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le?=NDv= xiOyOvJ |xr�Ut QO Q=wDU= |R=Uxv}y@

|R} Qxt=vQ@ OQm}wQ R= xO=iDU= =@ |r=t O@U
xv}W}@ � xv}tm |v=tQ;

�Q=}O=DU=� xvovR Q=Ot=v x@=OwU
�OWQ= |U=vWQ� |wHWv=O� �QwBuUL xi]=a

=QyRr= x=oWv=O '|UOvyt � |vi |xOmWv=O

|=Q@ xv}W}@ � xv}tm |v=tQ; |R} Qxt=vQ@ OQm} wQ T=U=Q@ O}OH Q=wDU= pOt l} xr=kt u}= QO
xr�Ut hOy wO x@ Qw_vt u}= |=Q@ "CU= xOW x�=Q= xiOyOvJ x}=tQU O@U ?=NDv= |xr�Ut

wO '|Q=_Dv= lU} Q w |yOR=@ 'RD} wmQ=t Tv=} Q=w � u}ov=}t |Q=Pox}=tQU O@U ?=NDv=
xOW xi=[= 'xrt=at RwQ u} QN; QO s=yU Ct}k w xv=}r=U xOW s}UkD OwU 'O}OH hOy
xOW x�=Q= xr�Ut |a]k pOt xv}W}@ � xv}tm |v=tQ; |R} Qxt=vQ@ R= xO=iDU= =@ =OD@= "CU=

R= xO=iDU= =@ '|Q=_Dv= lU} Q w |yOR=@ QO C}a]k sOa uDiQo Q_vQO |=Q@ TBU 'CU=
|=Q@ u; R= w xOW p}O@D xiOyOvJ Q=wDU= pOt x@ xr�Ut pOt s}U w Tt}UDQ@ OQm} wQ

xO=iDU= '1392 p=U QO u=QyD TQw@ QO xOW xDiQ}PB |tyU 20 |xvwtv l} |R=Uxv}y@
|=Q@ Ov=wD|t |@ wNx@ xDiQo CQwY |R=UpOt xm OyO|t u=Wv VywSB G}=Dv "CU= xOW

"OwW xDiQo Q_v QO xiOyOvJ |r=t O@U u}}aD |xr�Ut QO C}a]k sOa =@ xr@=kt

s zangeneh@yahoo.com
a.hasanpour@student.alzahra.ac.ir

Q=wDU= pOt 'xv}W}@ � xv}tm |v=tQ; |R} Qxt=vQ@ '|r=t O@U ?=NDv= %|O}rm u=oS=w
"s}U w Tt}UDQ@ VwQ 'xiOyOvJ

xtOkt "1
xr@=kt |=Q@ Ov=wD|t |@ wNx@ xDiQo CQwY |R=UpOt xm OyO|t u=Wv VywSB G}=Dv

"OwW xDiQo Q_v QO xiOyOvJ |r=t O@U u}}aD |xr�Ut QO C}a]k sOa =@

VywSB |xv}W}B "2
Q=@ u}rw= xv=oOvJ h=Oy= R= xO=iDU= =@ |r=t O@U ?=NDv= |xr�Ut |R=UpOt
'OQ=O s=v Tv=} Q=w � u}ov=}t xm pOt u}= QO "OW x�=Q= �1952� 3RD} wmQ=t \UwD
|O@U X}YND w ?=NDv= QO |aU 'O=[Dt w hrDNt h=Oy= T=U=Q@ xOvQ}os}tYD
Tv=} Q=w � u}ov=}t pOt |}=Q=m sOa Ovv=t |DqmWt OwHw p}rOx@ "OQ=O xv}y@
QO w pOt uOw@ l}D=QO=wm w �1988 'u=Q=mty w p@� |k}kL |=ypOt Q@=Q@ QO
O=OaD V}=Ri= =@ C=@U=Lt sHL V}=Ri= u}vJty w pOt uOw@ |]N Q}e xH}Dv
p�=Ut u}= |xOvvm hQ]Q@ xm |}=ysD} Qwor= R= xO=iDU= |=Q@ sRq |xv}tR '|}=Q=O
w uwDr= '�1963� AQ=W [2]"OW sy=Qi 'OvOw@ RD} wmQ=t Tv=} Q=w � u}ov=}t pOt QO
Qy �1998� nvw} w �1991� |m =R=t=} w wv=m '�1990� wv=m '�1976� Vv=Q=mty
=Q |}=ysD} Qwor= 'Tv=} Q=w � u}ov=}t pOt |}=Q=m Ow@y@ w |R=U|]N Qw_vtx@ l}

[3]"Ov=xOQm O=yvW}B
C}U=UL ?} Q[ w= "O=yv =v@ =Q |r=t |=yO@U |tra C} Q}Ot �1963� AQ=W

O@U R= =Q Q=_Dv= OQwt xOR=@ u} QDq=@ Ovy=wN|t u=Q=Pox}=tQU '|Q=Pox}=tQU |=}vO QO
lU} Q C=Q}}eD xvt=O K]U x@ Q=_Dv= OQwt xOR=@ MQv "OvQw; CUO x@ |Q=Pox}=tQU
Ct}k |=yxOR=@ w OwU R= |@}mQD |Q=Pox}=tQU O@U Q=_Dv= OQwt xOR=@ "OQ=O |oDU@

