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CUO pwYLt |xOvvmx�=Q= w |QDWt |=Q@ =y|R=@ x} Q_v T=U=Q@ |rOt x�=Q= 'xr=kt u}= QO
R= swO CUO pwYLt |QDWt xm =Hv; R= "OwW|t x�=Q= |Oa@ lD |Dv=Q=w ZQi =@ swO
=t= "Ovm|t O=yvW}B =Q <=kDQ= w |Dv=Q=w 'xOvvmx�=Q= 'CU= `q]=|@ pwYLt |r@k OQmrta

Q=_Dv= OQwt Ct}k R= QDW}@ pwYLt Ct}k V}=Ri= Ea=@ CU= umtt =yC}r=ai u}=
xm CU= sRq |]}=QW u}vJ QO "OwW O} QN R= |QDWt uOQm Q_v hQY C}=yvQO w |QDWt
u}= QO "OQ}o@ Q_v QO R}v =Q |QDWt Q=_Dv= OQwt |=y xv} Ry OwN OwU Q@ xwqa xOvvmx�=Q=
pO=aD T=U=Q@ xr-=Ut 'xOvvmx�=Q= w |QDWt u}@ `i=vt ZQ=aD uOQm |R=UrOt |=Q@ xr=kt
xOvvm x�=Q= w wQW}B Vkv |QDWt xm xm} Qw] x@ OwW |t pOt =y |R=@ x} Q_v nQ@rmDU=

QO w OwW|t xiOy lD pOt Qm =D u=m VwQm \}=QW R= xO=iDU= =@ TBU "OQ=O =Q wQ}B Vkv
"OwW|t u=}@ xDiQo CQwY |=yC}U=UL p}rLD w |OOa p=Ft C}=yv

e baghdadi@ind.iust.ac.ir
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Ov}=Qi '=y|R=@ |x} Q_v '<=kDQ= '|Dv=Q=w 'swO CUO pwYLt %|O}rm u=oS=w
"uoty=v uwU=wB

xtOkt "1
|m} 2010 p=U QO [4]|a}iW w |v}�=v |rqH =t= "OvOQm p}rLD w pOt 'OwW|t
=@ =yv; &OvO=O s=Hv= =Q swO CUO CqwYLt =@ x]@=Q QO =y|UQQ@ u} QDsyt R=
=Q xv}y@ <=kDQ= |=y|SD=QDU= w Ct}k 'xOvvmx�=Q= Q=_Dv= OQwt OwU |R=Uxv}W}@ hOy
pwYLt OL=w Qy OwU `@=D w =[=kD `@=D pt=W xOvvmx�=Q= hOy `@=D "OvOQm G=QNDU=
pwYLt |=yCUmW |R=UpOt x@ [5]u=Q=mty w |kv=yW '2012 p=U QO "CU=
xOWO}OtD |Dv=Q=w |=y=OQ=Qk pw] QO xv}y@ |xv=Q}oW}B C=Q}taD |=y|SD=QDU= w
|v} Ro|=H =} Q}taDCU=}U |R=UpOt u}= QO R}v |Dv=Q=wCU=}U &OvDN=OQB |Oa@ wO
CU=}U 'xv}y@ <=kDQ= |=y|SD=QDU= [6]=wwmwJ w |a}iW 2012 p=U QO "CU= u=o}=Q
2013 p=U QO "OvOQm u=}@ =Q swO CUO CqwYLt |=Q@ VwQi Ct}k w |Dv=Q=w
[7]"OW |UQQ@ |Dv=Q=w CLD swO CUO CqwYLt |=Q@ C}i}m |=y|SD=QDU= R}v
|Dv=Q=w |xQwO pw] |=Q@ |}xv}y@ pOt [8]u=Q=mty w |a}iW 2014 p=U QO TBU
=Q pwYLt pm |yOT} wQU |xv} Ry Ovv=wD@ =D OvyO|t xaUwD xv}y@ 1|Ov@?; w
=@ =Q 2|Dv=Q=w=UB xQwO QO pwYLt CUmW R= |QDWt |D}=[Q=v =yv; "OvyO Vy=m
p=U QO R}v u=Q=mty w |a}iW "OvOQm pOt xOvvmO}rwD |=Q@ |}xt} QH uDiQoQ_v QO

w wv CqwYLt VwQi w O} QN VN@ wO x@ u=wD|t =Q VwQi w O} QN Q=R=@ xRwQt=
V}=Ri= |=Q@ |rt=a OwN xm |SwrwvmD CiQW}B wUl} R= "OQm s}UkD swO CUO
R= u=Q=O} QN |NQ@ O} QN CQOk uOw@ u}}=B w 'wU l} R= CU= CqwYLt Qta
CqwYLt Q=R=@ OWQ x@ wQ OvwQ VQDUo ut[ =D CU= xOW Ea=@ Qo}O |wU
w |DQwt '2000 p=U QO "OwW QDxO}J}B |]}Lt u}vJ QO |Q}os}tYD 'swO CUO
x} RHD x@ w [1]OvOQm pOt =Q swO CUO CqwYLt |Dv=Q=w Q=@ u}rw= |=Q@ |=}yO=B wD=J
|Dv=Q=w |xv} Ry =yv; "OvDN=OQB swOCUO CqwYLt |=Q@ |Dv=Q=w |=yxv} Ry p}rLD w
|Q=Oxov j@=wU 'OQmQ=m u=R}t '|r@k Qta =@ \@DQt =Q swO CUO CqwYLt |=Q@
|UQQ@ x@ [2]Qo}O |}xr=kt QO 2004 p=U QO u}vJty =yv; "Ovv=O|t C=Q}taD w
CU=}U =@ |Dv=Q=w CLD swO CUO CqwYLt u=v}t]= C}r@=k Ow@y@ |=y|SD=QDU=
[3]u=Q=mty w O=@;Qyt |O}aU '2009 p=U QO "OvDN=OQB u=o}=Q |v} Ro|=H/Q}taD
xDNwQi |Dv=Q=w =@ xm =Q |twO CUO CqwYLt u=v}t]= C}r@=k Ow@y@ QF-wt |=yx=Q

