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u}= QO "OwW|t xO=O X=YDN= xv} Ro l} x@ ,=k}kO x@DQ Qy w OwW|t Qw_vt =yQ=}at
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'OwW xO=O xv} Ro l} R= V}@ x@ Ov=wD@ x@DQ Qy xmv}= |=Q@ R}v w OwW xO=iDU= |Q}os}tYD
'XN=W Qy |=R= x@ u; QO xm CU= xOW O=yvW}B xiOyOvJ |]N |R} Qxt=vQ@ VwQ l}
|]N |R} Qxt=vQ@ pOt '=yXN=W |Ov@C} wrw= x@ xHwD =@ w OwW|t h} QaD hOy `@=D l}
l} x@ \ki x@DQ Qy X=YDN= C}OwOLt w OwW|t pL jr]t C} wrw= VwQ =@ xiOyOvJ
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|xU}=kt G}=Dv "CU}v |]N X}YND VwQ C=@U=Lt s=Hv= w =yXN=W uRw |xQ=@ wO
|Q}os}tYD |=yVwQ u} QDpw=ODt xm ;Qwt w Qwm} w 'T}UB=D |=yVwQ =@ |O=yvW}B pOt
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wj = 1

T=U= Q@ =yxv} Ro |xawtHt u}@ R= xv} Ro u} QDy@ ?=NDv= w |Ov@x@DQ 'xQ=}atOvJ
[3w2'1]"CU=yQ=}at s=tD ?UL Q@ xv} Ro Qy OQmrta

|awvDt w OOaDt |=yVwQ 'xQ=}atOvJ |Q}os}tYD p�=Ut p}rLD w x} RHD |=Q@
|xrLQt xU Q@ ptDWt =y VwQ u}= |xty '=t= "Ov=xOW xDiQo Q=m x@ w xDi=} xaUwD

%OvDUy Q} R
&=yxv} Ro w =yQ=}at |xawtHt u}}aD "1

Qy ^=Lr R= =yxv} Ro R= l} Qy �R=}Dt=� OQmrta w =yQ=}at |=Q@ |OOa uRw u}}aD "2
&Q=}at

[4]"=yxv} Ro R= l} Qy |x@DQ u}}aD |=Q@ =yuRw w =yOQmrta |OOa Q}O=kt VR=OQB "3
u}= |Ov@xDUO xm |wLv x@CU= xOW|iQat |O=} R Q=}U@ |=yVwQ '3 |xrLQt |=Q@
xv}tR u}= u=QoWywSB R= |Q=tW |xkqa OQwt |WywSB C=aw[wt xrtH R= =yVwQ
xQ=}atOvJ |Q}os}tYD hrDNt |=yVwQ |xU}=kt w QwQt |=Q@ "OwQ|t Q=tWx@

"OQm x_Lqt =Q [7w6'5]`@=vt u=wD|t
|=v@t Q@ xQ=}atOvJ |Q}os}tYD |xr�Ut |=yxv} Ro |]N X}YND VwQ QO

|xawtHtT=U= Q@ O}=@ xm OQ=O OwHw xv} Ro |O=OaD xQ=}atOvJ|Q}os}tYDp�=Ut QO
,qwtat xQ=}atOvJ |Q}os}tYD |xr�Ut "OvwW |Ov@x@DQ w |@=} RQ= |v}at |=yQ=}at
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|R=Uxv}y@ xrtH R= |Q=}U@ |=yxv}tR QO xiOyOvJ |]N |R} Qxt=vQ@ xRwQt=
sDU}U w x}rkv |xr}Uw |@=} Q}Ut '|SQv= |R=Uxv}y@ '|a}@] R=o u}t-=D |xQ}HvR
"OQm xOy=Wt [51�47]`@=vt QOu=wD|t =Q =yOQ@ Q=mu}= R=|NQ@ xm OwQ|t Q=m x@|Ov@xk@]
'|O=yvW}B VwQ swO VN@ 'xtOkt pw= VN@ pt=W VN@ 5 QO VywSB u}=
w |Q}oxH}Dv sHvB VN@ w |UQQ@ w EL@ sQ=yJ VN@ '|OOa p=Ft swU VN@

