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Lt(Xt) xOWx�=Q= pOt QO "OwW|t ZQi qtk+1 = +1 w qt1 = 0 h}iND
h} QaD Q} R CQwYx@ xm CU= |Q=Oxov w Ow@tm |=yxv} Ry \UwDt ẁtHt `@=D

[10]"OwW|t
Lt(Xt) =ht(Xt � E[Yt])

+(�t + ht)
Z 1
Xt

(y �Xt)ft(y)dy if Xt � 0
�t(�Xt + E[Yt]) if Xt < 0 (10)

|xQwO =D w OW=@ |ivt x}rw= |OwHwt Q=Okt xm OwW|t |ivt |DQwY QO Xt Q=Okt
|Q=Oxov |xv} Ry t |xQwO QO CQwYu}=QO "OW=@ xOWv C@Ft |OwHwt Q=Okt t
|OwHwt C@Ft Q=Okt |=Q@ Ow@tm |xv} Ry =@ Q@=Q@ Ow@tm |xv} Ry w OQ=Ov |OwHwt
"�10 |x]@=Q QO swO Cr=L� CU= t |xQwO =D |atHD |=[=kD \UwDt w x}rw=
Q_v QO �QiY |xQwO� ji= |=OD@= Xr=N |OwHwt Q=Okt =@ Q@=Q@ X0 Q=Okt u}vJty

"OwW|t xDiQo
s}tYD |=yQ}eDt O=OaD Vy=m %swO pOt "2"1"2

l} w QiY |=yQ}eDt O=OaD "OQ=O |QDsm |D=@U=Lt |oO}J}B '|R=UpOt swO Cr=L
"OwW|t hOy `@=D OQ=w |]N CQwYx@ O} QN |xv} Ry w CU= xDi=} Vy=m xr�Ut

Min Efcg =
TX
t=1

[At(
KX
k+1

utk + Lt(Xt) +
KX
k+1

(ltkctk)] (11)

s:t:
KX
k+1

ltk = Xt �Xt�1 t = 1; :::; T (12)

"CU= Qo}O |=yxQwO R= pkDUt xQwO Qy QO w CU= xOW xDN=vW w XNWt u;
Ov=wD|t Qo}O |xQwO x@ xQwO l} R= |yOVQ=iU w |Q=Oxov 'Ow@tm |=yxv} Ry
'|yOVQ=iU 'Ow@tm '|Q=Oxov |xv} Ry |[=} Q O}t= uOQmxv}tm hOy "OW=@ Cw=iDt

"CU= |R} Qxt=vQ@ ji= pm QO O} QN w
ji= pm |=Q@ ji= |=OD@= QO w CU=DU}= xDW=@v= |xR=Ov= u}}aD '|SD=QDU=

"OwW|t u}}aD |yOVQ=iU Q=Okt w u=tR |R} Qxt=vQ@
uDiQoQ_vQO =@ |r=tDL= |=} wB |xDW=@v= |xR=Ov= u}}aD |xr�Ut xar=]t u}= QO

"OwW|t u=}@ SSDLSP� |Q=YDN= s=v =@ xOWu=}@ C=[wQit w h}iND

\rDNt |]NQ}e |[=} Q pOt "1"2
CQwYx@ CtUk u}= QO xr�Ut |R=UpOt w h} QaD |=Q@ xDiQ Q=m x@ |=yO=tv s=tD

%OwW|t h} QaD Q} R
&|R} Qxt=vQ@ ji= pw] %T
&h}iND Kw]U O=OaD %K

&t |xQwO QO |yOVQ=iU |xv} Ry %At
&t |xQwO QO q=m OL=w l} |Q=Oxov |xv} Ry %ht

&t |xQwO QO q=m OL=w l} Ow@tm |xv} Ry %�t
&nQR@ OOa l} %M

&t |xQwO QO =[=kD |iO=YD Q}eDt %Dt
&t |xQwO QO VQ=iU Q=Okt s}tYD Q}eDt %xt

&(Xt tP
j=1

xj) t |xQwO =D VQ=iU |atHD Q=Okt s}tYD Q}eDt %Xt
&(Yt =

tP
j=1

Dj) t |xQwO =D |atHD |=[=kD |iO=YD Q}eDt %Yt
&t |xQwO =D |atHD |=[=kD p=tDL= |r=oJ `@=D %fYt(yt)

&t |xQwO =D |atHD |=[=kD p=tDL= |atHD `} RwD `@=D %FYt(yt)
&|Q=Oxov w Ow@tm |=yxv} Ry \UwDt ẁtHt `@=D %Lt(Xt)

CQwY |WQ=iU t |xQwO QO Qo = Ow@ Oy=wN l} =@ Q@=Q@ 'l} w QiY Q}eDt %st
&OQ}o@

|xv}W}@� s=k h}iND K]U QO t |xQwO QO R=Ht VQ=iU Q=Okt |xv}tm %qtk
&�OwW|t xDiQo Q_vQO qtk+1 � 1 u; Q=Okt

&s=k h}iND K]U R= t |xQwO QO q=m OL=w l} O} QN |xv} Ry %ctk
OW=@ xOW xO=O s=k K]U QO |WQ=iU t |xQwO QO Qo = 'l} w QiY Q}eDt %utk

"QiY CQwY u}= Q}e QO 'l} Q@=Q@
[11]u=Q=mty w Tm =U pOt |xaUwD %pw= pOt "1"1"2

MinEfcg =
TX
t=1

At st + Lt(Xt) + ct(Xt �Xt�1) (1)

Xt�1 � Xt t = 1; :::; T (2)

Xt �Xt�1 �Mst t = 1; :::; T (3)XK

k=1 utk = 1 t = 1; :::; T (4)XK

k=1 utk ctk = ct t = 1; :::; T (5)

Xt �Xt�1 � (qt;k+1 � 1) +M(1� utk) t = 1; :::; T
k = 1; :::;K (6)
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"""p
QDvm

|xr
�Ut

QOx
DW=@

v=|
xR=O

v=u
}}aDxm ebt s=v =@ t |xQwO QO Xt QwLt Q@ x]kv B `@=D u}= |]N ?} QkD |=Q@

=Q (b = 1; :::; B) CU= t |xQwO QO CUmW u}t=b QO |atHD VQ=iU Q=Okt
w Ow@tm |=yxv} Ry \UwDt ẁtHt \NxQ=B B =@ ?} QkD `@=D "OwW|t xDiQo Q_v QO

[6]%OwW|t u=}@ Q} R CQwYx@ SSDLSP�c pOt QO |Q=Oxov

Lt(Xt)=ht

"
�0
I+
t

+
BX
b=1

�b
I+
t
wbt

#
+�t

"
�0
I�t

+
BX
b=1

�b
I�t
wbt

#
(23)

Q} R CQwYx@ Ow@tm w |OwHwt \UwDt `@=wD QO \NxQ=B Qy ?}W 23 |x]@=Q QO
%OwW|t h} QaD

�b
I+t

=
�
ebt +G1

Yt(ebt)
�� �eb�1;t +G1

Yt(eb�1;t)
�

ebt � eb�1;t
(24)

�b
I�t

=
G1
Yt(ebt)�G1

Yt(eb�1;t)
ebt � eb�1;t

(25)

Q=Oktwbt "CU=e0t|x}rw=|x]kv QO Ow@tm\UwDt�0
I�t

w|OwHwt\UwDt�0
I+
t

wbt � ebt� eb�1;t xm|Qw]x@ OwW|t h} QaD s=b |xrY=i QO |atHD VQ=iU
|=R= x@ �b

I+t
?}W w CU= ?OLt |OwHwt \UwDt `@=D xm|}=Hu; R= "CU=

OQ}o|t OwN x@ C@Ft Q=Okt |DQwY QO =yvD wbt 'CU= V}=Ri= p=L QO bV}=Ri=
Q=QkQ@ R}v Ow@tm \UwDt `@=D |=Q@ Cr=L u}= "OW=@ wb�1;t = eb�1;t�eb�2;t xm
" BP
b=1

wbt = Xt =@ CU= Q@=Q@ t |xQwO QO |atHD VQ=iU Q=Okt 'u}=Q@=v@ "CU=
Q} R CQwYx@ SSDLSP� |xr�Ut |]N xmDxmD ?} QkD |[=} Q pOt u}=Q@=v@

%OwW|t xDWwv

Min Efcg =
TX
t=1

[At(
KX
k=1

utk) + ht

"
�0
I+t

+
BX
b=1

�b
I+t
wbt

#
]

+ �t

"
�0
I�t

+
BX
b=1

�b
I�t
wbt

#
+

KX
k=1

(ltkctk) (26)

KX
k=1

ltk =
BX
b=1

wbt �
BX
b=1

wb;t�1 t = 1; :::; T (27)