pw�Ut xOvU} wv �
"1394 10 15 VQ}PB '1394 9 10 x}LqY= '1394 4 2 Ci=} QO %M} Q=D
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}}aD

|Q=YDN= s�qa �?
&swO CUO pwYLt |xDWPo uU %x

QO xOvvmx�=Q= |=Q@ �Q}taD uOw@ |�RH ZQi =@� Q}taD Q=@ Qy Q=_Dv= OQwt |xv} Ry %cr
&|Dv=Q=w=UB w |Dv=Q=w xQwO

&0 � w � L� x |Dv=Q=w |xQwO pw] %|QDWt s}tYD Q}eDt %w
&0 � u � x <=kDQ= K]U %|QDWt s}tYD Q}eDt %u

|xQwO w <=kDQ= ?@Ux@ xOvvmx�=Q= OwU |x}W=L %xOvvmx�=Q= s}tYD Q}eDt %�u;w
&�u;w � 0 swO CUO pwYLt |Dv=Q=w

CUO pwYLt Q}taD C@=@ xOvvmx�=Q= OwU |x}W=L %xOvvmx�=Q= s}tYD Q}eDt %�pw
&�pw � 0 |Dv=Q=w=UB xQwO QO swO

&pwYLt CUmW u}rw= |xOy=Wt =D u=tR |iO=YD Q}eDt %T
&u XNWt <=kDQ= CLD T |iO=YD Q}eDt p=tDL= |r=oJ `@=D %f(t; u)

&u XNWt <=kDQ= CLD T |iO=YD Q}eDt |atHD `} RwD `@=D %F (t; u)

&u XNWt <=kDQ= CLD T |iO=YD Q}eDt CUmW MQv `@=D %r(t; u)

&5xOvvmhQYt R= pwYLt O} QN |xv} Ry %cp
&u XNWt <=kDQ= =@ |rwYLt |=Q@ <=kDQ= |xv} Ry %cu(u)

pw] w xDW=O u K]U =@ |}=kDQ= xm |rwYLt |=Q@ |Dv=Q=w |xv} Ry %cw(u;w)

&CU= w u; |Dv=Q=w |xQwO
"|Dv=Q=w=UB |xQwO QO pwYLt Q}taD |xv} Ry %cpw(u;w)

xr�Ut |R=UpOt "3
|QDWt |xv} Ry `@=D "1"3

xO=iDU= Q=_Dv= OQwt xOW s=tD Ct}k |R=Uxv}tm R= CU= CQ=@a '|QDWt hOy `@=D
pw] w u <=kDQ= K]U ?=NDv= =@ |QDWt xmCU= u}= Q@ ZQi "swOCUO pwYLt R=
|xv} Ry |R=Uxv}tm p=@vO x@ 'x uU =@ swO CUO pwYLt |=Q@ w |Dv=Q=w |xQwO
|QDWt s}tYD |=yQ}eDt =Pr "CU= u; O}it Qta |xQwO u=}=B =D pwYLt R= xO=iDU=
xO=iDU= Q=_Dv= OQwt |xOWs=tD Ct}k "Ow@ Oy=wN |Dv=Q=w |xQwO pw] w <=kDQ= K]U
�� [x; L] |v=tR xR=@ |va} �� pwYLt lrtD u=tR pw] QO swO CUO pwYLt R=
Q=_Dv= OQwt |xOW s=tD Ct}k 'swO CUO pwYLt O} QN Ct}k |=yxv} Ry `tH R=
[x; x + w] |v=tR xR=@ QO xm swO CUO pwYLt |Dv=Q=w |xQwO w <=kDQ= K]U
xR=@ |va} |Dv=Q=w=UB xQwO QO pwYLt R= xO=iDU= |xOW s=tD Ct}k w 'OQ}o|t Q=Qk

%O};|t CUO x@ [x+ w;L] |v=tR

E [Ccustomer(u;w; �u;w; �pw)] = cp + E [pu;w(u;w; �u;w)]

+E [ppw(u;w; �pw)] (1)

swO CUO pwYLt O} QN Ct}k �hr=
xO=O V}=tv cp =@ |r@k |xOvvmhQYt R= xOvvmx�=Q= \UwD pwYLt O} QN |xv} Ry

%CU= x x@ C@Uv |rwRv *|]N `@=D l} xm OwW|t

cp =

8<:p0(1� x
L ) if 0 < x < L

0 if otherwise
(2)

|xv} Ry w C=Q}taD u}= xR=@ 'xv=Q}oW}B C=Q}taD xHQO 'xv}y@ |Ov@?; u=tR 2013
CUO CqwYLt |=Q@ [9]"OvOQm u}}aD pwYLt |=Q@ 'CU= u=tR x@ xDU@=w xm =Q u;
'CU= xDiQov CQwY xOvvmx�=Q= w |QDWt u}@ =y|R=@ |x} Q_v =@ |WywSB uwvm =D swO
w lH xr=kt 'xOWO}OtD |Dv=Q=w =@ x]@=Q QO =y|R=@ |x} Q_v Cq=kt u} QDsyt R= =t=
|=Q@ =y|R=@ |x} Q_v nQ@rmDU= pOt u; j@] xm CU= 2007 p=U QO [10]|DQwt
"OwW|t KQ]t u; =@ \@DQt |xv}y@ |=y|SD=QDU= w Q}PBh=]av= xOWO}OtD |Dv=Q=w
Q}taD Qy =@ \@DQt OwU u; s}tYD |=yQ}eDt w OQ=O =Q wQW}B Vkv pOt QO xOvvmO}rwD
|Dv=Q=w |xQwO R= GQ=N QO Q}taD Qy =@ \@DQt OwU w xOWO}OtD |Dv=Q=w |xQwO QO
ẁQW u=tR u; s}tYD |=yQ}eDt w OQ=O =Q pOt wQ}B Vkv |QDWt "CU= xOWO}OtD