"CU= xOW s}_vD =yO=yvW}B

|]N X}YND pOt |iQat "1"1
|=v@t Q@ xQ=}atOvJ |Q}os}tYD |xr�Ut l} |=yxv} Ro |]N X}YND VwQ QO
Ov}=Qi l} =@ xv} Ro Qy |}=yv |x@DQ w OwW|t |Ov@x@DQ Q=}at Qy ^=Lr R= =yu; R=}Dt=
R= "O};|t CUO x@ 'OR=U|t Q}PBu=mt= =Q =yQ=}at pt=aD w ?}mQD xm |]N |v=Q@H
Ot |Q}os}tYD |=yQ=}at ^=Lr R= =yxv} Ro R= GwR Qy OQmrta Cw=iD \ki xm =Hv;
=yxO=O |R=Up=tQv R}v w |:tm x@ |i}m |=yxO=O p}O@D x@ |R=}v 'OQ}o|t Q=Qk Q_v

%CU= Q} R CQwY x@ |]N X}YND pOt sD} Qwor= [24]"CU}v
"=yQ=}at R= l} Qy uRw u}}aD w s}tYD T} QD=t p}mWD "1 s=o

"OwHwt XN=W n R= l} Qy ?UL Q@ xv} Ro Qy |x@DQ uOQmXNWt "2 s=o
QYva Qy xm |wLv x@ |ivtQ}e QY=va =@ �m�m `HQt T} QD=t p}mWD "3 s=o

"O};|t CUO x@ �2� |x]@=Q R= `HQt T} QD=t R=
nX
j=1

hkij :wj = �ik (2)

x=ov; OQ}o@ Q=Qk s=k |x@DQ QO s=j Q=}at ^=Lr R= xv} Ro u}t=i Qo = �2� |x]@=Q QO
�m�m `HQt T} QD=t R= �ij QYva "hkij = 0 CQwY u}= Q}e QO w hkij = 1
s=k |}=yv |x@DQ x@ X}YND |=Q@ Ai |xv} Ro |oDU}=W =} VRQ= |xOvyOu=Wv
pm xm OwW s=Hv= |wLv x@ O}=@ s=k |x@DQ x@ Ai |xv} Ro X}YND u}=Q@=v@ "CU=

"OwW xv}W}@ =yx@DQ x@ =yxv} Ro X}YND VRQ=
x@ �ik uDiQo Q_v QO =@ "=yxv} Ro R= l} Qy |=Q@ |}=yv |x@DQ |x@U=Lt "4 s=o
R= CU= CQ=@a xr�Ut 's=k |x@DQ x@ X}YND |=Q@ Ai |xv} Ro VRQ= x@=Ft
VRQ= u} QDV}@ xm |wLv x@ (k = 1; : : : ;m) s=k |x@DQ |=Q@ Ai uOQm =O}B
|=yQ}eDt =@ Q} R X}YND |xr�Ut Qw_vt u}= x@ "OW=@ xDW=O x@DQ u; |=Q@ =Q

%OwW|t xO=iDU= hik l} � QiY
Maximize

mX
i=1

mX
k=1

�ik :hik

S:t:
mX
k=1

hik = 1; i = 1; 2; : : : ;m
mX
i=1

hik = 1; k = 1; 2; : : : ;m

hik =

8>>>><>>>>:
1 If rank k assigns to the dtemativeAi

or

0 If rank k does not assigntothe dtemativeAi

(3)
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Qw]x@ w CU= l} w QiY |]N |R} Qxt=vQ@ pOt l} '|]N X}YND pOt
X}YND |xr�Ut |rm Qw]x@ "OwQ|t Q=m x@ X}YND p�=Ut pL QO |}xOQDUo
OOa |]N |R} Qxt=vQ@ CQwY x@ w CU= pkvwptL |xr�Ut R= X=N |OQwt
n X=YDN= |xr�Ut |xv}y@ pL [11�9]"OwW|t |Ov@pwtQi l} w QiY K}LY
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u}= QO |]N X}YND pOt R= |}=yOQ@ Q=m "CU= OQ=Ov=DU= X}YND |xr�Ut
C=tON C} Q}Ot =yu; C=aw[wt xrtH R= xm OwW|t xOy=Wt [16�12]`@=vt QO xv}tR
"CU= |@=} Q}Ut w |WRwt; |R} Qxt=vQ@ 'l}i=QD C} Q}Ot 'O}rwD |Ov@u=tR '|QyW
X}YND |xr�Ut pL |=Q@ |]N |R} Qxt=vQ@ pt=W |awvDt |=ysD} Qwor=