KX
k=1

utk � 1 t = 1; :::; T (28)

qtk utk � ltk t = 1; :::; T k = 1; :::;K (29)

ltk � (qtk+1 � 1)utk t = 1; :::; T k = 1; :::;K (30)

wbt � ebt � eb�1;t t = 1; :::; T b = 1; :::; B (31)

utk 2 f0; 1g t = 1; :::; T k = 1; :::;K (32)

wbt � 0 t = 1; :::; T b = 1; :::; B (33)

ltk � 0 t = 1; :::; T k = 1; :::;K (34)

pL VwQ "3
pOt 'OwW xDiQoQ_vQO XNWt pL VwQ =@ x}=B pOt l} u=wvax@ [10]pOt Qo =
h}iND Kw]U u}}aD "CU= x}=B pOt R= QDxO}J}B Q_v wO R= SSDLSP� |O=yvW}B
|xv}y@ Q=Okt u}}aD u}vJty w �utk Q}eDt |xv}y@ Q=Okt u}}aD� xQwO Qy QO xv}y@

KX
k+1

utk � 1 t = 1; :::; T (13)

qtk utk � ltk t = 1; :::; T k = 1; :::;K (14)

ltk � (qtk+1 � 1)utk t = 1; :::; T k = 1; :::;K (15)

utk 2 f0; 1g t = 1; :::; T k = 1; :::;K (16)

Xt � 0 t = 1; :::; T (17)

ltk � 0 t = 1; :::; T k = 1; :::;K (18)

h}iND K]U u}}aD Q}eDt T=U= Q@ |yOVQ=iU |xv} Ry '|R=UpOt Cr=L u}= QO
Q=Okt Qou=}@ ltk Q}eDt "CU= xOW hPL pOt R= st Q}eDt w OwW|t u}}aD (utk)

OyO|t u=Wv 13 C}OwOLt "CU= s=k h}iND K]U R= s=t |xQwO QO VQ=iU
=@ 12 C}OwOLt QO "OwW|t s=Hv= VQ=iU 'h}iND Kw]U R= |m} R= QFm =OL xm
"OwW|t XNWt xQwO l} VQ=iU |xR=Ov= hrDNt Kw]U QO =yVQ=iU pm `tH
xDiQoQ_v QO ltk x@ |yOQ=Okt R=Ht OwOL u}}aD |=Q@ 15 w 14 |=yC}OwOLt

"Ov=xOW
x} RHD 'V}=tv |=Q@ |rw OQ=O |QDsm |D=@U=Lt |oO}J}B |R=UpOt swO Cr=L
xO=iDU= =@ pOt pL |=Q@ 'u}=Q@=v@ "CU= QD|OQ@=mw =} wo pw= Cr=L pOt |R=UxO=U w
x@ xQ=W= |=Q@ w swO Cr=L R= |]N ?} QkD u}vJty w |R=Uxv}y@ |=yQ=Ri=sQv R=
xO=iDU= pw= Cr=L R= xr=kt u}= |xt=O= QO u; p}rLD w x} RHD w SSDLSP� pOt

"OwW|t

|]N |xmDxmD ?} QkD |[=} Q pOt "2"2
uOQm|]N 'CU=\rDNt |]NQ}e SSDLSP� |xr�Ut |[=} Q pOt xm =Hu; R=
"CU= u; pL w xr�Ut |R=UxO=U |=yQ=mx=Q R= |m} \rDNt |]N pOt pL w pOt
u=wD|t =Q SSDLSP�c pOt |Q=Oxov w Ow@tm |=yxv} Ry \UwDt ẁtHt `@=D

%CiQo Q_vQO Q} R CQwYx@
Lt(Xt) = ht E[I+

t ] + �t E[I�t ] (19)

Ow@tm =} |ivt |OwHwt I�t w t |xQwO QO C@Ft |OwHwt I+
t '19 |x]@=Q QO

`@=D w pw= |x@DQt Ow@tm \UwDt `@=D E[I�t ] `@=D "OyO|t u=Wv =Q t |xQwO QO
=D |atHD VQ=iU Q=Okt ?UL Q@ Q} R CQwYx@ xm "CU= u; ptmt `@=D E[T+

t ]

%OwW|t xDWwv t |xQwO
E[I�t ] = G1

Yt(Xt) (20)

E[I+
t ] = Xt � �t +G1

Yt(Xt) (21)

l} G1
Yt(Xt) pw= x@DQt Ow@tm `@=D t |xQwO Qy |=Q@ 21 w 20 |=yx]@=Q QO

Q} R CQwYx@ p=tQv |=[=kD X=N Cr=L |=Q@ w OwW|t ?wULt |]NQ}e `@=D
[19]%OwW|t h} QaD

G1
Yt(Xt)=�t

�
�
�
Xt��t
�t

�
�
�
1� '

�
Xt��t
�t

���
Xt��t
�t

��
(22)

=@ p=tQv `} RwD =@ t |xQwO =D |atHD |=[=kD |iO=YD Q}eDt Yt '22 |x]@=Q QO
`@=D '(z) w OQ=Ov=DU= p=tQv |r=oJ `@=D �(z) w �t Q=}at h=QLv= w �t u}ov=}t

"OvDUy OQ=Ov=DU= p=tQv |atHD `} RwD
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1/
1|

xQ=t
W'

34
�1

|xQ
wO'

�13
97

u=DU
@=D�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt ct O} QN |xv} Ry u}vJty "OwW|t xDiQo Q_v QO lt =@ VQ=iU R=Ht u}}=B OL w

%OwW|t h} QaD Q} R CQwYx@

ct =

8<:ctmt t 2 D
ctK t 2 R

(35)

%Ow@ Oy=wN Q} R KQW x@ Q_v OQwt |xr�UtQ} R pOt

Min EfcP1g =
TX
t=1

Atst + Lt(Xt) + ct(Xt �Xt�1) (36)

Xt �Xt�1 � ut 8t 2 D (37)

Xt �Xt�1 � lt 8t 2 D (38)

Xt�1 � Xt t = 1; :::; T (39)

Xt �Xt�1 �Mst t = 1; :::; T (40)

st 2 f0; 1g t = 1; :::; T (41)

Xt � 0 t = 1; :::; T (42)

|U} wvR=@ p@=k Q} R CQwYx@ [10]xOW h} QaD pmW x@ hOy `@=D R}v pOt u}= QO
%CU=

Min EfcP1g =
TX
t=1

Atst + Lt(Xt) + (ct � ct+1)Xt (43)

Q} R |xv}y@ ?=wH 'OW=@ |yD P1 |xr�Ut Q} R R= D |xawtHt Qo = "1 |oS}w
"CU= SSDLSP� |xr�Ut |=Q@ u}}=B OL l} P1 |xr�Ut

QO |D}OwOLt xvwoI}y xr�Ut xm CU=vat u}= x@ D |xawtHt uOw@ |yD
O=OaD uOWsm =@ 'u}=Q@=v@ "OQ=Ov h}iND |=yCU=}U x@ xHwD =@ |yOVQ=iU Q=Okt
u} QDy@ =yxQwO |=Q@ |iQ] R= "OW Oy=wN QDnQR@ xr�Ut ?=wH |=[i '=yC}OwOLt
?=wH u} QDy@ xOt; CUOx@ ?=wH 'u}=Q@=v@ "CU= xOW ^=Lr O} QN Ct}k Q=Okt

"Ow@ Oy=wN =yxv} Ry \UwDt |=Q@ umtt
|=Q@ q=@ OL l} x@ u=wD|t P1 |xr�Ut Q} R R= xv}y@ ?=wH Qy R= "2 |oS}w

"O}UQ SSDLSP� |xr�Ut
|xr�Ut QO P1 |xr�Ut Q} R R= xOt; CUOx@ |xv}y@ ?=wH CU= umtt
|}=yxQwO |=Q@ =yCt}k u} QDy@ uDiQoQ_vQO =@ =Q} R "OW=@ |vOWv SSDLSP�

QO xQwO Qy QO xOt;CUOx@ VQ=iU Q=Okt Qo = 'OvQ=Ov |yOVQ=iU C}OwOLt xm
|=Q@ Qo = 'u}=Q@=v@ "OwW|t |krD |vOWv ?=wH OQ}ov Q=Qk h}iND K]U u} QDq=@
?U=vDt |=yCt}k 'CU= xOWv ^=Lr =yu; |=Q@ VQ=iU C}OwOLt xm |}=yxQwO
|vOW |=yCt}k =@ hOy `@=D Q=Okt w OwW ^=Lr Ov=xDiQo Q=Qk u; QO xm |L]U =@
Ow@ Oy=wN SSDLSP� |xr�Ut R= |vOW ?=wH l} pY=L ?=wH 'O}; CUO x@

"OwW|t |iQat q=@ u=Qm l} u=wvax@ w
Q} R pL w utk Q}eDt x@ |yOQ=Okt hrDNt |=yCr=L pt=m VQ=tW =@ "3 |oS}w