"CU= xOWO}OtD |Dv=Q=w |xQwO COt w xOW O}OtD |Dv=Q=w |xQwO
pwYLt |=Q@ |QDWt xm |Q=_Dv= OQwt |xv} Ry x@ xHwD uwO@ xOvvmx�=Q= ,qwtat
w u}}aD =Q <=kDQ= K]U w |Dv=Q=w |xQwO 'OQ}o|t Q_v QO u; GQ=Nt Q}=U w swO CUO
uO=O CUO R= Ea=@ Qt= u}ty xm Ovm|t |Q=PoCt}k =Q swO CUO pwYLt ,=D}=yv
pwYLt OwU R= Q}e x@ xOvvmx�=Q= Qo = xm |DQwY QO "OwW|t u=} QDWt R= |NQ@
|=Q@ =[=kD Ov=wD|t 'Ovm xHwD R}v |QDWt Q=_Dv= OQwt |=yxv} Ry x@ 'swO CUO
xOvvmx�=Q= OwU ?re= uwJ |rw "OyO V}=Ri= =Q OwN OwU xH}Dv QO w pwYLt u}=
O}=@ swO CUO pwYLt VwQi 'CU= ZQ=aD w O=[D QO |QDWt |=yxv} Ry =@
xm CU=Hv}= "OQm C} Q}Ot w |yOu=t=U =Q =yZQ=aD u}= u=wD@ xm OW=@ |wLv x@
xm |Qw]x@ 'OQm xO=iDU= ZQ=aD u}= pL w C} Q}Ot |=Q@ =y|R=@ |x} Q_v R= u=wD|t
w |Dv=Q=w |xQwO s}tYD |=yQ}eDt =@ nQ@rmDU= pO=aD wQW}B u=wvax@ |QDWt u; QO
s}tYD |=yQ}eDt =@ nQ@rmDU= pO=aD wQ}B u=wvax@ xOvvmx�=Q= u}vJty w <=kDQ= K]U
Q_v QO |Dv=Q=w=UB |xQwO w |Dv=Q=w |xQwO '<=kDQ= K]U x@ \w@ Qt OwU |=yx}W=L

"OwW|t xDiQo

|Q=YDN= s�qa w pOt C=[wQit "2
pOt C=[wQit �hr=

xDWPo uU w |Dv=Q=w |xQwO pw] '<=kDQ= |=yC}r=ai x@ |oDU@ VwQi Ct}k �
"OQ=O swO CUO pwYLt

w swO CUO pwYLt VwQi Q=_Dv= OQwt Ct}k R= |a@=D |QDWt |=[=kD `@=D �
"CU= |Dv=Q=w |xQwO R= GQ=N QO C=Q}taD Q=_Dv= OQwt Ct}k

"OvQo}Om} R= pkDUt =yCUmW �
u}=Q@=v@ 'OwW|t KqY= 3|�RH Q}taD =@ pwYLt |xv}W}B QO =yCUmW |xty �

"Ov=xDW=O pwYLt CUmW MQv |wQ |R}J=v QF= |LqY= |=yC}r=ai
C}r@=k =D OQ}o|t Q=Qk <=kDQ= |=yC}r=ai CLD VwQi R= p@k swO CUO pwYLt �

"O@=} Ow@y@ u; u=v}t]=
"CU= 4u=o}=Q Q}taD CU=}U 'xOvvmx�=Q= \UwD xOW xO=iDU= |Dv=Q=w CU=}U �

"CU= uoty=v uwU=wB Ov}=Qi swO CUO pwYLt CUmW Ov}=Qi �
"CU= |Oa@l} pwYLt |Dv=Q=w �

"OwW|t pOt Ow@y@ QwDm =i R= xO=iDU= =@ swOCUO pwYLt <=kDQ= |=yC}r=ai QF= �
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Ovyt xOvvm x�=Q= OwU w xv} Ry `@=wD K}[wD w |iQat "2"3

xOvvmx�=Q= |=yxv} Ry �hr=
&cp pwYLt O} QN |xv} Ry �

<=kDQ= =@ swO CUO pwYLt |Dv=Q=w |xQwO pw] QO pwYLt Q}taD |xv} Ry �
&cw(u;w) XNWt

"cpw(u;w) swO CUO pwYLt |Dv=Q=w |=[kv= R= TB Q}taD |xv} Ry �
swO CUO pwYLt xOvvmx�=Q= Q=_Dv= OQwt OwU �?

|Dv=Q=w |xQwO QO xOW s=Hv= |xv} Ry OwU x}W=L %xOvvmx�=Q= s}tYD |=yQ}eDt
=Pr "CU= (�pw) |Dv=Q=w=UB xQwO QO xOW s=Hv= |xv} Ry OwU x}W=L w (�u;w)

%xOvvmx�=Q= Q=_Dv= OQwt OwU
E [Pr ofitdealer(u;w; �u;w; �pw)] =

(�u;w[cu(u) + E[cw(u;w)]] + �pwE[cpw(u;w)])

