pwYLt "OQ=O OwHw
u}}aD R= hOy "OQ=O OwHw xHOw@ C}OwOLt |}=yv pwYLt O}rwD u}vJty w x}rw=
CU= pwYLt O}rwD |=Q@ Q=Okt u} QDy@ u}}aD 'x}rw= |xO=t Qy R= O} QN Q=Okt xv}y@

"xOW xO=O xaUwD sD} Qwmr= pL |x}wQ "2 pmW

'OQm O}rwD u=wD|t xm =Q |Q=Okt xv}W}@ 'O}rwD |xv} Ry Q@ xHOw@ u}= s}UkD =@ "O}vm
xOW u}}aD ?=wH 'OW QDW}@ QRmin

�min
R= Q=Okt xv}W}@ u}= Qo = =t= "O}vm u}}aD

%s}yO u=Wv B2 =@ =Q xOv=t|k=@ |xHOw@ Qo = u}=Q@=v@ "Ow@ Oy=wN pw@k p@=kQ}e
u}=Q@=v@ "O};|t CUO x@ QS = min

�
B2
Cp
; QRmin
�min

�
|x]@=Q R=QS Q=Okt

T=U=Q@ TBU "OW u}}aD QS w QRj |=Q@ |iO=YD |x}rw= C=YDNt l}
=yC}OwOLt QO |yOj@=]D =@ =Q xDU@=w |=yQ}eDt Qo}O s}tYD Q}eDt wO u}=

"O}vm u}}aD
xv}W}@ CU= QDy@ 'Ovm|t =O}B s=o Qy QO xQP Qy xm |Q}}eD u=R}t C} Q}Ot |=Q@ "2
Qy |=Q@ u=wD|t =Q xv}W}@ Q=Okt u}= "OwW u}}aD CaQU |=yQ=OQ@ |=Q@ |Q=Okt
OOa l} Q@ s}tYD Q}eDt Qy u}}=B w q=@ u=Qm p[=iD s}UkD =@ s}tYD Q}eDt
5 |OOa Q=Okt |@ QHD Qw]x@ u=w=Qi |=y=QH= R= TB =Hv}= QO "OQm O=H}= C@=F

"Ot; Q_v x@ ?U=vt s}tYD Q}eDt wO u}= |=Q@
Cr=L u} QDO@ =@ Q@=Q@ =Q u} QDy@ hOy `@=D w QiY =@ Q@=Q@ =Q x}rw= CaQU Q=OQ@ "3
"O} Q}o@ Q_vQO �C}=yv}@ |ivt pO=at |R=Uxv}W}@ XDNt pOt |=Q@� umtt
?} Q[ w QDy@ |xQP w xOt; CUO x@ Q=Okt u} QDy@ CtU x@ |Q}owU ?}=Q[ "4
u}vJ =Q ?}=Q[ u=wD|t [27]OwHwt `@=vt O=yvW}B T=U=Q@ "O}vm u}}aD =Q |UQv}=

%OQm u}}aD
w = 2

('1 + '2 � 2 +
q

('1 + '2)2 � (4� ('1 + '2))

c1 = w � '1

c1 = w � '2

OW xDiQo Q_vQO 2 05 =@ Q@=Q@ '2 w '1 C@=F O=Oa= OOaDt |=y=QH= =@
QiY CtU x@ w O=} R |=yQ=QmD R= TB xm =Hv; R= "('1 = '2 = 2 05)

xQ=@ wO w Q=QmD 500 R= TB Qo = xm xOW xO}O |@ QHD CQwYx@ 'Ovm|t p}t
"O};|t CUO x@ |QDy@ G}=Dv OwW h} QaD R=@ q=@ CQwYx@

"O} Qw; CUO x@ 18 |xrO=at T=U=Q@ =Q CaQU Q=OQ@ "5
%O}vm u}}aD Q} R |x]@=Q T=U=Q@ =Q |}=yv CaQU Q=OQ@ "6

Vt = minfCaQU Q=Okt xv}W}@ ; Vtg
"O}vm u}}aD 19 |xrO=at T=U=Q@ =Q xQP O}OH u=mt "7

=Q �min w QRmin |va} 'xO=t Qy |i}iND Ct}k 'O}OH |=yQRj T=U=Q@ "8
"O}vm ?=UL

Q=QmD u}= CaQU Q=OQ@ 'Ow@v Q=QkQ@ C}OwOLt Qo = "O}vm |UQQ@ =Q 16 C}OwOLt "9
"�O}vm ?Q[ l} |ivt QO� O}vm Twmat =Q

"O} Qw; CUO x@ xOQm Q}}eD CaQU |=yQ=OQ@ T=U=Q@ =Q C=QP O}OH u=mt "10
"O} Qw; CUO x@ =Q xQP Qy |=Q@ R=}v OQwt |x}=tQU ẁtHt "11

15 C}OwOLt =} OW B R= QDW}@ R=}v OQwt |x}=tQU Q=Okt xQP l} |=Q@ Qo = "12
=Q u; hOy `@=D xm u; uwO@ 'O}vm Twmat =Q Q=QmD u}= CaQU Q=OQ@ 'Ow@v Q=QkQ@
"O} Qw; CUO x@ xQP Qy |=Q@ =Q hOy `@=D Q=Okt CQwY u}= Q}e QO "O}vm ?=UL
OwU =@ w 'O}vm u}}aD xOt; CUO x@ |=yOwU u}@ QO =Q Q=QmD u}= QO QDy@ OwU "13

"O}vm u} Ro}=H |r@k Q=QmD QDy@
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1. newsboy problem
2. particle swarm optimization (PSO) algorithm
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