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Ovyt w s}kDUt CQwYx@ =Q x]kv wO u}@ Ci=Ut Ov=wD|t OQor=@ =Q} R &s} Q}o|tQ_vQO

"O}=t}B@ |av=t =@ uOW wQx@ wQ uwO@
'OQor=@ OB C=YDNt (rx; ry) 'u=DUQ=t}@ C=YDNt (hx; hy) xr�Ut u}= QO

"CU= |}=wy O=Ot= x=o}=B x@ \w@ Qt C=YDNt (sx; sy) w
w OQor=@ OB u}@ Ci=Ut w D1 u=DUQ=t}@ w |}=wy O=Ot= x=o}=B u}@ Ci=Ut
CQwYx@D3 OQor=@ OB w|}=wy O=Ot= x=oDU}= u}@Ci=Ut u}vJty wD2 u=DUQ=t}@

%OvwW|t x@U=Lt Q} R
D1 =

q
(hx � sx)2 + (hy � sy)2 (2)

D2 =
q

(hx � rx)2 + (hy � ry)2 (3)

D3 =
q

(sx � rx)2 + (sy � ry)2 (4)

Pi = (Ui; Vi) C=YDNt |=Q=O =[=kD |xk]vt Qy xm OwW|t ZQi xr�Ut u}= QO
|xR=@ QO CN=wvm} `} RwD =@ pkDUt |iO=YD |=yQ}eDt Vi w Ui u; QO xm CU=
[a; b]� [a; b] pmW |a@ Qt |xk]vt l} QO =[=kD Qo}O CQ=@ax@ "OvDUy [a; b]

"OOvw}B|t ẁkw x@
U; V � uniform [a; b] (5)

fU (u) = 1
b� a ; fV (v) = 1

b� a (6)

P = (U; V ) 2 [a; b]� [a; b] (7)

|a@ Qt CQwYx@ =yQyW xm OQm u=}@ xvwou}= u=wD|t q=@ C=}[Qi T=U= Q@ `k=w QO
|x@U=Lt |=Q@ "CU= C@=F QyW R= x]kv Qy QO xFO=L O=ONQ p=tDL= xm OvDUy
O=Ot= x=o}=B =D =[=kD |xk]vt 'di(hx; hy) u=DUQ=t}@ =D =[=kD |xk]vt |xrY=i

%di(rx; ry) OQor=@ OB =D =[=kD |xk]vt w di(sx; sy) |}=wy
di (hx; hy) = jU � hxj+ jV � hyj (8)

di (sx; sy) = jU � sxj+ jV � syj (9)

di (rx; ry) = jU � rxj+ jV � ryj (10)

Q} R CQwYx@ u=wD|t =Q u=DUQ=t}@ =D =[=kD |x]kv |xrY=i |[=} Q O}t= 'p=L
%CWwv

E(D) = E[jU � hxj+ jV � hyj] = E[jU � hxj] + E[jV � hyj]
(11)

%s} Q=O u}= Q@ xwqa

f(hx) = E[jU � hxj] =
+1Z
�1
ju� hxjfA(a)dA

= 1
b� a

bZ
a

ju� hxjdx (12)

f(hx) =

8>>>><>>>>:
�hx + a+b

2 hx � a
(hx�a)2+(hx�b)2

2(b�a) a � hx � b
hx � a+b

2 hx � b
(13)

OvJ =} l} |rta p�=Ut QO "CU= C}a]k sOa swyit 'Ov=UQ|t |Q=} QD|ak=w
Ov=wD|t =yQDt=Q=B u}= R= 'xr�Ut OQwt QO |Q}os}tYD w Ov=|a]k Q}e xr�Ut R= QDt=Q=B
Q}e Cq=kDv= w pkv |=yxv} Ry w =[=kD u=R}t Cq=kt R= |NQ@ QO "OQ}PB@ Q}F-=D
OQwt QO C}a]k sOa \QW =@ =Q xv=}t|B |xr�Ut QvRQO w utQ*@ "OvDUy |a]k
utQ@ TPLP pOt |Q}W@ w wH|v}UL [24]"OvOQm |UQQ@ u=oOvyOCtON O=OaD
CN=wvm} `} RwD R= u; |wQ}B w =[=kD |x]kv uOw@|a]k Q}e ZQi =@ =Q u=Q=mty w
=@ =Q u=Q=mty w utQ@ TPLP pOt u=Q=mty w |QDvqm [7]"OvOQm pL w |R=UpOt
VwQ l} R= xO=iDU==@ w |R=UpOt =[=kD \=kv uOw@|R=i w uOw@|a]k Q}e ZQi

[25]"OvOQm pL |Q=mD@=

|[=} Q pOt w xr�Ut K} QWD "3
x@ u=twOYt |}=Hx@=H umtt |=yCr=L \U@ x@ |[=} Q pOt |x�=Q= R= p@k
,=t}kDUt swOYt pw= Cr=L QO "s} R=OQB|t 'CU= Q_v Ot xr=kt u}= QO xm 'u=DUQ=t}@
1 pmW QOCr=L u}= "OwW|t pkDvt u=DUQ=t}@ x@ =[=kD |x]kv R=Tvqw@t;\UwD
|}=wy O=Ot= x=o}=B x@ Tvqw@t; \UwD swOYt 'swO Cr=L QO "CU= xOW xO=O u=Wv
2 pmW QO Cr=L u}= "OwW|t pkDvt u=DUQ=t}@ x@ OQor=@ =@ =Hv; R= w OwW|t pkDvt
ptL OQor=@ OB =D Tvqw@t; \UwD swOYt 'swU Cr=L QO "CU= xOW xO=O u=Wv
TB w OwW|t s=Ra= OQor=@ OB x@ R}v |OQor=@ 'Tvqw@t; CmQL =@ u=tRsy "OwW|t
u}= "O@=}|t p=kDv= u=DUQ=t}@ x@ OQor=@ \UwD swOYt 'Tvqw@t; w OQor=@ C=kqt R=
l} Qy ?=NDv= |=Q@ |Q}os}tYD lqt "CU= xOW xO=O u=Wv 3 pmW QO Cr=L
l} Qy u=tR u} QDx=Dwm T=U= Q@ xm CU= u=DUQ=t}@ x@ p=kDv= u=tR '=yCr=L u}= R=
DOJ'D1S�"OwW|t u}}aD u=DUQ=t}@ x@ p=kDv= VwQ (TD) swU =D pw= Cq=L R=
TD = min(T1; T2; T3) (1)

