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AikVikk = mkAkk k = 1; 2; :::; N � (14)

NX
j=1

AjkVkjk = mkAkk k = 1; 2; :::; N � (15)

Akk(uik � ujk + dijAikAjkVijk � (T )(1�AikAjkVijk)) � 0
For k = 1; 2; :::; N i; j 2 f1; 2; :::; Ngnfkg
and i 6= j � (16)

(uik +
NX
j=1

dijAikAjkVijk) � T k = 1; 2; :::; N

i 2 f1; 2; :::; Ngnfkg � (17)

Akk(dkiAikVkik + ukk) � uik k = 1; 2; :::; N
i 2 f1; 2; :::; Ngnfkg � (18)

ukk = 0 k = 1; 2; :::; N (19)

Vkkk = 0 k = 1; 2; :::; N (20)

Xi;j;k;l 2 f0; 1g i; j; k; l = 1; 2; :::; N (21)

Vi;j;k 2 f0; 1g i; j; k = 1; 2; :::; N (22)

Ai;k 2 f0; 1g i; k = 1; 2; :::; N (23)

ui;k � 0 i; k = 1; 2; :::; N (24)

mk 2 Z+ k = 1; 2; :::; N (25)
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"OwW xv}tm O}=@ w CU= R=}v OQwt X=NQwLt l} x@
'Ov=|v=DU= RmQt xm CU= |}=yQyW pm O=OaD N pOt u}= QO xm OwW|t Qw;O=}
O=OaD Wij 'j QyW w i QyW u}@ |xrY=i dij 'xOWQwLt |v=DU= Rm =Qt O=OaD P
l} xm |Q}Ut pw] QFm =OL T 'j QyW x@ i QyW R= �=[=kD� |r=UQ= |=yxDU@ pm
pkv w ptL |=yxv} Ry |=Q@ |Wy=m ?} Q[ � 'Ovm |] Ov=wD|t x}rkv |xr}Uw
X}YND i xQo w k QwLt xQo u}@ u=v}t]= C}r@=k u=R}t Rik 'QwLt k x@ QwLt

"CU= nQR@ OOa l} M w 'u; x@ xOW xO=O
|xOv}=tv Xijkl R= Ov=CQ=@a |Q}os}tYD |=yQ}eDt q=@ pOt QO 'u}vJty
&OwW|t ptL l QwLt w k QwLt j} Q] R= j QyW x@ i QyW R= xm |v=} QH R= |WN@
w 1 OwW xO=O Q=Qk k QyW QO QwLt l} Qo = xm CQwYu}O@ '1 w QiY Q}eDt Hk
x}rkv |xr}Uw l} Qo = xm OyO|t u=Wv Vijk &OW Oy=wN QiY CQwY u}= Q}e QO
Oy=wN QiY CQwY u}= Q}e QO w 1 Q=Okt OwQ@ j QyW x@ i QyW R= k QwLt x@ \w@ Qt
O@=} X}YND k |QwLt QyW x@ i |QwLt Q}e QyW Qo = xm OyO|t u=Wv Aik &OW
|}x}rkv p}=Uw O=OaD R= CU= CQ=@a mk 'OW Oy=wN QiY CQwY u}= Q}e QO w 1
Q}Ut pw] C} Q}Ot |=Q@ CU= |mtm |Q}eDt uik 'Ovm|t C}r=ai k QwLt |=Q@ xm
|@UJQ@ Ovv=ty `k=w QO w Ovm|t Qw@a k QwLt j} Q] R= w i QyW R= xm x}rkv |xr}Uw

"OyO|t u=Wv =Q x]kv u; =D xOW |] Ci=Ut 'x]kv Qy QO xm CU=

'Qo}O hQ] R= "OvwW =Hx@=H =yQwLt u}@ u=tR u} QDsm QO =yxDU@ xm |Qw]x@ Ovm
|=Q@ xOaw uO=O u=mt= CU= C@=F w u}at =t |wkrL |=yQ}Ut pw] xm u}= Q]=Nx@
uDiQo Q_v QO w xrY=i Qy =@ xm =QJ "OwW|t QD|OH QDy@ |Ov@u=tR =} p} wLD u=tR
|v}@V}B p=UQ= u=tR OQwtQO s}v=wD|t Ca=U QO QDtwr}m 90 =} 80 CaQU ,qFt
?r=k QO =Q p} wLD u=tR 'OwN |[=} Q pOt |=yC} wOLt QO =t `k=w QO "s}W=@ xDW=O
|wkrL |=yQ}Ut u=ty =} C@=F |=yQwD |}=U=vW ?Hwt =D s}vm|t OQ=w xrY=i
|x@U=Lt =D CU= Ca=U |=yx@ Qka CyH QO =t pOt QO =yQ}Ut VWwB "OwW
RmQt QwLt P pOt QO 'u}vJty "OwW umtt |@=} Q}Ut R= Oa@ =yQyW u}@ pY=wi
i QyW wO u}@ |r=UQ= |=yxDU@ sHL QwDm =i wO T=U=Q@ u=v}t]= C}r@=k Q=Okt =t
K} QWD x@ lv}= "OwW|t u}}aD j w i |=yQyW CiH u}@ |xrY=i w (Wij) 'j w