"OW Oy=wN XNWt SSDLSP� |xr�Ut |xv}y@ ?=wH '\w@ Qt |xr�Ut
'OQ=O OwHw h}iND K]U |=Q@ Cr=L K xQwO Qy |=Q@ pt=m VQ=tW l} QO
utk Q}eDt x@ |yOQ=Okt |=Q@ Cr=L KT 'OW=@ T Q@=Q@ =yxQwO pm O=OaD Qo = w
=yCr=L u}= R= |m} h}iND uDiQoQ_vQO =@ |yOVQ=iU |xv}y@ Q=Okt "OQ=O OwHw

"Ow@ Oy=wN

"xOWx�=Q= sD} Qwor= |rm |xQ=wKQ] "1 pmW

pOt|oO}J}B Q@|yOVQ=iU R=Ht u}}=B w q=@ OL |=yC}OwOLtC}=aQ =@ VQ=iU
xr=kt u}= QO "CU= p}rLDwx} RHD VwQ T=U= Q@ xr�Ut pL |SD=QDU= "CU= xOwRi=
sD} Qwor= u}= R= xQo Qy QO "OwW|t pL u=QmwxN=W VwQ x@ SSIULSP� |xr�Ut
=} wB |R} Qxt=vQ@ VwQ R= xr�UtQ} R u}= pL |=Q@ "CU= KQ]t P1 s=v x@ |}xr�UtQ} R
OwW|t x�=Q= P2 s=v =@ |}xr�UtQ} R sD} Qwor= u}= R= xrLQt Qy QO "OwW|t xO=iDU=
P3 |xr�UtQ} R sD} Qwor= u}= R= xQo Qy QO "CU= pL p@=k u=QmwxN=W VwQ x@ xm
Q=yJ QO pL |rm sD} Qwor= VN@ u}= QO "OwW|t pL Sv=Qo q |R=UO=R; VwQ x@
u=QmwxN=W sD} Qwor= w h} QaD P1 |xr�Ut Q} R pw= K]U QO "OwW|t K} QWD K]U
P1 |xr�UtQ} R pL VwQ w h} QaD P2 |xr�Ut Q} R swO K]U QO "OwW|t K} QWD
P3 |xr�Ut Q} R h} QaD =@ P2 |xr�UtQ} R pL VwQ swU K]U QO "OwW|t x�=Q=
1 pmW "OwW|t |UQQ@ P3 |xr�UtQ} R pL VwQ QN; K]U QO w OwW|t KQ]t
u=Wv =Q pL sD} Qwor= |rm |x} wQ w |rY= |xr�Ut p�=Ut Q} R hrDNt Kw]U

"OyO|t

pw= K]U "1"3
u=QmwxN=W VwQ x@ xr�Ut pL TBU w h} QaD P1 |xr�UtQ} R =OD@= 'CtUk u}= QO

"OwW|t x�=Q=
P1 |xr�UtQ} R h} QaD "1"1"3

QO xm =yxQwO R= xDUO l} |=Q@ \ki h}iND xm CU= u; Q@ ZQi xr�UtQ} R u}= QO
|xawtHt QO xm Qo}O |=yxQwO |=Q@ w OwW|t KQ]t OvQ=O Q=QkD Ovv=t |}xawtHt
�h}iND K]U u} QDq=@� OwN Cr=L u} QDy@ QO w C@=F O} QN Ct}k 'OvQ=O Q=Qk R
|xDUO wO QO =yxQwO 'u}=Q@=v@ "OQ=Ov OwHw |yOVQ=iU |=Q@ |D}OwOLt w OQ=O Q=Qk
QO =Q |R} Qxt=vQ@ ji= pm xawtHt wO u}= `=tDH= "OvwW|t xDiQo Q_vQO R w D
|xawtHt w[a |=yxQwO |=Q@ =yvD 8 =D 4 |=yC}OwOLt Qo}O CQ=@ax@ "OQ}o|tQ@
R= D |xawtHt w[a |=yxQwO |=Q@ h}iND K]U u}vJty "OwW|t ^=Lr D
SSDLSP� pOt QO 4 C}OwOLt =@ j@=]t utk Q}eDt w CU= xOW XNWt p@k
Qo}O Kw]U |=Q@ w l} Q@=Q@ t |xQwO QO mt Ovv=t XNWt K]U l} |=Q@ \ki
sQi x@ 7 w 6 |=yC}OwOLt ,=@k=aDt "OwW|t s}_vD QiY Q@=Q@ k 6= mt h}iND

"OvwW|t p}O@D qtmt � Xt �Xt�1 � qt;mt+1
ut =@ t |xQwO QO VQ=iU R=Ht |q=@ OL P1 pOt QO |oO=U |=Q@ xt=O= QO
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"""p
QDvm

|xr
�Ut

QOx
DW=@

v=|
xR=O

v=u
}}aD|xQwO QO \ki VQ=iU xmu}= ZQi =@ 'Ovm|t u}}aD =Q t |xQwO |=yDv= =D s |xQwO

|xQwO QO h}iND Kw]U x@ \w@ Qt Qw;s=Rr= |=yC}OwOLt OwHw CQwY QO w s
%OwW xO=O Q} R \}=QW =@ tm =D t1

|D}OwOLt xvwoI}y xm OvDUy P1 |xr�UtQ} R R= xQwO wO t + 1 w s |xQwO "1
"((s; t+ 1) 2 R) OvQ=Ov |yOVQ=iU QO

|=yxQwO s=tD |xawtHt �m � t � s xm|Qw] x@� M = ft1; :::; tmg "2
"OvDUy |yOVQ=iU QO C}OwOLt |=Q=O xm CU= t w s u=}t

(s = t0 < t1; :::; tn < tm+1 = t+ 1; M � D)

%CU= Q} R KQW x@ P2(s; t) |xr�UtQ} R |[=} Q pOt

Min Pst = As +
mX
i=1

Atisti +
mX
i=0

gti ; ti+1 � 1(Xti) (44)

s:t: Xti �Xti�1 � utisti 8i = 1; :::;m (45)

Xti �Xti�1 � lti 8i = 1; :::;m (46)

sti 2 f0; 1g 8i = 1; :::;m (47)

Xti � 0 8i = 1; :::;m (48)

|xQwO R= O} QN w Ow@tm w |Q=Oxov |xv} Ry \UwDt gi;j(Xi) `@=D '45 |x]@=Q QO
j |xQwO |=yDv= =D i |xQwO R= xm |]}=QW QO 'Ovm|t u=}@ =Q j |xQwO |=yDv= =D i
%R= CU= CQ=@a gi;j(Xi) u}=Q@=v@ "OW=@ Xi C@=F Q=Okt =@ Q@=Q@ |atHD VQ=iU

gi;j(Xi) =

8>><>>:
(ci � cj+1)Xi +

jP
t=i

Lt(Xi) 0 < i � j
�cj+1X0 +

jP
t=i

Lt(X0) i = 0
(49)

CQwY QO w s |xQwO QO VQ=iU |xv} Ry =@ Q@=Q@ |yOVQ=iU |xv} Ry u}vJty w
R= |@}mQD 44 |x]@=Q "CU= tm =D t1 |=yxQwO QO |yOVQ=iU |xv} Ry =@ Q@=Q@ R=}v
xO=O |WQ=iU |v=}t |}=yxQwO QO xm Ovm|t u=}@ w CU= 40 w 37 C}OwOLt wO
Rw=HD O}=@v xQwO u; R=Ht |q=@ OL R= u; Q=Okt OW xO=O |WQ=iU Qo = =} OwW|tv
(lti) VQ=iU R=Ht u}}=B OL xm |}=yxQwO |=Q@ xm CU= u}= xHwD p@=k |xDmv "Ovm
Oy=wN l} Q=Okt ,=tDL u; x@ \w@ Qt sti Q}eDt 'CU=xOW h} QaD QiY R= QDnQR@
OL xm Dz �M Ovv=t |}xawtHtQ} R |=Q@ =yvD |yOVQ=iU Q}eDt u}=Q@=v@ "CiQo
h}iND pw= K]U QO xm |}=yxQwO |=Q@� CU= QiY =yu; |=Q@ VQ=iU R=Ht u}}=B

"OwW|t xDiQoQ_vQO '�lti = 0 Ov=xDiQo Q=Qk
Min Pst =As +

X
ti =2Dz;ti2M

Ati +
X
ti2Dz

Atisti

+
mX
i=0

gti;ti+1�1(Xti) (50)

P1 |xr�UtQ} R pL w =}wB |R} Qxt=vQ@ sD} Qwor= "2"2"3
|xr�UtQ} R pL |=Q@ 'wQW}B |=} wB |R} Qxt=vQ@ |=v@t Q@ sD} Qwor= l} CtUk u}= QO
"CU=P2(s; t) xr�Ut Q} Rl} pL =@ pO=at p=} Qy uOwt}B u; QO xm OwW|t x�=Q=P1
|yOVQ=iU |xv}y@ Q=Okt P2(s; t) |xr�Ut Q} R l} 'OW xQ=W= ,q@k xm Qw]u=ty
Q}O=kt R= |Q=OQ@ Xopt

st � 'Ovm|t u}}aD =Q (Xopt
st ) t |xQwO |=yDv= =D s |xQwO R=

x@ (Xopt
st = (X�s ; X�s+1; :::; X�t ) CU= t |xQwO =D s |xQwO R= xv}y@ VQ=iU

|=yxv} Ry ẁtHt |va} |yOVQ=iU Q=_Dv= OQwt |xv} Ry \UwDt u} QDsm xm |wLv

SSDLSP� |xr�Ut pL w u=QmwxN=W sD} Qwor= "2"1"3
|xr�Ut pL |=Q@ u=QmwxN=W sD} Qwor= l} p}mWD |=Q@ sRq pL=Qt CtUk u}= QO