"s} Q}o|tQ_vQO|v=mrB CQwYx@ =QTvqw@t;\UwD xOWxOwt}BCi=Ut 'pOt u}= QO
|UO}rk= |xrY=i CQwYx@ =Q OQor=@ \UwD xOWxOwt}B Ci=Ut Qo}O |wU R=

"u=DUQ=t}@ x@ swOYt p=kDv= pw= Cr=L "1 pmW

"u=DUQ=t}@ x@ swOYt p=kDv= swO Cr=L "2 pmW

"u=DUQ=t}@ x@ swOYt p=kDv= swU Cr=L "3 pmW
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lik � yk i 2 I; k 2 K (15)

!ijk � xj i 2 I; k 2 K; j 2 J (16)

!ijk � yk i 2 I; k 2 K; j 2 J (17)

ui +
X
k2K

lik +
X
j2J

X
k2K

!ijk = 1 i 2 I (18)X
j2J

Ctxj +
X
k2K

Csyk � B (19)

Tijk � f(rx(j)) + f(ry(j))
w

i 2 I; k 2 K; j 2 J
(20)

Tijk �
q

(rx(j) � sx(k))2 + (ry(j) � sy(k))2

v
(21)

xj 2 f0; 1g yk 2 f0; 1g
ui 2 f0; 1g lik 2 f0; 1g
!ijk 2 f0; 1g i 2 I; k 2 K; j 2 J (22)
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"OvOW p=ai 5 pmW QO Q} R \=kv u}vJty w OW u}}aD 0 537 hOy `@=D
sDU}U uOQmxO=}B uwO@ Cr=L QO p=kDv= u=tR u}@ |xU}=kt 1 pwOH QO

"OvwW|t x@U=Lt 13 `@=D Ovv=t R}v f(sy) w f(sx) w f(ry) w f(rx) w f(hy)

u=DUQ=t}@ x@ =[=kD j]=vt R= swOYt ptL u=tR 'OW xO=O K}[wD xm xvwou=ty
CtUk u}= QO "CU= |}=wy O=Ot= |=yx=o}=B u=mt w OQor=@ |=yOB u=mt Q}F-=D CLD
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O=Ot= |=yx=o}=B |xv}y@ u=mt 'CU= swrat =yu=DUQ=t}@ w =[=kD j]=vt u=mt xmv}=
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=yQDt=Q=B 'xr�Ut |R=UpOt |=Q@ "OwW xv}tm p=kDv= hrDNt |=yCr=L QO u=DUQ=t}@

"s}vm|t h} QaD =Q Q} R s}tYD |=yQ}eDt w

=yQDt=Q=B w =yT}Ov= "1"3
&iT}Ov= =@ xOWXNWt '=[=kD j]=vt |xawtHt %I

&j T}Ov= =@ xOWXNWt OQor=@ OB O}Ov=m \=kv |xawtHt %J
&k T}Ov= =@ xOWXNWt '|}=wy O=Ot= x=o}=B O}Ov=m \=kv |xawtHt %K

&OQor=@ OB Qy E=OL= |xv} Ry %Ci
&u; R}yHD w |}=wy O=Ot= x=o}=B Qy E=OL= |xv} Ry %Cs

&KQ] |=Q@ xDi=}X}YND xHOw@ pm %B
&s=i |=[=kD |xk]vt |=[=kD %hi

&OQor=@ CaQU %v
"Tvqw@t; CaQU %w

s}tYD |=yQ}eDt "2"3
w 1 Q=Okt 'OwW E=OL= j xQo QO OQor=@ OB Qo = xm 'l} w QiY s}tYD Q}eDt %xj

&OwW|t QiY CQwYu}= Q}e QO
'OwW E=OL= k xQo QO |}=wy O=Ot= x=o}=B Qo = xm 'l} w QiY s}tYD Q}eDt %yk

&OwW|t QiY CQwYu}= Q}e QO w 1 Q=Okt
Cr=L� OwW u}t-=D Tvqw@t; \UwD i |=[=kD Qo = xm 'l} w QiY s}tYD Q}eDt %ui

&OwW|t QiY CQwYu}= Q}e QO w 1 Q=Okt '�pw=
Cr=L� OwW u}t-=D k x=oDU}= \UwD i |=[=kD Qo = xm 'l} w QiY s}tYD Q}eDt %lik

&OwW|t QiY CQwYu}= Q}e QO w 1 Q=Okt '�swO
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"j p=kDv= |x]kv =D

|[=} Q pOt "3"3

min
X
i2I

hi
��

f(hx(i)) + f(hy(i))
w

�
ui +

�
f(sx(i)) + f(sy(i))

w

+
p

(hx(i) � sx(k))2 + (hy(i) � sy(k))2
v

#
lik

+

"
Tijk +

p
(hx(i) � rx(j))2 + (hy(i) � ry(j))2

v

#
wijk

)
(14)
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4. facility and transfer point location problem
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