[1]"CU=
VN@ l} xW}ty Q=O=y@ j=Qw= p}rLD w x} RHD w |Q=Pox}=tQU O@U ?=NDv=
|ak=w |=}vO QO C}a]k sOa xm u}= x@ xHwD =@ "CU= xOw@ |Q}os}tYD QO |D=}L
pmWt Q=JO |Q}os}tYD Ov}=Qi QO =Q u=oOvQ}os}tYD xQ=wty |O=YDk= \}=QW w
?=NDv= pOt QO C}a]k sOa uDiQo Q_vQO =@ xm xOW |aU VywSB u}= QO 'Ovm|t
sOa xr�Ut u}= QO Qw_vt u}= |=Q@ "OwW hQ]Q@ =Q=m CQwYx@ pmWt u}= s=yU
Q@ |vD@t xm �� u=WC}y=t Cra x@ |Q=_Dv= lU} Q w xOR=@ |=yQDt=Q=B QO C}a]k
?=NDv= |xr�Ut |a]k pOt =OD@= wQ u}= R= "CU= xOW ^=Lr �� CU= |v}@V}B
TBU 'CU= xOW x�=Q= 1xv}W}@ � xv}tm |v=tQ; |R} Qxt=vQ@ R= xO=iDU= =@ s=yU O@U
Q=wDU= pOt x@ �2004� 2s}U w Tt}UDQ@ OQm} wQ R= xO=iDU= =@ u; |a]k Q}e pOt
|=Q@ u; R= w xOw@ |]N CQwYx@ xr=kt QO xOW x�=Q= Q=wDU= pOt "OwW|t p}O@D
"OwW|t xO=iDU= C}a]k sOa \}=QW CLD |tyU 20 |xvwtv l} |R=Uxv}y@

pw�Ut xOvU} wv �
"1394 10 6 VQ}PB '1394 7 7 x}LqY= '1393 5 27 Ci=} QO %M} Q=D
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Q=wDU
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R=Ux

v}y@|Q=Pox}=tQU O@U ?=NDv= |xiOyOvJ |xr�Ut QO xv}W}@ � xv}tm |R} Qxt=vQ@
w lU} Q hOy `@=D xU OwN Q=DWwv QO w OvOQm KQ]t =Q |iO=YD \}=QW QO
[1]"OvDiQo Q_v QO C}a]k sOa |=[i QO =Q |t}UkD OwU C@Uv w |yOR=@
QO =yv; &OvOQm x�=Q= =Q xiOyOvJ |v=tQ; |R} Qxt=vQ@ Q=wDU= pOt |iHv w |v=Q]yk
Q_v QO C}a]k sOa |=[i QO =Q QUJ w |r |xiOyOvJ pOt OwN |xr=kt

[3]"OvDiQo

?=NDv= |xr�Ut xv}W}@ � xv}tm |v=tQ; |R} Qxt=vQ@ "3
s=yU O@U

'|yOuRw |=yVwQ p}@k R= |OOaDt |=yl}vmD 'xiOyOvJ |=ypOt pL Qw_vtx@
|v=tQ; |R} Qxt=vQ@ w |v=tQ; |R} Qxt=vQ@ 'LP VHvU '" C}OwOLt =@ |=yVwQ
uDi=} '|v=tQ; |R} Qxt=vQ@ |rY= |xO}= "OQ}o|t Q=Qk xO=iDU= OQwt xv}W}@ � xv}tm
xOQw;Q@ =Q hOy OvJ =} l} |xOW u}}aD V}B R= |=yu=tQ; xm CU= |}=y?=wH
|}=y?=wH O}=@ OW=@ xDW=Ov OwHw \}=QW u}= =@ |@=wH I}y xm |DQwY QO "Ovvm|t
p@=kt QO VwQ u}= |QDQ@ 2004 p=U QO "Ovvm xv}tm =Q h=Oy= R= h=QLv= xm s}@=}@

[11]"OW xO=O u=Wv |v=tQ; |R=Uxv}y@ u}W}B |=yVwQ
CU= xiOyOvJ |R} Qxt=vQ@ |=ypOt u} QDsyt R= |m} |v=tQ; |R} Qxt=vQ@
\UwD xiOylD |]N |R} Qxt=vQ@ |xr�Ut R= |OQ@ Q=m QO Q=@u}rw= |=Q@ xm
hOy l} |=Hx@ |R=UpOt ẁv u}= QO "OW x�=Q= �1961� QB wm w RvQ=J
|DL CU= umtt h=Oy= u}= "OQ}o|t Q=Qk |UQQ@ OQwt hrDNt hOy OvJ
xm OR=U|t sy=Qi =Q u=mt= u}= |v=tQ; |R} Qxt=vQ@ |rw OvW=@ O=[Dt sy =@
|v=tQ; |R} Qxt=vQ@ [3]"OwW CmQL O=[Dt hOy OvJ CtU x@ u=tRty Qw]x@
u} QDW}@ xm CU= |v=tQ; |R} Qxt=vQ@ QO =Q=m w xS} w OQm} wQ l} 'xv}W}@ � xv}tm
nv=} "Ovm|t xv}tm =Q u=tQ; R= hOy Qy h=QLv= u} QDW}@ w =yu=tQ; R= C=i=QLv=
=Q |OvtC}=[Q R= |@ wr]t K]U Ov=wD|t OQm} wQ u}= xm O=O u=Wv �1998�
h=QLv= u} QDsm OQm} wQ u}= R= pY=L ?=wH "Ovm O=H}= h=Oy= |t=tD |=Q@
1 pOt j@=]t |v=tQ; |R} Qxt=vQ@ pOt |rm sQi [9]"OQ=O =Q |v=tQ; Q}O=kt R=

%CU=

Min A

s:t :

A >
KX
k=1

wk(d�k + d+
k )

fk + d�k � d+
k = f�k

gi(x) < bi

d�k ; d+
k � 0; x 2 S (1 pOt)

u}vJty "fk =
nP
j=1

Ckjxj %xm |Qw]x@ CU= s=k hOy |@=}CUO K]U fk

h=Oy= Q}=U x@ C@Uv hOy Qy C}ty= wk w CU= s=k hOy |v=tQ; Q=Okt f�k
w d+

k |=yQ}eDt w KP
k=1

wk = 1 xm |Qw]x@ CU= xOvQ}os}tYD Q_v x@ xHwD =@
u} QDW}@ A Q}eDt w OvDUy |v=tQ; Q=Okt R= Ow@tm w O=R=t |=yQ}eDt ?}DQD x@ d�k