"s} R=OQB|t Q_v OQwt |[=} Q pOt

|[=} Q pOt "1"2
=@ xm OQ=O xiOyxU |Q=DN=U =t O}OH |[=} Q pOt 's}OQm KQ]t QDV}B xm u=vJ
=t "CU= xOW xDN=U [14]Vv=Q=mty w |vUL pOt w [8]Qv}DU pOt R= |Q}oxQy@
w |vUL |=Q@ O O=tv w Qv}DU |=Q@ � O=tv R= 'l} Qy Q}F-=D j}kO |}=U=vW |=Q@

%s}=xOQm xO=iDU= Vv=Q=mty

Max Z O (1)
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k=1
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NX
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Max
NX
k=1

mkAkk � (3)

Subject to :

Z � Xijkl(RikR1��
kl Rlj) + (1�Xijkl)�M

i; j; k; l = 1; 2; :::; N O (4)

Aik � Akk i; k = 1; 2; :::; N O (5)
NX
k=1

Aik = 1 i = 1; 2; :::; N O (6)

NX
k=1

Akk =P O (7)

NX
l=1

Xijkl = Aik i; j; k = 1; 2; :::; N O (8)

NX
k=1

Xijkl = Alj i; j; l = 1; 2; :::; N O (9)

Xijkl � Aik i; j; k; l = 1; 2; :::; N � (10)

Xijkl � Ajl i; j; k; l = 1; 2; :::; N � (11)
NX
i=1

AikAjkVijk = Akk j; k = 1; 2; :::; N � (12)

NX
j=1

AikAjkVijk = Akk i; k = 1; 2; :::; N � (13)
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R= =t [24]"CU= xOW xDiQo Q_v QO 1390 |Q=t; |=yxO=O T=U=Q@ |D}atH C=aq]=
xO=iDU= =yQyW u}@ |r=UQ= |=yxDU@ u=R}t =} =[=kD u}tND |=Q@ |D}atH C=aq]=
&s}=xDiQo Q_v QO u=DU= RmQt QO =Q u=DU= |DUB |=y=[=kD `}tHD `k=w QO "s}=xOQm
xm u}= x@ xHwD =@ lv}= "OvQ=O |DUB |xrO=@t sy =@ =yu=DU= Rm =Qt u}= \ki |} wo
|=QH= |=Q@ CU= sRq CU= u=v}t]= C}r@=k Q=}at =@ RmQt P =t |@=}u=mt pOt
u}}aD =Q =yQwLt O=OaD w |Wy=m ?} Q[ '=yQyW u}@ u=v}t]= C}r@=k u=R}t pOt
|=yxDU@ sHL w xrY=i R= xO=iDU= =@ =yQyW CiH u}@ u=v}t]= C}r@=k u=R}t "s}vm
|=yxDU@ sHL s}Dio QDV}B xm u=vJ [25]"OwW|t x@U=Lt =yQyW u}@ |r=UQ=|DUB
Q=Okt "CU= xOW xOR ?} QkD |D}atH |=yxO=O R= xO=iDU= =@ =yQyW u}@ |DUB
pkvwptL |=yxv} Ry Vy=m uDiQo Q_v QO Qw_vtx@ hOy `@=D QO |Wy=m ?} Q[
"OwQ|t Q=m x@ =yQ}Ut u}= QO |O=YDk= |=}=Rt R= xO=iDU= ZQi =@ =yQwLt u}@
[25]"s}=xDiQo Q_v QO 0 8 =@ Q@=Q@ |aw[wt C=}@O= x@ xHwD =@ =Q |Wy=m ?} Q[
QO u; |U=U= Vkv p}rOx@ xm CU=t |Oa@ R=}v OQwt QDt=Q=B �=yQwLt O=OaD u}}aD�
=Pr "OQ=O |O=} R C}ty= u; K}LY ?} QkD '|DUB |=yxDU@ p=UQ= u=tR w =yxv} Ry
=D s}OQm =QH= =]Nw |aU |awv =@ `k=w QO w 'hrDNt |=yQwLt O=OaD =@ =Q OwN pOt
|xm@W |=Q@ =yQwLt O=OaD xm O=O u=Wv C=@U=Lt "s} Qw; CUO x@ =Q QDQ@ |xH}Dv

