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pwYLt Qy |=[=kD xm|}=H OvOQm j}kLD |rwYLt OvJ |xOvvmO}rwD � VwQixOQN
?wJQ=Jl} =yv; "OQ}PB|t Q}F-=D ,=t=wD C=e}r@D GQ=Nt wCt}k R= |]NQ}e CQwYx@
|=yC}OwOLt 'xwqax@ "OvOQm O=yvW}B CQOk |w} Q=vU wO CLD =Q nQ@rmDU= |R=@
|=y|R=@ "OvDiQo Q_vQO d}r@D xOW|Q=Pox}=tQU dr@t w O}rwD Q=Okt |wQ Q@ =Q xHOw@
pL OQm} wQ l} w OvwW|t |Ov@pwtQi |L]U wO |R=Uxv}y@ \UwD 'xOWxDio
O=yvW}B 'pO=aDt |=ypL uOQw; CUOx@ |=Q@ |Q=taDU= C@=kQ sD} Qwor= T=U= Q@
xv=owO `} RwD p=v=m =@ u}t-=D |xQ}HvR l} [21]'Vv=Q=mty w uJ 2013 p=U "OwW|t
pwYLt l} VwQixOQN "OvOQm |UQQ@ =Q VwQixOQN l} w xOvvmO}rwD l} pt=W
w Ovm|t |Q=O} QN Qo}O |xOvvmO}rwD l} R= =Q xOvvmO}rwD pwYLt =@ u} Ro}=H
Ct}k |xQ=@ QO VwQixOQN w s}kDUt VwQi Ct}k |xQ=@ QO xOvvmO}rwD "OWwQi|t
QDt=Q=B u=wvax@ |WwQixOta Ct}k "Ovm|t |Q}os}tYD VrwYLt wO |WwQixOQN
w |Q=PoCt}k C=t}tYD [22]Vv=Q=mty w w} 'p=U u=ty QO "CU= xr�Ut |OwQw
|=yh}iND xm|t=ovy =Q VwQixOQN � xOvvmO}rwD u}t-=D |xQ}HvR l} QO C=e}r@D
pL |=Q@ "OvOQm xar=]t 'OwW|t xO=O O=yvW}B VwQixOQN w xOvvmO}rwD x@ Ct}k
"CU= Q@yQ xOvvmO}rwD u; QO xm CU= xOW xO=iDU= nQ@rmDU= |R=@ R= xr�Ut u}=
VwQixOQN wO w xOvvmO}rwD l} |xQ=@ QO '2014 p=U QO [23]Vv=Q=mty w |}qa
x@ xDU@=w =[=kD `@=D "OvOQm j}kLD 'Ovvm|t C@=kQ sy =@ C=e}r@D QU Q@ xm ?}kQ
CUw= 'p=U u=ty QO "CU= VwQixOQN wO w xOvvmO}rwD \UwD C=e}r@D |xv} Ry
'OvOw@ xOW |UQQ@ |DmQ=Wt C=e}r@D |xv}tR QO xm =Q |Dq=kt [24]Vv=Q=mty w
u}t-=D |xQ}HvR l} '2015 p=U QO [25]Vv=Q=mty w nvw "OvOQm QwQt w |Qw;`tH
=[=kD 'xar=]t u}= QO "OvOQm |UQQ@ =Q VwQixOQN l} w xOvvmu}t-=D l} pt=W
|=yQ}eDt u=wvax@ 'VwQi Ct}k w VQ=iU Q=Okt "CU= Ct}k R= |Wy=m |a@=D
|=yQ}eDt u=wva x@ O}rwD |xR=Ov= O=OaD w |WwQixOta Ct}k w VwQixOQN s}tYD
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2 �
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T=U= Q@ VwQixOQN OwU `@=D 'VwQixOQN � nQ@rmDU= pO=aD x@ uO}UQ |=Q@ uwvm =
"OwW|t x@U=Lt xOt; CUOx@ |xv}y@ Q}O=kt u}=