[1]"CU= u=tQ; R= h=QLv=

=@ xU}=kt QO =Q s=yU Qy xOR=@ MQv C=v=Uwv =D@ ?} Q[ xm OQm |iQat |r=L QO =Q =D@
'u=Qo}O w AQ=W C=k}kLD uDiQo Q_v QO =@ "OyO|t u=Wv Q=R=@ xOR=@ MQv C=v=Uwv
xOw@ G}=Q Q}N= p=U OvJ QO lU} Q VHvU Q=}at u=wvax@ =D@ ?} Q[ R= xO=iDU=
�l}D=tDU}U Q}e� pQDvm p@=k <RH wO x@ lU} Q |rm |Ov@xk@] l} T=U=Q@ "CU=
VHvU |=Q@ |Q=}at =D@?} Q[ "OwW|t |Ov@s}UkD �l}D=tDU}U� pQDvm p@=kQ}e w
xO=iDU= |}=Q=O Qy lU} Q ?} Q[ u=wvax@ Ov=wD|t w CU= xDi=}u=tR=U lU} Q
w lU} Q hOy `@=D |R=U|]N 'pOt QO =D@ ?} Q[ R= xO=iDU= |=}=Rt R= "OwW
xHwD p@=k sHL Vy=m '|r=t |xiOyOvJ p�=Ut |R=Uxv}y@ QO u; R= xO=iDU=
Q_v QO w Tv=} Q=w � u}ov=}t pOt C@Uv x@ =y|}=Q=O O=OaD V}=Ri= =@ C=@U=Lt
=Q |}=Q=O Qy lU} Q ?} Q[ u=wvax@ =D@ ?} Q[ R= xO=iDU= =@ Q=R=@ C=v=Uwv uDiQo

[4]"OQtWQ@ u=wD|t
=} xv}W}@ p=@vO x@ xOvQ}os}tYD Q_v uDiQo Q_v QO uwO@ xiOylD |=ypOt
|R} Qxt=vQ@ w xiOyOvJ |=ypOt pmWt u}= `iQ |=Q@ "OvDUy hOy `@=D uOQm xv}tm
OwW|t xv}tm =} xv}W}@ hOy `@=D xiOylD |R} Qxt=vQ@ QO "OvDi=} xaUwD |v=tQ;
xv}tm =Q |ak=w G}=Dv w Q_v OQwt h=Oy= u}@ C=i=QLv= |v=tQ; |R} Qxt=vQ@ QO =t=
� xv}tm |R} Qxt=vQ@ pOt u=wD|t xiOyOvJ p�=Ut |R=Uxv}y@ |=yVwQ R= "Ovm|t
|R} Qxt=vQ@ pOt "OW |iQat �1998� nvw} \UwD Q=@ u}rw= xm OQ@ s=v =Q xv}W}@
�1987� Vv=Q=mty w QtwQ w �1984� utyQ w QtwQ \UwD |r=t C=}@O= QO |v=tQ;
QO |v=tQ; |R} Qxt=vQ@ pOt |Q}oQ=m x@ C=}@O= OQwt QO u}vJty "OW |iQat
�1996� wQtwQ w QDUr=@ C=k}kLD u=wD|t '|r=t |=yO@U |R=Uxv}y@ |xv}tR
w V}Oqo � RQB w �2003� u=Q=mty w wQDUr=@ "OQ@ s=v =Q �1998� wQDUr=@ w
xO=iDU= |O=YDk= p�=Ut |NQ@ |R=Uxv}y@ |=Q@ pOt u}= R= R}v �2007� u=Q=mty

[4]"OvOQm
Q=}U@ C}a]k sOa \}=QW QO xm CU= |}=yOQm} wQ xrtHR= 4Q=wDU= |R=Uxv}y@
[5]"OW |iQat QDU} wU \UwD 1973 p=U QO Q=wDU= |R=Uxv}y@ "Ovm|t pta =Q=m
u} QDxv=v}@O@ w Ovm|t pta xv=Q=m x_i=Lt COWx@ QDU} wU \UwD xOW x�=Q= pOt
Q=wDU= |=ypOt |x�=Q= |=Q@ |O=} R |=yVqD xDWPo |xyO wO QO "CU= OQm} wQ
pta x@ |a]kQ}e |=yxO=O =@ |R=Uxv}y@ p�=Ut `=wv= pL |=Q@ ?U=vt Q}PB Q=yt
|R} Qxt=vQ@ Q=wDU= |=Dty xm Ov=xOQm x�=Q=|}=ypOt|mUiwQ}tv w p=D � u@ "CU= xOt;
|Q=mx_i=Lt R= =ypOt u}= "CU= xOW 2 xHQO|]wQNt |R} Qxt=vQ@ pOtl} '|]N
|=yQ=m R}v u=Q=mty w |w=kp= [6]"Ovvm|t x�=Q= |QDy@ |=y?=wH w OvQ=OQwNQ@ |QDsm
u=R}t xm |rOt |x�=Q= =@ s}U w T=t}UDQ@ u}@ u}= QO |rw Ov=xO=O s=Hv= |y@=Wt
'|]N |R} Qxt=vQ@ |xr�Ut l} Q=wDU= |=Dty w CU= s}_vD p@=k u; |Q=mx_i=Lt
OwHw x@ Q=wDU= |R=Uxv}y@ QO |rwLD 'CU= |]N |R} Qxt=vQ@ |xr�Ut l} OwN
R}v =Q xDUUo |=yQ}eDt =@ |R=Uxv}y@ p�=Ut |wQ p=ta= C}r@=k pOt u}= "OvOQw;

[7]"OQ=O
'xiOyOvJ |=ypOt R= xO=iDU= =@ xv}y@ |wiDQB ?=NDv= |xv}tR QO QvQw w n}ri
s=yU O@U |R=Uxv}y@ |xr�Ut QO =Q u; OQ@ Q=m w xiOyOvJ Q=wDU= |R=Uxv}y@
QO =Q ?OLt |xiOyOvJ |R=Uxv}y@ |rm pOt OwN |xr=kt QO =yv; "OvOQm x�=Q=
O@U |R=Uxv}y@ QO =Q u; OQ@ Q=m w OvO=O Q=Qk xar=]t OQwt C}a]k sOa |=[i
QO =Q |v=tQ; |R} Qxt=vQ@ |=ypOt |ovrD w |roO}@ |tqU= [8]"OvOQm |UQQ@ s=yU
|=ypOt |rt=mD Q}U x@ OwN |xr=kt QO =yv; "OvOQm x�=Q= xv}y@ |w}rwiDQB ?=NDv=
|UQQ@ =Q l} Qy ha[ w Cwk \=kv w OvDN=OQB xv}y@ |w}rwiDQB ?=NDv= |O=yvW}B
'|yOR=@ hOy xU R= xO=iDU= =@ =Q |WR=U p;xO}= O[ |R} Qxt=vQ@ |Q}t= [9]"OvOQm
xO=RO@=a w u=}t} Qm [10]"OQm x�=Q= xrt=at RwQ u} QN; QO s=yU Ct}k w lU} Q
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Q}Ot
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=vY
|U