"CU= 4 Q@=Q@ u=Q}= |DUB
|=Q@ K}LY OOa |R} Qxt=vQ@ pOt l} xm =Q pBtm pOt CU= sRq uwvm =
w |QwLt \=kv =D s}vm =QH= =yu=DU= Rm =Qt |=Q@ 'CU= xv=}t QwLt P |xr�Ut
xm CU= |k}kO pL uDiQo Q]=Nx@ `k=wQO u}= [25]"O}; CUO x@ u=W}=yX}YND
|WWwB |xrY=i xv}W}@ u}vJty =t "s} Q=O R=}v OwN O}OH OQm} wQ |@=} RQ= |=Q@
s=o wO pt=W u}mU=O VwQ "s} Qw;|t CUO x@ [22]u}mU=O VwQ R= xO=iDU= =@ =Q
s=N |WWwB |xrY=i xv}W}@ u=wva CLD |Q=Okt u}mU=O pOt |=QH= =@ "1 %CU=

"�xOW |@=} Q}Ut� |wkrL |=yQiU p@=kt QO s}kDUt |=yQiU |xU}=kt "2 pmW

"V}wkrL |=yQ}Ut w QwLt wO =@ |r=Ft "3 pmW
"3 pmW QO xOW x@U=Lt Q=QmD T} QD=t "1 pwOH

�Q=QmD T} QD=t� xOW |@=} Q}Ut jkLt pY=wi OYkt -=O@t
dab + dbc c a

dcd + ddG + dGa a c

dkl + dlH + �dHG + dGa a k

i QyW u}@ |xrY=i x=ov; "OQ=O jraD QwLt s=Om x@ QyW Qy s}v=O@ CU= sRq s}vm
=t xm 'OwW|t xDN=vW QyW wO u}= u}@ xOW |@=} Q}Ut pY=wi j} Q] R= j QyW w
u=R}t CU= sRq Oa@ s=o QO "s} Qw;|t CUO x@ Q=QmD T} QD=t R= xO=iDU= =@ =Q =yv;
?=wH =D s}vm =QH= =Q RmQt QwLt P pOt xQ=@ wO w s}vm x@U=Lt =Q u=v}t]= C}r@=k
|=y|@=} Q}Ut =yQwLt |=Q@ xQ=@ wO 'O}OH ?=wH u}= =@ "s} Qw; CUO x@ |O}OH
Qy QO "s}vm|t u}}aD QwLt w Q=QmD |=yT} QD=t ,=OOHt w s}yO|t s=Hv= =Q u=WOwN
|Ov}=Qi u}vJ "s}=xOQm O}rwD =Q x]w@ Qt |wkrL |=yQ}Ut w |QwLt |=yQyW 'Q=QmD
'Qo}O u=}@ x@ "O}; CUO x@ |@ wN |}=Qoty =D O@=}|t xt=O= xOvwWQ=QmD CQwYx@
=t pL OQm} wQ O=O CUO x@ =Q |v=Um} QwLt |Ov@ Qm}B ,=k}kO |r=wDt Q=QmD wO |Dkw
VNS sD} Qwor= =@ |@=}u=mt 'QwO Qy QO xm O} Q=O xHwD "CU= xO}UQ OwN u=}=B x@
wHwCUH sD} Qwor= \UwD |irDNt |=yX}YND w =yQ=DN=U |va} 'OQ}o|t s=Hv=
|OwQw |}xH}Dv u}vJ "O};CUO x@ QDq=@ u=v}t]=C}r@=k =@ |}xH}Dv =D OwW|t O}rwD
"Ovm |}=U=vW QwLt Qy |=Q@ =Q QDy@ |=yQ}Ut =D OW Oy=wN SA |@=} Q}Ut sD} Qwor=
u}@ |@=}CyH '=yQyW C=YDNt R= xO=iDU= =@ =t O}OH OQm} wQ ?}DQDu}O@
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=vY

|U
Ovyt "Q=QmD xrLQt xU QO VNS-SA sD} Qwor= G}=Dv "3 pwOH

Z3 Z2 Z1 QwLt Q=DN=U Q=QmD
=yQ}Ut = 6

13364 0 934 OyWt 'GQm 'u=QyD 'u=yiY= pw=|O=yvW}B = 6
pm = 12

=yQ}Ut = 6
11484 0 976 OyWt 'R=Q}W 'u=QyD 'u=yiY= swO|O=yvW}B = 6

pm = 12

=yQ}Ut = 6
11484 0 976 OyWt 'R=Q}W 'u=QyD 'u=yiY= swU|O=yvW}B = 6

pm = 12

C}=Q � lQqm sD} Qwor= R= xO=iDU= =@ QwLt Qy QO x}rkv p}=Uw O=OaD u}tND "4 pwOH
"Q=QmD xrLQt xU QO

xOW ?=NDv= |=yQwLt Q=QmD
u=yiY= u=QyD GQm OyWt pw=2 1 2 1
u=yiY= u=QyD R=Q}W OyWt swO1 1 2 2
u=yiY= u=QyD R=Q}W OyWt swU1 1 2 2

