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Oy=wN |UQQ@ Cw=iDt OQm} wQ Q=yJ =@ xOWh} QaD |xr�Ut xr=kt u}= QO "OvwW|t
'OwW|t xDiQo Q_v QO VwQixOQN w xOvvmO}rwD u}@ xm Vv |R=@ CLD =OD@= QO "OW
QO 'swO OQm} wQ QO "O};|t CUO x@ s}tYD |=yQ}eDt |xv}y@ u=R}t w pL xr�Ut
"OwW|t xO}O nQ@rmDU= |R=@ xQ}HvR w[a wO u}@ 'xOw@ Q@yQ xOvvmO}rwD xm |]}=QW
xm |]}=QW QO =t= 'nQ@rmDU= OQm} wQ =@ |O=yvW}B |xr�Ut R}v swU OQm} wQ QO
O}OH OQm} wQ =@ w sQ=yJ |xrLQt QO TBU "OW Oy=wN pL 'CU= Q@yQ VwQixOQN
|=yQ}eDt |xv}y@ Q=Okt w OW Oy=wN pL xr�Ut �� xv=Q=mty |R=@ uDiQo Q_vQO ��

"Ot; Oy=wN CUO x@ s}tYD

Vv |R=@ "2"3
|=y|SD=QDU= w OvQ=O|v=Um} |Q}os}tYDCQOkVwQixOQN w xOvvmO}rwD '|R=@u}= QO
xOvvmO}rwD |Q}os}tYDp�=Ut wQu} R= "Ovvm|t?=NDv= u=tRty wpkDUt Qw]x@ =Q OwN
VwQixOQN w xOvvmO}rwD p�=Ut u}=Q@=v@ "OwW|t pL xv=o =OH Qw]x@ VwQixOQN w

%R= CU= CQ=@a
Max
w;A;t

�m = D0(w � c)(p�e)� (�2 � �2a�A��)�A� ta
s:t: 0 � A; c � w � 1; and 0 � t � 1 (8)

Max
p;a

�r = D0(p� w � d)(p�e)(�2 � �2a�A��)� (1� t)a
s:t: w + d � p and a � 0 (9)

QO uwJ 'CU= QiY =@ Q@=Q@ xOvvmO}rwD Q_vx]kv R= t |xv}y@ Q=Okt xm CU= K[=w
w x@ C@Uv xOvvmO}rwD OwU `@=D u}vJty "OQ=O |ivt ?} Q[ xOvvmO}rwD hOy `@=D
w xOvvmO}rwD OwU CQwY u}= QO w 'OW=@ 1 =@ Q@=Q@ Ov=wD|tv w =t= "CU= |OwaY

%OwW|t QiY wO Qy VwQixOQN
Qo = p � w = 1 x=ov; p = 1 ) �r = �m = 0
=DVwQixOQN s}vm|tZQi [25w23'16]'u}W}BC=ar=]tj@=]t xr�UtpL|=Q@u}=Q@=v@
"Ovm|tv pwYLtVwQi x@ s=Ok= 'OW=@ xDW=Ov =Q OL=w|}x}W=L OwUpk=OL xm|v=tR
s} Q}o|t Q_v QO K]U pk=OL u=wvax@ =Q xOvvmO}rwD OL=w |}x}W=L OwU u}=Q@=v@

u=} QDWt x@ xOW x�=Q= |WwQixOQN Ct}k w xOvvmO}rwD |rt C=e}r@D 'VwQixOQN
"CU=

|=[a= OwU `@=wD w Ct}k x@ T=UL |=[=kD `@=D 3 VN@ QO 'xt=O= QO
CUO x@ xv}y@ |=yCU=}U w |Ov@pwtQi |x}rw= |=ypOt 'xOW x�=Q= u}t-=D |xQ}HvR
hrDNt Q}O=kt |=R=x@ C}U=UL p}rLD w |OOa p=Ft 4 VN@ QO "CU= xOt;
QO "CU= xOW x�=Q= s}tYD |=yQ}eDt Q@ =yv; Q}F-=D w C=Q}}eD |UQQ@ Qw_vtx@ =yQDt=Q=B