[23�17]"Ov=xOW xDiQo Q=m x@ w xDi=}xaUwD |]N
peW n X=YDN= |xr�Ut |xv}y@ pL |=Q@ T=U= R= |]N X}YND pOt
pL |=yVwQ R= |m} u=wva x@ =t= &CU= xOt; OwHw x@ �Q=m � Qiv n x@ �u}W=t�
VQ=Ro u; R= |OOaDt |=yOQ@ Q=m w xOW xO=iDU= R}v xQ=}atOvJ |Q}os}tYD p�=Ut
OwHwt |xv} Rom |Ov@x@DQ |=Q@ |]N X}YND pOt 'Qo}O CQ=@a x@ "CU= xOW
m 'OQ@ Q=m u}= QO "CU= xOW xOQ@ Q=m x@ xQ=}atOvJ |Q}os}tYD |xr�Ut l} QO
|=Q@ xv} Ro u}t= i uDi=} R= CU= CQ=@a xr�Ut 'u}=Q@=v@ &OQ=O OwHw xv} Ro m w x@DQ
ut[ QO "OW=@ xDW=O x@DQ u; |=Q@ =Q QF= u} QDW}@ xm umtt |x@DQ m R= l} Qy
=Q x@DQ l} \ki R}v xv} Ro Qy w OwW xO=O X}YND xv} Ro l} x@ \ki O}=@ x@DQ Qy

[24]"Ovm R=QL=
|Q}os}tYD p�=Ut pL QO |]N X}YND pOt OQ@ Q=m |=yxv}tR R= |NQ@
u=wD|t =yu; C=aw[wt xrtH R= xm OQm xOy=Wt [40�25]`@=vt QO u=wD|t =Q xQ=}atOvJ
u=wD |@=} RQ= 'C=QO=Y |=kDQ= |=yxt=vQ@ |Ov@x@DQ |=Q@ |R=i X}YND pOt x@
|Ov@x@DQ '|WRwt; C} Q}Ot '|Q=Oyov |xv}y@ |Wt \N ?=NDv= '=yCmQW |D@=kQ
|R=i |]N X}YND pOt w |Ov@xk@] '|QyW C=tON C} Q}Ot 'lU} Q pt=wa

"OQm xQ=W= pkvwptL QO
"OvQ=O Q_v QO =Q hOy l} R= V}@ u=oOvQ}os}tYD '|ak=w p�=Ut R= |Q=}U@ QO
xv}W}@ 'C=a}=[ uOQm xv}tm 'xv} Ry uOQm xv}tm 'OwU uOQm xv}W}@ h=Oy= p=Ft |=Q@
p�=Ut xvwou}= pL =@ xiOyOvJ |]N |R} Qxt=vQ@ "=yu}= p=Ft= w Q=R=@ syU uOQm

[41]"OQ=O Q=m w QU
'xO}J}B p�=Ut QO u=oOvQ}os}tYD x@ ltm |=Q@ xiOyOvJ |]N |R} Qxt=vQ@
"OwW|t xDiQo Q=m x@ 'CU=CNU u=oOvQ}os}tYD |=Q@ ?wr]tCr=L u=}@ xm |v=tR
p=@vO =Q hOy l} R= V}@ |ak=w |Q=HD |Q}os}tYD p�=Ut QDW}@ xm =Hv; R=
x@ |O=} R |=yxv}tR QO |}xOQDUo Qw]x@ xiOyOvJ |]N |R} Qxt=vQ@ pOt 'Ovvm|t

[43w42]"CU= xOW p}O@D |Q}os}tYD |=Q@ O}it Q=R@= l} x@ w OwQ|t Q=m
Qw]x@ xiOyOvJ |[=} Q |R} Qxt=vQ@ pOt pL |=Q@ xOW x�=Q= p@=kDt |=yVwQ
1�MOLP� xiOyOvJ|]N|R} Qxt=vQ@ |xr�Utl} "CU= xDi=}V}=Ri= |Q}osWJ
OvJ =Q} R "CU= |]N |=yC}OwOLt OwHw =@ |]N `@=wD R= Q=OQ@ l} uOQm xv}y@
=Q=m |xawtHt xm =Q=m \=kv R= xawtHt l} R= |}=yv ?=wH 'OQ=O OwHw hOy `@=D
xiOyOvJ |]N |R} Qxt=vQ@ pL |=yVwQ R= |NQ@ "OOQo|t ?=NDv= OwW|t xO}t=v
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Ovyt xi=[= |Qo}O |=yXN=W CU= xOW pL |]N X}YND VwQ x@ xm xQ=}atOvJ
|x@U=Lt |DL w |]N X}YND VwQ |=OD@= R= C=@U=Lt s=Hv= x@ R=}v 'OwW
hQ]Q@ |O=} R OL =D R}v ha[ u}= VywSB u}= QO xm CU=yXN=W uRw xQ=@ wO

