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COt u=wD|t w CU= pQDvm p@=k p} wLD COt |ak=w |=yC}akwt R= |Q=}U@ QO xm
|rOt [9]w}W w w�=}r Q=@ u}DUNv "O=O Vy=m '|i=[= |}xv} Ry hQY =@ =Q p} wLD
COt w CU= swrat 'OOHt VQ=iU K]U w VQ=iU Q=Okt u; QO xm OvO=O x�=Q=
QO xm [10]OW x�=Q= R}v |QD|rm pOt "CU= pOt u}= QO s}tYD Q}eDt =yvD p} wLD
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O=yvW}B |Wy=m |xv} Ry Q=DN=U =Pr "CU= Q=wWO |Qt= <RH Qy Vy=m |xv} Ry w
R}v [11]|Oa@ C=ar=]t QO "CU= p} wLD COt R= |ivt |}=tv `@=D CQwY x@ xm OW
xO=Di=j} waD x@ C=WQ=iU R= |@}mQD CQwYx@ =yOw@tm uDiQo Q_v QO =@ Qw=@ w x=ov u}=

'=yxw}t 'C=}v@r Q}_v CqwYLt R= |a}Uw h}] '|vOWOU=i |=yq=m xRwQt=
OQ@ Q=m x@ xHwD =@ "OwW|t pt=W =Q |}=}t}W w w}Dm =w}O=Q O=wt 'uwN 'C=H} R@U
|=yCU=}U uwt=Q}B xar=]t 'u=Uv= |oOvR QO sqk= u}= R= |NQ@ syt Vkv w xOQDUo
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|vOWOU=i sqk= hQYt xm OvDi=} QO u}kkLt pOt u}= |UQQ@ QO "CU= C@=F O=Ui
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Otp}rLD |OwHwt sDU}U |=yxv} Ry R= l} Qy Q@ =Q p} wLD COt Vkv u=wD|t 'u;

|xv} Ry xH}Dv QO w ptL u}L QO q=m O=Ui |=yxv} Ry Q@ ,=t}kDUt p} wLD COt "OQm
x@ x=oI}y `k=w QO w xOW OU=i p} wLD COt pw] QO xm R=}v Q@ O=R=t sqk= O} QN
QYva Vkv |UQQ@ |=Q@ |k}kLD u=Oki =Pr "CU= Q=PoQ}F-=D 'OUQ|tv x=ov@ CUO
'OQ=O Vkv p} wLD COt u}L sqk= O=Ui QO xm |Q}eDt u=wva x@ p} wLD COt
pOt QO Q}eDt p} wLD COt uOQm p}NO =@ Q[=L |xar=]t wQu}= R= "CU= OwyWt
Q@ p} wLD COt Vkv p}rLD OOYQO '|vOWOU=i |=yq=m |=Q@ |O=YDk= VQ=iU

"CU= |OwHwt sDU}U |=yxv} Ry

xr�Ut C=[wQit w =yO=tv "2
xr�Ut C=[wQit "1"2

%R= Ov=CQ=@a pOt u}= QO xOW xDiQo Q_v QO C=[wQit
&CU= C@=F w |a]k =[=kD MQv "1

&CU= xOW x�=Q= |v; |vOWOU=i |q=m l} |=Q@ pOt "2
&CU= xr�Ut s}tYD |=yQ}eDt R= |m} u=wva x@ p} wLD COt "3

&CU= xOW ZQi OwOLt=v |R=UQB R=@ MQv "4
&OvwW|tv Q}taD =} Z} waD 'OvwW|t OU=i xQwO pw] QO xm |}=yq=m "5

&CU}v R=Ht Ow@tm "6
"CU= OwOLt=v |R} Qxt=vQ@ ji= "7

|]N |}xa]k `@=D CQwYx@ p} wLD COtVy=m |xv} Ry 'pOt u}= QO u}vJty
Q=DN=U u}= "CU= xOW xDiQo Q_v QO VQ=iU Q=Okt w p} wLD COt Vy=m u=R}t R=

