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xOW xDiQo Q_v QO pwYLt l} |=Q@ |QDWt Q=_Dv= OQwt p=UQ= u=tR w VR=OQB

"CU=

Min f1 =
TX
t=0

[
JX
j=1

copj zj +
IX
i=1

JX
j=1

cijxij(t) +
JX
j=1

cjMxjM (t)

+
JX
j=1

cHj y
H
j (t)] (1)

=@ CqwYLt u=R}t w xOvvmO}rwD |=[=kD u=R}t w xOW xDiQo Q_v QO xOW |@=} R=@
sD} Qwor= R= u}vJty "CU= XNWt =OD@= R= xQwO Qy QO xOW |Qw;`tH |}=yv Qta
s=Hv= xRwL u}= QO uwvm =D xm xOW xO=iDU= nQR@ O=a@= QO xr�Ut pL |=Q@ xDN=i

"CU= xDiQov

xr�Ut u=}@ "3
wO 'OwW|t KQ]t Twmat l}DUHr |L=Q] xm |v=tR u}t-=D |xQ}HvR \}Lt QO
u=wvax@ |QDWt |wU R= xOW |@=} R=@ CqwYLt u=R}t |=Q@ xv} Ry w u=tR QwDm =i
`} RwD |R} Qxt=vQ@ w |OwHwt pQDvm u}vJty "OvwW|t ?wULt |O}rm |=yQwDm =i
K]U w u}t-=D |xQ}HvR pm |xv} Ry |wQ Q@ |v=@}DWB |U=U= |=yOv}=Qi u=wvax@
Twmat l}DUHr |xm@W l} xar=]t u}= QO [18]"OQ=Po|t QF= |QDWt T} wQU
l} xm@W u}= QO "CU= xOW |L=Q] |R=i CQwYx@ u=tR w xv} Ry hOy wO =@
OwHw xOvvmO}rwD l} w VR=OQB RmQt u}OvJ '|@=} R=@ RmQt OvJ '|QDWt |x}L=v
u=} QDWt CUOx@ =Q xOW |@=} R=@ CqwYLt 'Twmat l}DUHr j} Q] R= xm OQ=O
u=} QDWt CUO x@ Q=_Dv= OQwt u=tR QO xOW|@=} R=@ CqwYLt Qo = "Ov=UQ|t
?v=H R= |yOT} wQU CQwYu}= Q}e QO w xOw@ VN@ C}=[Q |yOT} wQU 'OUQ@
|xvR=wt Twmat l}DUHr |xm@W |L=Q] QO "Ow@ Oy=wNv VN@C}=[Q |QDWt
CmQW Cq=L |NQ@ QO 'xvwtv u=wvax@ "OQ=O OwHw p=UQ= OQmQ}O w pm |xv} Ry u}@
'|QDWt C}=[Q u} QDW}@ |R=UxOQw;Q@ w p=UQ= OQmQ}O Vy=m |=Q@ CU= umtt
|}=WoR=@ C@=F |xv} Ry x@ QHvt Qt= u}= xm Ovm xO=iDU= |QDW}@ VR=OQB Rm =Qt R=
s}W=@|t u; x@ |} woMU=B p=@vO x@ j}kLD u}= QO xm |rY= p=-wU "OwW|t |QDW}@
=yxv} Ry xm OQm |L=Q] xiOyOvJ |[=} Q pOtl} u=wD|t xvwoJ� %R=CU= CQ=@a
=yQDt=Q=B C}a]k sOa ZQi =@ |L]UxU l}DUHr |xm@W QO OQmQ}O |=yu=tR w

�#Ovm �|R=Uxv}y@� xv}tm =Q

j}kLD C=[wQit "1"3
|Qw;`tH w |awHQt |=yq=m COwa |=Q@ |DWoR=@ Rm =Qt |O=OaD 'j}kLD u}= QO
xOW xDiQo Q_v QO VR=OQB Rm =Qt |O=OaD R}v Ci=} R=@ Qw_vtx@ u}vJty w xOW
=} O}OH |=y|SwrwvmD Qwy_ Crax@ ,qFt� xOW GQ=N xOQ R= xm |DqwYLt w CU=
=@ pwYLt R}v OvOvtWRQ= u=vJty w OvDUy OwN O}it Qta u=}=B QO w �=y|awHQt
|R} Qxt=vQ@ pOt x@ \w@ Qt C=[wQit "OvwW|t ?wULt xOW |@=} R=@ |}=yv Qta
u=}@ xt=O= QO Twmat l}DUHr sDU}U QO xv} Ry w u=tR |xiOywO |R=i |[=} Q

"OwW|t
QO xOvvmO}rwD w VR=OQB '|DWoR=@ Rm =Qt K]U xU =@ Twmat l}DUHr |xm@W �

"CU= xOW xDiQo Q_v
O=Oa= CQwYx@ xr�Ut |OwQw |=yQDt=Q=B 'C}a]k sOa uDiQo Q_v QO Qw_vtx@ �

"OvDUy |R=i
"CU= xDiQo Q=Qk Q_v Ot pwYLt ẁv l} =yvD �

Qy QO xOW |Qw;`tH |}=yv Qta =@ CqwYLt u=R}t w xOvvmO}rwD |=[=kD u=R}t �
"CU= XNWt =OD@= R= xQwO

"CU= xOW xDiQo Q_v QO VR=OQB Rm =Qt |}=WoR=@ |=Q@ |D@=F |xv} Ry �
"CU= XNWt VR=OQB w |DWoR=@ RmQt wO |=Q@ C}iQ_ u} QDW}@ �
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"""QO
|R=