CUO QO Qw_vtx@ VRP pOt |=QH= R= p@k =t 3 pwOH QO xm O} Q=O xHwD
xm C}=Q � lQqm sD} Qwor= R= x}rkv p}=Uw O=OaD |=Q@ |@U=vt |x}rw= O=OaD uDW=O
u}= "s}=xOQm |R=UxO=}B pUm = Q=Ri=sQv R= xO=iDU= =@ w xO=iDU= CU= |Q=mD@==Qi |WwQ
Qw_vt "s}OQm `tH |O=yvW}B Q=Okt =@ =Q u; w s}DiQo Q_v QO =yQ}Ut u=wvax@ =Q O=OaD
Q_v QO QDW}@ x}rkv |xr}Uw l} Q}Ut Qy |=R=x@ Qo = xm CU= u}= |O=yvW}B Q=Okt R=
CU= xO}UQ OwN x=Q xt}v x@ xOW p=UQ= |rY= |x}rkv |xr}Uw xm |v=tR 's} Q}o@
Vy=m hYv x@ =Q u=tR ?}DQD u}= x@ =D s}vm p=UQ= =Q |Oa@ x}rkv |xr}Uw s}v=wD|t
xOy=Wt 5 pwOH QO xm u=vJ 'R=Q}W xv=o21 |=yQ}Ut R= |m} |=Q@ ,qFt "s}yO
Ov=wD@ x}rkv |xr}Uw l} Qo = w s} Q=O 2462 =@ Q@=Q@ xOW |] Ci=Ut Q=Okt OwW|t
,=@} QkD =Q Q}Ut u}= Ovm |] Ca=U QO QDtwr}m 80 ,=@} QkD CaQU =@ =Q Ci=Ut u}=
u}vJty w |Q}oQ=@ w x}rND |=Q@ sRq u=tR uDiQo Q_v QO uwO@ xD@r= Ca=U 30 QO
xm |v=tR QO Qo}O |x}rkv |xr}Uw l} R= xO=iDU= u}=Q@=v@ "OQm Oy=wN |] CL=QDU=
|=yCi=} QO w =yp=UQ= QO =Q =t Ov=wD|t OW |] x}rw= |xr}Uw Q}Ut hYv ,=@} QkD
OOQoR=@ x}rw= |x]kv x@ pw= |x}rkv |xr}Uw ,=tDL CU}v sRq xm =QJ 'Ovm ltm |Oa@

"OwW R=e; Ov}=Qi ,=OOHt w
|] |=yQ}Ut ẁtHt `tH pY=L xm xOW |] Ci=Ut Q=Okt 'Q]=N u}tyx@
Q=QmD x@ C@Uv xm CU= 11484 =@ Q@=Q@ QN; Q=QmD QO CU= 3 pwOH =@ j@=]t xOW
OYQO 14 07 pw= Q=QmD x@ C@Uv ?}DQDu}O@ w xOW QDsm Ow@ 13364 =@ Q@=Q@ xm pw=

"CU= xDi=} Ow@y@

Q=QmD QO C}=Q � lQqm R= xO=iDU= =@ QwLt Qy QO x}rkv p}=Uw O=OaD u}tND "2 pwOH
"pw=

�4� u=yiY= �12� u=QyD �24� GQm �28� OyWt �QyW xQ=tW� QwLt QyW
2 1 2 1 x}rkv p}=Uw O=OaD

|}=H =D OwW|t QDnQR@ wrH x@ s=o l} R= xO=iDU= =@ Q=Okt u}= "2 &OwW|t pY=L
|xrY=i xv}W}@ '=t C=@U=Lt =@ "OUQ@ |vOW ?=wH l} x@ =t |@=}u=mt pOt xm
1400 u}mU=O VwQ R= xO=iDU= =@ u=Q}= |DUB |xv=t=U |=Q@ xOt; CUO x@ |WWwB
Ov=wD|t x}rkv |xr}Uw l} xm |Di=Ut QFm =OL '?=UL u}= =@ [25]"OwW|t QDtwr}m
xkrL |] QO CWoQ@ l} w CiQ l} xm =QJ CU= QDtwr}m 2800 Q@=Q@ Ovm |]