"OwW|t xO=O KQW SSDLSP�

u; Q@ ZQi QiY K]U QO xr�Ut u}= QO %QiY K]U |=Q@ q=@ u=Qm l} uDi=}
QO xQwO Qy QO =yq=m Ct}k w OQ=Ov OwHw |yOVQ=iU C}OwOLt I}y xm CU=
|=[i "CU= xOW xDiQo Q_v QO �h}iND K]U u} QDq=@� OwN umtt Q=Okt u} QDy@
u; hOy `@=D Q=Okt w CU= |rY= |xr�Ut R= QDnQR@ Q=}U@ ZQi u}= =@ ?=wH
u} QDy@ =@ Tm =U pOt Ck}kL QO QiY K]U QO "CU= xr�Ut |=Q@ u}}=B OL l}

"OW Oy=wN pL =yCt}k
Q=Okt xm |}=yxQwO sD} Qwor= u}= QO %xQwO ?=NDv= |SD=QDU= %|vRxN=W xrLQt
OvQ}o|t Q=Qk |vRxN=W C} wrw= QO CU= C@Ft 'QiY K]U QO '=yu; QO VQ=iU
QO 'QDj}kO Qw]x@ "�Ov=h}iND R= xO=iDU= OaDUt QDW}@ =yxQwO u}= xm p}rO u}= x@�
OwW|t u}}aD |vRxN=W |=Q@ QwmPt Q=}at =@ |Ov@C} wrw= CUQyi l} QiY K]U
u}= QO "OwW|t s=Hv= =yxQwO |wQ Q@ |vRxN=W 'CUQyi u}= T=U= Q@ =yDv= =D w
u}}=B w q=@ OL C}OwOLt wO QFm =OL w OwW|t xDiQoQ_vQO Or=w xQo |xr�Ut xrLQt
C@Uv xQo xm j} Q] u}= x@ "OwW|t xi=[= p@k |xr�Ut x@ xN=W Qy QO |yOVQ=iU
CU= u}= Q@ ZQi M=W Qy QO w OwW|t ?aWvt M=W K x@ 't Ovv=t |}xQwO x@
|xv} Ry =@ Q@=Q@ (k = 1; :::;K) s=k h}iND K]U QO O}=@ |yOVQ=iU Q=Okt xm
|xr�UtQ} R l} pL |=vat x@ xQo Qy QO xr�Ut pL Ck}kL QO "OW=@ ctk O} QN
|vRxN=W Q}Ut QO xm OvQ=O Q=Qk |}=yxQwO D |xawtHt QO xm} Qw]x@ 'CU= P1
u}= QO xm CU= CQwY u}= x@ |vRM=W |=Q@ xQo ?=NDv= |SD=QDU= "Ov=xDiQo Q=Qk
wO Qo = "OQ=O =Q u}}=B OL u} QDy@ xm O@=}|t xt=O= |r=ai xQo R= |vRxN=W 'sD} Qwor=
CQwY |yQo u; QO |vRxN=W 'OvOw@ OL u} QDy@ |=Q=O |w=Ut u}}=B OL =@ xQo

"OW=@ xDW=O |QDW}@ V}=t}B jta xm OQ}o|t
Q}O=kt 'P1 pOt pL =@ xQo Qy u}}=B OL uOQw; CUOx@ R= TB %|Ov@u=Qm |xrLQt
xm OvwW|t x@U=Lt |}xv} Ry =@ 'Ct}k u} QDy@ =@ x@U=Lt |=H x@ |yOVQ=iU
|vOW ?=wH l} xOt; CUOx@ ?=wH w OwW =[Q= xQwO u; x@ \w@ Qt C}OwOLt
sD} Qwor= u}= QO "Ot; Oy=wN CUOx@ xr�Ut |=Q@ q=@ u=Qm l} VwQ u}= =@ "OW=@

%OvwW|t p=aiQ}e Q} R Oa=wk =@ =yxQo
?=wH xm CU=vat u}O@ 'OvW=@ Q@=Q@ sy=@ xQo l} QO u}}=B u=Qm w q=@ u=Qm Qo = "1

"OQm Oy=wNv QDy@ =Q ?=wH |vRxN=W w CU= |vOW xOt;CUOx@
"OW=@ QDV}@ uwvm =D xOt; CUOx@ |q=@ u=Qm u} QDy@ R= xQo l} u}}=B u=Qm Qo = "2
|=Q@ pw= |xOa=k ,=tDL OW=@ xDW=O Q=Qk CNQO K]U u} QDu}}=B QO |yQo Qo =

"OwW|t p=aiQ}e xQo w CU= jO=Y u;
`@=D u} QDtm =@ xQo 'sD} Qwor= u=}=B QO xOWp=aiQ}e |=yxQo u=}t R= %xv}y@ ?=wH

"Ow@ Oy=wN xr�Ut |xv}y@ ?=wH OW=@ Q@=Q@ u; u}}=B w q=@ OL xm hOy

swO K]U "2"3
P1 |xr�UtQ} R xQo Qy QO CU= sRq 'pw= K]U QO 'OW x_Lqt xm Qw]u=ty
xO=iDU= =} wB |R} Qxt=vQ@ sD} Qwor= l} R= Qw_vtu}= |=Q@ "OwW pL xv}y@ VwQ x@
"OwW|t h} QaD P2 |xr�UtQ} R s=v x@ |}xr�UtQ} R u; R= xrLQt Qy QO xm OwW|t

P2(s; t) |xr�UtQ} R h} QaD "1"2"3
OQwt |xv} Ry \UwDt P2(s; t) |xr�UtQ} R &O} Q}o@ Q_v QO =Q P1 |xr�UtQ} R
R= �|yOVQ=iU w O} QN 'Ow@tm '|Q=Oxov |=yxv} Ry ẁtHt� |yOVQ=iU Q=_Dv=
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1/
1|

xQ=t
W'

34
�1

|xQ
wO'

�13
97

u=DU
@=D�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt fjt = min

k<t;k2Rffktg xm |]QW x@ s = j xO@ Q=Qk �
Xj = Xopt

st (j) xO@ Q=Qk j = s; :::; t |=Q@ �
t = (s� 1) xO@ Q=Qk �

swU K]U "3"3
=QP2(s; t) |xr�UtQ} R QO|yOVQ=iU |=yQ}eDt |xv}y@ Q=Okt|k} Q] x@ u=wD@ Qo =
p}O@DK}LY OOa uwO@|]NQ}e|[=} Q |xr�UtQ} Rl} x@ xr�Ut x=ou; 'OQmu}}aD
|]NQ}e |R} Qxt=vQ@ |=Q@ ?OLt |R=Uxv}y@ |=yVwQ R= u=wD|t xm OW Oy=wN

"OQ@ xQy@ pOt u}= |xv}y@ pL |=Q@ Q=OC}OwOLt
P3 |xr�UtQ} R h} QaD "1"3"3

CU= t w s u}@ |=yxQwO R= |}xawtHt Dz |xawtHt 'OW QmP ,q@k xm Qw]u=ty
xv}y@ CU=}U l} QO 'u}=Q@=v@ "CU= QiY =yxQwO u}= QO VQ=iU R=Ht u}}=B OL xm
u=tyP3 |xr�UtQ} Rl} "OwWv xO=O =} OwW xO=O VQ=iU =yxQwO u}= QOCU= umtt
=OD@= R= 'Dz |xawtHt x@ \w@ Qt |=yxQwO QO VQ=iU |=Q@ xmCU= P2 |xr�UtQ} R
xDUO xU x@ Dz |xawtHt w[a |=yxQwO Cr=L u}= QO "CU= xOW |Q}os}tYD
|=Q@ |yOVQ=iU |xv} Ry xm CU= DA |xawtHt pw= |xDUO "OwW|t s}UkD
OwW|t u}}aD P2 |xr�UtQ} R QO xOW h} QaD |xv} Ry =@ j@=]t u; w[a |=yxQwO
OQ}o@ CQwY =yxQwO u; QO |WQ=iU xJ� OwW|t ^=Lr xr�Ut hOy `@=D QO w
DB |xawtHt swO |xDUO "sti = 1 |DQ=@a x@ �OQ}ov CQwY |WQ=iU xJ w
VQ=iU w xOW xDiQoQ_vQO QiY w[a |=yxQwO |=Q@ |yOVQ=iU |xv} Ry xm CU=
|xDUO "sti = 1 (ti 2 DB) |DQ=@ax@ "OwW|t xDiQo Q_vQO O=R; =yxQwO u; QO
CQwY |WQ=iU O}=@v =yxQwO u; QO OwW|t ZQi xm CU= DC |xawtHt swU
Dz |xawtHt 'xawtHt xU u}= `=tDH= "sti = 0 (ti 2 DC) |DQ=@a x@ 'OQ}o@