�d(E [Pr ice(u;w; �u;w)] ; E [ppw(u;w; �pw)]) (13)

xOW s=tD Ct}k w swO CUO pwYLt Ct}k R= |a@=D =[=kD `@=D jwi pwtQi QO
Ct}k xm u}= x@ xHwD =@ =t= "CU= |QDWt |=Q@ |Dv=Q=w |xQwO R= GQ=N C=Q}taD
=Pr CU= xDU@=w |Dv=Q=w |xQwO w <=kDQ= K]U Ct}k 'pwYLt Qta x@ pwYLt
CQ=@a =[=kD pOt u}=Q@=v@ "CU= xOt; Q=PoQ}F-=D |=yQ}eDt u=wvax@ =[=kD pwtQi QO

%R= CU=

d(E [Pr ic(u;w; �u;w)] ; E [ppw(u;w; �pw)] =

k1 (E [Pr ice(u;w; �u;w)])�!�(E [ppw(u;w; �pw)]+k2)��

(14)

=[=kD `@=D QO |Dv=Q=w=UB Ct}k w pwYLt Ct}k u=wD !; � > 0 |=yQDt=Q=B
=yCt}k u}= V}=Ri= =@ xm CU= u}= =[=kD `@=D QO =yu; uOw@ |ivt p}rO 'CU=
,=@} QkD xOW u=}@ |=[=kD `@=D pOt "O@=}|t Vy=m swO CUO pwYLt |=Q@ =[=kD
[11]Q=twm w |DQwt u}vJty w [4]|rqH w |a}iW |=[=kD |=ypOt Q@ |vD@t

"CU=

|}=yv |xv}y@ |[=} Q pOt "3"3
Q=_Dv= u=wD|t 'xOvvmx�=Q= l} R= swO CUO pwYLt O} QN |=Q@ w |ak=w |]}Lt QO
?=NDv= |}xvwox@ =Q OwN |Dv=Q=w |xQwO pw] w <=kDQ= K]U |QDWt =OD@= CW=O
O}it Qta u=}=B =D swO CUO pwYLt R= xO=iDU= w O} QN xOW s=tD Ct}k xm O}=tv
'swO CUO pwYLt |xOvvm x�=Q= '|QDWt s}tYD u}= |xt=O= QO "Ovm xv}tm =Q u;
?=NDv= |Qw] =Q |Dv=Q=w=UB w |Dv=Q=w '<=kDQ= |=yxv} Ry x@ \w@ Qt OwU |=yx}W=L
CUO pwYLt O} QN |=[=kD u=R}t uDiQo Q_v QO =@ |w Q=_Dv= OQwt OwU xm Ovm|t
xOW P=ND= C=t}tYD xm =Hv; R= '|]}=QW u}vJ uDiQo Q_v QO =@ "OwW xv}W}@ swO
ZQ=aDt |]}Lt QO |Q}os}tYD w CU= Q=PoQF= sy Q@ xOvvmx�=Q= w |QDWt \UwD
xO=iDU= u; |R=UpOt |=Q@ nQ@rmDU= |Q}os}tYD pOt R= =Pr 'OQ}o|t CQwY

"OwW|t
CQwYx@ R}v xOvvm x�=Q= w wQW}B |va} xOvQ}os}tYD u=wvax@ |QDWt 'Q=m u}= |=Q@

pwYLt Qta "CU= O}OH pwYLt O} QN Ct}k p0 w pwYLt O}it Qta L u; QO w
xOR u}tND |Q=HD p}qO w |SwrwvmD T=U= Q@ xm Ovt=v|t O}it Qta 'Q=R=@ QO =Q

"OwW|t
|=Q@ swO CUO pwYLt |Dv=Q=w Q=_Dv= OQwt |xOW s=tD Ct}k �?

XNWt <=kDQ= K]U =@ |QDWt
E [pu;w(u;w; �u;w)] = (1 + �u;w)(cu(u) + E [cw(u;w)]) (3)

%R= Ov=CQ=@a =yxv} Ry u}=
OwW|t xO=O V}=tv cu(u) =@ %C=tON |xOvvmx�=Q= |=Q@ <=kDQ= C=}rta |xv} Ry �

%CU= <=kDQ= K]U s}tYD Q}eDt R= |t}tYD `@=D xm
cu(u) = cs + cuu x� (4)

OQmrta |=yxO=O R= xO=iDU= =@ ,qwtat w CU= cs; cu;  ; � > 0 u; QO w
"OvwW|t xOR u}tND pwYLt

%C=tON xOvvmx�=Q= |=Q@ |Dv=Q=w |xQwO pw] QO C=Q}taD Q=_Dv= OQwt |xv} Ry �
E [cw(u;w)] = crE [Nw(u;w)] (5)

=@ |iO=YD |Q}eDt <=kDQ= C}r=ai QF= =} Ow@y@ pt=a u=wvax@ 
 xm u}= ZQi =@
%O};|t CUO x@ 'OW=@ B(
) =D@ `} RwD

E [Nw(u;w)] =
Z 1

0

Z x+w

x
r(t� 
u)B(
)dtd
 (6)

%s} Q=O 3 |x]@=Q QO 6 =D 4 |=ypwtQi |Q=Po|=H =@
E [pu;w(u;w; �u;w)] = (1 + �u;w)(cs + cuu x�

+cr
Z 1

0

Z x+w

x
r(t� 
u)B(
)dtd
) (7)

CUO pwYLt Q=_Dv= OQwt xOW s=tD Ct}k 7 w 2 |=ypwtQi x@ xHwD =@ u}=Q@=v@
%R= CU= CQ=@a |QDWt |=Q@ swO