"OQ=O

OQm}wQ |=QH= G}=Dv "1"4
xO=iDU= =yQwLt |@=}u=mt |=Q@ VNS sD} Qwor= l} R= =t 'OW u=}@ ,q@k xm u=vJ
OyWt w GQm 'u=QyD 'u=yiY= |=yQyW Q=QmD u}rw= QO =} pw= |=QH= QO "s}vm|t
u}= x@ \w@ Qt |=yX}YND 'u; Q@ xwqa "OvOW ?=NDv= |QwLt |=yQyW u=wvax@
'|@=} Q}Ut |xrLQt OQ=w TBU "OvOW XNWt sy =yv; |Q=tk= |=yQyW =} =yQwLt
=@ =OD@= 'xrLQt u}= QO "s} wW|t CU=t Q}PB Q=QmD OQm} wQ swO |xrLQt `k=w QO xm
R= pY=L G}=Dv xm s}vR|t u}tND =Q x}rkv p}=Uw O=OaD [21]C}=Q � lQqm sD} Qwor=
28 w 24 '12 '4 O=Oa= pwOH u}= QO "s}=xOQw; 2 pwOH QO =Q pw= Q=QmD QO u;
w 2 '1 '2 ?}DQDx@ xm OvDUy OyWt w GQm 'u=QyD 'u=yiY= |=yQyW xQ=tW ?}DQDx@
=yQwLt u}= R= l} Qy |=Q@ x}rkv |xr}Uw O=OaD u}= =t= "OvQ=O R=}v x}rkv |xr}Uw 1
Q[=L p=L QO xJQo = 'OR=Ov=}@ Q]N x@ =Q VRP pOt uOw@ |vOW CU= umtt

"CU= xOWv Qw]u}=
swU |xrLQt OQ=w sD} Qwor= 'OW u}}aD =yQwLt R=l} Qy |=yQ}Ut xm u; R=TB
|ak=w |=yxrY=i xrLQt u}= QO "OwW|t �� |Q}PB Q=QmD Ov}=Qi QO uDiQo Q=Qk u=ty ��
xmr@ OvDU}v =yQyW u}= u}@ s}kDUt |xrY=i Qo}O xm 'OYkt w -=O@t |=yQyW CiH
w Q=QmD |=yT} QD=t "OwW|t x@U=Lt 'OvDUy =yQyW u}@ xOW |@=} Q}Ut pY=wi
C=@U=Lt QO =yT} QD=t u}= "OwW|t xDiQo Q=m x@ C=@U=Lt QO w 'O}rwD xQ=@ wO QwLt
OvQ=Po|t Q}F-=D |QwLt |=yQyW ?}mQD |wQ xH}Dv QO w u=v}t]= C}r@=k u=R}t O}OH
|wQ =Q Q}PB Q=QmD Ov}=Qi u}= "OvQw; OwHw x@ |Q=O}=B w Q=oR=U |Ov@xQm}B xm |Qw]x@
Q=QmD QO� CaQUx@ xv=DN@WwN xm s}OQm xOy=Wt w s}OQm =QH= u=Q}= |DUB |xv=t=U
"�3 pwOH� OQm |}=U=vW =Q |Q=O}=B |Ov@xQm}B |va} O}UQ =t x=wNrO xH}Dv x@ �swU
|[=} Q pOt j@=]t =t |xv=oxU h=Oy= Q}O=kt Qou=Wv 3 pwOH QO Z3 w Z2 'Z1
OQwtQOC}=Q � lQqm sD} Qwor= |=QH= G}=Dv u}vJty "CU= "1"2VN@ QO xOW x�=Q=

"O}v}@@ 4 pwOH QO Q=QmD xU QO =Q R=}v OQwt |x}rkv p�=Uw O=OaD
|Q=DN=U x@ swU Q=QmD QO sD} Qwor= u}= OwW|t xOy=Wt 3 pwOH QO xm u=vJ
O}vm|t xOy=Wt "s}vm|t hkwDt =Q sD} Qwor= u}=Q@=v@ w OUQ|t p@k Q=QmD =@ x@=Wt
Q=QmD QO (Z1) u=v}t]= C}r@=k u=R}t u}vJty "CU= xDiQo R=Q}W =Q GQm |=H xm
|QDu=v}t]= p@=k Q=DN=U x@ uO}UQ xv=Wv xm xOW QDW}@ pw= Q=QmD x@ C@Uv swU
|k]vt xOt; CUO x@ |=y?=wH xm O}; Q_v x@ u}vJ Qy=_ QO CU= umtt "CU=
O}=@ =t= #OvQ=O R=}v x}rkv |xr}Uw u=QyD Q@=Q@ wO R=Q}W w OyWt ,qFt xm =QJ OvDU}v
OQwt x}rkv p}=Uw O=OaD |x@U=Lt QO =Q pY=wi sy w C}atH sy =t xm OQm xHwD