Ovyt |=Q@ (zi; yi; pij ; z0) Q=wDU= pOt QO xOW xi=[= |=yQ}eDt xm CU= QmP x@ sRq
u=wvax@ w Ov=xOW xOQw; pOt QO C_=iL Kw]U p=ta= w ?=wH uOw@ Q=wDU= s}_vD

[7]"OvQ}o|t Q=Okt =yC}OwOLt u}@ \@=Q

K}LY OOa |R} Qxt=vQ@ QO s}U w Tt}UDQ@ pOt OQ@ Q=m "1"4
�i(x;�i) = Q=Okt =@ s=i C}OwOLt 'OwW ?=NDv= K}LY OOa �i Qo =
C_=iL uOW Zkv Q@=Q@ QO maxfSijSi�Ji;jSij=�igfPj2Si âij jxj jg
�i(x;�i) = 0 x=ov; OW=@ �i = 0 Qo = xm CU= u}= xHwD p@=k |xDmv "OwW|t
Qo = w 'OwW|t Q@=Q@ |tU= |xr�Ut s=i C}OwOLt =@ s=i C}OwOLt w OwW|t
=@ u}=Q@=v@ "OwW|t p}O@D QDU} wU pOt x@ xOW O=yvW}B pOt x=ov; OW=@ �i = jJij
?=wH |Q=mx_i=Lt K]U =@ p@=kt QO |Q=wDU= u=R}t �i 2 [0; jJij] Q=Okt Q}}eD

[7]"OwW|t s}_vD Q}PBh=]av= CQwYx@

|r=t O@U ?=NDv= |O=yvW}B |xr�Ut "5
|xr�Ut |R=UpOt |=Q@ RD} wmQ=tTv=} Q=w � u}ov=}t pOt T=U=Q@|rOt xr=kt u}= QO
?=NDv= |xr�Ut?}=at x@ xHwD =@ "CU= xOW x�=Q= xiOyOvJ xv}y@ s=yU O@U ?=NDv=
QO =D@ ?} Q[ R= 'lU} Q ?} Q[ u=wvax@ =D@ ?} Q[ R= xO=iDU= |=}=Rt w |r=t O@U
|QDW}@ |=[i uDiQo Q_v QO Qw_vtx@ u}vJty 'CU= xOW xO=iDU=lU} Q hOy `@=D
x@ RD} wm =t Tv=} Q=w � u}ov=}t |xr�Ut xOvQ}os}tYD |=yCU=wNQO w C=Q_v R=
|xiOyOvJ |O=yvW}B |xr�Ut "CU= xOW xO=O VQDUo hOy `@=D 4 =@ |}xr�Ut

"CU= xOW x�=Q= 5 pOt CQwYx@ |r=t O@U ?=NDv=
Max f1 =

nX
j=1

Rjxj

Opt f2 =
nX
j=1

�jxj

Max f3 =
nX
j=1

Djxj

Min f4 =
nX
j=1

pjxj

s:t :
nX
j=1

xj = 1 (5 pOt)

R= hOy &CU= |Q=Pox}=tQU xOR=@ MQv x@ \w@ Qt pw= hOy `@=D xOW x�=Q= pOt QO
xO=iDU= =@ xm |Qw]x@ 'CU=y|}=Q=O |Q=_Dv= xOR=@ MQv uOQm xv}W}@ hOy `@=D u}=

"OwW|t x@U=Lt |}=Q=O Qy |=Q@ |Q=Pox}=tQU xOR=@ MQv 1 |x]@=Q R=
Rj = (pjt � pjt�1 +Djt)=pjt�1 (1)

xO=iDU= =@ xm |Qw]x@ "CU= |Q=Pox}=tQU lU} Q x@ \w@ Qt swO |]N hOy `@=D
"O};|t CUO x@ |}=Q=O Qy lU} Q ?}=Q[ 2 |x]@=Q R=

�j = cov(Rj ; Rm)=var(Rm) (2)

O@U s=yU |xOW s}UkD OwU ẁtHt |R=Uxv}W}@ x@ \w@ Qt swU hOy `@=D
"CU= |Q=Pox}=tQU |xv} Ry x@ \w@ Qt R}v sQ=yJ hOy `@=D [1]"CU= |Q=Pox}=tQU

Q=wDU= |R=Uxv}y@ |=Q@ s}U w Tt}UDQ@ sD} Qwor= "4
%O} Q}o@ Q_v QO =Q �2 pOt� Q} R |]N |R=Uxv}y@ pOt

Max C0x

s:t : Ax � b
l � x � u (2 pOt)
T} QD=t QY=va Q@\ki =yxO=OC}a]k sOa xm OwW|t ZQi '2 pOt |Ov@pwtQi QO
hOy `@=D c Q=OQ@ xm u}= C}twta uO=O CUO R= uwO@ ZQi u}= "OQ=Po|t QF= A
`@=D u=wD|t OW=@ |a]kQ}e hOy `@=D c Q=OQ@ xm |Dr=L QO w xOW xDiQo OW=@ |a]k
AX � b x@ =Q C}OwOLt u}= w Z � cx � 0 xm |Qw]x@ OQm xv}W}@ =Q Z hOy
xawtHt =Q Ji w O} Q}o@ Q_v QO =Q A T} QD=t R= i X=N Q]U l} "OQm xi=[=
u; QO xm =Q aij R= s=OmQy "O}vm ZQi i Q]U QO |a]k Q}e |=yQ}eDt ?}=Q[
xm OQm pOt ~aij uQ=kDt w pkDUt |iO=YD Q}eDt l} pmW x@ u=wD|t OW=@ j 2 Ji
x@ |iO=YD Q}eDt l} âij Qy |=Q@ "OQ}o|t Q=Okt [aij � âij ; aij + âij ] xR=@ QO
xR=@ QO uQ=kDt =t= swrat=v `} RwD l} R= xm OwW|t h} QaD �ij = ~aij�aij