"OyO|t p}mWD =Q
%OwW|t h} QaD Q} R CQwYx@ At |xv} Ry P3 pOt QO |oO=U |=Q@ xt=O= QO

At =

8<:At t 2 DA
0 t 2 DB

(53)

p}O@D |}xr�Ut Q} R x@ P2 |xr�Ut Q} R 'Dz w[a |=yxQwO Q@ |Ov@s}UkD u}= =@
QO \ki VQ=iU w OQ=Ov OwHw |yOVQ=iU l} w QiY Q}eDt u;QO xm OwW|t
u}= "OQ}o|t s=Hv= N = ft1; :::; tng xawtHt w[a |=yxQwO QO w s |xQwO
u; |=yxQwO s=tD |=Q@ |yOVQ=iU Q}eDt xm CU= M R= |}xawtHt Q} R xawtHt
|xawtHt w[a |=yxQwO Qo}O CQ=@ax@ "(sti = 1) CU= l} Q@=Q@ P2 pOt QO

"(N = M �DC) Ov=xOW hPL tm =D t1 |=yxQwO xawtHt R= DC
%CU= Q} R KQW x@ P3 |xr�UtQ} R |[=} Q pOt

Min PRst =
nX
i=0

At + gti;ti+1�1(Xti) (54)

s:t Xti �Xti�1 � uti 8 i = 1; :::; n (55)

Xti �Xti�1 � lti 8 i = 1; :::; n (56)

Xti � 0 8 i = 1; :::; n (57)

%Ov=xOW ZQi Q} R CQwYx@ =yxQwO pOt u}= QO
s = t0 < t1; :::; tn < tn+1 = t+ 1; t1; :::; tn 2 N

"�50 |x]@=Q� OwWpY=L (P optst (Xopt
st ))|yOVQ=iU w 'O} QN 'Ow@tm '|Q=Oxov

=@ tm =D t1 |xQwO QO R=}v CQwY QO w s |xQwO QO \ki VQ=iU xmu}= ZQi =@
"OwW xO=O xOW QmP \}=QW

R |xawtHt R= |}=yxQwO (w = 1; :::;W ) tw::: w t2 't1 O}vm ZQi
=Q P1 |xr�Ut Q} R hOy `@=D CQwY u}= QO "CU= stw = 1 =yu; QO xm OvW=@
%OQm |U} wvR=@ P2(s; t) |xr�UtQ} R hOy `@=D u}OvJ ẁtHt CQwYx@ u=wD|t

Efcp1g =
WX
w=1

Ptw;tw+1�1(Xopt
tw;tw+1�1) (51)

R= P2 |xr�UtQ} R |xv}y@ Q=Okt Ptw;tw+1�1(Xopt
tw;tw+1�1) '51 |x]@=Q QO

VQ=iU |xv}y@ Q=Okt xm |v=tR 'OyO|t u=Wv =Q tw+1 � 1 |xQwO =D tw |xQwO
OyO|t u=Wv x]@=Q u}= "tw+1 = T + 1 x]@=Q u}= QO "OW=@ Xopt

tw;tw+1�1 Q@=Q@
"CU= P2(tw; tw+1 � 1) |=yxr�UtQ} R x@ l}miD p@=k P1 |xr�UtQ} R xm

%CU= Q} R |=y|oS} w |=Q=O |O=yvW}B |=} wB |R} Qxt=vQ@
sD} Qwor= |xrLQt t(t 2 R) |xQwO =D VQ=iU |xv} Ry u} QDsm |x@U=Lt %xrLQt

"OW=@|t Q_v OQwt |=} wB |R} Qxt=vQ@
Cr=L t |xQwO R= p@k VQ=iU |xQwO u} QN; u=wvax@ 's(s 2 R) |xQwO %Cr=L

"CU= t |xrLQt x@ uDiQ |=Q@ R=Ht
=D |va} OW=@ t |xQwO |=yDv= =D xv}y@ |xv} Ry u=wvax@ fst Qo = %|DWoR=@ |x]@=Q
|xQwO QO R |xawtHt w[a |=yxQwO u}@ QO xOWxO=O VQ=iU u} QN; xm |v=tR
t+1 |xQwO QO R |xawtHt w[a |=yxQwO u}@ R= VQ=iU w OW=@ xO=Di= j=iD= s
%OwW|t h} QaD Q} R CQwYx@ =} wB |R} Qxt=vQ@ |DWoR=@ |x]@=Q x=ou; 'ODi= j=iD=
fst = Pst(Xopt

st ) + min
k<s;k2Rffk;s�1 : Xopt

k;s�1(s� 1) � Xopt
st (s)g

(52)

"OwW|t xDiQo Q_vQO fst =1 x=ou; fk < s : Xopt
k;s�1 � Xopt

st g = ' Qo =
t+ 1 x@ TBU w O}UQ s x@ u=wD|tv |Q}Ut I}y R= xv}y@ Q}Ut QO xm =vat u}= x@
xOW x�=Q= sD} Qwor= Om x@W "CU= 39 C}OwOLt |xOvvmZkv Q}Ut u}= =Q} R 'CiQ

%CU= Q} R CQwYx@
i+ 1 2 R w t = 0; :::; T |=Q@ �

s 2 R w s = 0; :::; t |=Q@ �
um pL xv}y@ CQwYx@ t w s |xQwO |=Q@ =Q P2 |xr�UtQ} R �

um x@U=Lt =Q Pst(Xopt
st ) w Xopt

st Q}O=kt �
MIN = 0 xO@ Q=Qk x=ou; s = 0 Qo = �

CQwY u}= Q}e QO �
Q=Qk x=ou; fkjk < s; k 2 R : Xopt

k;s�1(s� 1) � Xopt
st (s)g = ' Qo = �
&MIN =1 xO@

xO@ Q=Qk CQwY u}= Q}e QO �
MIN = min

k<s;k2Rffk;s�1 : Xopt
k;s�1(s� 1) � Xopt

st (s)g �
fst = Pst(Xopt

st ) + MIN xO@ Q=Qk �
t = T xO@ Q=Qk �

t > 1 xm |v=tR =D �

45



"""p
QDvm

|xr
�Ut

QOx
DW=@

v=|
xR=O

v=u
}}aD

sQ=yJ K]U "4"3
QO |rY= |=yVwQ R= |m} Sv=Qo q |R=UO=R; VwQ |xr�UtQ} R pL 'K]U u}= QO
OQ=O OQ@ Q=m |}=H QO VwQ u}= "CU= |[=} Q |R} Qxt=vQ@ p�=Ut p}rLD w x} RHD
|xr�Ut |=Q@ |}xO=U pL VwQ 'xr�Ut |=yC}OwOLt R= |O=OaD |R=UO=R; =@ xm
u}}=B w q=@ OL |=yC}OwOLt Qo = P3 |xr�Ut Q} R QO "OW=@ xDW=O OwHw xOWO=R;
Q_v QO xOvvmxO}J}B |=yC}OwOLt u=wvax@ 56 w 55 |x]@=Q QO VQ=iU R=Ht
QU}t hOy `@=D |Q}ojDWt =@ |DL=Q x@ xOW O=R; |x}rw= `@=D pL x=ou; 'OwW xDiQo
?r=k QO P3 |xr�UtQ} R pL |=Q@ Sv=Qo q |R=UO=R; VwQ CtUk u}= QO "OwW|t

"OwW|t x�=Q= |rY= s=o xU
RPP |xr�Ut pL %pw= s=o "1"4"3

%CU= Q} R CQwYx@ P3 |xr�Ut Q} R |xOWO=R; pOt
Min RPPst =

nX
i=0

Ati + gti;ti+1�1(Xti)

+
nX
i=1

���uti �Xti �Xti�1 � uti�
��lti �Xti �Xti�1 � lti�� (58)

s:t: Xti � 0 8 i = 1; :::; n (59)

x@ |yOVQ=iU R=Ht u}}=B OL w q=@ OL |=yC}OwOLt =@ Q_=vDt Sv=Qo q ?}=Q[
�ut0 = �lt0 = �ltn+1 = Qo = "CU= xOW xDiQo Q_v QO �lti w �uti ?}DQD
wO w Xti Q}eDt l} ti xQwO Qy |=Q@ CQwY u}= QO 'OwW h} QaD �utn+1 = 0
Q} R CQwYx@ =Q hOy `@=D u=wD|t w OwW|t xDiQo Q_v QO �uti w �lti ?} Q[

%OQm |U} wvR=@
Min RPPst =

nX
i=0

Ati + fti(Xti) + lti � �lti � uti�uti (60)

s:t Xti � 0 8i = 1; :::; n (61)