i|
xiOy

wO|
xr�U

t|
R=Ux

v}y@OUQ|t Q_v x@ 'xar=]t u}= QO xr�Ut C}y=t w xOW u=}@ |=y|oS} w x@ xHwD
C}a]k sOa |x�=Q= |=Q@ |yHwD p@=k w u=}=W ltm |R=i OQm} wQ uOQm ^=Lr
|R=i OOa Ovv=t |irDNt |R=i O=Oa= R= u=wD|t |R=i OQm} wQ QO "OQm Oy=wN
|O=yvW}B |xr�Ut C}y=t x@ xHwD =@ "OQm xO=iDU= |}xkvRwP |R=i OOa =} |FrFt
|FrFt |R=i OOa QO "CU= xOW xO=iDU= |}xkvRwP |R=i OOa R= xar=]t u}= QO
|r=L QO O};|t CUOx@ u=v}t]= Q=Okt u} QDW}@ QDt=Q=B R= Q=Okt l} |=R=x@ =yvD
u=v}t]= Q=Okt u} QDW}@ QDt=Q=B l} R= |}xR=@ |=R=x@ |}xkvRwP |R=i OOa QO xm
Ovv=wD|t w xDi=}Vy=m u=oOvQ}os}tYD |Q}PBlU} Q CQwY u}= QO "OwW|t pY=L
R}v xar=]t u}= QO "OvQ}PB@ |ak=w \}=QW QO =Q C}a]k sOa '|QDW}@ u=v}t]= =@
|=R=x@ OvyO|t K}HQD u=oOvQ}os}tYD 'u; |oO}J}B w xr�Ut C}y=t x@ xHwD =@
~A |R=i |xawtHt "Ovvm ?Um =Q u=v}t]= u} QDW}@ '|a]k Q}e QDt=Q=B R= |}xR=@
xDWwv 9 |x]@=Q CQwYx@ w CU= ?DQt |=yGwR R= xawtHt l} X `HQt R=

[22]"OwW|t
~A = f(x; � ~A (x)) jx 2 Xg (9)

%R= CU= CQ=@a � ~A(x) u; QO xm
� ~A (x) : X ! [0; 1] (10)

X |xawtHt R= w[a Qy C} w[a `@=D xm Cio u=wD|t 10 |x]@=Q x@ xHwD =@
|}xkvRwP O=Oa= R= pOt uOQm |R=i |=Q@ xar=]t u}= QO "OQ=ov|t [0; 1] xR=@ x@ =Q
� = (a; b; c; d) |}=DQ=yJ CQwYx@ |}xkvRwP |R=i O=Oa= "CU= xOW xO=iDU=
11 |x]@=Q CQwYx@ u; C} w[a `@=D w 1 pmW CQwYx@ u; V}=tv |xw}W &CU=

%CU=

�(x) =

8>>>>>>><>>>>>>>:
x�a
b�a a � x � b
1 b � x � c
d�x
d�c c � x � d
0 O:W:

(11)

Q=@Da= w s=Rr= 'u=mt= Q=}at "1"4
%Ow@ Oy=wN 12 |x]@=Q CQwYx@ |}xkvRwP |R=i Q}eDt u=mt= Q=Okt 'h} QaD j@]

posf� � rg = sup�x(x) =

8>>>><>>>>:
0 x � a
x�a
b�a a � x � b
1 x � b

(12)

"|}xkvRwP |R=i OOa "1 pmW

Min f2 =
TX
t=0

[
IX
i=1

JX
j=1

dijxij(t)� tEdM (t)

+
JX
j=1

(djM + pj)xjM (t)] (2)

JX
j=1

xij(t) � ri(t) 8i; t (3)

IX
i=1

xij(t) + yHj (t� 1) � bjzj 8j; t (4)

JX
j=1

xjM (t) � dM (t) 8t (5)

yHj (t� 1) +
IX
i=1

xij(t)� xjM (t) = yHj (t) 8j; t (6)

xij(t); xjM (t); yHj (t) � 0 8i; j; t (7)

zj 2 f0; 1g 8j (8)

|DWoR=@ RmQt R= |r=UQ= pwYLt Q=Okt xm CU= u; |xOvyO u=Wv 3 C}OwOLt
Qta =@ pwYLt u=R}t |xR=Ov=x@ QFm =OL t |xQwO QO j VR=OQB RmQt x@ i
w 4 C}OwOLt "CU= t |xQwO QO i |DWoR=@ RmQt QO xOW |@=} R=@ |}=yv
u=R}t pQDvm "OyO|t u=Wv =Q xOvvmO}rwD w VR=OQB RmQt C}iQ_ ?}DQDx@ 5
C}OwOLt "OwW|t |UQQ@ 6 C}OwOLt =@ xQwO Qy QO VR=OQB RmQt QO |OwHwt
|ivt=v yHj (t) w xjM (t) 'xij(t) s}tYD |=yQ}eDt xm OyO|t u=Wv 7
1 =} QiY Q}eDt l} zj Q}eDt xm Ovm|t u}t[D 8 C}OwOLt w OvDUy

"CU=

|R=i |xiOywO |R=UpOt "4
|O=} R |oO}J}B |=Q=O xm p�=Ut xvwou}= |=yxO=O R= s=OmI}y |ak=w |=}vO QO
p=UQ= u=tR COt 'p=Ft u=wvax@ "OvDU}v uwYt C}a]k sOa |=yQwDm =i R= 'OvDUy
"CU= C=R}yHD w |v=Uv= |wQ}v XwYNx@ 'u; |=QH=\}=QW x@ xDU@=w pwYLtl}
CU= umtt xm |iO=YD |=yQwDm =i R= Q_vhQY CqwYLt p=UQ= u=tR u}=Q@=v@
Qw_vtx@ R}v xar=]t u}= QO "Ov=|a]k Q}e 'OvwW =yv; p=UQ= QO pqDN= O=H}= Ea=@
"CU= xOW xDiQo Q_v QO |a]k Q}e xr�Ut |=yQDt=Q=B s=tD 'QD|ak=w pOt |x�=Q=
|=ypOt Ovv=t |irDNt |=yOQm} wQ 'p�=Ut QO OwHwt C}a]k sOa =@ xyH=wt QO
|=yxawtHt |x} Q_v OQm} wQ R= xar=]tu}= QO "CU= xOW x�=Q= Q=O}=B w |R=i '|r=tDL=
|R=i |=yxawtHt |x} Q_v "CU= xOW xO=iDU= xr�Ut pL w |R=UpOt |=Q@ |R=i
=yOQm} wQ Q}=U R= QDW}@ 'xOW u=}@ hrDNt C=ar=]t QO xm |}=yC} Rt p}rO x@
w j}kO C=aq]= x@ R=}v sOa p}rO x@ |R=i OQm} wQ "OQ}o|t Q=Qk xO=iDU= OQwt
Vv=O x@ R=}v xm |r=tDL= OQm} wQ Ovv=t =yVwQ Q}=U x@ C@Uv QDOt;Q=m |rOt |i=m
QO xm =vatu}O@ "OyO|t x�=Q= 'OQ=O |a]k Q}e |=yQDt=Q=B `} RwD x@ C@Uv |i=m
u}}aD TBU w xr�Ut |=yQDt=Q=B `} RwD uOQm XNWt x@ R=}v '|r=tDL= |=yOQm} wQ
QO [19]"CU= |Q=wWO Q=}U@ Q=m |R=i OQm} wQ =@ xU}=kt QO xm CU= u; Q=Okt
Ea=@ |R=i |Ov@u=tR sD} Qwor= |x�=Q= 'Ov=|a]k Q}e xr�Ut |=yQDt=Q=B xm |]}=QW
|D=@U=Lt |oO}J}B u}vJty [20]"OwW|t Q}PBh=]av= |ak=w sDU}U l} O=H}=
=@ [21]"CU= QDsm ?D=Qtx@ =yOQm} wQ Q}=U x@ C@Uv |R=i |R=UpOt R= pY=L
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2/
2|