"OwW|t

|O=yvW}B VwQ "2
Ovv=t =yQ}eDt =OD@= xm CU= ?}DQD u}O@ OwW|t O=yvW}B VywSB u}= QO xm |WwQ
^=Lr R= =yxv} Ro xm u}= |=Q@ TBU "OvwW|t u}}aD l}Uqm |]N X}YND VwQ
hOy `@=D l} |Q}os}tYD XN=W Qy |=R= x@ 'OvwW xv}y@ |Q}os}tYD XN=W Qy
XN=W u; ^=Lr R= =Q =yxv} Ro =D OwW|t h} QaD =yQ}eDt ẁtHt |R=Uxv}W}@
C}OwOLt TBU "OwW|t h} QaD hOy `@=D =yXN=W O=OaD x@ TB "Ovm xv}y@
uOw@ l} w QiY C}OwOLt w O@=} X=YDN= x@DQ l} \ki xv} Ro Qy x@ xm u}=
C}OwOLt xm '|]NX}YND pOt Qo}OC}OwOLt "OwW|t xi=[= pOt x@ '=yQ}eDt
?}DQD u}O@ "OwW|tv xi=[= pOt x@ 'CU= x@DQ Qy x@ xv} Ro l} \ki X=YDN=
"OwW|t?}mQD xiOyOvJ |]N |R} Qxt=vQ@ VwQ =@l}Uqm |]NX}YND VwQ
C} wrw= =} `t=H Q=}at VwQ x@ Ov=wD|t pY=L |xiOyOvJ |]N |R} Qxt=vQ@ pOt
|DQwY QO "OwW pY=L =yxv} Ro |Ov@x@DQ |=Q@ |}=yv ?=wH =D OwW pL jr]t
CUO x@ |xiOyOvJ |]N |R} Qxt=vQ@ pOt pL |=Q@ jr]t C} wrw= VwQ R= xm
Qw]x@ xm Ovvm |Ov@C} wrw= =Q =yXN=W O}=@ u=oOvQ}os}tYD 'OwW xO=iDU= xOt;
|x@U=Lt uwO@ pOt u}= QO ?}DQDu}O@ "CU= hOy `@=wD |Ov@C} wrw= u=ty |y}O@
VwQ l} 'pOt u}= w CU= QF-wt �h=Oy=� =yXN=W C}ty= u=R}t =yXN=W uRw
`k=w QF-wt =yxv} Ro |}=yv |Ov@x@DQ QO u=oOvQ}os}tYD Q_v xm Ow@ Oy=wN Q}PBh=]av=

"OwW|t
|=yXN=W w i = 1; 2; : : : ;m;Ai |=yxv} Ro =@ |Q}os}tYD |xr�Ut l}
^=Lr R= s=i |xv} Ro OQmrta R=}Dt= xij "O} Q}o@ Q_v QO =Q j = 1; 2; : : : ; n; Cj

"CU= s}tYD T} QD=t QO s=j uwDU w s=i Q]U |xir-wt w s=j XN=W

|O=yvW}B VwQ sD} Qwor= "1"2
T} QD=t QO XN=W Qy ^=Lr R= xv} Ro �OQmrta R=}Dt=� Qy |x@DQ u}}aD "1 s=o

"|Q}os}tYD
|x@DQ K w Q_v OQwt |xv} Ro |xQ=tW i xm |Qw]x@ hik Q}eDt h} QaD "2 s=o

"CU= pw= s=o QO xOW u}}aD
Qy |=R= x@ hik |=yQ}eDt ẁtHt |R=Uxv}W}@ hOy `@=D l} h} QaD "3 s=o