âij
pmW

K}LY |OOa ,=t=Rr= xm �i Q=Okt s=i C}OwOLt Qy |=Q@ "Ovm|t |wQ}B [�1; 1]

s}_vD �i QDt=Q=B Vkv "OQ}o|t Q=Okt [0; jJij] xR=@ QO xm OwW|t |iQat CU}v
x@ "CU= ?=wH |Q=mx_i=Lt K]U p@=kt QO xOW O=yvW}B pOt |Q=wDU= Q=Okt
u}=Q@=v@ "Ovvm Q}}eD u=tRty Qw]x@ =y~aij |t=tD xm OQ=O p=tDL= QDsm OUQ|t Q_v
?} Q[ l} w 'OvQ}}eD x@ R=Ht ?}=Q[ u}= R= =D [�i] QFm =OL xm |Dq=L |t=tD QO
xHwt CU}=@|t ?=wH 'Ovm|t Q}}eD (�i � [�i])ait |xR=Ov=x@ QFm =OL (ait)

pOt w OwW|t xO}t=v s=i C}OwOLt |=Q@ C_=iL K]U �i u}=Q@=v@ "Ov=t@ |k=@
[7]"OwW|t x�=Q= 3 pOt CQwYx@ s}U w Tt}UDQ@ \UwD xOW x�=Q=

Max C0x

Subject toX
j
aijxj + maxfSijSi�Ji;jSij=�igf

X
j2Si

âijyj

+(�i � [�i])âitytg � bi 8i
�yj � xj � yj 8j
l � x � u
yj � 0 (3 pOt)
"OQ=O 4 pOt CQwYx@ |]N |Ov@pwtQi l} 3 pOt OvOQm C@=F s}U w Tt}UDQ@
Max C0x

Subject toX
j
aijxj + zi�i +

X
j2Ji

pij � bi 8i
zi + pij > âijyi 8i; j 2 Jj
�yj � xj � yj 8j
lj � xj � uj 8j
pij ; yj ; zj � 0 8i; j 2 Ji (4 pOt)
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"""?
=NDv

=xiO
yOv

J|
xr�U

tQO
Q=wDU

=|
R=Ux

v}y@f3 + d�3 = fmax3

f4 � d+
4 = fmin4

A; d�i ; d+
i � 0 8i (6 pOt)

R= xO=iDU= =@ s=yU O@U ?=NDv= |xr�Ut Q=wDU= |=Dty "2"5
xv}W}@ � xv}tm |v=tQ; |R} Qxt=vQ@

� xv}tm |v=tQ; |R} Qxt=vQ@ OQm} wQ =@ xiOyOvJ Q=wDU= pOt l} VN@ u}= QO
xH=wt |rOt =@ u=wD|t CQOvx@ |ak=w |=ypOt |UQQ@ QO "OwW|t x�=Q= xv}W}@
|UQQ@ OQwt pOt "OW=@ xDW=Ov OwHw |a]kQ}e C}y=t =@ |Q}eDt u; QO xm OW
"OvDUy |a]kQ}e pOt QDt=Q=B wO w CU}v |vFDUt xOa=k u}= R= R}v xr=kt u}= QO
|a]kQ}e |=yxO=O R= 'xOW KQ]t |]N |R} Qxt=vQ@ pOt pL |=Q@ xm |DQwY QO
R= xOt; CUO x@ ?=wH uOW xHwt Q}e x@ QHvt CU= umtt OwW xO=iDU=
MQv QDt=Q=B wO 'xr=kt u}= QO xOW x�=Q= pOt QO "OwW |]N |R} Qxt=vQ@ pOt
C}a]k sOa |=Q=O 6 pOt QO �=D@� xDi=}u=tR=U lU} Q w Q=_Dv= OQwt xOR=@

"OvDUy
|R} Qxt=vQ@ R= '?=wH uOv=t xHwt |=Q@ w =yC}a]k sOa u}= uDiQo Q_v QO |=Q@
xOR=@ Q}O=kt "CU= xOW xO=iDU= 'xOW x�=Q= s}U w T}tUDQ@ \UwD xm Q=wDU= |]N
`} RwD =@ |r=tDL= CQwYx@ xR=@ l} QO sy R= pkDUt Qw]x@ =D@ ?} Q[ w Q=_Dv= OQwt
[Rj�R̂j ; Rj+R̂j ]Ovv=tu=W|tU= Q}O=kt Q@=Q@|v}ov=}t =@ uQ=kDt|rwXNWt=v
Q=wDU= |=Dty 'xOW xDio EL=@t x@ xHwD =@ "OvQ}o|t Q=Okt [�j � �̂j ; �j + �̂j ] w

%Ow@ Oy=wN 7 pOt CQwYx@ 6 pOt
Min A

Subject to

A > w1(d�1 )

A > w2(d+
2 + d�2 )

A > w3(d�3 )

A > w4(d+
4 )

�
nX
j=1

Rjxj � d�1 +
X
j

P1j + �1Z1 = �fmax1

�
nX
j=1

�jxj + d+
2 � d�2 +

X
j

P2j + �2Z2 = �fopt2

nX
j=1

Djxj + d�3 = fmax3

nX
j=1

pjxj � d+
4 = fmin4

Z1 + P1j � R̂jyj 8j 2 J1

Z2 + P2j � �̂jyj 8j 2 J2
nX
j=1

xj = 1

�yj � xj � yj 8j
A; yj ; Pij ; Zj ; d�i ; d+

i � 0 8i; j 2 Ji (7 pOt)

|=}vO QO "CU= xar=]t |xQwO RwQ u} QN; QO s=j |}=Q=O Ct}k pj hOy `@=D u}= QO
|=y|Q=Pox}=tQU QO Ovv=wD|tv |i=m pwB uDW=O sOa p}rOx@ O=Qi= R= |Q=}U@ |ak=w
QDsm pwB uOQm xv} Ry Q@ xwqa =yv; xm CU= u}= =t hOy u}=Q@=v@ "Ovvm CmQW u�t]t