%R= Ov=CQ=@a u; C=[wQit w CU= [16]u=Q=mty w uB |xar=]t R= xDiQoQ@
'(ai)xv}tm u=tR COt pt=W s=i <RH "CU= <RH n pt=W p} wLD COt �hr=
QO s=i <RH Vy=m |xv} Ry "CU= (ci) Vy=m |xv} Ry w (bi) p=tQv u=tR COt
%CU= VQ=iU Q=Okt w xDi=}Vy=m p} wLD COt R= |a@=D CQwY x@ 'u=tR OL=w
ci = xi + yiQ (1)

Q}eDt |xv} Ry yi 'u=tR OL=w QO s=i <RH Vy=m C@=F |xv} Ry xi 'u; QO xm
w xi > 0 R}v w CUq=m VQ=iU u=R}t Q w u=tR OL=w QO s=i <RH Vy=m
Q=Okt w s}yO|t Vy=m ci u} QDsm =@ <RH R= =Q p} wLD COt <=RH= "yi > 0

"s}v=UQ|t ai x@ bi R= =Q <RH Qy
cj = xj+yjQ w ci = xi+yiQ Q}_v OL=wVy=m |xv} Ry wO Qy |=R=x@ �?
|Qw]x@ OQ=O OwHwQs `]=kD |x]kv 'i 6= j w yi < yj w xi > xj u; QO xm
Qs0 � Qs1 � ::: � xm OwW|t ?DQt u=vJ `]=kD \=kv u}= "ci = cj xm
m � n(n � 1)=2 w Qsm = 1 w Qs0 = 0 u; QO w Qsm � Qsm+1
OwW|t?DQt|}xvwox@ =yci '(Qsi ; Qsi+1) xR=@ QO VQ=iU Q=Okt Qy |=Q@ "CU=
ẁQW ci u} QDlJwm =@ <RH R= p} wLD COt |=RH= w c1 � c2 � ::: � cn xm

"OQ=O xt=O= OvwQ u}= w Ovvm|t Vy=m x@
%R= CU= CQ=@a u; |xvt=O w CU= p} wLD COt Qou=}@ L �G

Lmin =
nX
i=1

ai � L �
nX
i=1

bi = Lmax (2)

VQ=iU |x]kv w VQ=iU Q=Okt Ow@y@ |=Q@ "Ci=} xaUwD xDiQ CUO R= VwQi w
=@ xDUw}B QwQt CU=}U |=Q@ u; |xaUwD =@ xm OW x�=Q= [12]|Q=mD@= |WwQ OOHt
xO=Di=j} waD C=WQ=iU R= |@}mQD =@ |iO=YD pOt '|}xQwO w VQ=iU C@=F xR=Ov=
�VQ=iU Q=Okt� w �p} wLD COt� pOt u}= QO &OW KQ] xDiQ CUO R= VwQi w
w xOvWwQi l} =@ xJQ=Bm} |OwHwt O}rwD pOt QO [13]"Ov=xr�Ut s}tYD |=yQ}eDt
w VOwN XDNt 'Q=O} QN Qy |=Q@ p} wLD COt Vy=m |xv} Ry [14]Q=O} QN OvJ
u}t-=D |xQ}HvR |UQQ@ QO "CU= p} wLD COt Vy=m u=R}t R= |]N |}xa]k |a@=D
x@ Q=@v= R= q=m p} wLD COt [16w15]�� xOvvm`} RwD l} w Q=@v= l} pt=W �� |L]UwO
R= |]N |}xa]k |a@=D 'p} wLD COt Vy=m |xv} Ry w CU= pQDvm p@=k xOvvm`} RwD
|}=tv |a@=D =Q p} wLD COt Vy=m |xv} Ry u}kkLt R= |NQ@ "CU= u; Vy=m u=R}t
=Q |v}t-=D |xQ}HvR [18]u=Q=mty w |O}WtH [17]"Ov=xDiQo Q_v QO p} wLD COt R=
u=wD|t xv} Ry hQY =@ =Q =yQ=@v= w u=oOvvmO}rwD p} wLD COt u; QO xm OvDiQo Q_vQO
QO xm |}xQwO QwQt CU=}U =@ |OwHwt pQDvm pOt [19]Q=twm =}=Dw= w u=} QB "O=O Q}}eD
COt Vy=m |xv} Ry xm |Qw] x@ Ovvm|t |UQQ@ CU= pQDvm p@=k p} wLD COt u;
|OwHwt pQDvm pOt [20]|WwH w |vwU "CU= p} wLD COt R= |}=tv `@=D p} wLD
=yv; pOt QO "Ovvm|t |UQQ@ |r=tDL= � |R=i \}Lt QO |}xQwO QwQt CU=}U =@