"CU= xOW |iQat |D; C=k}kLD w xrY=L G}=Dv R}v 5 VN@

xr�Ut h} QaD "3
u}= QO "O} Q}o@ Q_v QO =Q VwQixOQN l} w xOvvmO}rwD l} pt=W |v}t-=D |xQ}HvR
=yvD R}v VwQixOQN w 'OWwQi|t VwQixOQNl} x@ =QVDqwYLt xOvvmO}rwD xQ}HvR
|WwQixOta Ct}k |wQ xOvvmO}rwD "OWwQi|t u=} QDWt x@ =Q xOvvmO}rwD pwYLt
Qo}O hQ] R= "Ovm|t |Q}os}tYD t CmQ=Wt MQv w A |rt C=e}r@D |xv} Ry 'w
s}tYD a |rLt C=e}r@D |xv} Ry w p |WwQixOQN Ct}k OQwtQO VwQixOQN

%R= CU= CQ=@a |QDWt |=[=kD s}vm|t ZQi "OQ}o|t
D(p; a;A) = D0:g(p):h(a;A) (1)

h(a;A) w 'VwQixOQNCt}k C=Q}F-=D g(p) '|QDWt |x}rw= |=[=kDD0 =yv; QO xm
|=yQ}eDt w =yQDt=Q=B 'xr�Ut |R=UpOt Qw_vtx@ "CU= C=e}r@D |=yxv} Ry C=Q}F-=D

"CU= xOW |iQat xO=iDU= OQwt s}tYD
%s}tYD |=yQ}eDt

&VwQixOQN OL=w Ct}k %p
&VwQixOta OL=w Ct}k %w

&|rt C=e}r@D |xv} Ry %A
&|rLt C=e}r@D |xv} Ry %a

&CmQ=Wt MQv %t
"OwU %�

%=yQDt=Q=B
&|QDWt |x}rw= |=[=kD %D0

&Q=R=@ VwB QO %�2
&Q=R=@ |=[=kD Q@ |rLt C=e}r@D w |Q=HD s=v Q}F-=D %�2

&C=e}r@D VWm %
&|Q=Pox}=tQU VWm %�

&Ct}k VWm XN=W %e
&OL=w l} O}rwD |=Q@ xOvvmO}rwD |xv} Ry %c

"OL=w l} x@ |UQDUO |=Q@ VwQixOQN |xv} Ry %d

pOt Q=DN=U "1"3
|xv} Ry C=Q}F-=D w VwQixOQN Ct}k C=Q}F-=D [21]xOWs=Hv= C=ar=]t x@ xHwD =@

%R= Ov=CQ=@a ?}DQDx@ 'C=e}r@D
g(p) = p�e; e > 1 (2)

h(a;A) = �2 � �2��A�; �2; �2; ; � > 0 (3)
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e� 1
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#
�D0

�
e

e� 1
��e D�0 ��2A��ee

�(e� 1)�e(1� t)
! 1
+1

�
" �(+e)

+1 (w + d)(2+e+1)

�(w � c) + (w + d)(+e)

# �1
+1

� �D0�2A��e�e(e� 1)e�1(1� t)�1� 1
+1

� t
� 1� e
 + 1 (w + d)

�(e+)
+1

�
(21)

Q=Qk 20 =D 17 \@=wQ QO u=wD|t =Q 21 |xrO=at R= xOt; CUO x@ w |xv}y@ Q=Okt
"OQw; CUO x@ =Q Q@yQ xOvvmO}rwD |R=@ |xv}y@ Q}O=kt w O=O

"OwW xaH=Qt ? CUw}B x@ "C=@F=

Q@yQ VwQixOQN |R=@ "4"3
QO xm |Q=mtyQ}e |r=wDt |R=@ l} QO =Q xOvvmO}rwD w VwQixOQN |x]@=Q p=L
Ovv=t u; u}}aD |=Q@ sOk u}rw= "s}vm|t |R=UpOt 'CU= Q@yQ VwQixOQN u;
C=@U=Lt uOW xO=U |=Q@ "CU= xOvvmO}rwD MU=B u} QDy@ uOQm =O}B p@k CtUk
'CU= C@Ft xQ=wty xOvvmO}rwD OwU xm =Hv; R= "s}vm|t xO=iDU= =yQ}eDt Q}}eD R=
Qo}O hQ] R= "OW=@ Q=QkQ@ �m > 0 ) w > c ) w � c > 0 O}=@
w w0 = w � c ZQi =@ p=L "OW=@ p � (c + d) > 0 xQ}HvR pm QO O}=@
%OwW|t |U} wvR=@ u}vJ '6 |x]@=Q QO VwQixOQN OwU `@=D 'p0 = p� (c+ d)