%OwW|t h} QaD Q} R CQwYx@ fti(Xti)
fti(Xti) =

��
cti + �uti � �lti�� �cti+1 + �uti+1 � �lti+1

��
:Xti +

ti+1�1X
j=ti

Lj
�
Xti

�
(62)

|]NQ}e |[=} Q |R} Qxt=vQ@ l} P3 |xr�UtQ} R |xOWO=R; pOt ?}DQD u}= x@
"OwW|t pY=L |DL=Q x@ |Q}ojDWt =@ pOt |xv}y@ Q=Okt xmCU=C}OwOLt uwO@

%CU= Q} R CQwYx@ Xti Q}eDt x@ C@Uv hOy `@=D |�RH jDWt
@

@Xti
RPPst (Xti) =

ti+1�1X
j=ti

L0J (Xti) +
�
�cti � �cti+1

�
=
ti+1�1X
j=ti

�
hj � (hj + �j)(1� Fyj (Xti))�

+
�
cti + �uti � �lti�

� �cti+1 + �uti+1 � �lti+1
�

(63)

CyH Q=QmD VwQ w uOQmhYv VwQ wO ?}mQD R= `@=D u}= |xW} Q uDi=} |=Q@
"OwW|t xO=iDU= hr=Nt

DB |xawtHt QO Dz w[a |=yxQwO |xty P3 |xr�Ut Q} R QO Qo = "1 |oS}w
P2(s; t) |xr�UtQ} R |=Q@ u}}=B OL l} P3 |xr�Ut Q} R |xv}y@ ?=wH 'OQ}o@ Q=Qk

"Ow@ Oy=wN
|yOVQ=iU |=yxv} Ry KqY==@ P3 |xr�Ut Q} R R= xv}y@ ?=wH Qy R= "2 |oS}w
"O}UQ P2 |xr�UtQ} R |=Q@ q=@ OL l} x@ u=wD|t 'xOt; CUOx@ ?=wH x@ xHwD =@
(ti 2 Dz) sti Q}eDt x@ |yOQ=OkthrDNt |=yCr=L pt=m VQ=tW =@ "3|oS}w
"OW Oy=wN XNWt P2 |xr�Ut Q} R |xv}y@ ?=wH '\w@ Qt |xr�Ut Q} R pL w

P2(s; t) |xr�UtQ} R pL w u=QmwxN=W sD} Qwor= "2"3"3
|DNQO |wHwCUH 'u=QmwxN=W sD} Qwor= =@ x@=Wt |tD} Qwor= QO CtUk u}= QO
QO sti |xOvvmxO}J}B |=yQ}eDt u; |xr}Uw x@ =D OwW|t x�=Q= u=QmwxN=W T=U= Q@
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"OvQ}o|t Q=Qk DB |xawtHt QO Dz w[a |=yxQwO |xty w
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QO "OwW|t s}UkD xN=W wO x@ Or=w xQo w OwW|t xOR xN=W CU= xOw@v Or=w xQo
w OwW|t ^=Lr |yOVQ=iU |xv} Ry xOWxDiQoQ_vQO |xQwO |=Q@ pw= |xN=W
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QiY xQwO u; QO VQ=iU Q=Okt swO |xN=W QO "�OQ}o|t Q=Qk DA |xDUO QO
Q_v OQwt |xQwO� OwW|tv xDN=OQB |yOVQ=iU |=Q@ |}xv} Ry w xOW xDiQo Q_vQO

"�OQ}o|t Q=Qk DC |xDUO QO
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|=Q=O |w=Ut u}}=B OL =@ xQo wO Qo = "OQ=O =Q u}}=B OL u} QDy@ xm O@=}|t xt=O=
|QDW}@ V}=t}B jta xm OQ}o|t CQwY |yQo u; QO |vRxN=W 'OvOw@ OL u} QDy@

"OW=@ xDW=O
u=Qm l} xr�Ut R= xHwt ?=wH Qy '|R=Uxv}tm |xr�Ut QO %|Ov@u=Qm |xrLQt
|xr�UtQ} R pL =@ xQo Qy u}}=B OL uOQw;CUOx@ R= TB "CU= xr�Ut |=Q@ q=@
hOy `@=D QO xOt;CUOx@ ?=wH |=Q@ xHwt CQwYx@ |yOVQ=iU |xv} Ry 'P3
?=wH QO xmDB |xawtHt w[a |=yxQwO |=Q@ Qo}O CQ=@ax@ "OwW|t xDiQoQ_vQO
QO u; |=Q@ |yOVQ=iU |xv} Ry |rw CU= xOW xO=O VQ=iU xQwO u; QO 'xv}y@
xOt;CUOx@ ?=wH CQwY u}= QO"OwW|t ^=Lr xv} Ry u}= 'CU=xOWv xDiQo Q_v

"Ow@ Oy=wN xr�Ut |=Q@ q=@ u=Qm l} w |vOW ?=wH l}
%OvwW|t p=aiQ}e Q} R Oa=wk =@ =yxQo sD} Qwor= u}= QO

?=wH xm CU=vat u}=x@ 'OvW=@ Q@=Q@ sy=@ xQo l} QO u}}=B u=Qm w q=@ u=Qm Qo = "1
"OW Oy=wNv ?=wH uOWQDy@ ?Hwt |vRxN=W w CU= |vOW xOt; CUOx@

"OW=@ QDV}@ uwvm =D xOt; CUOx@ |q=@ u=Qm u} QDy@ R= xQo l} u}}=B u=Qm Qo = "2

`@=D u} QDtm =@ xQo 'sD} Qwor= u=}=B QO xOWp=aiQ}e |=yxQo u=}t R= %xv}y@ ?=wH
"Ow@ Oy=wN xr�Ut |xv}y@ ?=wH OW=@ Q@=Q@ u; u}}=B w q=@ OL xm 'hOy
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xO@ Q=Qk CQwY u}= Q}e QO x(�) = x� %xO@ Q=Qk 'Ow@ Q=QkQ@ hkwD \}=QW Qo = �
wQ@ pw= s=o x@ w � = � + 1

|OOa |=yV}=tR; "4
C# |U} wvxt=vQ@ u=@ R =@ xOW O=yvW}B sD} Qwor= |U} wvOm =@ |OOa |=yV}=tR;
=yu; pL G}=Dv w CU= xDiQo s=Hv= 2010 w}O=DU= p=wS} w Ci=UwQm}=t \}Lt QO
u}vJty w SSDLSP� xr�Ut \rDNt |]NQ}e pOt pL =@ '|}=Q=m |UQQ@ |=Q@
xOW xU}=kt GAMS |Q=HD |R=Uxv}y@ Q=Ri=sQv QO \rDNt |]N ?} QkD pOt
xr�Ut pL u=tR |=v@t Q@ |iO=YD p�=Ut R= |}xawtHt pL =@ xU}=kt u}= "CU=

"CU= xDiQo s=Hv= 'pL CkO w
BON- |=yxOvvm pL \ki GAMS Q=Ri=sQv QO OwHwt |=yxOvvmpL u=}t R=
|=ypOt |=Q@ LINDOGLOBAL w ALPHAECP 'KNITRO 'MIN

x} RHD w h} QaD p@=k =yu; |=Q@ pw= |x@DQt p=tQv Ow@tm `@=D xm OvDUy MINLP

LINDOGLOBAL |xOvvmpL =yvD '=yxOvvmpL u}= u=}t R= "CU= p}rLD w
Qo = |DL =yxOvvmpL Qo}O "CU= lJwm O=a@= QO xv}y@ ?=wH sqa= x@ QO=k
?=wH l} u=wvax@ =Q u; xOvvmpL 'OvW=@ xO}UQ |v=yH |xv}y@ ?=wH x@
'|O=yvW}B pL |=yVwQ xU}=kt |=v@t 'u}=Q@=v@ "Ovm|t sqa= |rLt |xv}y@
u}= "CU= LINDOGLOBAL |xOvvmpL =@ GAMS Q=Ri=sQv QO xr�Ut pL
pOt pL |=Q@ "OQ}o Q=Qk xO=iDU= OQwt Ov=wD|t R}v LINGO Q=Ri=sQv QO xOvvmpL
xOW xO=iDU= CPLEX |xOvvmpL R= 'Q_v OQwt |xr�Ut \rDNt |]N |@} QkD

"CU=

=yuwtR; |L=Q] "1"4
xr�Ut |=Q@ |rQDvm QwDm =i l} xt=vQ@ |=y|OwQw R= s=OmQy '|iO=YD p�=Ut O}rwD QO
Qo}O R= QDW}@ xr�Ut pL QOK w T QwDm =i wO Q}F-=D =yQwDm =i u}= u=}t QO "OvW=@|t
=yp=Ft pm QO w OwW s}_vD ?U=vt CQwY x@ O}=@ =y|OwQw |x}k@ "CU=yQwDm =i