E [Pr ic(u;w; �u;w)] = cp + E [pu;w(u;w; �u;w)] (8)

|Dv=Q=w=UB xQwO QO pwYLt R= xO=iDU= xOW s=tD Ct}k �G
ppw(u;w; �u;w)=cpw(u;w)+�pwcpw(u;w)=(1+�pw)cpw(u;w)

(9)

%OwW|t h} QaD u}vJ xv} Ry u}=
%Q@=Q@ xOvvmQ}taD |=Q@ swO CUO pwYLt |Dv=Q=w=UB C=Q}taD |xv} Ry �

E [cpw(u;w)] = crE [Npw(u;w)] (10)

|Q}eDt <=kDQ=C}r=ai QF= =} Ow@y@ QwDm =i u=wvax@ 
 xm u}= ZQi =@ w 'x@=Wt Qw]x@
CQ=@a |Dv=Q=w=UB |xQwO QO =yCUmW O=OaD 'OW=@ B(
) =D@ `} RwD =@ |iO=YD

%R= Ow@ Oy=wN
E [Npw(u;w)] =

Z 1

0

Z L

x+w
r(t� 
u)B(
)dtd
 (11)

%CW=O s}y=wN 9 |x]@=Q QO 11w 10 |=ypwtQi |Q=Po|=H =@

E [ppw(u;w; �pw)]=(1+�pw)cr
Z 1

0

Z L

x+w
r(t� 
u)B(
)dtd


(12)
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"""w
|Dv=

Q=w
|xQ

wO'
<=kD

Q=|
xv}y

@K]
Uu

}}aDCr=L |=Q@ |QDWt |=Q@ swO CUO pwYLt R= xO=iDU= Q=_Dv= OQwt xOW s=tD Ct}k
%Q@=Q@ X=N

E [Ccustomer(u;w; �u;w; �pw)] = p0(1� x
L

) + (1 + �u;w)(cs

+cuu x�+ cr
��

Z 1

0
((x+ w � 
u)��(x� 
u)�)B(
)d


+ cr(1 + �pw)
��

Z 1

0
((L� 
u)��(x+ w � 
u)�)B(
)d


(21)

%Q@=Q@ X=N Cr=L |=Q@ swO CUO pwYLt O} QN |=[=kD `@=D pwtQi
d(E [Pr ic(u;w; �u;w)] ; E [ppw(u;w; �pw)] =

k1

0BB@ p0(1� x
L )+

(1 + �u;w)(cs + cuu x�+
cr
��
R 1

0 ((x+ w � 
u)� � (x� 
u)�)B(
)d


1CCA
�!

�
�
cr(1+�pw)

��

Z 1

0
((L�
u)��(x+w�
u)�)B(
)d


���
(22)

%R= CU= CQ=@a X=N Cr=L |=Q@ swO CUO pwYLt |xOvvmx�=Q= OwU hOy `@=D
E [Pr ofitdealer(u;w; �u;w; �pw)] = (�u;w[cs + cuu x�

+ cr
��

Z 1

0
((x+ w � 
u)� � (x� 
u)�)B(
)d
]

+ cr�pw
��

Z 1

0
((L� 
u)� � (x+ w � 
u)�)B(
)d


�k1

0BB@ p0(1� x
L )+

(1 + �u;w)(cs + cuu x�+
cr
��
R 1

0 ((x+ w � 
u)��(x� 
u)�)B(
)d


1CCA
�!

�
�
cr(1+�pw)

��

Z 1

0
((L�
u)��(x+w�
u)�)B(
)d


���
(23)

%Q@=Q@ X=N Cr=L |=Q@ |}=yv |xv}y@ |[=} Q pOt
Leader : min p0(1� x

L
) + (1 + �u;w)(cs + cuu x�

+ cr
��

Z 1

0
((x+ w � 
u)� � (x� 
u)�)B(
)d


+ cr(1 + �pw)
��

Z 1

0
((L� 
u)��(x+ w � 
u)�)B(
)d


Follower : max �u;w[cs + cuu x�

+ cr
��

Z 1

0
((x+ w � 
u)� � (x� 
u)�)B(
)d
]

+ cr�pw
��

Z 1

0
((L� 
u)� � (x+ w � 
u)�)B(
)d


�k1

0BB@ p0(1� x
L )+

(1 + �u;w)(cs + cuu x�+
cr
��
R 1

0((x+ w � 
u)��(x� 
u)�)B(
)d


1CCA
�!

"Ow@ Oy=wN Q} R CQwYx@ |[=} Q pOt |}=yv pwtQi w xOW xDiQo Q_v QO wQ}B
Leader : minE [Ccustomer(u;w; �u;w; �pw)]

Follower : maxE [Pr ofitdealer(u;w; �u;w; �pw)]

Constraints : s:t �u;w � 0
�pw � 0
0 � u � x
0 � w � L� x (15)

X=N Cr=L "4"3
Weibull(�; �) pw@}=w `} RwD R= CUmW u}rw= |xOy=Wt =D u=tR xm u}= ZQi =@

%OW Oy=wN CQ=@a CUmW `@=wD 'Ovm C}a@D

f(t; u) = �
��

(t� 
u)��1e�
(t�
u)
�

r(t; u) = �
��

(t� 
u)��1 (16)

xR=@ QO C=tON xOvvmx�=Q= |=Q@ |Dv=Q=w |xQwO QO C=Q}taD Q=_Dv= OQwt |xv} Ry
%Q@=Q@ X=N Cr=L |=Q@ [x; x+ w]