"CU= |]N |}xa]k |a@=D u; Vy=m |xv} Ry w pQDvm p@=k p} wLD COt
|}xa]k |a@=D u=wva x@ ,=@r=e =yxr=kt QFm = QO p} wLD COt Vy=m |xv} Ry
Vy=m |xv} Ry xm |r=L QO "OwW|t u=}@ xDi=} Vy=m p} wLD COt R= |]N
R}v VQ=iU Q=Okt x@ xmr@ &CU}v u; Vy=m u=R}t x@ \w@ Qt =yvD 'p} wLD COt
Q_v QO [21]u=Q=mty w uB |xar=]t QO Q=@ u}rw= ẁ[wt u}= "OwW|t \w@ Qt
u=wD|t 'p} wLD COt Vy=m |=yxv} Ry Q@ Q=PoQ}F-=D pt=wa xrtHR= "OW xDiQo
|=yxv} Ry 'Ckw xQ=B u=OvtQ=m |=yORtDUO =} QDW}@ |Q=mxi=[= |=yCN=OQB x@
p} wLD `} QUD CyH QDu=Qo xH}Dv QO w QD`} QU ptL VwQ w QDq=@ |Q=Oxov
lD xOvWwQi lD |=Q@ |}xJQ=Bm} pOt [22]=H} Q=y w =}=O u@ "OQm xQ=W= VQ=iU
"CU= VQ=iU xR=Ov= R= |]N |a@=D p} wLD COt 'u; QO xm OvO=O x�=Q= Q=O} QN
xR=Ov= R= |a@=D CQwY x@ =Q p} wLD COt Vy=m |xv} Ry ?} Q[ [23]nv=J
|xQ}HvR [24]|R=HL w u=mQ= "CU= xDiQo Q_v QO |D@=F |xv} Ry x=Qty x@ VQ=iU
u; QO xm OvOQm |UQQ@ =Q Q=O} QN l} w xOvWwQi l} pt=W |L]UwO u}t-=D
u}= QO "CU= xOW xDiQo Q_v QO pQDvm p@=k p} wLD COt w |yOVQ=iU |xv} Ry
xOW xDiQo Q_v QO VQ=iU xR=Ov= R= |a@=D 'p} wLD COt Vy=m |xv} Ry xr=kt

"CU=
w V}=Q}B xr=kt x@ u=wD|t Q}eDt p} wLD COt xRwL QO |OQ@ Q=m |=yxvwtv R=
s=OmQy xm xOW xDiQo Q_v QO ptL |xr}Uw xU xr=kt u}= QO "OQm xQ=W= [25]Q}Wv=wH
=@ xm |Qw]x@ OvQ=O OwN x@ XDNt ptL u=tR w Q}eDt |xv} Ry 'C@=F |xv} Ry
p} wLD COt w OQm ?=NDv= =Q QD`} QU ptL |xr}Uw u=wD|t QDW}@ |xv} Ry hQY