xQ=t
W'

34
�1

|xQ
wO'

�13
97

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt w AJ |xQDUo ?}DQDx@ w C@Ft |k}kL O=Oa= '�VQ@� � QDt=Q=B '20 |x]@=Q QO

|xHQO xm A |R=i |xawtHt R= |QY=va |xawtHtQ} R "OwW|t xO}t=v CU=Q
u} QDsyt "s}t=v|t A VQ@ =ir; (� > 0)'OW=@ � |oQR@ x@ pk=OL =yv; C} w[a
R= Qw_vt w CU= |a]k |xawtHt x@ |R=i |xawtHt p}O@D VQ@/=ir; OQ@ Q=m
C=}rta R= xO=iDU= =@ CqO=at u; QO xm CU= OwOLt u=yH QO ?}mQD 'inf

xv=v}@VwN Ov=wD@ |R=i |v=@ R OQm} wQ xm |t=ovy |rm Qw]x@ "OwW|t u=}@ |Q@H
|@=} RQ= |=Q@ |FrFt |R=i O=Oa= 'Ovm ^=Lr |Q}os}tYD QO =Q uOw@ xv=v}@O@ =}
u}= QO "OvwW|t x}YwD |O=OQ=Qk |OOa |=ypO=at VwQ |=H x@ =yC} wrw=
xv=v}@O@ w xv=v}@VwN OQm} wQ wO R= � x@ O=Oa= X}YND Qw_vt x@ VN@
a |xv} Ro xv=v}@O@ |x} wQ QO "CU= xOW xO=iDU= �CU=Q w AJ |xQDUo �
|x]@=Q xm Q=@pw= "OwW|t bi |=yp}=iwQB =@ xk@] u} QDq=@ R= |r=wDt CQwYx@
|x} wQ QO "O@=}|t X}YND Ch+1 |xk@] x@ a |xv} Ro 'OwW Q=QkQ@ aSbh
bi |=yp}=iwQB =@ xk@] u} QDu}}=B R= |r=wDt CQwYx@ a |xv} Ro xv=v}@VwN
Ch x@ a |xv} Ro 'OwW Q=QkQ@ =ir; R= QDnQR@ bh xm Q=@ u}rw= "OwW|t xU}=kt
|vRw u}ov=}t u=wvax@ =Q |HwQN Q=Okt u=wD|t |}O=R|R=i |=Q@ "O@=}|t X}YND
x@U=Lt p}P \@=wQ R= xO=iDU= =@ ptDLt w xv=v}@O@ 'xv=v}@VwN |=yu}tND =@

%OQm
AUa = a3�+ a4(1� �)

ALa = a2�+ a1(1� �)

AU1�a = b3(1� �) + b4�

AL1�a = b2(1� �) + b1�

`@=D QO xm |}=yQDt=Q=B |R=U |R=i Q}e Qw_vt x@ 'xOW x�=Q= h} Q=aD x@ xHwD =@
j@=]t |R=i OOaQ=yJ u}ov=}t R= Ov=xOW xDiQo Q_v QO |R=i CQwYx@ xr�Ut hOy
|=yC}OwOLt QO xm |}=yQDt=Q=B |R=U |R=i Q}e |=Q@ w xOW xO=iDU= 21 |x]@=Q
xO=iDU= 23 w 22 |x]@=Q wO R= C}OwOLt ẁv x@ xHwD =@ OvQ=O Q=Qk xr�Ut

[31w30'25]"OwW|t

� = (a+ b+ c+ d)
4 (21)

Cr f� � xg � �, x � (2� 2�)c+ (2�� 1)d (22)

Cr f� � xg � �, x � (2�� 1)a + (2� 2�)b (23)

|]N Q}e |R} Qxt=vQ@ VwQ j@=]t 'Ov=|R=i =yC}OwOLt CU=Q CtU xm =Hv; R=
xDiQo Q_v QO nQR@ |R=i OOa u}}=B OL =@ TBU w q=@ OL =@ `@=D Qy |R=i
"s} R=OQB@ |a]k |xiOyOvJ pOt pL x@ O}=@ xrLQt u}= QO "OvwW|t pL w
|R=i j]vt VwQ R= =Hv}= QO xm CU= xOW x�=Q= |irDNt |=yVwQ Qw_vtu}O@
"s}vm|t xO=iDU= 'CU= pOt h=Oy= R= l} Qy C} w[a |xHQO T=U=Q@ xm
x@U=Lt =Q xOW u}}aD h=Oy= R= l} Qy |xv}tm w xv}W}@ Q}O=kt =OD@= xm |Qw]x@
u=ty xm � u=R}t h=Oy= R= l} Qy C} w[a |xHQO u}}aD =@ TBU w xOQm
'xOW x�=Q= s}y=it x@ xHwD =@ [21]"O};|t CUOx@ 'CU= h=Oy= jkLD |xHQO
w |R=i |xawtHt |x} Q_v 'Twmat l}DUHr |xr�Ut QO OwHwt C}a]k sOa
xm u=vJ "OwW|t x�=Q= |R=i |xiOywO |[=} Q pOt VN@ u}= QO 'Q=@Da= OQm} wQ
|=yQDt=Q=B s=tD 'QD|ak=w |rOt |xaUwD Qw_vtx@ 'OW x�=Q= xr�Ut C=[wQit QO
xDiQo Q_v QO |}xkvRwP |R=i OOa ẁv R= w |a]k Q}e CQwYx@ xr�Ut |OwQw