E [Nw(u;w)] =
Z 1

0

Z x+w

x

�
��

(t� 
u)��1B(
)dtd


E [Nw(u;w)] =
Z 1

0
1
��

((x+ w � 
u)� � (x� 
u)�)B(
)d


E [cw(u;w)] = cr
Z 1

0
1
��

((x+ w � 
u)� � (x� 
u)�)B(
)d


(17)

|=Q@ [x; x + w] |QDWt |=Q@ swO CUO |Dv=Q=w Q=_Dv= OQwt xOW s=tD Ct}k
%Q@=Q@ X=N Cr=L

E [pu;w(u;w; �u;w)] = (1 + �u;w)(cs + cuu x�

+ cr
��

Z 1

0
((x+ w � 
u)� � (x� 
u)�)B(
)d
 (18)

[x+w;L] xR=@ QO xOvvmQ}taD |=Q@ swOCUO pwYLt |Dv=Q=w=UB C=Q}taD |xv} Ry
%Q@=Q@ X=N Cr=L |=Q@

E [cpw(u;w)]=cr
Z 1

0
1
��

((L�
u)��(x+w�
u)�)B(
)d


(19)

Cr=L |=Q@ [x+ w;L] |Dv=Q=w=UB xQwO QO pwYLt R= xO=iDU= xOW s=tD Ct}k
%Q@=Q@ X=N

E [ppw(u;w; �pw)] = cr(1 + �pw)
��

Z 1

0
((L� 
u)�

�(x+ w � 
u)�)B(
)d
 (20)
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u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "pOt |=yQDt=Q=B Q}O=kt "1 pwOH

cs = 10 pwYLt Qy |=Q@ <=kDQ= |=yC}r=ai |R=Ov=x=Q |xv} Ry
cu = 50 u=tR OL=w QO Q=_Dv= OQwt <=kDQ= |xv} Ry

 = 0 35; � = 0 45 <=kDQ= |=yC}r=ai |xv} Ry |=yQDt=Q=B
1
� = 0 354; � = 2 pwYLt |@=QN `} RwD |=yQDt=Q=B

L = 10 pwYLt Qta pw]
p0 = 2500 wv pwYLt Ct}k
cr = 100 Q}taD Q=@ Qy Q=_Dv= OQwt |xv} Ry

FRW |Dv=Q=w CU=}U
" = 2; � = 3 <=kDQ= |=yC}r=ai QF= =D@ `} RwD |=yQDt=Q=B

w |QDWt s}tYD `@=wD Q@ swO CUO pwYLt xDWPo uU Q}}eD Q}F-=D "1 pmW
"xOvvmx�=Q=

"pwYLt u}= |=[=kD Q@ swO CUO pwYLt xDWPo uU Q}}eD Q}F-=D "2 pmW

K}[wD x@ sRq R}v 1 pmW QO xOW x�=Q= OwU w xv} Ry |=y|vLvt K} QWD QO
=yvD lrtD xOW s=tD |xv} Ry 'xv} Ry `@=D x@ \w@ Qt |vLvt 'pmW u}= QO xm CU=
QO u}= 'CU= xOW sUQ u; xDWPo uU Q}O=kt |=R= x@ swO CUO pwYLt l}
QO xm CU= |OwU x@ \w@ Qt 'xOvvmx�=Q= OwU `@=D x@ \w@ Qt |vLvt xm CU= |r=L
CUO pwYLt O} QN |=[=kD u=R}t =@ ?U=vDt w pwYLt l} R= V}@ VwQi p=@k
R}v CqwYLt u}= |=[=kD Q=Owtv xm "OwW|t CqwYLt u}= xOvvmx�=Q= O}=a 'swO
l} |xOW s=tD |xv} Ry u=R}t xm CW=O Q=_Dv= u=wD|t =Pr 'CU= 2 pmW T=U=Q@
pwYLt |yHwD p@=k O=OaD VwQi |=R=x@ xOvvmx�=Q= OwU u=R}t =@ xU}=kt QO pwYLt

"OW=@ QDsm Q=}U@ swO CUO

�
�
cr(1+�pw)

��

Z 1

0
((L�
u)��(x+w�
u)�)B(
)d


���
Constraints : s:t �u;w � 0

�pw � 0
0 � u � x
0 � w � L� x (24)

pL VwQ "4
p=U QO [12]u=Q=mty w 6wy xm |WwQ R= xO=iDU= =@ nQ@rmDU= |Q}os}tYD pOt =OD@=
xiOylD pOt l} x@ 'OvOQm u=}@ |L]UwO |R=Uxv}y@ p�=Ut pL |=Q@ 2007
u=wvax@ wQ}B hOy `@=D Qm =D � u=m � VwQm \}=QW 'VwQ u}= QO "OwW|t p}O@D

"OwW|t xDiQoQ_v QO wQW}B hOy `@=D |=yC}OwOLt
Leader : min E [Ccustomer(u;w; �u;w; �pw)]

Constraints : s:t @E [Pr ofitdealer(u;w; �u;w; �pw)]
@�u;w

= �1

@E [Pr ofitdealer(u;w; �u;w; �pw)]
@�pw

= �2

� �1�u;w = 0
� �2�pw = 0
� �u;w � 0
� �pw � 0
� u � 0
� w � 0
w + x� L � 0
u� x � 0 (25)

?U=vt |SD=QDU= "5
w pw@}=w `} RwD R= CUmW u}rw= xOy=Wt =D u=tR xm OwW|t ZQi 'pOt pL |=Q@
xO=O |=yQDt=Q=B Q}O=kt R= xO=iDU= =@ 'Ovm |wQ}B =D@ `} RwD R= <=kDQ= |=yC}r=ai QF=

"�1 pwOH� OwW|t s=Hv= sRq |=yC}U=UL p}rLD w pL pOt xOW
xO=iDU= 'Maple Q=Ri= sQv R= |R=Uxv}y@ p�=Ut pL w C=kDWt |x@U=Lt |=Q@