"O=O Vy=m =Q
O}=@ p} wLD COt xm Ov=xO=O X}NWD =Q ẁ[wt u}= u}kkLt |[a@ xJQo =
=t |=yxDi=} T=U=Q@ =t= 'OwW xDiQo Q_v QO pOt QO s}tYD |=yQ}eDt R= |m} u=wvax@
p} wLD COt xm |}xar=]t '|OwHwt pQDvm |xRwL |=yxr=kt R= l}I}y QO uwvm =D
xDiQov CQwY 'OQ}o@ Q_v QO |vOWOU=i |q=m |=Q@ pQDvm p@=k |Q}eDt u=wva x@ =Q
u}}aD V}B R= |Q=Okt =Q p} wLD COt 'Q}PBO=Ui |xRwL C=k}kLD QO '`k=w QO "CU=
Q=QkQ@ |ak=w |=}vO QO ZQi u}= xm |DQwYQO "OvQ}o|t Q_v QO QiY Q@=Q@ =} w xOW
COt uOQm p}NO =@ "O=O Vy=m =Q p} wLD COt |}xv} Ry hQY =@ u=wD|t w CU}v
uDiQo Q_v QO Q}eDt w |vOWOU=i |=yq=m |=Q@ |O=YDk= VQ=iU pOt QO p} wLD
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Ovyt %s} Q=O I(0) = q \QW uDiQo Q_v QO =@ |Di=} QO |q=m u=R}t |x@U=Lt |=Q@

q = D
�1

(e�1T � 1) (8)

u=tR ?ULQ@ p}wLD COt |OwHwt `@=D "2"3
MQ q=m O=Ui p}rO x@ ,=iQY |OwHwt K]U Vy=m 'p} wLD COt QO xm =Hv; R=
|xrO=at R= 'O(t) 'u; |OwHwt K]U `@=D uOQw; CUO x@ |=Q@ u=wD|t 'OyO|t

%OQm xO=iDU= 9 |r}Uv=Qi}O
dO(t)
dt

= ��2O(t); 0 < t � L (9)

%R= CU= CQ=@a O(L) = q \QW x@ xHwD =@ '8 |r}Uv=Qi}O |xrO=at ?=wH
O(t) = qe�2(L�t); 0 < t � L (10)

|r=UQ= |q=m u=R}t 's}vm x@U=Lt QiY |x_Lr QO =Q p} wLD COt |OwHwt Qo = p=L
%CW=O s}y=wN 11 |x]@=Q j@] =Q VQ=iU Q=Okt u=ty =}

Q = qe�2L (11)

Q=Okt 's}vm |Q=Po}=H 8 |x]@=Q R= u; pO=at =@ =Q q Q=Okt 11 |x]@=Q QO Qo =
%O};|tCUO x@ 12 |x]@=Q CQwYx@ s}tYD |=yQ}eDt w =yQDt=Q=B?ULQ@ VQ=iU
Q = D

�1
e�2L(e��1T � 1) (12)

|OwHwt pQDvm |=yxv} Ry |x@U=Lt "3"3
|yOVQ=iU |xv} Ry "1"3"3

ẁtHt 'OQ}o|t CQwY |yOVQ=iU pta Q=@ l} =yvD xQwO Qy QO xm u}= x@ xHwD =@
%R= CU= CQ=@a u=tR OL=w QO |yOVQ=iU |=yxv} Ry

TCO = A
T

(13)

O} QN |xv} Ry "2"3"3
xOW xO=O VQ=iU |=yq=m O=OaD =@ ?U=vDt q=m O} QN |xv} Ry 'xQwO l} QO
j@=]t u=tR OL=w QO q=m O} QN |=yxv} Ry ẁtHt u}=Q@=v@ "OwW|t x@U=Lt (Q)

%OW Oy=wN x@U=Lt 14 |x]@=Q

TCp = CQ
T

= CDe�2L(e�1T � 1)
T�1

(14)

|Q=Oxov |xv} Ry "3"3"3
|] (�I) Q=@v= |OwHwt K]U \UwDt O}=@ =OD@= |Q=Oxov |xv} Ry |x@U=Lt |=Q@