"XN=W
O@=} X=YDN= x@DQ l} \ki xv} Ro Qy x@ xm |Qw]x@ =yC}OwOLt h} QaD "4 s=o

"l} =} OvQiY =} =yQ}eDt w
x@ MOLP pOt pL |=Q@ jr]t C} wrw= =} `t=H Q=}at VwQ R= xO=iDU= "5 s=o
O}=@ u=oOvQ}os}tYD 'jr]t C} wrw= VwQ |Q}oQ=m x@ CQwY QO� xOt; CUO

"=yxv} Ro |Ov@x@DQ u}}aD w �Ovvm |Ov@C} wrw= =Q =yXN=W

|OOa p=Ft "3
8 p=Ft u}= QO "CU= [53]|DQ@=Qm =J R= OwW|t xO=iDU= xm |}xr�Ut VN@ u}= QO

T} QD=t =@ �3� R= pY=L |xv}y@ ?=wH Qo = "=yxv} Ro |}=yv |Ov@x@DQ "5 s=o
?Q[pY=L R= =yxv} Ro |}=yv |x@DQ x=ov; 'OwW xO=O u=Wv H�m�m `@ Qt

"�CU=yxv} Ro |vwDU Q=OQ@ Am�1� O};|t CUO x@ H�m�m �Am�1

jr]t C}wrw= VwQ |iQat "2"1
|yOuRw VwQ w Ovm XNWt =Q hOy Qy uRw xm OQ=Ov p}=tD xOvQ}os}tYD |y=o
QO "Ovm |Ov@C} wrw= =Q h=Oy= CU= p}=t |rw "OQ=OvB|t |vyP |WwQ =Q h=Oy= x@
|iOy =@ \ki =Q xr�Ut VwQ u}= QO "OwW|t KQ]t jr]t C} wrw= VwQ CQwY u}=
QO "s}vm|t XNWt =Q xv}y@ ?=wH w s}vm|t pL 'OQ=O �QDsyt� pw= C} wrw= xm
s}yO|t Q=Qk xOt; CUO x@ |xv}y@ ?=wH Q@=Q@ =Q pw= C} wrw= hOy `@=D Oa@ xrLQt
=@ hOy `@=D uDiQo Q_v QO =@ =Q xr�Ut w xi=[= xr�Ut x@ C}OwOLt l} u=wva x@ w
Q=QmD |Oa@ |=yC} wrw= |=Q@ CQwY u}ty x@ x} wQ u}= "s}vm|t pL swO C} wrw=

[25]"OwW|t
|Qw]x@ OwW|t xO=iDU= jr]t C} wrw= VwQ pFt |WwQ R= C=ar=]t QDW}@ QO
|rY= |xr�Ut VwQ u}= QO "OwW|t xO=O C} wrw= xv=oOvJ h=Oy= x@ hOy l} xm

[52]"OwW xO=O O}=@ h=Oy= |xty uRw xm CU= u}=
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Qy |=R= x@ hik |=yQ}eDt ẁtHt |R=Uxv}W}@ hOy `@=D l} h} QaD "3 s=o

"XN=W

132



1 2
|xQ

=tW
'34

�1
|xQ

wO'
�13

97
u=DU

@=D�
h}

QW
C}

Q}Ot
w`}

=vY
|U

Ovyt OwW x@U=Lt xQ=@ wO =yQ=}at uRw O}=@ 'OwW pL l}Uqm |]N X}YND VwQ
\ki |O=yvW}B VwQ =@ xm |r=L QO "OwW =QH= =OD@= R= |]N X}YND VwQ w
x@ u; x@ \w@ Qt hOy `@=D w p}mWD XN=W u; x@ \w@ Qt |=yQ}eDt xm CU= |i=m
xQ=@ wO xiOyOvJ |]N |R} Qxt=vQ@ w OwW xi=[= xiOyOvJ |]N |R} Qxt=vQ@ pOt
Vy=m |O=} R OL =D |O=yvW}B VwQ QO C=@U=Lt xm OwW|t x_Lqt "OwW pL

"O@=}|t
Q=@Da= u; R= pY=L |Ov@x@DQ xm OwQ|t Q=_Dv= |O=yvW}B VwQ |Q}oQ=m x@ =@
u}= |UQQ@ |=Q@ "OW=@ xDW=O l}Uqm |]N X}YND VwQ =@ xU}=kt QO |QDW}@
Q_vx@ "OQm xU}=kt xQ=}atOvJ |Q}os}tYD VwQ OvJ =@ =Q G}=Dv u=wD|t ẁ[wt
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