%CU= Q} R CQwYx@ VwQixOQN � nQ@rmDU= pO=aD "2 x}[k
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m(Sm + Sr)� �Q� 2Sr�)
x3Q

(24)

ASR =
�km

�
cfQ+ 2hmQ2 + 4fSm � 2fSr�
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� �
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VwQixOQN OwU `@=D u}Uy T} QD=t "CU= xOt; 3 CUw}B QO 2 |x}[k C=@F=
x=oDUO pL R= xOt;CUOx@ ?=wH 'u}=Q@=v@ "�4 CUw}B x@ xHwD =@� CU= |ivt u}at
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r (Sm � Sr)� x2Q� 3Sm� + Sr�)

x1Q
(19)

55



"""|
=yC

U=}U
|o

vy=t
y|

=Q@|
R=@x

}Q_
vOQ

m}wQu=Wv xOt;CUOx@ pO=aD \=kv '5 =D 3 |=ypwOH QO xOt;CUOx@G}=Dv x@ xHwD =@
R= QDW}@ VwQixOQN � nQ@rmDU= |R=@ QO VwQixOQN w xOvvmO}rwD OwU xm OvyO|t
|R=@ wO R= QDW}@ xv=Q=mty |R=@ QO xQ}HvR pm OwU xm CU= |y}O@ "CU= Vv |R=@
=Q Q=Okt u} QDtm VwQixOQN � nQ@rmDU= |R=@ QO |WwQixOQN Ct}k "OW=@ Qo}O
|rLt w |rt C=e}r@D |=Q@ xOt;CUOx@ u=R}t xm OvyO|t u=Wv G}=Dv u}vJty "OQ=O
"OvQ=O =Q u=R}t u} QDtm VwQixOQN � nQ@rmDU= |R=@ QO w u} QDW}@ xv=Q=mty |R=@ QO

C}U=UL p}rLD "4
w |WwQixOta Ct}k |wQ Q@ x}=B |=[=kD w O}rwD |xv} Ry Q}}eD QF= 'CtUk u}= QO