%u}=Q@=v@ "s}vm x@U=Lt =Q |yOVQ=iU xQwO l}

�I =

TR
0
D
�1 (e�1(T�t) � 1)dt

T
= D
T�21

(e�1T � �1T � 1) (15)

%R= Ow@ Oy=wN CQ=@a u=tR OL=w QO |Q=Oxov |=yxv} Ry ẁtHt

TCh = hD
T�21

(e�1T � �1T � 1) (16)

=O}B Vy=m OwN |xv}tm Q=Okt x@ u; i =D 1 <=RH= xm CU= |r} wLD COt Li �O
%x@ OwW|t p}O@D Li =Pr "Ov=xOQm

Li = Lmax �
iX
j=1

(bj � aj) (3)

%R= CU= CQ=@a u}at (L) p} wLD COt l} |=Q@ Vy=m |xv} Ry =Pr ��y

R(L) = ci(Li�1 � L) +
i�1X
j=1

cj(bj � aj); Li < L � Li�1

(4)

Vy=m |xv} Ry '4 |x]@=Q QO 1 |x]@=Q R= OL=w Qy Vy=m |xv} Ry |Q=Po}=H =@
%R= Ow@ Oy=wN CQ=@a u}at (L) p} wLD COt l} |=Q@

R(L;Q)=(xi + yiQ)(Li�1 � L)+
i�1X
j=1

(xj + yjQ)(bj � aj);

Li < L � Li�1 (5)

xr�Ut |=yQ}eDt w =yQDt=Q=B "2"2
&�q=mOL=w/u=tR OL=w� =[=kD MQv %D

&�QqO/VQ=iU� q=m VQ=iU Q=@ Qy |xv} Ry %A
&�QqO/q=m OL=w� q=m OL=w Qy O} QN |xv} Ry %C

&�QqO/q=m OL=w/u=tR OL=w� u=tR OL=w QO q=m OL=w Qy |Q=Oxov |xv} Ry %h
&�QqO/q=m OL=w� q=m OL=w Qy uOWOU=i |xv} Ry %cd

&�q=m OL=w� q=m VQ=iU u=R}t %Q
&�q=m OL=w� Ci=} QO Q=@ Qy QO |Di=} QO |q=m u=R}t %q
&(0 < �1 < 1) Q=@v= QO |OwHwt O=Ui ?} Q[ %�1

&(0 < �2 < 1) p} wLD COt QO |OwHwt O=Ui ?} Q[ %�2
&�s}tYD Q}eDt� �u=tR OL=w� p} wLD COt %L

&�s}tYD Q}eDt� �u=tR OL=w� |yOVQ=iU |xQwO pw] %T
&�QqO/VQ=iU� p} wLD COt Vy=m |xv} Ry `@=D %R(L)

OL=w� Li < L < Li�1 u; QO xm |OwHwt |=yxv} Ry ẁtHt `@=D %Ki(L; T )

"�QqO/u=tR

xr�Ut |R=UpOt "3
u=tR ?UL Q@ Q=@v= |OwHwt `@=D "1"3

hQYtD MQv =@ |iQ] R= w OwW|t OU=i �1 MQv =@ Q=@v= |OwHwt xm u}= x@ xHwD =@
6 |r}Uv=Qi}O |xrO=at R= 'xQwO l} |] QO Q=@v= |OwHwt K]U |x]@=Q 'OwW|t

%Ot; Oy=wN CUOx@
dI(t)
dt

= ��1I(t)�D; 0 < t � T (6)

|xrO=at pL '=Pr "OUQ|t QiY x@ xQwO |=yDv= |OwHwt xv}y@Cr=L QOCU=|y}O@
%R= CU= CQ=@a I(t) = 0 \QW uDiQo Q_v QO =@ 6

I(t) = D
�1

(e�1(T�t) � 1); 0 < t � T (7)