[4]"OvQw; CUO x@ R}v |Q=Pox}=tQU h=Oy= Q}=U R= =Q x=wNrO G}=Dv Ovv=wD@
&|r=t O@U QO OwHwt s=j |}=Q=O %j

&|r=t O@U l} QO s=j |}=Q=O syU s}tYD Q}eDt %xj
&p=tQv `} RwD =@ s=j |}=Q=O |xv=RwQ xOR=@ |iO=YD Q}eDt %Rj

&s=j |}=Q=O l}D=tDU}U lU} Q %�j
&s=j |}=Q=O |t}UkD OwU Q=Okt %Dj

&xar=]t |xQwO RwQ u} QN; QO s=j |}=Q=O Ct}k %pj
&s=t RwQ QO s=j |}=Q=O Ct}k %pjt

&[t� 1; t] |v=tR xR=@ QO s=j |}=Q=O xOW s}UkD OwU Q=Okt %Djt
&Q=R=@ |xv=RwQ xOR=@ |iO=YD Q}eDt %Rm

&Q=R=@ xOR=@ w s=j |}=Q=O xOR=@ Tv=} Q=wm %cov(Rj ; Rm)

"Q=R=@ lU} Q =} Q=R=@ xOR=@ Tv=} Q=w %var(Rm)

uwJty |OOaDt |=yQ=}at |r=t O@U ?=NDv= =@ \=@DQ= QO |Q}os}tYD QO xD@r=
'|t}UkD OwU C@Uv 'syU Qy OwU 'Xr=N OwU |x}W=L 'x}=tQU xOR=@ 'xOR=@
lU} Q '|r=t lU} Q '|Q=HD lU} Q 'Ot;QO x@ Ct}k C@Uv '|QDiO x@ Q=R=@ VRQ=
u=Q=Pox}=tQUC=Q_vu}t-=D Qw_vtx@ =Hv}= QO "OvQ=PoQ}F-=D """w|yO@C@Uv 'xDi=}u=tR=U
s=yU Ct}k w |t}UkD OwU C@Uv |=yQ=}at ' ẁ[wt C=}@O= |UQQ@ x@ xHwD =@ w

"CU= xOW ?=NDv= RD} wmQ=t pOt |xaUwD Qw_vtx@ xQwO RwQ u} QN; QO

?=NDv= |O=yvW}B |xr�Ut xv}W}@ � xv}tm |v=tQ; |R} Qxt=vQ@ "1"5
s=yU O@U

u}= QO "OvQ=O s=yU O@U ?=NDv= pOt |xaUwD QO |O=} R Vkv xiOyOvJ |=ypOt
O}=@ =OD@= QO wQ u}= R= "OwW|t x�=Q= xv}W}@ � xv}tm |v=tQ; |R} Qxt=vQ@ pOt VN@
OQwt `@=wD |O=Qiv= pL R= =Q sQ=yJ w swO 'pw= h=Oy= R= l} Qy |=Q@ |v=tQ; Q}O=kt
|wQ |}=Q=O xOR=@ x@ u=v}t]= Qou=Wv swO hOy `@=D xm =Hv; R= "OQw; CUO x@ Q_v
'Ow@ Oy=wN VOwN |wQ |}=Q=O OQmrta Qou=Wv Q=R=@ =@ u}}=B |oDU@ty 'CU= Q=R=@
|}=Q=O O@U ?=NDv= Qw_vtx@ "OwW xO=O V}=tv Q=R=@ C=Q}}eD \UwD xm u; |=Hx@
Q_v QO 1 Q@=Q@ hOy `@=D u}= |v=tQ; Q=Okt |Q=R=@ u}vJ QO 'Q]NQB xR=Ov= u=tyx@
pL R= sQ=yJ w swU 'pw= hOy `@=wD p;xO}= Q=Okt u}=Q@=v@ [12]"CU= xOW xDiQo
Q_v QO 1 Q@=Q@ swO hOy `@=D p;xO}= Q=Okt w u=Wxv}y@ Q=Okt Q@=Q@ hOy `@=wD |O=Qiv=

[4]"OwW|t xDiQo
Min A

Subject to

A > w1(d�1 )

A > w2(d+
2 + d�2 )

A > w3(d�3 )

A > w4(d+
4 )

f1 + d�1 = fmax1

f2 � d+
2 + d�2 = fopt2
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2/
1|

xQ=t
W'

33
�1

xQwO
'�1

39
6u

=DUt
R�h

}QW
C}

Q}Ot
w`}

=vY
|U

Ovyt "=yC}OwOLt QO OwHwt ?}=Q[ Q}O=kt "1 pwOH
|t}UkD OwU u} QN; QO syU Qy Ct}k l}D=tDU}U lU} Q |Q=_Dv= xOR=@ MQv =ys=yU

(Dj) (pj) xrt=at RwQ (�j) |Q=_Dv= (Rj) (j)

12750 16822 0 82 �0 374455303 T}OQB |t}WwQDB
8000 54177 1 04 1 006551134 u�=k u=t}U

0 1611 �0 08 0 329207921 u}ovQ
0 2718 1 16 5 661764706 u}P; =B}=U
0 28134 0 52 �0 436643973 u=Q}= |}=}t}W `}=vY
20 3403 0 98 0 869470235 |awvYt h=}r= x}rw= O=wt

2200 22341 0 18 0 955302366 lR=Q wQ=O
5000 8754 0 63 �0 470368516 u=DURwN Oqwi
2400 35784 0 82 2 267779204 wQ=O u=L@U
2800 15051 0 14 2 302329882 p}@OQ= =DQ; u=t}U
2680 42547 0 68 2 307759819 u=Qy@ Civ
2500 12426 0 3 1 019483155 u=oRtQy u=t}U
2000 18200 0 13 0 61612929 wQ=O =v}U