Max
p;a

�r =D0(p0 � w0)(p0 + (c+ d))�e � (�2 � �2a�A��)

� (1� t)a
s:t: w0 � p0 and a � 0 (22)

xO=O K}[wD R}v "2"3 VN@ QO xm [25w23'16]xOW s=Hv= C=ar=]t C=}[Qi Ovv=ty
p0�w0 � w0 ) w0 � 0 5p0 CQwYx@ |WwQixOta Ct}k C}OwOLt 'OW
VwQixOQN OL=w |}x}W=L OwU ?}DQDx@ w0 w p0 � w0 u; QO xm OwW|t xDWwv
A |xv}y@ Q=Okt "CU= p02 =@ Q@=Q@ w0 |xv}y@ Q=Okt u}=Q@=v@ "CU= xOvvmO}rwD w
QO xOvvmO}rwD |xr�Ut pL Ovv=ty ��D0�2(w � c)(p0)�ea�� 1

�+1 =@ Q@=Q@
"CU= QiY Q@=Q@ xOvvmO}rwD Q_vx]kv R= xv}y@ CmQ=Wt MQv u}vJty "CU= Vv |R=@
Q}O=kt uO=O Q=Qk =@ VwQixOQN |Q}os}tYD |xr�Ut ?=wH CtUk u}= QO u}=Q@=v@

"OwW|t x@U=Lt 22 |xrO=at QO A w w0 't |xv}y@
CU= Q@yQ VwQixOQN xm|v=tR s}tYD |=yQ}eDt |xv}y@ Q}O=kt "3 |x}[k

%R= Ov=CQ=@a
pSR = c+ d

e� 1 + c+ d (23)

wSR = 1
2
�
c+ d
e� 1

�
+ c+ d

2 (24)

aSR =

0@ � 1
�+1
2 �

��
�+1

� + 1
1A �+1
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�
�
D0

e�e
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e� 1 )1�e
� 1
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p � w � w ) w � 0 5P CQwYx@ =Q |WwQixOta Ct}k C}OwOLt w
w VwQixOQN OL=w |}x}W=L OwU ?}DQDx@ w w p � w u; QO xm "s}U} wv|t

"CU= 0 5p =@ Q@=Q@ w |xv}y@ Q=Okt u}=Q@=v@ "CU= xOvvmO}rwD
%R= Ov=CQ=@a Vv CU=}U CLD s}tYD |=yQ}eDt |xv}y@ Q}O=kt "1 |x}[k

pN = 2ed
e� 2 (10)

wN = ed
e� 2 (11)

tN = 0 (12)

AN = ( �


)e(d� c) + 2c
2d aN (13)
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D0�2e�e

� 2d
e� 2

�1�e!
�
�

( �


)e(d� c) + 2c
2d

���
(14)

"OwW xaH=Qt hr= CUw}B x@ "C=@F=

Q@yQ xOvvmO}rwD |R=@ "3"3
|Q=mtyQ}e |R=@ l} u=wvax@ VwQixOQN w xOvvmO}rwD u}@ |x]@=Q VN@ u}= QO
CUO x@ Qw_vtx@ "CU= wQ}B VwQixOQN w Q@yQ xOvvmO}rwD xm 'OwW|t pOt |r=wDt
u}}aD CU= |r=wD swO |xrLQt QO xm wQ}B MU=B u} QDy@ O}=@ =OD@= pO=aD u}= uOQw;
u} QDy@ u}=Q@=v@ "OwW pL wQ}B MU=B |x}=B Q@ Q@yQ |Q}os}tYD |xr�Ut TBU w OwW
Oy=wN u}vJ Vv CU=}U QO VwQixOQN |xr�Ut pL x@ xHwD =@ VwQixOQN MU=B

%Ow@
p = e(w + d)

e� 1 (15)

a =

 
D0�2A��e�e(w+d

e�1 )1�e

1� t
! 1
+1

(16)

Q}O=kt uO=O Q=Qk =@ xOvvmO}rwD |Q}os}tYD |xr�Ut ?=wH CtUk u}= QO u}=Q@=v@
OwU `@=D R= |Q}ojDWt =@ "OwW|t x@U=Lt xOvvmO}rwD OwU `@=D QO p; a |xv}y@
x@ t = 1 + (w+d)