"OW Oy=wN |UQQ@ VwQixOQN � nQ@rmDU= w Vv |=y|R=@ QO |WwQixOQN

"Vv |R=@ |=Q@ =yp=Ft pO=aD \=kv "3 pwOH

5 p=Ft 4 p=Ft 3 p=Ft 2 p=Ft 1 p=Ft |x]kv
pO=aD

1060 2 839 8 368 7 479 1 993 3 w

2020 4 1579 5 687 4 858 3 1886 7 p

575 3 738 5 47 6 188 9 356 8 A

191 8 738 5 31 8 377 9 267 6 a

570075 545382 200362 267758 572998 �m

716497 544382 200886 213207 599852 �r

1286570 1089760 401247 480965 1172850 �m+r

"VwQixOQN � nQ@rmDU= |R=@ |=Q@ =yp=Ft pO=aD \=kv "4 pwOH

5 p=Ft 4 p=Ft 3 p=Ft 2 p=Ft 1 p=Ft |x]kv
pO=aD

887 3 716 7 289 6 377 4 788 7 w

1674 6 1333 3 529 3 654 8 1477 4 p

471 5 615 4 35 7 138 1 275 A

157 2 615 4 23 9 276 2 206 2 a

654786 568107 225282 276446 642729 �m

752980 567107 225728 246848 658270 �r

1407770 1315210 451010 523294 1301000 �m+r

"xv=Q=mty |R=@ |=Q@ =yp=Ft pO=aD \=kv "5 pwOH

5 p=Ft 4 p=Ft 3 p=Ft 2 p=Ft 1 p=Ft |x]kv
pO=aD

1700 9 1948 8 530 2 755 2 1523 2 p

958 9 1846 3 71 6 326 4 568 3 A

319 6 1846 3 47 8 652 7 426 2 a

1531750 1703320 451936 584823 1361490 �m+r

xv=Q=mty |R=@ "6"2
|R=@ s=Hv= R= V}B =}; xm CU= u}= =y|R=@ |Ov@s}UkD QO syt |=ylqt R= |m}
CQwY |}xQm =Pt u=vm} R=@ u}@ Qo = "xv =} OQ}o|t CQwY |}xQm =Pt u=vm} R=@ u}@
"Ov} wo|t xv=Q=mty |R=@ u; x@ ,=Lq]Y= 'OwW =QH= w O}=}@ OwHwx@ sy |ki=wD w OQ}o
xQ}HvR |=[a= |=Q@ |QDW}@ OwU xm CU= u}= xv=Q=mty |R=@ QO |Q=mty R= hOy
C=aq]= xm '|RmQt |xOvQ}os}tYDl} '|R=@ u}= QO "OwW s}UkD =[a= u}@ w?Um
xv}W}@ =Q xQ}HvR pm OwU 'xr�Ut s}tYD |=yQ}eDt u}}aD =@ 'OQ=O Q=}DN= QO |rt=m
=@ C}=yv QO w xQ}HvR |=[a= OwU `@=wD `tH =@ Q=m u}= '|[=} Q Q_v R= "Ovm|t
CQwYx@ xv=Q=mty |R=@ QO xQ}HvR pm OwU `@=D "OwW|t s=Hv= u; |R=Uxv}W}@

"CU= 28 |x]@=Q

�m+r(p;Q;A; a) = (p� c)D � D
Q
Sm � D

Q
Sr � hm

2 Q
�
D
f

�
� hr

2 Q� A2

2 �
a2

2 (28)

%O};|t CUOx@ Q} R CQwY x@ xv=Q=mty |R=@ pO=aD "3 x}[k

pCO = (x4 + �)(2f(Sm + Sr) + 2cfQ+ hmQ2)
2fx4Q

� �
x4

(29)

aCo = kr (��Q+ (cQ+ Sm + Sr)�)
x4Q

+ hmkr�Q
2fx4

(30)

ACo = km(��Q+ (cQ+ Sm + Sr)�)
x4Q

+ hmkm�Q
2fx4

(31)

u}at xQ}HvR pm OwU `@=D u}Uy T} QD=t "CU= xOt; 5 CUw}B QO x}[k u}= C=@F=
xOt; CUOx@ ?=wH 'u}=Q@=v@ "�6 CUw}B x@ xHwD =@� CU= Qakt u; OwU `@=D w |ivt

"CU= xv=Q=mty |R=@ pO=aD |x]kv '3 |x}[k QO jDWt x=oDUO pL R=

|OOa p=Ft "3
|R=@ xU QO xr�Ut |=yQDt=Q=B x@ uO=OQ=Okt w |OOa p=Ft OvJ =@ CtUk u}= QO
\=kv uOQw;CUOx@ w =y|R=@ u}= pL x@ xv=Q=mty w 'VwQixOQN � nQ@rmDU= 'Vv
2000 =@ Q@=Q@ f w � |=yQDt=Q=B Q=Okt '=yp=Ft s=tD QO "OwW|t xDN=OQB =yu; pO=aD
OQwt |=yp=Ft x@=Wt ,=@} QkD '=yp=Ft u}= QO =yQDt=Q=B Q}O=kt "CU= xOW xDiQo Q_vQO
"CU= xOy=Wt p@=k 2 pwOH QO =yQDt=Q=B Q}O=kt "CU= [26]QDv=m |xr=kt QO xO=iDU=

"=yQDt=Q=B Q}O=kt "2 pwOH
5 p=Ft 4 p=Ft 3 p=Ft 2 p=Ft 1 p=Ft =yQDt=Q=B Q}O=kt
0 8 1 5 2 2 0 8 �

0 6 1 0 15 0 5 0 4 km
0 2 1 0 1 1 0 3 kr
100 200 150 200 200 Sm
100 250 100 250 250 Sr
10 5 5 5 5 hm
20 10 10 10 10 hr
100 100 50 100 100 c

80 200 100 200 200 Q
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|U
Ovyt x@ 'OwW xDiQo jDWt O}rwD |xv} Ry x@ C@Uv |WwQixOQN Ct}k R= Qo = p=L

"OwW|t 36 |x]@=Q CQwY
E5 = @pSR

@c
= 2k2

m + k2
r � 2�

2k2
m + k2

r � 4� > 0 (36)

|OL=w l} V}=Ri= =@ "OwW|t |WwQixOQN Ct}k V}=Ri= Ea=@ cV}=Ri= ,=tDL xm
"O@=}|t V}=Ri= |WwQixOQN Ct}k OL=w 2k2

m+k2
r�2�

2k2
m+k2

r�4� 'O}rwD |xv} Ry
|WwQixOQN w |WwQixOta Ct}k |wQ Q@ O}rwD |xv} Ry QF= Cw=iD xmv}= |=Q@

"OwW|t xO=iDU= Q} R |x]@=Q R= OwW XNWt

E6 = E5
E4

= 2k2
m + k2

r � 2�
2k2

m + k2
r � 3� < 1 (37)

|wQ Q@ |QDW}@ *|W}=Ri= QF= 'O}rwD |xv} Ry V}=Ri= OL=w l} '37 |x]@=Q x@ xHwD =@
"OQ=O |WwQixOQN Ct}k x@ C@Uv |WwQixOta Ct}k

w |WwQixOQN Ct}k |wQ Q@ x}=B |=[=kD Q}}eD QF= p}rLD "3"4
Vv |R=@ QO |WwQixOta

Q} R CQwYx@ 'OwW xDiQo jDWt x}=B |=[=kD x@ C@Uv |WwQixOta Ct}k R= Qo =
%O};|t CUOx@

E7 = @wN

@�
= �1
k2
m + k2

r � 3� > 0 (38)

Ct}k V}=Ri= Ea=@ x}=B |=[=kD V}=Ri= ,=tDL 'xOt;CUOx@ jDWt Q=Okt x@ xHwD =@
OL=w �1

k2
m+k2

r�3� 'O@=} V}=Ri= x}=B |=[=kD OL=w l} Qo = "OwW|t |WwQixOta
"Ci=} Oy=wN V}=Ri= |WwQixOta Ct}k

%=@ CU= Q@=Q@ x}=B |=[=kD x@ C@Uv |WwQixOQN Ct}k pw= x@DQt jDWt

E8 = @pN

@�
= �2
k2
m + k2

r � 3� > 0 (39)

V}=Ri= =Q |WwQixOQN Ct}k OL=w �2
k2
m+k2

r�3� 'x}=B |=[=kD |OL=w l} V}=Ri=
"OyO|t

Ct}k |wQ Q@ x}=B |=[=kD |OL=w l} V}=Ri= QF= xm OyO|t u=Wv 40 |x]@=Q
sy 3 pmW QO xm CU= |WwQixOta Ct}k |wQ Q@ VQF= Q@=Q@ wO '|WwQixOQN

"CU= xOy=Wt p@=k
E9 = E8

E7
= 2 > 1 (40)

"|WwQixOQN w |WwQixOta Ct}k |wQ Q@ x}=B |=[=kD Q}}eD QF= "3 pmW

w |WwQixOta Ct}k |wQ Q@ O}rwD |xv} Ry Q}}eD QF= p}rLD "1"4
Vv |R=@ QO |WwQixOQN

O}rwD |xv} Ry x@ C@Uv |WwQixOta Ct}k |=Q@ xOt;CUOx@ |xv}y@ ?=wH R= Qo =
"Ow@ Oy=wN 32 |x]@=Q CQwYx@ pY=L 'OwW xDiQo jDWt