0 830 1 09 0 602316602 pR}O =B}=U
1020 3390 1 22 �0 243048404 u=Q}= Tt `}=vY |rt

0 1632 1 27 1 71547421 pR}O wQOwN u=Q}=
6444 9015 0 77 0 107695615 V=Dro
1400 30189 0 76 1 878793402 xwU= wQ=O
2000 3709 0 13 �0 588925691 TQ=i u=t}U
4000 7597 1 35 0 202260004 QrmwQ}v

w =DU=Q l} QO h=Oy= Qo = 'xiOyOvJ |R=Uxv}y@ |=ypOt QO CU= QmP x@ sRq
h=Oy= xJv=vJ =t= &Ow@ Oy=wN |O=Qiv= |xv}y@ ?=wH |=Q=O xr�Ut OvW=@ CyHsy
=Hv}= QO =Pr "s}W=@ |}xLr=Yt ?=wH uDi=} p=@vO x@ O}=@ OvW=@ Qo}Om} =@ O=[D QO
`@=D wO uOQm xi=[= Q}F-=D 's=yU O@U |R=Uxv}y@ |a]kQ}e pOt |UQQ@ R= V}B
O@U |R=Uxv}y@ |xr�Ut Qw_vt u}= |=Q@ "OQ}o|t Q=Qk xar=]t OQwt O}OH hOy
xDiQo Q=Qk |UQQ@ OQwt QwmPt `@=wD |Q}oQ_vQO sOa w uDiQo Q_vQO CQwYQO s=yU

"CU= xOW x�=Q= 3 pwOH QO =y|UQQ@ u}= G}=Dv "CU=
OwU C@Uv hOy `@=D wO uDiQo Q_vQO CQwY QO 'OwW|t x_Lqt xm u=vJ
'lU} Q w xOR=@ hOy wO Q@ xwqa xrt=at RwQ u} QN; QO s=yU Ct}k w |t}UkD
OwU C@Uv uDiQo Q_vQO =@ Ov=wD|t Q=Pox}=tQU w OQm Oy=wN Q}}eD Q=Pox}=tQU s}tYD
"O@=} CUO |QD?wr]t O@U x@ QDsm |x}rw= |Q=Pox}=tQU |xv} Ry w QDW}@ |t}UkD
u}}aD h=Oy= R= l} Qy |=Q@ |v=tQ; Q}O=kt O}=@ =OD@= '7 pOt R= xO=iDU= |=Q@
Q@=Q@ 'hOy `@=wD |O=Qiv= pL =@ sQ=yJ w swU 'pw= `@=wD p;xO}= Q=Okt wQ u}= R= "OwW
QO 1 Q@=Q@ OW QmP QDV}B xm u=vJ swO hOy `@=D p;xO}= Q=Okt w u=Wxv}y@ Q=Okt
"CU= xOW xOQw; h=Oy= R= l} Qy p;xO}= Q}O=kt 4 pwOH QO "OwW|t xDiQo Q_v

CQwYx@ xr�Ut pOt '|OOa p=Ft QO C=[wQit w p;xO}= Q}O=kt uDiQo Q_vQO =@
'|@=NDv= s=yU O@U x@ uO}WN@ ẁvD Qw_vtx@ xm CU= QmP x@ sRq "Ow@ Oy=wN 8 pOt
OwW|t O=yvW}B w s}yO|t Q=Qk 0 2 w QiY u}@ =Q xv}y@ O@U QO s=yU Qy syU
|Q=Pox}=tQU |=yVN@ R= l} Qy x@ jraDt xv}y@ s=yU O@U pm |Q=Pox}=tQU �20
=@ (w1 + w2 + w3 + w4 = 1

4 ) h=Oy= C}ty= uOw@ u=Um} ZQi =@ w OW=@

|OQwt |xar=]t "6
uwt=Q}B |OOa |xvwtv l} VN@ u}= QO 'xOWx�=Q= pOt K} QWD w |R=UxO=}B Qw_vtx@
20 x@ \w@ Qt xv=RwQ |=yxO=O R= xvwtv u}= QO "OwW|t x�=Q= u=Q}= s=yU O@U ?=NDv=
C=Rri '|Div |=yxOQw;Qi w |}=}t}W 'u=t}U w Io `}=vY u=}t R= s=yU XN=W
p=ai `}=vY u=}t R= xDWPo p=U OvJ C=aq]= T=U=Q@ xm wQOwN w wQ=O '|U=U=
w Q=R=@ VRQ= u} QDW}@ w Cqt=at sHL u} QDW}@ xQ=wty 'Q=O=y@ j=Qw= TQw@ QO
=yxO=O u}= "CU= xOW xO=iDU= 'Ov=xDW=O Q=}DN= QO =Q TQw@ Q=R=@ pm x}=tQU u=R}t
|=yCQwY R= u}vJty w OvDUy 93 u}OQwQi =D 92 u}OQwQi |v=tR xR=@ x@ jraDt
Qw_vtx@ u} wv OQw;xQ Q=Ri=sQv w u=QyD Q=O=y@ j=Qw= TQw@ QO OwHwt |=yCmQW |r=t
?}=Q[ Q}O=kt '1 pwOH QO "CU= xOW xO=iDU= R=}v OQwt C=aq]= |Qw;`tH
p=U QO s=yU xv=RwQ |=yxO=O T=U=Q@ 'pOt |=yC}OwOLt QO OwHwt |=yQDt=Q=B

"CU= xOW xO=O u=Wv 92
|=yQDt=Q=B C=Q}}eD OwOL Ci=} QO u=wD|t 1 pwOH |=yxO=O x@ |y=ov =@
u=wvax@ 1 pwOH |=yxO=O R= xO=iDU= |=Q@ wQ u}= R=CU= Cw=iDt Q=}U@ pOt Cw=iDt
2 pwOH QO "s} Qw;QO p=tQv CQwYx@ 4 |x]@=Q R= xO=iDU= =@ =Q =yxO=O O}=@ '|OwQw