"OW Ovy=wN |k]vt G}=Dv CQwY u}= QO w s}=xO=O Q=Qk xHwD

9



"""p
�=Ut

pL
w|

R=Up
OtQ

OO}
OH

|O
Qm}w

Q

sD} Qwor= ltm =@ |QwLt |=yQyW x@ \w@ Qt |wkrL |=yQ}Ut |}=U=vW "5 pmW
"swU Q=QmD QO �SA�

j}kO pL l} R= xOt; CUO x@ G}=Dv =@ =Q Q}PB Q=QmD VNS-SA |Q=mD@==Qi pL
xQtR QO ,=twta |@=} Q}Ut � QwLt |@=}u=mt p�=Ut xm O} Q=O xHwD "s}vm|t xU}=kt
|=ysD} Qwor= R= OwN O}OH OQm} wQ QO =t Q]=N u}tyx@ w OvDUy NP-hard p�=Ut
=t= "s}yO u=Wv =Q p�=Ut u}= pL C}iQ_ =D s}OQm xO=iDU= |Q=mD@==Qi � |Q=mD@=
pL =@ CU= K}LY OOa |R} Qxt=vQ@ xm =Q OwN |[=} Q pOt s}v=wD|t =Hv}= QO
s}v=wD|t =t w xOWv nQR@ =t |DUB |xr�Ut |xR=Ov= xm =QJ s} Qw; CUO x@ j}kO
|=yQ=QmD QO xm u}= |=Q@ xrLQt u}= QO '?=UL u}= =@ "s}W=@ xDW=O sy =Q j}kO pL
'OwWv pY=L |Dw=iDt QwLt Q=DN=U j}kO pL l} |Q}oQ=mx@ =@ Q}PB Q=QmD Ov}=Qi
u}vJty "s} Qw; CUO x@ |QwLt \=kv p}tLD =@ =Q |@=}u=mt pOt s}DiQo s}tYD
s}vm|t xO=iDU= p@k G}=Dv x@ \w@ Qt |=yX}YND R= R}v |@=} Q}Ut |xrLQt |=Q@
R= j}kO pL |=QH= |=Q@ "s}vm|t =QH= =Q VRP pOt j}kO pL l} =@ TBU w
QO xOW x�=Q= |[=} Q pOt xm CW=O xHwD O}=@ "s}vm|t xO=iDU= CPLEX Q=Ri=sQv
j}kLD |xt=O= |=Q@ u; wDQ=B |ov}y@ p}rLD xm CU= xiOyxU pOt l} "1"2 VN@
hOy wO Q}PB Q=QmD Ov}=Qi R= pw= |xrLQt QO =Hv}= QO =t= 'CU= xOW xDiQo Q_v QO
C}OwOLt CQwYx@ pw= hOy "OwW|t p=ai 3 hOy swO |xrLQt QO w 2 w 1
R= 'xrY=L G}=Dv |xU}=kt Qw_vtx@ "Ovm|t pta hOy `@=D CQwYx@ swO hOy w

%s}vm|t xO=iDU= �RPD� |@Uv h=QLv= OYQO
RPD = Exact Solution�VNS Solution

Exact Solution
� 100 (26)

=yu; u}ov=}t w xOQm =QH= Q=@ 10 |@=}u=mt pOt |=Q@ =Q VNS sD} Qwor= Qw_vtu}O@
"CU= xOW x�=Q= xU}=kt u}= G}=Dv 6 pwOH QO "s} Q}o|t Q_v QO =Q

|@ wN |=y?=wH Q}PB Q=QmD Ov}=Qi QO VNS xm OyO|t u=Wv RPD G}=Dv
|xrLQt |=Q@ =Q j}kO pL G}=Dv s}y=wN|t =t '?}DQD u}tyx@ "CU= xOQm O}rwD
xOW x�=Q= |}xU}=kt u}vJ |=QH= G}=Dv 7 pwOH QO "s} Qw; CUO x@ R}v |@=} Q}Ut

"CU=
QO |O=yvW}B |=yQ=Okt uOQmxi=[= uwO@ x}rkv p}=Uw O=OaD R= pY=L G}=Dv
C}=Q � lQqm sD} Qwor= |=QH= R= TB 'j}kO pL |=QH= |=Q@ "CU= xOW xDiQo Q_v
u; uOw@v =} uOw@ |vOW x@ xHwD =@ w s}vm =QH= j}kO pL =@ =Q VRP pOt Ow@ sRq

"s} Q}o@ s}tYD x}rkv p}=Uw O=OaD V}=Ri= =} Vy=m OQwtQO

"swU Q=QmDQO =yQ}Ut G}=Dv "5 pwOH
xDi=} X}YND |=yQ}Ut xOW |] Q}Ut pw] QwLt�=yQyW xQ=tW� �QDtwr}m �

4'31'1'29'19'26'6' 2695 u=yiY=13'20'4
12'23'24'22'16'3'11' 2298 u=QyD2'14'12

21'25'15'9'21 2462 R=Q}W21'10'5'30'21 1396
28'7'27'17'18'28 1671 OyWt28'8'28 962

sD} Qwor= ltm =@ u=Q}= |DUB |xv=t=U QO |QwLt |=yQyW |}=U=vW "4 pmW
"swU Q=QmD QO �VNS�

=Q Q}PB Q=QmD sD} Qwor= QN; Q=QmD QO |@=}u=mt Rvw= pY=L G}=Dv 4 pmW QO
u=Wv =Q |QwLt |v=DU= Rm =Qt =yxQ}=O pmW u}= QO "s}=xO=O u=Wv u=Q}= |xWkv |wQ
=yQwLt R= l} Qy x@ \w@ Qt |=yX}YND =yQwLt u}= x@ pYDt \w]N w OvyO|t
QyW 5 OwW|t xOy=Wt "CU= u=Q}= |DUB O}OH |xv=t=U QO |Q=tk= |=yQyW =}
x@ R}v QyW 8 w 'u=yiY= QwLt x@ QyW 8 'R=Q}W QwLt x@ QyW 6 'OyWt QwLt x@
|@=} Q}Ut R= pY=L G}=Dv R}v 5 pmW QO "CU= xOQm =O}B X}YND u=QyD QwLt
CU= xOW xO=O u=Wv u=Q}= xWkv |wQ Q}PB Q=QmD sD} Qwor= QN; Q=QmD QO QwLt Qy |=Q@
"CU= xOW xO=O V}=tv R}v =yQwLt R= l} Qy |=Q@ xOW |@=} Q}Ut \w]N u; QO xm
OwW|t xOy=Wt "CU= QwLt |=yQyW u}@ Cq=YD= |xOv}=tv R}v QDnvQQB \w]N
w OyWt |=yQwLt w |wkrL Q}Ut l} |=Q=O s=OmQy u=QyD w u=yiY= |=yQwLt xm

"OvDUy |wkrL Q}Ut wO |=Q=O s=Om Qy R=Q}W

|O=yvW}B OQm}wQ OQmrta |@=} RQ= "2"4
sRq 'u; OQmQ=m C=@F= w u=Q}= |DUB |xv=t=U |wQ O}OH OQm} wQ |=QH= x@ xHwD=@lv}=
sD} Qwor= OQmrta Q=m u}= s=Hv= |=Q@ "s}vm |@=} RQ= =Q xOW O}rwD G}=Dv C}i}m CU=
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Ovyt p}=Uw O=OaD uOw@ QDsm j}kO VwQ QO OwW|t xOy=Wt 7 pwOH QO xm Qw]v=ty

"CU= |k]vt SA VwQ x@ C@Uv 'swU w swO Q=QmD QO =yQwLt |NQ@ QO x}rkv
|O} Q@D |R=Ux}@W VwQ QO xm CU= OyWt QwLt x@ \w@ Qt xOW O=H}= hqDN=
Q}Ut l} |=Q=O j}kO VwQ QO =t= CU= x}rkv |xr}Uw wO =} Q}Ut wO |=Q=O �SA�
ẁtHt 7 pwOH QO u}vJty "CU= pw@k p@=k hqDN= u=R}t u}= xD@r= xm 'CU=

O=OaD uOw@ sm p}rOx@ xm CU= xOW xO=O u=Wv QwLt Qy |=Q@ xOW |] |=yQ}Ut
l} x@ j}kO w SA |=yVwQ G}=Dv =yQwLt R= |NQ@ QO ,=@} QkD QwLt Qy |=Q@ =yxQo
QwLt |=Q@ xOW |] Q}Ut ẁtHt QN; Q=QmD QO ,qFt =t= "CU= xOW pY=L u=R}t
xDW=Po Q}F-=D R}v Z2 =} xOW |] |=yQ}Ut pm ẁtHt QO xm CU= xOQm Q}}eD OyWt
OYQO |=Q=O Z2 |=Q@ VwQ wO u}@ hqDN= u=R}t j}kO w SA |=yVwQ QO "CU=

"CU= OYQO 5 57 |@Uv h=QLv=
|xOvyOu=Wv|@=} Q}Ut|xrLQt|=Q@ sy w|@=}u=mt |xrLQt |=Q@ sy q=@G}=Dv
|=y|UQQ@ x@ R=}v Rwvy OQm} wQ u}= xJQo = "CU= |O=yvW}B OQm} wQ pw@k p@=kC}i}m
Ovv=t |a} RwD |=yxm@W QO xm OyO|t u=Wv =t |OQwt |xar=]t 'OQ=O |QD`t=H