%O};|t CUO x@ u}vJ 'h} QaD x@ xHwD =@ |}xkvRwP |R=i Q}eDt s=Rr= Q=Okt u}vJty

Necf� � rg=1�sup�x(x)
��r

=

8>>>><>>>>:
0 x � c
1� d�x

d�c = x�c
d�c c � x � d

1 x � d
(13)

P (x) |wQ Q@ (Pos) u=mt= xv=t}B Qy 'OW=@ x |v=wD |xawtHt P (x) O}vm ZQi
[23]"%CU= xOW u}}aD u=mt= `} RwD `@=D l} \UwD

Pos(x) : P (x)! [0; 1] (14)

%OwW|t xO=O u=Wv 15 |x]@=Q j} Q] R= u=mt= Q=}at
Pos(� � r) = sup��r � ~A(x) (15)

h} QaD u; u=owO =@ \=@DQ= |=Q@ u=mt= Q=}at Ovv=ty |Qo}O |atH Q=}at u}vJty
w Ovt=v|t s=Rr= Q=}at =Q u; xm CU= |R=i O=O} wQ O=ONQ CQwQ[ Qou=}@ xm xOW

[24]%OwW|t u=}@ 16 |x]@=Q CQwYx@
Nec(A) = 1� Pos(Ac) = 1� sup�>r � ~A(x) (16)

s=Rr= 'OW=@ sm A O=O} wQ O=ONQ ptmt u=mt= Qo = xm Ovm|t u=}@ 16 |x]@=Q
Vv=DUwO w u=owO OwN Q=}at l} u}}aD Qw_vt x@ "OwQ|t q=@ A O=ONQ �CQwQ[�
Q=}at |=Q@ |i=m w sRq \}=QW u}= Q@ xwqa [25]"OvO=O x�=Q= =Q Q=@Da= Q=}at swyit
C=}[=} Q R= |}xN=W u=wvax@ =Q Q=@Da= Q=}at w}r [26]"OW x�=Q= w}r w |r \UwD Q=@Da=
x@ xHwD =@ Q=@Da= Q=}at h} QaD [24]"OQm pt=m |R=i |=yxO}OB Q=DiQ |xar=]t |=Q@

[28w27]%CU= 17 |x]@=Q CQwYx@ s=Rr= w u=mt= |=yQ=}at
Cr(A) = 1

2fPos(A) +Nec(A)g (17)

CQwYx@ |}xkvRwP |R=i OOa Q=@Da= `@=D 'Cr h} QaD w jwi OQ=wt x@ xHwD =@
[29]%Ow@ Oy=wN 18 |x]@=Q

Crf� � rg =1
2 fposf� � rg+Necf� � rgg

=

8>>>>>>>>>><>>>>>>>>>>:

0 x � a
x�a

2(b�a) a � x � b
1
2 b � x � c
1
2 (1 + x�c

d�c ) c � x � d
1 x � d

(18)

xO=O u=Wv �sup(�) O=tv =@ xm xv=v}@ VwN � Q=Okt 'xDiQo s=Hv= h} Q=aD x@ xHwD =@
[35]%OwW|t x@U=Lt u}vJ � > 1

2 |=R= x@ 'xOW
�sup(�) = sup fxjCrf� � xg � �g = (2�� 1)a+ (2� 2�)b

(19)

� > 1
2 |=Q@ 'xOW xO=O u=Wv �inf(�) O=tv =@ xm xv=v}@O@ � Q=Okt x@=Wt Qw]x@

[29]%=@ CU= Q@=Q@ w xOW x@U=Lt
�inf(�) = inf fxjCrf� � xg � �g = (2� 2�)c+ (2�� 1)d

(20)
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"""QO
|R=

i|
xiOy

wO|
xr�U

t|
R=Ux

v}y@IX
i=1

xij(t) + yHj (t� 1) � zj [(2� � 1) bj1 + (2� 2�) bj2]

8j; t (35)
JX
j=1

xjM (t) � [(2
 � 1) dM1(t) + (2� 2
) dM2(t)] 8t (36)

xOW xO=O xaUwD |xDN=i sD} Qwor= "5
[33w32'5]'OvDUy NP-hard l}DUHr |xm@W |L=Q] p�=Ut QDW}@ xm =Hv; R=
R= &CU= xDW=Ov =Q nQR@ O=a@= QO p�=Ut xvwou}= pL C}r@=k j}kO |=yVwQ
xO=O xaUwD nQR@ O=a@= =@ p�=Ut pL |=Q@ |Q=mD@==Qi w |Q=mD@= |=yVwQ wQu}=
pOt QO xv} Ry w u=tR |R=Uxv}y@ Qw_vtx@ xar=]t u}= QO wQu}= R= "CU= xOW
|NQ@ "CU= xOW xO=O xaUwD 1xDN=i |R=Uxv}y@ sD} Qwor= l} |R=i |xiOyOvJ
|awv x@ w xOQm =yQ u}Or=w h}=_w w |R=Uxvq xvwoQy QUOQO R= =Q OwN u=oOvQB R=
OwN |=Q@ RoQy u=oOvQB u}= "OvOW pUwDt OwN |=yxHwH VQwQB |=Q@ |mQ} R
w xO=O Q=Qk u=oOvQB Q}=U |xvq QO =Q OwN |=ysND u; |=H x@ w OvR=U|tv xvq
|oO}UQ R}v u=oOvQB u}= |=ysND x@ OwN |=ysND Q=vm QO =yv; =D Ovvm|t Q@Y
Ov};|t uwQ}@ sND R= u=@ R}t |xOvQB |=ysND R= QDOwR xDN=i |=yxHwH "Ovvm
xDN=i |R=Uxv}y@ sD} Qwor= CQ=Jwri 2 pmW QO [34]"Ovvm|t OWQ sy QDOwR w
u}= R= "OQ=Po|t sND 20 =D 5 u}@ xDN=i Qy Ca}@] QO [35]"CU= xOW sUQ
hrDNt |=yQ=QmD QO xDN=i Qy x@ sND X}YND u}}=B w q=@ OL u=wvax@ O=Oa=
XNWt |xvt=O l} QO =yv; xm CU= u}= xDN=i Qy Qo}O CO=a "OwW|t xO=iDU=
xDio 2�ELR� |Q=PosND |xvt=O u} QDW}@ u; x@ xm OvQ=Po|t =Q OwN |=ysND
|=ysND O=OaD '=ysND pm O=OaD T=U=Q@ |Q=PosND |xvt=O u} QDW}@ [10]"OwW|t
u}}aD 37 |x]@=Q j@] xr�Ut |=yQ}eDt u}}=B w q=@ OL u}vJty w xDN=i |rai