E1 = @wN

@c
= 1

2
�

1 + k2
m + k2

r � �
k2
m + k2

r � 3�
�
> 0 (32)

l} V}=Ri= =@ "OwW|t |WwQixOta Ct}k V}=Ri= Ea=@ ,=tDL c V}=Ri= 'u}=Q@=v@
V}=Ri= |WwQixOta Ct}k OL=w 1

2
�
1 + k2

m+k2
r��

k2
m+k2

r�3�
�

'O}rwD |xv} Ry |OL=w
"O@=}|t

'OwW xDiQo jDWt O}rwD |xv} Ry x@ C@Uv |WwQixOQN Ct}k R= Qo = p=L
"OwW|t 33 |x]@=Q CQwYx@

E2 = @pN

@c
= k2

m + k2
r � �

k2
m + k2

r � 3� > 0 (33)

|OL=w l} V}=Ri= =@ "OwW|t |WwQixOQN Ct}k V}=Ri= Ea=@ cV}=Ri= ,=tDL xm
"O@=}|t V}=Ri= |WwQixOQN Ct}k OL=w k2

m+k2
r��

k2
m+k2

r�3� 'O}rwD |xv} Ry
|WwQixOQN w |WwQixOta Ct}k |wQ Q@ O}rwD |xv} Ry QF= Cw=iD xmv}= |=Q@

"OwW|t xO=iDU= Q} R |x]@=Q R= 'OwW XNWt
E3 = E2

E1
= k2

m + k2
r � �

k2
m + k2

r � 2� < 1 (34)

Ct}k |wQ Q@ |QDW}@ *|W}=Ri= QF= 'O}rwD |xv} Ry V}=Ri= OL=w l} '34 |x]@=Q Q@=v@
xOy=Wt p@=k sy 2 pmW QO xm OQ=O |WwQixOQN Ct}k x@ C@Uv |WwQixOta

"CU=

w |WwQixOta Ct}k |wQ Q@ O}rwD |xv} Ry Q}}eD QF= p}rLD "2"4
nQ@rmDU= |R=@ QO |WwQixOQN

|xv} Ry x@ C@Uv nQ@rmDU= |R=@ QO xv}y@ |WwQixOta Ct}k pw= |x@DQt jDWt
%=@ CU= Q@=Q@ O}rwD

E4 = @wSR

@c
= 1

2
�

1 + 2k2
m + k2

r � 2�
2k2
m + k2

r � 4�
�
> 0 (35)

l} V}=Ri= =@ "OwW|t |WwQixOta Ct}k V}=Ri= Ea=@ ,=tDL c V}=Ri= 'u}=Q@=v@
V}=Ri= |WwQixOta Ct}k OL=w 1