(w+d)�(e�1)(w�c) =@ Q@=Q@ t Q=Okt 't w A x@ C@Uv xOvvmO}rwD
"CU= QiY t� |xv}y@ u=R}t [21]xOWs=Hv= C=k}kLD j@=]t xm Ot; Oy=wN CUO

%R= CU=CQ=@a wQ}B VwQixOQN 'Q@yQ xOvvmO}rwD |R=@ |xv}y@ Q}O=kt "2 |x}[k
pSM = e(w + d)

e� 1 (17)

aSM =

 
D0�2A��e�e(w+d

e�1 )1�e

1� t
! 1
+1

(18)

tSM = 0 (19)

ASM =�
1+

1++�D
11++�

0 (e� 1)
e�1

1++� e
�e

1++�

� (1� t) �1
1++� (w + d)

��e
1++� �

11++�
2

�  �
1++� ( + 1)

�(1+)
1++�

�
 

(w + d)t

+(w � c)(1� t)(e� 1)

! 1+
1++�

(20)
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]a %R= CU= CQ=@a |Q=mty |R=@ s}tYD |=yQ}eDt |xv}y@ Q}O=kt "4 |x}[k
pco = e(c+ d)

(e� 1)
(29)

Aco = �

aco (30)

aco =

 �
�

��
D0�2e�e

�
c+ d
e� 1

�1�e! 1
�++1

(31)

"OwW xaH=Qt O CUw}B x@ "C=@F=
"CU= xQ}HvR pm OwU Q=}at u} QDsyt 'u}t-=D |xQ}HvR QO |}=Q=m |Q}oxR=Ov= |=Q@
QDW}@ =yv; OwU xm Ovvm}t ji=wD |Q=mty Q@ |v=tR um} R=@ wO s}vm}t ZQi u}=Q@=v@

[25w24'22]%OW=@ |Q=mtyQ}e |=y|R=@ OwU R=
��m = �c

m ��max
m � 0 (32)

��r = �c
r ��max

r � 0 (33)

|Q=mty |R=@ QO VwQixOQN w xOvvmO}rwD OwU Qou=Wv?}DQDx@ �c
r w �c

m =yv; QO xm
Qy QO =Q VwQixOQN w xOvvmO}rwD OwU u} QDW}@ ?}DQDx@ �max

r w �max
m w CU=

|Q=mty 'OW=@ Q=QkQ@ |Q@=Q@=v u}= xm |v=tR "OyO|t u=Wv Qo}O |Q=mtyQ}e |R=@
%s} Q=O xQ}HvR pm OwU |=Q@ u}=Q@=v@ "CU= Q}PBu=mt=

��m+r = ��m + ��r = �c
m+r ��max

m ��max
r � 0 (34)

xU}=kt sy =@ =Q Qo}O |=y|R=@ G}=Dv CU= sRq '�max
r w �max

m uOQm =O}B |=Q@
1 pwOH QO |SD=QDU= Q=yJ |xv}y@ Q}O=kt |xYqN "�OwW xaH=Qt "4VN@ x@� s}vm

"CU= xOWx�=Q=

tSR = 0 (26)
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e�e
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�
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(27)

"OwW xaH=Qt G CUw}B x@ "C=@F=

|Q=mty |R=@ "5"3
CtUk u}= QO "s}O=O Q=Qk |UQQ@ OQwt =Q |Q=mtyQ}e |R=@ xU p@k CtUk xU QO
QO xm s}vm}t |UQQ@ |Q=mty |R=@ l} CLD =Q VwQixOQN w xOvvmO}rwD |x]@=Q
xHwD =@ u}=Q@=v@ "OvQ=O sDU}U pm OwU V}=Ri= w |Q=mty Q@ ji=wD xQ}HvR |=[a= u;
hOy `@=D CQwYv}= QO "s} Qw;|t CUO x@ =Q xv}y@ Q}O=kt xQ}HvR pm OwU `@=D x@

%R= Ow@ Oy=wN CQ=@a

Max
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p;a;A
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s:t: c+ d � p and a;A � 0 (28)
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CQwY u}= Q}e QO 'Ovvm}t =aO= =Q �r = 73 9337 w �m = 57 8837
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%s} Q=O s}vm `tH sy =@ Ovvm|t =aO= hQ]
�SR
m + �SR
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= 171 6131
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