"OwW|t

ELR =�� Number of current cuckoo0s eggs
Total number of eggs

� (varhi � varlow) (37)

s}_vD u; T=U= Q@ ELR Q=Okt u} QDW}@ xm CU= |QDt=Q=B � jwi |x]@=Q QO
R= Oa@ "CU= Q}eDt u}}=B OL w q=@ OL ?}DQDx@ varlow w varhi u}vJty "OwW|t
'CU= QDsm =yv; OwU `@=D Q=Okt xm ��10 ,qwtat� =ysND s=tD R= �P |Q=PosND Qy
TB "Ovvm|t OWQ w xOW x}OeD u=@ R}t |=yxvq QO =yxHwH |x}k@ "OvwW|t Ow@=v
�|ov}y@� OwU \UwDt Q=Okt u} QDW}@ |=Q=O xm |ywQo 'xDN=i |=yxwQo p}mWD R=
"Ovvm|t CQH=yt u;CtU x@ Qo}O |=yxwQo w xOW ?=NDv= hOy xwQo u=wvax@ 'CU=
hOy pLt CtU x@ =Q Q}Ut s=tD =yxDN=i hOy |x]kv CtU x@ CQH=yt s=ovy
"OvQ=O |i=QLv= sy Q}Ut u; QO w xOQm |] =Q Q}Ut R= |DtUk\ki =yv; "Ovvm|tv |]
pm R= �� \ki xDN=i Qy "OwW|t xOy=Wt Kw[wx@ 2 pmW QO CmQL |xwLv u}=
u}= "OQ=O R}v u=}O=Q 'h=QLv= l} w Ovm|t |] |rai p;xO}= hOy CtU x@ =Q Q}Ut
Qw_vtx@ [35]"Ovvm wHwCUH =Q |QDW}@ \}Lt =D Ovm|t ltm =yxDN=i x@ QDt=Q=B wO
|iO=YD |OOa � 'j}kLD u}= QO |O=yvW}B |xDN=i |R=Uxv}y@ sD} Qwor= |L=Q]
OL "CU= xOW O}rwD ��=6 w �=6 u}@ |OOa R}v ' w xOW O}rwD QiY w 1 u}@
O=OaD u} QDW}@ w 1 w QiY Q@=Q@ ?}DQD x@ ELR |x@U=Lt QO Q}eDt u}}=B w q=@

Oy=wN Q} R CQwYx@ |O=yvW}B |xiOywO |R=i |[=} Q pOt ?}DQD u}O@ "Ov=xOW
%Ow@

Min f1 =
TX
t=0

[
JX
j=1

~copj zj +
IX
i=1

JX
j=1

~cijxij(t) +
JX
j=1

~cjMxjM (t)

+
JX
j=1

~cHj y
H
j (t)] (24)

Min f2 =
TX
t=0

[
IX
i=1

JX
j=1

~dijxij(t)� tE ~dM (t)

+
JX
j=1

�
~djM + ~pj

�
xjM (t)] (25)

JX
j=1

xij(t) � ~ri(t) 8i; t (26)

IX
i=1

xij(t) + yHj (t� 1) � ~bjzj 8j; t (27)

JX
j=1

xjM (t) � ~dM (t) 8t (28)

yHj (t� 1) +
IX
i=1

xij(t)� xjM (t) = yHj (t) 8j; t (29)

xij(t); xjM (t); yHj (t) � 0 8i; j; t (30)

zj 2 f0; 1g 8j (31)

R= xO=iDU= ẁv x@ xDU@ |r@k VN@ QO xOW x�=Q= |R=U|R=i Q}e |xwLv x@ xHwD =@
w u=tR |xiOywO |R=i |[=} Q pOt w xOW xO=iDU= 23 =D 21 \@=wQ R= 'QDt=Q=B

%OwW|t |U} wvR=@ u}vJ Twmat l}DUHr sDU}U QO xv} Ry

Min f1 =
TX
t=0

[
JX
j=1

� copj1 + copj2 + copj3 + copj4
4

�
zj

+
IX
i=1

JX
j=1

� cij1 + cij2 + cij3 + cij4
4

�
xij(t)

+
JX
j=1

�cjM1 + cjM2 + cjM3 + cjM4
4

�
xjM (t)

+
JX
j=1

 
cHj1 + cHj2 + cHj3 + cHj4

4
!
yHj (t)] (32)

Min f2 =
TX
t=0

� IX
i=1

JX
j=1

�
dij1 + dij2 + dij3 + dij4

4
�
xij(t)

+
JX
j=1

(
�
djM1 + djM2 + djM3 + djM4

4
�

+
�pj1 + pj2 + pj3 + pj4

4
�

)xjM (t)

� tE
�
dM1(t) + dM2(t) + dM3(t) + dM4(t)

4
��

(33)

JX
j=1

xij(t) � [(2�� 1) ri1(t) + (2� 2�) ri2(t)] 8i; t (34)
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u=DU
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h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt

"xDN=i sD} Qwor= CQ=Jwri "2 pmW

l} R= QDsm u=tR COt QO ?}DQDx@ MATLAB Q=Ri=sQv \UwD u; x@ \w@ Qt
xv} Ry OL=w 6496 958 w 6480 125 =@ Q@=Q@ w xOW pL x}v=F 20 w x}v=F
|t=tD |=R=x@ sD} Qwor= pL R= pY=L |=y?=wH x@ xaH=Qt R= TB xm CU=
xty pm |xv} Ry w u=tR |xOW |}=OR|R=i Q}O=kt xm OwW|t xOy=Wt Q}O=kt
O}}-=D |=Q@ Ov=wD|t OQwt u}= xm OvQDsm jwi QO xOW QmP Q}O=kt R= '=yMU=B
u=tR hOy `@=D CU= QmP x@ sRq "OQ}o Q=Qk xO=iDU= OQwt pOt |HvUQ=@Da=
=@ w CU= xOW p}O@D xv} Ry x@ xk}kO Qy |=R=x@ |rwB OL=w 1000 ?} Q[ =@
C=Q_v u}ov=}t R= |QDq=@ |vRw ?} Q[ 'u=Q}= QO l}DUHr u=oQ@N Q_v x@ xHwD
xOW xO=iDU= VR=OQB RmQt xU Qy R= u}vJty "OW xO=O X}YND =yxv} Ry x@ u=v;
u=R}t "CU= xOW x�=Q= 7 =D 5 pw=OH QO xvwtv p=Ft |=y|HwQN Q}=U "CU=
"CU= xOW xO=O u=Wv 5 pwOH QO xQwO Qy QO VR=OQB RmQt Qy x@ |r=UQ= |OwHwt

OwW|t xOy=Wt �5 pwOH� |[=} Q pOt R= xOt; CUO x@ ?=wH x@ xHwD =@
QO xm |r=L QO 'OwW|tv p=UQ= 1 VR=OQB RmQt x@ |OwHwt 'pw= |xQwO QO xm
?}DQD u}tyx@ "OwW|t p=UQ= 1 VR=OQB RmQt x@ |OwHwt OL=w 46 swO |xQwO
xHwD =@ "CU= xOW xO=O u=Wv Qo}O RmQt wO x@ xQwO Qy QO |r=UQ= |OwHwt u=R}t
VR=OQB Rm =Qt x@ |r=UQ= |OwHwt xm OwW|t xOy=Wt xDN=i sD} Qwor= ?=wH x@
QO "CU= swO |xQwO QO |r=UQ= |OwHwt u=R}t R= QDsm ?D=Qtx@ pw= |xQwO QO
j VR=OQB RmQt x@ i |DWoR=@ RmQt R= |r=UQ= |}=yv Qta =@ pwYLt u=R}t 6 pwOH

"CU= xOW xO=O u=Wv xQwO wO QO
RmQt OwW|t xOy=Wt |[=} Q pOt pL R= xOt; CUO x@ G}=Dv x@ xHwD =@
'CU= xOQmv p=UQ= |rwYLt 2 w 1 VR=OQB RmQt wO x@ xQwO wO QO 1 |DWoR=@
RmQt x@ pwYLt OL=w 35 w 32 ?}DQD x@ swO w pw= |xQwO QO xm |r=L QO
u=Wv xQwO Qy QO |r=UQ= pwYLt u=R}t ?}DQD u}tyx@ "Ovm|t p=UQ= 3 VR=OQB
xOy=Wt xDN=i sD} Qwor= \UwD pOt pL x@ xHwD =@ |iQ] R= "CU= xOW xO=O

xDN=i 10 Q@=Q@ x}rw= C}atH O=OaD u}vJty w xOW xDiQo Q_v QO 100 Q@=Q@ =yxDN=i
"CU= xOW xDiQo Q_v QO 50 Q@=Q@ sD} Qwor= u}= QO =yQ=QmD O=OaD C}=yv QO "CU=

xvwtv p�=Ut |L=Q] "6
w xDN=i |R=Uxv}y@ |Q=mD@==Qi sD} Qwor= w |O=yvW}B |[=} Q pOt |@=} RQ= |=Q@
'4GB RAM C=YNWt =@ xv=}=Q l} QO xr�Ut pOt '=yv; CLY w |}=Q=m C=@F=
|U} wvxt=vQ@ Q=Ri=sQv QO ?}DQD x@ w Intel Core i5-2430M CPU '2 40GH

O}rwD |r=Ft "OW pL w |R=UxO=}B MATLAB Version 2014 w GAMS

QO |v=tR xQwO wO w xOvvmO}rwD l} w VR=OQB RmQt 3 '|DWoR=@ RmQt 4 u; QO xm xOW
'(bj) RmQt Qy C}iQ_ pt=W VR=OQB RmQt x@ \w@ Qt C=aq]= "CU= xOW xDiQo Q_v
'(pj) RmQt Qy QO pwYLt VR=OQB u=tR '(copj ) RmQt Qy |}=WoR=@ C@=F |xv} Ry
p=UQ= u=tR w pkv w ptL |xv} Ry '(cHj ) RmQt Qy QO |OwHwt |Q=Oxov |xv} Ry
"CU= xOW xO=O u=Wv 1 pwOH QO (djM w cjM ) xOvvmO}rwD x@ VR=OQB RmQt R=
u=Wv 2 pwOH QO (dM (t)) xQwO Qy QO M |xOvvmO}rwD |=[=kD u}vJty

"CU= xOW xO=O
x@ i |DWoR=@ RmQt R= p=UQ= u=tR w pkv w ptL |xv} Ry u=R}t 'u}= Q@ xwqa

"CU= xOW xO=O u=Wv 3 pwOH QO (dij w cij) j VR=OQB RmQt
|DWoR=@ Rm =Qt QO xOW |@=} R=@ |}=yv Qta =@ pwYLt u=R}t 4 pwOH C}=yv QO

"OyO|t u=Wv =Q (ri(t)) xQwO Qy QO

|D=@U=Lt G}=Dv "7
xDN=i |Q=mD@==Qi sD} Qwor= w GAMS Q=Ri=sQv \UwD xr�Ut u}= |[=} Q pOt