135



"""|
q=m

|=Q@
|O

=YD
k=V

Q=iU
Q=Ok

tp
Othr= CUw}B QO hOy `@=D ?OLD |UQQ@ x@ \w@ Qt C=L}[wD "CU= hOy `@=D

%s}yO|t Q=Qk QiY Q@=Q@ =Q T Q}eDt x@ C@Uv |} RH jDWt "CU= xOt;
@Ki(L; T )

@T
= 0 (23)

D(e�1T (T�1 � 1) + 1)(h+ e�2L(C + cd)�1)

�(A+De�1T+�2L(yi(Li�1 � L) +
i�1X
j=1

yj(bj � aj)))�21 = 0
(24)

%s}vm|t x@U=Lt(Li; Li�1]|v=tR xR=@ QyQO =QL Q}eDt x@C@Uv|} RHjDWtuwvm =
@Ki(L; T )

@L
= 0 Li < L � Li�1 (25)

D�2
T�1

(e�1T � 1)e�2L(C + cd + yi((Li�1 � L) + ��1
2 )

+
i�1X
j=1

yj(bj � aj))� xi
T

= 0 (26)

|ov}y@ |=Q@ |i=m \QW 'Ovvm jOY 26 w 24 |x]@=Q wO Qy QO xm L w T Q=Okt Qy
24 CqO=at |oO}J}B p}rOx@ w s} Q=O |]NQ}e CqO=at x=oDUO l} =Pr "OvQ=O =Q
|=Q@ |tD} Qwor= Q} R QO "CU}v umtt xQ}eDtlD |xrO=at l} x@ |@=}CUO 26 w
"OwW|t x�=Q= |OOa |wHwCUH j} Q] R= '`@=D pw= |=yjDWt OQwNQ@ |x]kv uDi=}

pL sD} Qwor= "1"4
p} wLD COt hrDNt |v=tR |=yxR=@ |=R=x@ hOy `@=D |ov}y@ 'sD} Qwor= u}= QO
|=yjDWt |=yxW} Q |wHwCUH x@ |OOa CQwY x@ xR=@ Qy QO "OvwW|t |UQQ@
p} wLD COt Q}eDt x@|}x}rw= Q=Okt 24 |xrO=at QO xm CQwY u}= x@ &s} R=OQB|t pw=
Q=Okt w s}vm|t p}O@D T ?ULQ@ xQ}eDtlD |xrO=at x@ =Q u; w xO=O X}YND
s}vm|t Q=QmD =Q x} wQ u}= w s}yO|t Q=Qk 26 |xrO=at QO =Q T pwyHt Q}eDt xv}y@
R= QDsm hqDN= 'hkwD \QW "s} wW l}ORv 26 w 24 CqO=at OQwNQ@ |x]kv x@ =D
24 CqO=at pL Q=@ k R= QDW}@ Q=QmD =} 'p} wLD COt Q}eDt |r=wDt Q=Okt wO u}@ "
\=kv� xR=@ |=yDv= w =OD@= \=kv 'OwW k R=Ht OL R= QDW}@ Q=QmD xJv=vJ "CU= 26 =}
hrDNt |=yxR=@ u}@ QO `@=D Q=Okt u} QDsm C}=yvQO "OvwW|t |UQQ@ �CUmW
xv}y@ Q}O=kt u=wvax@ 'xR=@ u; xv}y@ s}tYD |=yQ}eDt Q}O=kt w xv}y@ ?=wH u=wvax@

"CU= xOt; Q} R QO sD} Qwor= u}= |=ys=o "OvwW|t ?=NDv= s}tYD |=yQ}eDt
%O}yOs=Hv= (Li; Li�1] xR=@ Qy |=Q@ |=Q@ =Q "10"1 =D "1"1 |=ys=o "1 s=o

"O}yOQ=Qk j = 0 Q=Okt "1"1 s=o
=Q u; w O}vm x@U=Lt =Q (Li + Li�1)=2 '(Li; Li�1] xR=@ QO "2"1 s=o

"O}t=v@ L(j)