[25]"CU= QDjiwt |Q=tk= � QwLt |=yQ=DN=U R= xO=iDU= |DUB |xm@W

|Q}oxH}Dv "5
|a} RwD |=yxv=t=U w =yxm@W R=}v x@ xHwD =@ w u=tR w xv} Ry QDy@ C} Q}Ot Qw_vtx@
|@=} Q}Ut � |@=}u=mt OQm} wQ j}kLD u}= QO '|QwLt Rm =Qt uDW=O x@ CUB Ovv=t
"CU= xv=Qw;wv pL w |R=UpOt Oa@ wO QO OQm} wQ u}= "s}OQm O=yvW}B =Q |O}OH
|Q=DN=U QO |@=} Q}Ut w |@=}u=mt |xr�Ut wO x@ NP-hard |xr�Utl}l}miD
s}OQm ?=NDv= =t xm |rL VwQ 'Qo}O |wU R= "Ow@ j}kLD u}= |Q_v |Qw;wv Q}PB Q=QmD
Ot=Q=m pL u=mt= C=}@}mQD s=O QO uOW Q=DiQo |=H x@ xm Ow@ Q}PB Q=QmD |Q=mD@==Qi
u=Wv u=Q}= |DUB |xv=t=U |wQ O}OH OQm} wQ u}= |=QH= "OQw; OwHw x@ =t |=Q@ =Q
QO =t |QwLt |=yu=mt Ovv=wD|t OyWt w R=Q}W 'u=QyD 'u=yiY= |=yQyW xm O=O
Q} R =Q Qo}O |v=DU= Rm =Qt R= |O=OaD s=Om Qy xm |Qw]x@ OvW=@ |DUB O}OH |xv=t=U
|xv=t=U |q=@ K]U u=ty xm O@=} VWwB =yu=DU= Rm =Qt xty =D OvQ}o@ OwN QDJ

"OW=@ =t |O=yvW}B |DUB
|=yu=mt?=NDv= uOQm|}=yv |=Q@ QDj}kO |=yxO=O |Q}oQ=mx@ 'j}kLD |xt=O= QO
'u}vJty "OwW pY=L |O=} R Q}}eD OwQ|tv Q=_Dv= xJQo = 'OwW|t O=yvW}B |QwLt
|=yxDU@|v=w=Qi w sHL x@ \w@ Qt |=yxO=O xm u}= x@ xHwD =@ =Q O}OH OQm} wQ u=wD|t
|=ypOt CQwYx@ OvQ=O �|R=i w |r=tDL=� j}kO Q}e |D}y=t =t xO=iDU= OQwt |DUB
=t |xiOyxU pOt p=t}DB=wDQ=B p}rLD 'Qo}O |wU R= "OQm |@=} RQ= |R=i w |r=tDL=
Q}PB Q=QmD ?wJQ=J QO u; |Q}oQ=mx@ xm OR=U|t uwtvyQ |QDy@ w QDj}kO G}=Dv x@ =Q

"Ow@ Oy=wN ?=PH

=@ Q=QmD xU QO j}kO sD} Qwor= w VNS sD} Qwor= |}=yv G}=Dv |xU}=kt "6 pwOH
"N = 31 w P = 4 Q}O=kt

hqDN= OYQO VNS ?=wH ?=wH Q=QmD
RPD =} �Z1 Q=Okt =}� j}kO

1 1 93 4 94 5 pw=
0 71 97 6 98 3 swO
0 71 97 6 98 3 swU

"Q=QmD Qy QO j}kO sD} Qwor= w SA sD} Qwor= |}=yv G}=Dv |xU}=kt "7 pwOH
j}kO pL SA =@ pL

=yX}YND =yQwLt xrLQtZ2 Z3 Z2 Z3

3893 2 4045 2
5'9'10'

u=yiY=

pw=

13'20'21'
30'31

2738 1 2738 1 1'6'7' u=QyD11'19

3513 2 3513 2
2'3'1416'

GQm17'18'22'
23'26'29

3068 1 3068 1 8'15'25' OyWt27

2695 1 2695 1
1'4'6'13'

u=yiY=

swO

19'20'26'

w

29

swU

2298 1 2298 3
2'3'11'4'

u=QyD15'22'23'
24

3858 2 3858 2 5'9'10'15' R=Q}W21'25'30

1993 1 2633 2 7'8'17' OyWt18'27
13212 6 13364 6 pw= Q=QmD ẁtHt10848 5 11484 6 swU w swO Q=QmD

=yCWwv=B
1. hub matrix
2. iteration matrix
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