113



"""QO
|R=

i|
xiOy

wO|
xr�U

t|
R=Ux

v}y@

"hOy `@=D C=Q}}eD xwLv "3 pmW

"xOvvmO}rwD w VR=OQB '|DWoR=@ Rm =Qt u}@ CqwYLt p=UQ= xwLv "4 pmW

pw= |xQwO QO 3 VR=OQB RmQt R= xm |r=L QO xOQmv Ci=} QO |rwYLt xQwO wO
G}=Dv u}vJty "CU= xOQm Ci=} QO pwYLt OL=w 36 w 31 ?}DQD x@ swO w
1 VR=OQB RmQt wO R= xOvvmO}rwD xm OyO|t u=Wv |Q=mD@==Qi sD} Qwor= x@ \w@ Qt
VR=OQB RmQt R= xm |r=LQO CU= xOQmv Ci=} QO |rwYLt swO |xQwO QO 2 w
pwOH u}= QO "CU= xOQm Ci=} QO pwYLt OL=w 36 ?}DQD x@ swO xQwO QO 3
j}kO pL R= xOt; CUO x@ Q}O=kt =@ Q@=Q@ xOvvmO}rwD x@ |r=UQ= Q}O=kt ẁtHt R}v
T=U=Q@ '=yQ=QmD O=OaD x@ C@Uv hOy `@=D C=Q}}eD |xwLv 3 pmW QO "CU=
Q=Okt OwW|t xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv xDN=i |R=Uxv}y@ sD} Qwor=
K}LY OQmrta R= |m =L Qt= u}= xm O@=}|tVy=m =yQ=QmD O=OaDV}=Ri= =@ hOy `@=D
?}DQD x@ pw= Q=QmD OvJ QO hOy `@=D Q=Okt Qo}O |wU R= "CU= |O=yvW}B sD} Qwor=
R= |m =L R}v Qt= u}= xm Ov=t|t C@=F Q=Okt u}= Oa@ x@ |Q=QmD R= w xDi=} Vy=m
|}=Qoty x@ |tm Q=QmD O=OaD QO =Q} R CU= |O=yvW}B xDN=i sD} Qwor= ?wN OQmrta

"OUQ|t
xOvvmO}rwD w VR=OQB Rm =Qt x@|DWoR=@ Rm =Qt R=|r=UQ= pwYLt u=R}t 4 pmW QO

"CU= xOW xO=O u=Wv xQwO Qy QO

"VR=OQB Rm =Qt x@ \w@ Qt C=aq]= "1 pwOH
u=tR =} xv} Ry u=R}t |xQ=tW QDt=Q=B ẁv�|}xkvRwP |R=i OOa� RmQt

d c b a

100 95 80 80 1
C}iQ_105 100 95 90 2

100 100 95 90 3

21 18 15 12 1
|}=WoR=@ C@=F |xv} Ry20 16 14 10 2

22 19 16 13 3

15 12 10 9 1
VR=OQB u=tR19 18 15 12 2

14 13 11 10 3

25 21 18 14 1
|OwHwt |Q=Oxov |xv} Ry21 18 15 12 2

21 18 16 15 3

22 18 14 11 1
pkv w ptL |xv} Ry24 19 17 14 2

17 16 14 10 3

14 13 11 10 1
p=UQ= u=tR15 12 10 9 2

11 10 8 7 3

"xQwO Qy QO xOvvmO}rwD |=[=kD u=R}t "2 pwOH
=[=kD u=R}t xQwO

d c b a

45 40 35 30 1
50 45 40 35 2

xOQmv p=UQ= |rwYLt 1 VR=OQB RmQt x@ xQwO wO QO 1 |DWoR=@ RmQt OwW|t
x@ pwYLt OL=w 17 5 w 16 ?}DQD x@ swO w pw= |xQwO QO xm |r=L QO 'CU=
QO |r=UQ= pwYLt u=R}t ?}DQD u}ty x@ "Ovm|t p=UQ= 3 w 2 VR=OQB RmQt wO
|r=UQ= pwYLt u=R}t ẁtHt CU= QmP x@ sRq "CU= xOW xO=O u=Wv xQwO Qy
pL R= xOt; CUOx@ Q=Okt =@ Q@=Q@ xQwO Qy QO VR=OQB Rm =Qt x@ |DWoR=@ RmQt R=
',=D}=yv "CU= xDN=i sD} Qwor= QO Q}eDt u}= K}LY |x@U=Lt R= u=Wv xm CU= j}kO
xOW xO=O u=Wv xOvvmO}rwD x@ VR=OQB RmQt R= |r=UQ= pwYLt u=R}t 7 pwOH QO

"CU=
QO 2 w 1 VR=OQB RmQt wO R= xOvvmO}rwD xm OwW|t xOy=Wt 7 pwOH QO
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34
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|xQ
wO'

�13
97

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "VR=OQB w |DWoR=@ RmQt u}@ p=UQ= u=tR w pkv w ptL |xv} Ry "3 pwOH

p=UQ= u=tR pkv w ptL |xv} Ry RmQt RmQt
d c b a d c b a VR=OQB |DWoR=@
19 17 16 15 18 15 13 10 1

119 18 17 14 20 17 15 12 2
12 11 8 6 19 14 13 10 3
14 13 11 10 20 17 15 12 1

215 12 10 9 19 14 13 10 2
11 10 8 7 25 21 18 14 3
13 11 10 8 19 14 13 10 1

314 13 11 10 21 18 16 15 2
15 12 10 9 20 17 15 12 3
15 12 10 9 13 12 11 10 1

411 10 8 7 15 14 12 10 2
13 11 10 8 18 16 13 11 3

"VR=OQB w |DWoR=@ RmQt wO u}@ |r=UQ= pwYLt Q=Okt "6 pwOH
xDN=i sD} Qwor= |[=} Q pOt

RmQt RmQt�MATLAB� �GAMS�
VR=OQB |DWoR=@xQwO xQwO

2 1 2 1
{ { { { 1

117 5 16 { { 2
17 5 16 35 32 3

{ { { { 1
210 5 26 { 26 2

10 5 { 21 { 3
37 10 3 37 { 1

3{ 10 3 { { 2
{ 10 3 { 31 3

12 13 6 9 { 1
412 13 6 24 41 2

12 13 6 3 { 3

"xOvvmO}rwD x@ |r=UQ= pwYLt u=R}t "7 pwOH
xDN=i sD} Qwor= |[=} Q pOt RmQt�MATLAB� �GAMS� VR=OQBxQwO xQwO