"O}yO V}=Ri= OL=w l} =Q j Q=Okt "3"1 s=o
CUO x@ =Q T Q=Okt w O}vm pL L(j � 1) |=R=x@ =Q 24 |xrO=at "4"1 s=o

"O}t=v@ T (j) =Q u; w O} Qw;
Q=Okt "O}yO Q=Qk 26 |xrO=at QO =Q "4"1 s=o R= xOt; CUO x@ T (j) "5"1 s=o

"O}t=v@ L(j) =Q u; w O} Qw; CUOx@ =Q L
"O} wQ@ "9"1 s=o x@ CQwYu}= Q}e QO &O} wQ@ "7"1 s=o x@ j � k Qo = "6"1 s=o

uOW OU=i |xv} Ry "4"3"3
COt QO xmCU=|}=yq=m x@ \w@ Qt|WN@ "CU=VN@ wOpt=WuOW OU=i|xv} Ry
QO xmCU=|}=yq=m x@ \w@ Qt Qo}OVN@ w (Q�q) OvwW|t OU=i �2 MQv =@p} wLD
"(q�DT ) OvwW|t OU=i �1 MQv =@ Q=@v= x@ OwQw R=TB =t= xOWv OU=i p} wLD COt
"OwW|t OU=i|yOVQ=iU Q=@l}|] q=m OL=w (Q�DT ) O=OaD ' ẁtHt QO =Pr

%CU= Q} R CQwY x@ u=tR OL=w QO uOWOU=i |=yxv} Ry ẁtHt '?}DQD u}= x@

TCd = cd(Q�DT )
T

= cd(De�2L(e�1T � 1)�DT�1)
T�1

(17)

p}wLD COt Vy=m |xv} Ry "5"3"3
COt Vy=m |xv} Ry '5 |x]@=Q QO 11 |x]@=Q R= VQ=iU xR=Ov= |Q=Po}=H =@

%O};|t CUO x@ u}vJ p} wLD

R(L; T ) =(xi + yi
D
�1
e�2L(e�1T � 1))(Li�1 � L)

+
i�1X
j=1

(xj + yj
D
�1
e�2L(e�1T � 1))(bj � aj);

Li < L � Li�1 (18)

"CU= R(L; T )=T u=tR OL=w QO p} wLD COt Vy=m |xv} Ry =Pr

xr�Ut |[=} Q pOt "4"3
q=m O=Ui '|Q=Oxov 'O} QN '|yOVQ=iU |=yxv} Ry ẁtHt pt=W xr�Ut hOy `@=D
COt Vy=m |xv} Ry uOw@ |}xa]k Cra x@ "CU= p} wLD COt Vy=m |xv} Ry w
%s} Q=O i = 1; :::; n Q}O=kt |=Q@ "CU= |}xa]k CQwY x@ R}v hOy `@=D 'p} wLD

Min Ki(L; T ) =A
T

+ CDe�2L(e�1T � 1)
T�1

+ hD
T�21

(e�1T � �1T � 1)

+ cd(De�2L(e�1T � 1)�DT�1)
T�1

+ (xi + yi
D
�1
e�2L(e�1T � 1))(Li�1 � L)

+
i�1X
j=1

(xj + yj
D
�1
e�2L(e�1T � 1))(bj � aj)(19)

Subject to :

Li = Lmax �
iX
j=1

(bj � aj) (20)

Li < L � Li�1 (21)

T > 0 (22)

pOt pL "4
|=yQ}eDt x@ C@Uv Q}PBjDWt w xDUw}B `@=D l} xr�Ut hOy `@=D xm u}= x@ xHwD =@
"s}vm|t xO=iDU= xv}y@ ?=wH u}}aD |=Q@ |Q}ojDWt OQm} wQ R= 'CU= s}tYD
uOw@ ?OLt '|i=m \QW w CU= xv}y@ ?=wH |=Q@ sRq \QW 26 w 24 CqO=at
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xQ=t
W'

34
�1

|xQ
wO'