"OwW xDiQo Q_vQO C@=F
VywSB x@ xHwD =@ x}rw= |OwHwt w 'Ow@tm '|Q=Oxov '|R=UxO=t; |xv} Ry
CQwYx@E(dt) xQwO Qy |=[=kD\UwDt Q=Okt "CU= xOW xDiQo Q_v QO [10]OwHwt
�(dt) = 0 2 �E(dt) [10]xQwO Qy Q=}at h=QLv= Q=Okt "OwW|t u}}aD |iO=YD
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E(dj) =@ Q@=Q@ �t |atHD |=[=kD \UwDt Q=Okt u}=Q@=v@ "CU=xOW ZQi
Q=Okt u}vJty "OwW|t
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tP
j=1

�2(dj) =@ Q@=Q@ �t |atHD |=[=kD Q=}at h=QLv=
1 pwOH "OwW|t u}}aD|iO=YD CQwYx@ xQwO Qy QO �pw=K]U� x}=B O} QN |xv} Ry

"OyO|t u=Wv =Q xr�Ut |OwQw |=yQDt=Q=B |xOWs}_vD Q}O=kt
C}ty= R�=L Q=}U@ p�=Ut pL u=tR QO Q} R QwDm =i wO 'h}iND CU=}U QO

%CU=

"=yQDt=Q=B xOW s}_vD Q}O=kt "1 pwOH
ct1 E(dt) I0 �t ht At

[0; 8] [20; 120] 98 12 0 5 48

?}=Q[ uOQm s=ovy@ %swO s=o "2"4"3
=yVywSB QO xm CU= Sv=Qo q ?}=Q[ |R=Us=ovy@ Sv=Qo q |R=UO=R; QO |rY= s=o
|aU =yVwQ u}= QO "CU= xOW xO=O VQDUo Qw_vt u}= |=Q@ |awvDt |=yVwQ
x}rw= |xOWO=R; pOt QO Sv=Qo q ?} Q[ u=wvax@ |@}=Q[ xrLQt Qy QO xm CU= u; Q@
OwW pY=L |@}=Q[ ,=D}=yv =D OwW u=owO `@=D uOWQDW}@ ?Hwt w OwW xOQ@ Q=m x@
xv}tm =Q x}rw= pOt QO x}rw= |=yQ}eDt u; `@D x@ w Ovm xv}W}@ =Q u=owO |xr�Ut xm
VwQ R= xO=iDU= Sv=Qo q ?}=Q[ |R=Us=ovy@ |rY= w |twta |=yVwQ R= |m} "Ovm
%OvwW|t s=ovy@ Q} R CQwYx@ Sv=Qo q ?}=Q[ P3 |xr�UtQ} R |=Q@ "CU= u=}O=QoQ} R
�(�+1)
ut = max

n
0; �(�)

ut + t(�)G(�)
ut

o
(64)

�(�+1)
lt = max

n
0; �(�)

lt + t(�)G(�)
lt

o
(65)

t(�) =
�(�)

�
UBbest � RPP(�)

1
�

Pn
i=1
��
G(�)
lt

�2
+
�
G(�)
ut

�2� (66)

"CU= G(�)
lt = lt�X(�)

t +X(�)
t�1 w G(�)

ut = X(�)
t +X(�)

t�1 \@=wQ u}= QO
|=yQ=QmDQO �(�) QDy@ |}=Qoty |=Q@ w OwW|t �(0) = 2 C=ar=]t QO ,qwtat
|x}rw= |xr�Ut R= xOt; CUOx@ |q=@ OL u} QDy@ UBbest "O@=}|t Vy=m Oa@
xOW O=R; |xr�Ut R= pY=L ?=wH uOQm|vOW =@ |Q=mD@= VwQ x@ xm CU= P3
R=Ht OwOL uOWC}=aQ =D VQ=iU Q}O=kt Q}}eD =@ xr�Ut u}= QO� O};|t CUOx@
`@=D Q=Okt RPP(�)

st "�OwW|t xDN=U xr�Ut R= |vOW ?=wH l} |yOVQ=iU
"CU= s=� |xrLQt QO xOW O=R; |xr�Ut hOy

|}=Qoty |UQQ@ %swU s=o "3"4"3
?=wH OwW pY=L u=v}t]= xm CiQo Q_v QO sD} Qwor= |=Q@ |]}=QW O}=@ s=o u}= QO
\}=QW xrtH R= Q} R \}=QW "CU= xv}y@ x@ l}ORv |i=m |xR=Ov= x@ xOt; CUOx@

%CU= ?U=vt P3 |xr�UtQ} R |=Q@ xm CU= C=k}kLD QO xOWKQ]t |rY=
q=@ OL u} QDy@ =@ (RPPbest) xOWCi=} u}}=B OL u} QDy@ hqDN= Qo = ��
xDi=} xtD=N sD} Qwor= 'OW=@ " Ovv=t |}=]N R= QDtm sD} Qwor= QO (UBbest)

"OwW|t VQ=Ro xv}y@ �" u=wvax@ ?=wH w CU=
"OwW QDV}@ xOWu}}aD OL l} R= Q=QmD O=OaD Qo = ��

OW=@ xOW l}ORv sy x@ |i=m OL x@ QN; |=yQ=QmD QO Sv=Qo q ?}=Q[ Q=OQ@ Qo = ��
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����(�+1) � �(��1)

��� = �(�)
 � ")

%OwW|t u=}@ Q} R CQwYx@ Sv=Qo q VwQ |rm sD} Qwor=
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�(�) = � w � = 1 %xO@ Q=Qk �
�(��1)
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down = �(�) xO@ Q=Qk �(��1)
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|O=yvW}B sD} Qwor= pL u=tR 'OwW|t xOy=Wt xm Qw]u=ty "OyO|t u=Wv =Q
LG |xOvvmpL xm|Qw]x@ CU= LG |xOvvmpL QO pL u=tR R= QDsm COWx@
u}= "CU}v 7200 R= QDsm QO xQwO 10 w 9 O=a@= QO xv}y@ ?=wH sqa= x@ QO=k
w swO K]U QO xOW O=yvW}B sD} Qwor= QO pL u=tR u} QDV}@ xm CU= |r=L QO
|=ysD} Qwor= |q=@ Q=}U@ |}=Q=m u=Wv u}= "CU= x}v=F 2 432 |}xQwO xO Cr=L

"CU= xOW x�=Q=

"LG w B&B |xOvvmpL pL u=tR |xU}=kt "2 pmW

"Q=Owtv |}=tvoQR@ "3 pmW

Q=Okt |xv}tm u; T=U=Q@ xm =[=kD \UwDt x@ h}iND K]U Qy Q=Okt C@Uv %�
"OwW|t u}}aD qtk = �k:�t |x]@=Q =@ s=t xQwO QO s=k K]U QO VQ=iU R=Ht
|xv} Ry QO|} wHxiQYu=R}t|Q}oxR=Ov=|=Q@|YN=W 'h}iNDC}@=PH?} Q[ %
ctk = (1 � k):ct1 |x]@=Q =@ O} QN |xv} Ry u; T=U= Q@ xm CU= O} QN

"O};|t CUOx@
u}}aD |xr�Ut QO [4]u=Q=mty w |OtLtQ}t |xar=]t =@ x@=Wt QwDm =i wO u}=
"CU= xOW xDiQoQ_v QO 2 pwOHj@=]t 'h}iNDuDiQoQ_vQO =@|a]k xDW=@v= |xR=Ov=
O}rwD 'ct1 w �t |iO=YD QDt=Q=B wO R= QDV}@ |=yCr=L uDiQoQ_vQO |=Q@
pL u=tR w OwW|t Q=QmD Q=@ GvB XNWt K w T =@ xr�Ut Qy |=Q@ xO=O |iO=YD

"OwW|t pY=L xr�Ut GvB Qy pL u=tR u}ov=}t R= p�=Ut

u; p}rLD w =yuwtR; G}=Dv "2"4
C=YNWt =@ |v}W=t |wQ Q@ =yxt=vQ@ |=QH= R= p�=Ut pL u=tR \UwDt
xOW C@F 3 pwOH QO Intel(R) core (TM)i7-2600 CPU@3 40 GHz

"CU= LINDOGLOBAL |xOvvmpL u=ty LG R= Qw_vt pwOH u}= QO "CU=
xt=vQ@ |=QH= u=tR \UwDt Rt Ctqa "OQ=O xQ=W= |O=yvW}B sD} Qwor= x@ B&B

QO "OyO|t u=Wv x}v=F ?UL Q@ =Q hrDNt K w T =@ xOWpL p=Ft GvB Qy |=Q@
O=a@= =@ p�=Ut pL x@ QO=k LG |xOvvmpL xm CU= xOW xO=O u=Wv 3 pwOH u}=
=Q |r�=Ut O=OaD N Ctqa "CU}v xOW u}}aD |v=tR C}OwOLt QO q=@ x@ xQwO xv
R= QDtm QO xv}y@ ?=wH x@ xOvvmpL xm �xOW pL |xr�Ut GvB R=� OyO|t u=Wv