2 1 2 1
{ 15 5 { { 1
{ 15 5 { { 2
36 { 36 31 3

"xOW |@=} R=@ |}=yv Qta =@ pwYLt u=R}t "4 pwOH
xOW |@=} R=@ pwYLt u=R}t RmQt xQwO

d c b a |DWoR=@
50 45 40 30 1

140 35 30 25 2
50 40 35 30 3
55 50 45 40 4
45 40 35 35 1

235 30 25 20 2
55 50 45 35 3
50 45 40 35 4

"VR=OQB Rm =Qt x@ |r=UQ= |OwHwt u=R}t "5 pwOH
xDN=i sD} Qwor= |[=} Q pOt

RmQt�MATLAB� �GAMS�
VR=OQBxQwO xQwO

2 1 2 1
57 5 8 5 46 { 1
90 5 50 5 91 67 2
80 40 55 32 3

|Q}oxH}Dv "8
Twmat l}DUHr sDU}U QO |R=i |xiOywO |R=Uxv}y@ pOt l} j}kLD u}= QO
xQwO Qy QO Rm =Qt u}@ |r=UQ= CqwYLt Q=Okt u}}aD j}kLD u}= hOy "OW x�=Q=
"OwW xv}tm OQmQ}O u=tR w Twmat l}DUHr pm |xv} Ry xm |Qw]x@ CU= |v=tR
OQmQ}O u=R}t w pm |xv} Ry xm OW |L=Q] |}xiOyOvJ |[=} Q pOt 'j}kLD u}= QO
C}a]k sOa ZQi =@ |L]UxU l}DUHr |xm@W QO |QDWt C=WQ=iU p=UQ= QO
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"""QO
|R=

i|
xiOy

wO|
xr�U

t|
R=Ux

v}y@|wU R= w CU= j}kO pL R= xOt; CUO x@ Q}O=kt =@ Q@=Q@ xOvvmO}rwD x@ |r=UQ= Q}O=kt
R= |m =L Qt= u}= xm O@=}|t Vy=m =yQ=QmD O=OaD V}=Ri= =@ hOy `@=D Q=Okt Qo}O
|}=wW}B C=k}kLD G}=Dv =@ ẁ[wt u}= 'CU= |O=yvW}B sD} Qwor= K}LY OQmrta

"OQ=O j}@]D �2015� u=Q=mty w |r w �2010� u=Q=mty w
O=a@= QO xr�Ut pL |=Q@ xDN=i |R=Uxv}y@ |Q=mD@==Qi VwQ R= xar=]t u}= QO
Qo}O O}OH |Q=mD@==Qi |=yVwQ R= u=wD|t ?}DQD u}O@ "CU= xOW xO=iDU= nQR@
|xv} Ry uwJ u}vJty "OQm xO=iDU= ?; C=Q]k Q}N@D sD} Qwor= '|vt}= sD} Qwor= Ovv=t
|=Q@ |vRw OQm} wQ R= xar=]t u}= QO 'OvQ=O |v=Um} C}y=t OQmQ}O |xv} Ry w u}t-=D
xiOyOvJ OQm} wQ R= u=wD|t VwQ u}= Q@ xwqa "CU= xOW xO=iDU= hOy wO ?}mQD
|R=Uxv}y@ sD} Qwor= '3�NSGA-II� ?wret=v |R=U?DQt =@ l}DvS sD} Qwor= Ovv=t
5�ACO� u=oJQwt |R=Uxv}y@ sD} Qwor= w 4�MOPSO� xiOyOvJ C=QP xw@v=
xO=iDU= =@ xr�Ut QO OwHwt C}a]k sOa xar=]t u}= QO C}=yv QO "OQm xO=iDU=
Ovv=t Qo}O |=yOQm} wQ R= u=wD|t =DU=Q u}= QO "OW xDiQo Q_v QO |R=i OQm} wQ R=

"OQm xO=iDU= |R=Uw} Q=vU Q@ |vD@t pL w |r=tDL= |=yOQm} wQ

QO =@ =Q Q=_Dv= u=tR |R=Uxv}tm Qo}O |wU R= "Ovm �|R=Uxv}y@� xv}tm =Q =yQDt=Q=B
u}= QO "CU= xOW p=ta= swO hOy `@=D u=wvax@ p=UQ= OQmQ}O u=R}t uDiQo Q_v
'xOvvmO}rwD x@ VR=OQB RmQt R= 'VR=OQB RmQt x@ CWoR=@ RmQt R= p=UQ= u=tR 'hOy
OQwt p=UQ= u=tR w VR=OQB RmQt QO OOHt xO=iDU= p@=k pwYLt VR=OQB u=tR
uDiQo Q_v QO Qw_vtx@ "CU= xOW xDiQo Q_v QO pwYLt l} |=Q@ |QDWt Q=_Dv=
xO=iDU= |}xkvRwP |R=i OQm} wQ R= Twmat l}DUHr |xm@W QO C}a]k sOa
sD} Qwor= l} R= xO=iDU= =@ w x�=Q= |[=} Q |R} Qxt=vQ@ pOt l} C}=yv QO "OW
Q=Ri=sQv QO |O=yvW}B |[=} Q pOt "OW x�=Q= pL xDN=i |R=Uxv}y@ |Q=mD@==Qi
u}vJty "CU= xOw@ xv}y@ CQwYx@ xr�Ut pL x@ QO=k w xOW |R=UxO=}B GAMS

MATLAB Q=Ri=sQv QO |O=yvW}B |xDN=i sD} Qwor= q=@ O=a@= QO xr�Ut pL |=Q@
O=OaD '|DWoR=@ Rm =Qt O=OaD |x@U=Lt C}r@=k |O=yvW}B pOt "CU= xOW |R=UxO=}B
|r=UQ= pwYLt u=R}t w RmQt wO u}= u}@ xOW =Hx@=H pwYLt u=R}t 'VR=OQB Rm =Qt
OQmrta R= |m =L |D=@U=Lt G}=Dv "CU= xDW=O xv}y@ CQwYx@ =Q xOvvmO}rwD x@
ẁtHt xm CU= u; R= |m =L G}=Dv "CU= |O=yvW}B |=yOQm} wQ =Q=m w K}LY

=yCWwv=B
1. cuckoo optimization algorithm
2. egg laying radius
3. non-dominated sorting genetic algorithm
4. multi-objective particle swarm optimization
5. ant-colony optimization
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