"CU= xOW

pOt C}U=UL p}rLD "6
|UQQ@ u}Wy T} QD=t R= xO=iDU= =@ xr�Ut uOw@ ?OLt 'pOt uOw@ xO}J}B p}rO x@
u}= Q}e QO CU= |QU=QU xOt; CUO x@ |=y?=wH OW=@ ?OLt xr�Ut Qo = "OWv
|=yuU |=Q@ w pL xOW u=}@ Q=Ri=sQv R= xO=iDU= =@ pOt "CU}v |QU=QU CQwY
pwYLt Q=_Dv= OQwt xOW s=tD |xv} Ry x@ \w@ Qt |=yQ=DiQ 'OW p}rLD hrDNt
xOvvmx�=Q= OwU w swO CUO pwYLt |=Q@ |QDWt |=[=kD '|QDWt |=Q@ swO CUO

%R= CU= CQ=@a pwYLt u}=
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|Dv=

Q=w
|xQ
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<=kD

Q=|
xv}y

@K]
Uu

}}aDQ]=Nx@ xv} RyV}=Ri= w QDuUt pwYLt O} QN Q]=N x@ xv} RyVy=m Ov=wD|t |QDWt
w xDiQo Q_v QO xJQ=Bm} CQwYx@ =Q |Dv=Q=w=UB w |Dv=Q=w |xQwO QO |@=QN =} <=kDQ=
u; <=kDQ= w O} QN Q=_Dv= OQwt |xv} Ry ẁtHt xm Ovm|t |rwYLt O} QN x@ s=Ok=
|QDWt Q=_Dv= OQwt |xv} Ry 'pwYLt R= |YNWt uU |=R=x@ u}=Q@=v@ "OW=@ xv}tm
xm CW=O Oy=wN =Q OwN Q=Okt u} QDW}@ xOvvmx�=Q= OwU u; `@D x@ w Q=Okt u} QDsm

"CUv=O swO CUO pwYLt O} QN |=Q@ xv}y@ uU u=wD|t =Q QwmPt uU
C@=F =@ xm OyO|t u=Wv s}tYD |=yQ}eDt |wQ C}U=UL p}rLD u}vJty
|wQ Q@ C}U=UL R}r=v; w s}tYD |=yQ}eDt Q}=U |xv}y@ Q=Okt uDiQoQ_v QO
u} QDy@ xv}y@ x]kv QO xOvvmx�=Q= OwU w |QDWt |xv} Ry `@=D s}tYD Q}eDt l}
QwO OwN |xv}y@ R= xOvvmx�=Q= w |QDWt \=kv Q}=U QO w OvQ=O =Q OwN Q=Okt

"OvwW|t

|Q}oxH}Dv "7
`i=vt w wU l} R= swO CUO CqwYLt O} QN |=Q@ O=Qi= p}=tD V}=Ri= xRwQt=
|@U=vt |=[i 'Qo}O |wU R= swO CUO CqwYLt |x�=Q= R= |W=v xHwD p@=k
QO "CU= xOQm O=H}= swO CUO CqwYLt |Dv=Q=w C=tON |x�=Q= w OwQw |=Q@
CqwYLt xOvvmx�=Q= w u=} QDWt `i=vt |D=P ZQ=aD uOQm pOt |]}=QW u}vJ
|Q=PoCt}k QO |QDWt uOQm s}yU w nQ@rmDU= pO=aD R= xO=iDU= =@ 'swO CUO
|}=[i 'swO CUO pwYLt O} QN x@ |QDWt ?}eQD ut[ Ov=wD|t 'pwYLt
xm O}=tv |twO CUO pwYLt ?=NDv= x@ s=Ok= |QDWt u; QO xm Ovm O=H}= =Q
u}vJ QO R}v Qo}O |wU R= "OwW xv}tm pwYLt lrtD |xv} Ry ẁtHt u; |=R=x@
OwU w =[=kD u=R}t 'OwN C=Q}taD OwU |x}W=L u}}aD =@ Ov=wD@ xOvvmx�=Q= |QDU@
uU Q@ xDiQo CQwY |=yp}rLD "OR=U xv}W}@ =Q swO CUO CqwYLt |x�=Q=
=@ xU}=kt QO <=kDQ= |xv} Ry uOw@u}}=B CQwYQO OyO|t u=Wv pwYLt |xDWPo
u}@ R= OyO|t K}HQD |QDWt '|r@k |xOvvmhQYt R= pwYLt O} QN |xv} Ry
QDW}@ |xDWPo Qta =@ |rwYLt 'Cw=iDt |xDWPo uU =@ swO CUO CqwYLt
R= pwYLt O} QN |xv} Ry Vy=m |vat x@ QDuUt pwYLt =Q} R 'Ovm ?=NDv= =Q
u}vJ |wQ Q@ Qo}O |wU R= q=@ <=kDQ= s=Hv= 'p=L u}a QO w xOw@ |r@k xOvvmhQYt
|xv} Ry =} w O} QN |xv} Ry =@ xU}=kt QO u; u}}=B |=yxv} Ry p}rOx@ R}v |rwYLt
pwYLt lrtD pm |xv} Ry Vy=m Ea=@ w xOw@ Q}PBx}HwD |D; |r=tDL= C=Q}taD
R= pwYLt <=kDQ= |xv} Ry uOw@ u}}=B xJQo = R}v xOvvmx�=Q= Q_vt R= "OW Oy=wN
V}=Ri= =@ OwHw u}= =@ =t= OwW xOvvmx�=Q= |=yOt;QO Vy=m Ea=@ Ov=wD|t wU l}
V}=Ri= |}=tv CQwYx@ xOvvmx�=Q= OwU CW=O Q=_Dv= u=wD|t '|QDWt |=[=kD