"CU= xO}UQ x}v=F 7200
h}iND K]U QO =Q LG w B&B |xOvvmpL pL u=tR |xU}=kt 2 pmW
QO xm CU= 2 pmW |}=tvoQR@ Cr=L 3 pmW 'pmW u}= QO "OyO|t u=Wv swO
"OwW XNWt QDy@ sD} Qwor= wO |v=tR Cw=iD =D xOW QDoQR@ u=tR QwLt T=}kt u;

"h}iND CU=}U QO xOWs}_vD Q}O=kt "2 pwOH
5 4 3 2 k

5 4 3 2 �k
0 125 0 1 0 075 0 05 k

"hrDNt Kw]U w xQwO QO p�=Ut pL u=tR |xU}=kt "3 pwOH
LG B&B |xQ=tW4 3 2 4 3 2 K xr�Ut

N Rt N Rt N Rt Rt Rt Rt T

5 4 978 5 3 793 5 3 187 0 319 0 298 0 118 3 1
5 13 813 5 9 783 5 7 972 0 599 0 375 0 290 4 2
5 43 965 5 36 115 5 33 860 0 698 0 698 0 417 5 3
4 260 5 203 5 203 1 895 0 694 0 520 6 4
3 4049 5 1368 5 956 3 712 1 358 0 608 7 5
0 7200 1 7081 3 6194 3 710 2 846 0 939 8 6
0 7200 0 7200 0 7200 7 969 2 556 1 412 9 7
0 7200 0 7200 0 7200 8 996 5 201 2 432 10 8
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ND2 ND1 NN T xr�Ut |xQ=tW
0 3 5 4 1
0 3 5 8 2
0 4 7 12 3
0 2 3 16 4
0 2 3 20 5
10 4 27 24 6
1 1 3 28 7
5 3 15 32 8
3 2 9 36 9
13 1 27 40 10

uO}UQ Qo = &OwW XNWt C} wrw= O}=@ Oa@ x@ |kqD |x]kv u}= R= "OQ=O |@} QkD
OwW|t xO=iDU= |O=yvW}B sD} Qwor= R= CU= |QDV}@ C}ty= R�=L j}kO ?=wH x@
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|=QH= Q=@ l} |=Q@ xOWV}=t}B |=yxQo O=OaD NN swU uwDU 5 pwOH QO
O=OaD ND1 sQ=yJ uwDU "OyO|t u=Wv =Q xOW XNWt K w T QO xr�Ut Qy
xOWp=aiQ}e |=yxQo O=OaD ND2 sHvB uwDU w pw= |xOa=k =@ xOWp=aiQ}e |=yxQo

"OyO|t u=Wv =Q swO |xOa=k =@
C@Uv xOWV}=t}B |=yxQo O=OaD xm OwW|t xOy=Wt G}=Dv u}= QO |rmQw]x@
?U=vt |i=m |xR=Ov= x@ O}OLD Oa=wk w sm u=QmwM=W CNQO |xwkr=@ |=yxQo pm x@
'h}iND K]U 2 w xQwO 12 =@ xr�Ut l} QO ,qFt "OvDUy =yxQo uOQmp=aiQ}e |=Q@
QO |UQQ@ |=Q@ xQo 1�212

1�2 = 4095 xm OwW|t |UQQ@ u=QmwxN=W sD} Qwor= l}
xOW pY=L xv}y@ ?=wH w pL u; R= xQo 7 \ki V}=tR; u}= QO xm OQ=O OwHw u;
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|Q}oxH}Dv "5
|rm h}iND uDiQoQ_vQO =@ |r=tDL= |=} wB |xDW=@v= |xR=Ov= u}}aD |xr�Ut
x@vH u}rw= "CU= Tm =U pOt R= QDxO}J}B Q=}U@ x@vH wO R= (SSDLSP�)

uOWxi=[= swO |x@vH w pOt x@ QDV}@ l} w QiY |=yQ}eDt uOWxi=[=
sD} Qwor= l} =@ x}=B pOt xJQo = wQu}= R= "CU= x}=B pOt x@ QDV}@ |=yC}OwOLt
Q=}U@ pL sD} Qwor= |xDi=} VQDUo pOt 'CU= pL p@=k =} wB |R} Qxt=vQ@ |=v@t Q@
xOW x�=Q= |[=} Q pOt xU xr�Ut u}= |=Q@ "OQ=O x}=B pOt x@ C@Uv |QDxO}J}B
\UwD xOW x�=Q= pOt T=U=Q@ \rDNt |]NQ}e |[=} Q pOt pw= pOt "CU=
|}=Q=m V}=Ri= w |D=@U=Lt |oO}J}B Vy=m Qw_vtx@ "CU= [11]u=Q=mty w Tm =U
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APP B&B
T

|xQ=tW
E Rt Rt xr�Ut

1 10 0 495 0 260 4 1
1 43 1 016 0 556 6 2
0 82 1 513 0 735 8 3
0 88 2 147 1 385 10 4
0 99 2 918 2 232 12 5
0 83 3 768 3 760 14 6
1 36 4 794 7 882 16 7
1 29 5 936 17 801 18 8
1 17 7 175 25 240 20 9
1 20 10 100 30 629 22 10
1 00 10 905 31 279 24 11
1 44 13 521 69 001 26 12
1 34 14 430 71 811 28 13
1 4 15 420 281 72 30 14

sD} Qwor= pL u=tR Q}}eD OvwQ xOWKQ]t T=}kt QO 2 pmW QO xm =Hu; R=
"CU= xOW |}=tvnQR@ 3 pmW QO Q=Owtv |v}}=BCtUk 'CU}v TwULt |O=yvW}B
|QDV}@C}ty= R= 'pta QO QDV}@ OQ@ Q=m p}rOx@ 'h}iND |L]U wO |xr�Ut
O=a@= =D h}iND K]U wO |=Q@ |O=yvW}B sD} Qwor= Q=DiQ xt=O= QO "CU= Q=OQwNQ@
|=ysD} Qwor= Q=DiQ p}rLD QO syt EL=@t R= |m} "CU= xOW xU}=kt xQwO 30
pOt 'CyH u}= R= "CU= |]N |@} QkD pOt pL =@ =yu; |xU}=kt '|]NQ}e
Ow@tm `@=D Qy QO ?} QkD |x]kv 1000 uDiQoQ_v QO =@ Q_v OQwt |xr�Ut |@} QkD
QO |D=@U=Lt G}=Dv "CU= xOW |U} wv Om GAMS Q=Ri= sQv QO 'hOy `@=D QO p=tQv
xr�Ut GvB Qy |=Q@ =QH= u=tR \UwDt Rt pwOH u}= QO "CU= xOW GQO 4 pwOH
?} QkD pOt APP R= Qw_vt "CU= xOW XNWt |xQwO w h}iND swO K]U QO
OYQO \UwDt E Ctqa "OwW|t =QH= Rto Q=Ri=sQv QO xm CU= |]N xmDxmD
"OyO|t u=Wv =Q B&B sD} Qwor= hOy `@=D =@ |@} QkD pOt ?=wH |@Uv |=]N

'xQwO 14 =D u=QmwxN=W sD} Qwor= xm OwW|t xOy=Wt |@} QkD pOt =@ xU}=kt QO
pOt x@ C@Uv R}v |QDsm pL u=tR 'OyO|t VQ=Ro =Q j}kO ?=wH xm u}= Q@ xwqa
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xwqa w CU= R}J=v lJwm |=yxvwtv QO Cw=iD u}= =t= &CU= sm |@} QkD |]N
u}= Cwk \=kv R= "OQm xHwD R}v |O=yvW}B sD} Qwor= uOw@xv}y@ x@ O}=@ u; Q@
pL u=tR R= w CU=[=kD R= |y=wNrO `} RwD Qy |=Q@ u; uOw@|OQ@ Q=m sD} Qwor=
Q=OQwNQ@ LINDOGLOBAL |xOvvmpL x@ C@Uv |QDq=@ Q=}U@ CaQU =@

"CU=
xt} QH CQwYx@ Ow@tm |xv} Ry uDiQoQ_vQO =@ Q_v OQwt |xr�Ut xm =Hu; R=
|D; C=k}kLD |=Q@ |rY= |=yxv}tR R= |m} 'CU= xOW |R=UpOt hOy `@=D QO
"OW=@ Ow@tm |xt} QH |=Hx@ CtON K]U C}OwOLt =@ pOt uDiQoQ_vQO Ov=wD|t

OQm} wQ R= xO=iDU= =@ pw= K]U QO "OW xDN=OQB Q_v OQwt |xr�Ut |xv}y@ pL
'h}iND uwO@ p�=Ut Q} R w OwW|t |UQQ@ xQo Qy QO h}iND u=mt= 'u=QmwxN=W
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"OwW|t s=Hv= Qo}O u=QmwxN=W sD} Qwor= l} \UwD w swU K]U QO Q=m u}= "OwW
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