2
�
1 + 2k2

m+k2
r�2�

2k2
m+k2

r�4�
�

'O}rwD |xv} Ry |OL=w
"O@=}|t

"|WwQixOQN w |WwQixOta Ct}k |wQ Q@ O}rwD |xv} Ry Q}}eD QF= "2 pmW
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|Q}oxH}Dv "5
uDiQoQ_vQO =@ |DmQ=Wt C=e}r@D w |Q=PoCt}k |=yCU=}U |ovy=ty 'xr=kt u}= QO
l} w xOvvmO}rwD l} pt=W |L]UwO u}t-=D |xQ}HvR l} QO |OwHwt |=yxv} Ry
'|WwQixOta Ct}k pt=W xOvvmO}rwD s}tYD |=yQ}eDt "OW xar=]t VwQixOQN
VwQixOQN s}tYD |=yQ}eDt w|rLt C=e}r@D QOCmQ=Wt MQv w '|rt C=e}r@D u=R}t
xU |xr}Uwx@ xr�Ut u}= "CU= |rLt C=e}r@D u=R}t w |WwQixOQN Ct}k pt=W
?=wH =y|R=@ s=tD QO xm OW pL xv=Q=mty w 'VwQixOQN � nQ@rmDU= 'Vv |R=@
OvJ |R=@ Qy |=Q@ "CU= |R=@ pO=aD |x]kv jDWt x=oDUO pL R= xOt;CUOx@
OwU xm OvO=O u=Wv =yp=Ft QO xOt;CUOx@ pO=aD \=kv w OW pL |OOa p=Ft
w CU= Vv R= QDW}@ VwQixOQN � nQ@rmDU= |R=@ QO VwQixOQN w xOvvmO}rwD
"OW=@ Qo}O |R=@ wO R= QDW}@ xv=Q=mty |R=@ QO xQ}HvR pm OwU xm CU= |y}O@
w |rt C=e}r@D u=R}t w u} QDtm VwQixOQN � nQ@rmDU= |R=@ QO |WwQixOQN Ct}k
u=R}t u} QDtm VwQixOQN � nQ@rmDU= |R=@ QO w u} QDW}@ xv=Q=mty |R=@ QO |rLt
Ct}k |wQ Q@ x}=B |=[=kD w O}rwD |xv} Ry |=yQDt=Q=B Q}}eD QF= 'C}=yv QO "OvQ=O =Q
O}rwD |xv} Ry V}=Ri= xm OvO=O u=Wv G}=Dv "OW |UQQ@ |WwQixOQN w |WwQixOta
QF= =t= OvwW|t |WwQixOQN w |WwQixOta Ct}k V}=Ri= ?Hwt 'x}=B |=[=kD w
QF= w |WwQixOQN Ct}k R= QDW}@ |WwQixOta Ct}k |wQ Q@ O}rwD |xv} Ry Q}}eD
"CU= |WwQixOta Ct}k R= QDW}@ |WwQixOQN Ct}k |wQ Q@ x}=B |=[=kD Q}}eD
\}=QW x@ xm OQm |R=UpOt =} wB CQwYx@ =Q xr�Ut u=wD|t '|D; C=ar=]t |=Q@
pL |=Q@ Xk=v C=aq]= =@ |R=@ |x} Q_v OQm} wQ R= =} CU= QDl}ORv |ak=w |=}vO

"OQm xO=iDU=

w |WwQixOQN Ct}k |wQ Q@ x}=B |=[=kD Q}}eD QF= p}rLD "4"4
nQ@rmDU= |R=@ QO |WwQixOta

|x]@=Q CQwYx@ 'OwW xDiQo jDWt x}=B |=[=kD x@ C@Uv |WwQixOta Ct}k R= Qo =
%Ow@ Oy=wN 41

E10 = @wSR

@�
= �1

2k2
m + k2

r � 4� > 0 (41)

V}=Ri= =Q |WwQixOtaCt}k OL=w �1
2k2
m+k2

r�4� 'x}=B |=[=kD |OL=wl}V}=Ri=
"O=O Oy=wN

%=@ CU= Q@=Q@ x}=B |=[=kD x@ C@Uv |WwQixOQN Ct}k pw= x@DQt jDWt

E11 = @pSR

@�
= �2

2k2
m + k2

r � 4� > 0 (42)

|OL=w l} V}=Ri= "OwW|t |WwQixOQN Ct}k V}=Ri= Ea=@ 'x}=B |=[=kD V}=Ri=
"OwW|t |WwQixOQN Ct}k |OL=w �2

2k2
m+k2

r�4� V}=Ri= Ea=@ 'x}=B |=[=kD
'|WwQixOQNCt}k |wQ Q@ x}=B |=[=kD |OL=wl}V}=Ri= QF= '43|x]@=Qj@]

"CU= Vv |R=@ x@=Wt w |WwQixOta Ct}k |wQ Q@ VQF= Q@=Q@ wO

E12 = E11
E10

= 2 > 1 (43)

=yCWwv=B
1. cooperative advertising
2. Economic order quantity
3. genetic algorithm
4. Markov
5. Stackelberg equilibrium
6. Nash
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@�r
@p