"O@=}

pwYLt xDWPo uU |wQ C}U=UL R}r=v; =@ %Cio O}=@ R}v ẁ[wt u}= Q}UiD QO
xm OQm xOy=Wt u=wD|t 2 pmW w 1 pmW |=yQ=Owtv x@ xHwD =@ w swO CUO
|QDWt Q=_Dv= OQwt pm |xv} Ry 'O@=} V}=Ri= swO CUO pwYLt xDWPo uU xJQy
CQwYx@ pwYLt u}= |=Q@ =[=kD 'xv} Ry u}= uDi=} Vy=m p=@vO x@ w O@=}|t Vy=m
|yHwD p@=k OWQ xOvvmx�=Q= OwU w VwQi O=OaD xH}Dv QO w 'O@=}|t V}=Ri= |}=tv
R= G}=Dv Q}UiD |=Q@ 'OwW|t xOy=Wt |OOa p=Ft QO xm u=vJ "CW=O Oy=wN
'Cw=iDt xDWPo |=yuU =@ swO CUO CqwYLt |=R=x@ %Cio O}=@ |QDWt Q_vt
O} QN Ct}k Vy=m nvy; x@ C@Uv <=kDQ= |xv} Ry V}=Ri= nvy; xm |DQwY QO
'OW=@ QDsm pwYLt |xDWPo uU V}=Ri= |=R=x@ |r@k xOvvmhQYt R= pwYLt
|x]@=Q j@] pwYLt O} QN Ct}k 'swO CUO pwYLt |xDWPo Qta V}=Ri= =@
4 |x]@=Q =@ j@=]t <=kDQ= C=}rta |xv} Ry 'Vy=m |r@k |xOvvmhQYt R= 2
|xv} Ry Vy=m u=R}t R= QDsm <=kDQ= |xv} Ry V}=Ri= u=R}t u}= xm O@=}|t V}=Ri=
w QDW}@ xDWPo Qta =@ CqwYLt O} QN w xOw@ |r@k xOvvmhQYt R= O} QN Ct}k
pYL=t xm Ovm|t Q}PBx}HwD =Q u; |R=Uy@ |=Q@ QDQF-wt <=kDQ= C=}rta s=Hv= TBU
Oy=wN 1 |x]@=Q j@=]t |QDWt |=Q@ pwYLt lrtD pm |xv} Ry Vy=m u;

"Ow@
xDWPo Qta V}=Ri= =@ %Cio O}=@ R}v swO CUO pwYLt |xOvvmx�=Q= Q_vt R=
|=Q@ swO CUO pwYLt O} QN uOW QD|O=YDk= p}rOx@ 'swO CUO pwYLt
=@ Ov=wD|t xOvvmx�=Q= w xDi=}V}=Ri= O} QN |=Q@ =[=kD '14 |x]@=Q =@ j@=]t 'u=} QDWt
xOwRi= swO pwYLt O} QN C}@=PH Q@ 'Q}taD Qy R= OwN OwU |x}W=L uOQm QDl} Q=@
V}=Ri= 13 |x]@=Q j@=]t =Q OwN pm OwU u=R}t '=[=kD QDW}@ l} QLD j} Q] R= w
pwYLt O} QN |=Q@ =[=kD u=R}t u}@ x]@=Q uOw@ |}=tv p}rOx@ XNWt Qw]x@ "OyO
OwU 'pwYLt Ct}k Vy=m =@ CW=O Q=_Dv= u=wD|t &pwYLt Ct}k =@ swO CUO

"O@=} V}=Ri= |}=tv CQwY x@ R}v xOvvmx�=Q=
R}v <=kDQ= w |r@k xOvvm hQYt R= O} QN Ct}k C=Q}}eD nvy; QF= XwYNQO
O} QN Ct}k Vy=m nvy; =@ xU}=kt QO <=kDQ= |xv} Ry V}=Ri= nvy; xm %Cio O}=@
?=NDv= uOw@ |O=YDk= QO |}xOvvm u}}aD Vkv u}W}B xOvvmhQYt R= pwYLt
V}=Ri=nvy; Qo = '|Dr=L u}vJ QO "OQ=O QDW}@ |xDWPo Qta =@ swOCUO CqwYLt
|r@k xOvvmhQYt R= pwYLt O} QN Ct}k Vy=m nvy; x@ C@Uv <=kDQ= |xv} Ry
=@ |DqwYLt ?=NDv= xmCW=O Q=_Dv= u=wD|t OW=@ QDW}@ 'xDWPo uUV}=Ri= |=R=x@
|r@k xOvvmhQYt R= pwYLt O} QN |xv} Ry Vy=m Ea=@ xJQo = QDW}@ xDWPo Qta
'CqwYLt u}= QDq=@ |@=QN MQv p}rOx@ 'pwYLt <=kDQ= sOa wU l} R= 'OwW|t
|wU R= "OwW|t |Dv=Q=w=UB w |Dv=Q=w |xQwO pw] QO Q}taD |=yxv} Ry V}=Ri= Ea=@
C=}rta s=Hv= sRrDUt R}v pwYLt |r=tDL= |@=QN |=yxv} Ry Vy=m w pQDvm Qo}O
'|]}=QW u}vJ QO u}=Q@=v@ "Ow@ Oy=wN Q@xv} Ry R}v C=}rta u}= s=Hv= xm CU= <=kDQ=

=yCWwv=B
1. Burn in
2. post warranty
3. minimal
4. free repair warranty (FRW)

5. purchase price from an end user
6. Hu
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