[13]"CU= xOW x�=Q= 1 pwOH xOW p=tQv |=yxO=O

a0ij = aij � amin

amax � amin
(3)
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"""?
=NDv

=xiO
yOv

J|
xr�U

tQO
Q=wDU

=|
R=Ux

v}y@"=yC}OwOLt QO OwHwt ?}=Q[ p=tQv Q}O=kt "2 pwOH
|t}UkD OwU u} QN; QO syU Qy Ct}k l}D=tDU}U lU} Q |Q=_Dv= xOR=@ MQv =ys=yU

(Dj) (pj) xrt=at RwQ (�j) |Q=_Dv= (Rj) (j)

1 0 299773 0 629370629 0 034311 T}OQB |t}WwQDB
0 62745098 1 0 783216783 0 255248 u�=k u=t}U

0 0 01464 0 0 146885 u}ovQ
0 0 035391 0 867132867 1 u}P; =B}=U
0 0 511819 0 41958042 0 024362 u=Q}= |}=}t}W `}=vY

0 001568627 0 048231 0 727272727 0 233318 |awvYt h=}r= x}rw= O=wt
0 17254902 0 403228 0 181818182 0 247049 lR=Q wQ=O
0 392156863 0 148537 0 496503497 0 018967 u=DURwN Oqwi
0 18823529 0 65522 0 62937063 0 457022 wQ=O u=L@U
0 2196078 0 266725 0 153846154 0 46255 p}@OQ= =DQ; u=t}U
0 21019608 0 781993 0 53146853 0 463418 u=Qy@ Civ
0 19607843 0 217369 0 26573426 0 257317 u=oRtQy u=t}U
0 15686275 0 325604 0 14685315 0 192788 wQ=O =v}U

0 0 0 8181818 0 190578 pR}O =B}=U
0 08 0 047988 0 9090909 0 055334 u=Q}= Tt `}=vY |rt

0 0 015034 0 94405594 0 368664 pR}O wQOwN u=Q}=
0 505411765 0 153429 0 59440559 0 111447 V=Dro
0 109803922 0 55034 0 58741258 0 394791 xwU= wQ=O
0 156862745 0 053967 0 146853147 0 TQ=i u=t}U
0 3137255 0 126849 1 0 126576 QrmwQ}v

�
20X
j=1

�jxj + d+
2 � d�2 +

X
j

P2j + �2Z2 = �1
20X
j=1

Djxj + d�3 = 0 31854
20X
j=1

pjxj � d+
4 = 0 10984

Z1 + P1j � R̂jyj 8j 2 J1

Z2 + P2j � �̂jyj 8j 2 J2
nX
j=1

xj = 1

�yj � xj � yj 8j
x1 + x3 + x5 + x6 + x11 + x17 + x20 = 0 2
x4 + x16 + x14 = 0 2
x2 + x10 + x12 + x19 = 0 2
x7 + x9 + x13 + x18 = 0 2
x8 + x15 = 0 2
0 � xj � 0 1
A; yj ; Pij ; Zj ; d�i ; d+

i � 0 8i; j 2 Ji (8 pOt)
[Rj � xOR=@ QO =Q xr�Ut C}a]k sOa 'xv}y@ ?=wH uOQw; CUOx@ Qw_vtx@

"O}OH hOy `@=wD x@ |O=yvW}B pOt C}U=UL |UQQ@ "3 pwOH
f4 f3 f2 f1 hOy `@=wD xQ=tW

0 2381 0 2416 0 7902 0 2832 2 w 1
0 313 0 3897 0 6899 0 2250 3 w 2 '1
0 2133 0 1097 0 7282 0 2273 4 w 2 '1
0 2264 0 2314 0 7027 0 2343 4 w 3 '2 '1

"h=Oy= p;xO}= Q}O=kt "4 pwOH
f4 f3 f2 f1 hOy `@=wD

0 10984 0 31854 1 0 371138 p;xO}= Q=Okt

"s}vm|t pL =Q pOt Lingo11 0 |Q=Ri=sQv |xDU@ R= xO=iDU=
Min A

Subject to

A > 0 25(d�1 )

A > 0 25(d+
2 + d�2 )

A > 0 25(d�3 )

A > 0 25(d+
4 )

�
20X
j=1

Rjxj � d�1 +
X
j

P1j + �1Z1 = �0 371138
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2/
1|

xQ=t
W'

33
�1

xQwO
'�1

39
6u

=DUt
R�h

}QW
C}

Q}Ot
w`}

=vY
|U

Ovyt "|OOa p=Ft C=@U=Lt G}=Dv "5 pwOH
20; 20 17; 17 14; 14 10; 10 5; 5 2; 2 0; 0 �1;�2

0 105804 0 105804 0 105804 0 1042247 0 0912245 0 079417 0 069755 A

0 058335 1 058335 1 058335 1 12684717 1 1982391 1 3866931 1 3908159 f1
0 93371 0 93371 0 93371 0 934099 0 9411961 0 95033 0 951 f2
2370 678 2370 678 2370 678 2381 464 2405 361 2434 2434 f3
16658 32 16658 32 16658 32 16474 836 16109 134 16008 03 16007 f4
0 05666 0 05666 0 05666 0 04222 0 01346 0 0 X1

0 1 0 1 0 1 0 1 0 1 0 1 0 1 X2
0 0 0 0 0 0 0 X3

0 05457 0 05457 0 05457 0 067521 0 072581 0 1 0 1 X4
0 0 0 0 0 0 0 X5

0 04326 0 04326 0 04326 0 0565386 0 086538 0 1 0 1 X6
0 0 0 0 0 0 0 X7
0 1 0 1 0 1 0 1 0 1 0 1 0 1 X8
0 1 0 1 0 1 0 1 0 1 0 1 0 1 X9
0 0 0 0 0 0 0 X10
0 0 0 0 0 0 0 X11

0 1 0 1 0 1 0 1 0 1 0 1 0 1 X12
0 0 0 0 0 0 0 X13

0 07436 0 07436 0 07436 0 073718 0 060753 0 0037037 0 X14
0 1 0 1 0 1 0 1 0 1 0 1 0 1 X15

0 07115 0 07115 0 07115 0 058679 0 066667 0 096296 0 1 X16
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