= �+ kmA+ kra+ (w � 2p+ Sr
Q

)� = 0 (47)

@�r
@a

= a(t� 1) + kr
�
p� Sr + wQ

Q

�
= 0 (48)

xrO=at xU w |Q=Po}=H p w a 'A Q}eDt xU jDWt x=oDUO QO w w t |=yQ}eDt Q=Okt
Q} R CQwYx@ a w A 'p |=yQ}eDt Q}O=kt =D OwW|t pL 48 w 47 '46 pwyHt xU

"Ov}; CUOx@

1 CUw}B
@�m
@t

= �a2

2 < 0! t� = 0 (44)

@�m
@w

= D > 0! w� = p+ c
2 (45)
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2f � Sm
Q
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\@=wQ CQwYx@ jDWt x=oDUO "OQw; CUOx@ =Q Q}eDt wO u}= Q=Okt w CiQo jDWt

"O};|t CUOx@ 60 w 59
@�r
@p

=1
2 (kr + k2

m(p� hmQ2 + 2f (Sm + Sr)
2fQ ) + �� 2�p

+ 2Sr�
Q

+ c(� � k2
m)) (59)

@�r
@a

= 1
2
�
�2a+ kr(�c+ p� 2Sr

Q
)
�

(60)

%Ov};|t CUOx@ Q} R CQwYx@ Q}eDt wO u}= Q=Okt
x3 = 2k2

m + k2
r � 4�

p� =hmk2
mQ2 + cf (x3 + 2�)Q

fx3Q

+
2f �k2

rSr + k2
m (Sm + Sr)� �Q� 2Sr��

fx3Q
(61)

a� =
2krf �k2

m (Sm � Sr) + x2Q+ 2Sr��
2fx3Q

+ krhmk2
mQ2

2fx3Q
#

(62)

4 CUw}B
2��k2

m�k2
r >ZQi x@ xHwD =@ xmCU= Q} RCQwYx@VwQixOQNu}UyT} QD=t

'VwQixOQN OwU `@=Du}=Q@=v@ "CU=C@Ft swO u=v}tQDOQ} R w|ivt pw= u=v}tQDOQ} R '0
|xv}W}@ |x]kv 'jDWt x=oDUO pL R= xOt;CUOx@ |v=QL@ |x]kv w Qakt `@=D l}

"CU= VwQixOQN OwU `@=D jr]t

H (�r) =

24 @2�r
@p2

@2�r
@p@a

@2�r
@a@p

@2�r
@a2

35 =

24 k2
m2 � � kr2
kr2 �1

35 (63)

det 1 = k2
m

2 � � < 0! 2� > k2
m (64)

det 2 =
4� � �2k2

m + k2
r
�

4 > 0
! 4� > 2k2

m + k2
r# (65)

5 CUw}B
x@ C@Uv xQ}HvR pm OwU `@=D R= 'xv=Q=mty |R=@ pO=aD |x]kv uOQw;CUOx@ |=Q@
jDWt x=oDUO xm OwW|t xO=O Q=Qk QiY |w=Ut w xDiQo jDWt Vt}tYD Q}eDt xU

"O};|t CUOx@ 68 w '67 '66 \@=wQ CQwYx@
@�m+r

@p
= D + �(c� p) + �(hmQ2f + Sm + Sr

Q
) = 0 (66)

@�m+r

@a
=� a+ kr(2cfQ+ hmQ2)

2fQ + kr (�pQ+ Sm + Sr)
Q

= 0 (67)

@�m+r

@A
= 1

2 (�2A+ km(�2c+ 2p� hmQ
f

))� km(Sm + Sr)
Q

= 0 (68)

x1 =
�
k2
m + k2

r � 3�
�

(49)

x2 = (c� � �) (50)

p� =hmk2
mQ2 + cfQ(x1 + 2�)

fx1Q

+ 2f(k2
mSm + kr2Sr � �Q� Sr�)

fx1Q
(51)

a� = 2fkr(k2
m (Sm � Sr) + x2Q+ 2Sr�)

2fx1Q
+ krhmk2

mQ2

2fx1Q
(52)

A� =� kmhmQ2(k2
r � 3�)

2fx1Q

� km(k2
r (Sm � Sr)� x2Q� 3Sm� + Sr�)

x1Q
# (53)

2 CUw}B
x@ C@Uv xOvvmO}rwD OwU `@=D swO x@DQt jDWt |=Q@ xOt;CUOx@ Q=Okt x@ xHwD =@
'u}=Q@=v@ "CU= |ivt u}at xOvvmO}rwD u}Uy T} QD=t '54 |x]@=Q QO |rt C=e}r@D
jr]t |xv}W}@ xOt;CUOx@ |v=QL@ |x]kv w Qakt `@=D l} xOvvmO}rwD OwU `@=D

"CU=

H (�m) =
�
@2�m
@A2

�
= [�1] (54)

2� �ZQi x@ xHwD=@ "CU= VwQixOQN OwU `@=D u}Uy T} QD=t 'Q} R T} QD=t
C@Ft w |ivt ?}DQDx@ 'u; swO w pw= |=yu=v}tQDOQ} R Ctqa 'k2

m � k2
r > 0

|xv}W}@ xOt;CUOx@ |v=QL@ |x]kv w Qakt `@=D l} VwQixOQN OwU `@=D w CU=
"CU= jr]t

H (�r) =

24 @2�r
@p2

@2�r
@p@a

@2�r
@a@p

@2�r
@a2

35 =

"�� kr2
kr2 �1

#
(55)

det 1 = �� < 0 (56)

det 2 = 4� � k2
r > 0# (57)

3 CUw}B
Vv pO=aD R= xOt;CUOx@ xOvvmO}rwD OwU `@=D |=yQ}eDt |xv}y@ Q}O=kt |Q=Po}=H =@

%O};|t QO Q} R pmW x@ `@=D u}= 'VwQixOQN OwU `@=D QO

�r(p; a) =1
2 (�a2 � hrQ+ (p� c)
� (kra+ 1

2k
2
m(p� c� hmQ

f
� 2Sm

Q
) + �� �p)

� 2Sr(kra+ 1
2k

2
m(p�c� hmQ

f � 2Sm
Q )+ ���p)

Q
)

(58)
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"CU= `@=D jr]t |xv}W}@ |x]kv xOt;CUOx@

H (�m+r) =

2664�1 km 0
km �2� kr
0 kr �1

3775 (73)

det 1 = �1 < 0 (74)

det 2 = 2� � k2
m > 0! 2� > k2

m (75)

det 3 = k2
m + k2

r � 2� < 0
! 2� > k2

m + k2
r# (76)

CUOx@ =yQ}eDt |xv}y@ Q}O=kt =D OwW|t pL pwyHt xU xrO=at xU x=oDUO u}=
%Ov};|t CUOx@ Q} R CQwYx@ =yQ}eDt |xv}y@ Q}O=kt "Ov};

x4 = k2
m + k2

r � 2� (69)

p� = (x4 + �)(2f(Sm + Sr) + 2cfQ+ hmQ2)
2fx4Q

� �
x4

(70)

a� = kr (��Q+ (cQ+ Sm + Sr)�)
x4Q

+ hmkr�Q
2fx4

(71)

A� = km(��Q+ (cQ+ Sm + Sr)�)
x4Q

+ hmkm�Q
2fx4

# (72)

6 CUw}B
Ctqa x@ xHwD =@ "CU= Q} R CQwYx@ xQ}HvR pm OwU `@=D u}Uy T} QD=t
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|v=QL@ |x]kv w Qakt `@=D l} 'xQ}HvR pm OwU `@=D 'T} QD=t u}= |=yu=v}tQDOQ} R