�13
97

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "p}wLD COt |=yQDt=Q=B Q}O=kt "1 pwOH

Q=Okt QDt=Q=B Q=Okt QDt=Q=B
1 2 x2 2 a1

0 004 y2 16 b1

3 a3 0 4 x1

10 b3 0 012 y1

5 x3 2 a2

0 0012 y3 16 b2

"p=Ft |=yQDt=Q=B Q}=U Q}O=kt "2 pwOH
Q=Okt QDt=Q=B
600 D

200 A

25 C

20 h

5 cd

0 25 �1
0 3 �2

CQwYu}= Q}e QO &O} wQ@ "8"1 s=o x@ L(j)� L(j � 1) � " Qo = "7"1 s=o
"O} wQ@ "3"1 s=o x@

=Q xv}y@ Q}O=kt 'OvW=@ T (j) > 0 w Li < L(j) � Li�1 Qo = "8"1 s=o
Q}e QO &O} wQ@ "2 s=o x@ w O}yOQ=Qk T opt1 = T (j) w Lopt1 = L(j)

"O} wQ@ "9"1 s=o x@ CQwYu}=
"O}yO Q=Qk Lopt2 = Li�1 w Lopt1 = Li %�CUmW \=kv |UQQ@� "9"1 s=o
pL �OwHw CQwY QO� Lopt2 w Lopt1 Q}O=kt |=R=x@ =Q 24 |xrO=at "10"1 s=o

"O}t=v@ T opt2 w T opt1 =Q =y?=wH w O}vm
T opt2 w Lopt2 w x]w@ Qt T opt1 w Lopt1 Q}O=kt (Li; Li�1] xR=@ Qy |=Q@ "2 s=o

"O}yO Q=Qk 19 hOy `@=D QO =Q x]w@ Qt
|}xR=@ QO xv}y@ ?=wH 'hrDNt C=a]k |=Q@ xOW ?=UL |=yxv} Ry u}@ QO "3 s=o

"OW=@ xDW=O =Q xv} Ry u} QDsm xm CU=
"CU= xOW s}UQD 1 pmW QO R}v sD} Qwor= CQ=Jwri

|OOa p=Ft "5
|=yQDt=Q=B Q}O=kt "CU= xOW xDiQo Q_v QO <RH 3 |=Q=O p} wLD COt p=Ft u}= QO
p=Ft |=yQDt=Q=B Q}=U Q}O=kt "CU= xOW x�=Q= 1 pwOH QO p} wLD COt x@ \w@ Qt

"CU= xOW xOQw; 2 pwOH QO

"|O=yvW}B sD} Qwor= CQ=Jwri "1 pmW
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"""|
q=m

|=Q@
|O

=YD
k=V

Q=iU
Q=Ok

tp
Ot"=yxv} Ry ẁtHt w s}tYD |=yQ}eDt xv}y@ Q}O=kt Q@ =yQDt=Q=B Q}}eD Q}F-=D "3 pwOH

K Q L Q=Okt QDt=Q=B
6706 2 57 28 200

D

12479 9 82 14 400
18096 2 101 14 600
23633 8 116 14 800
29121 1 130 14 1000

17392 6 75 14 100

A

17769 6 89 14 150
18096 2 101 14 200
18388 5 112 14 250
18655 7 121 14 300

17211 4 149 14 5

h

17696 1 118 14 12 5
18096 2 101 14 20
18444 7 89 14 27 5
18757 7 81 14 35

11896 2 102 42 15

C

14998 2 102 14 20
18096 2 101 14 25
21192 7 98 14 30
24287 9 96 14 35

18017 9 103 14 1

cd

18057 2 102 14 3
18096 2 101 14 5
18135 100 14 7

18173 5 99 14 9

17660 1 112 14 0 05

�1
17848 109 14 0 1

18096 2 100 14 0 25
18469 6 89 14 0 5
18806 2 81 14 0 75

17585 7 94 42 0

�2
17905 1 95 42 0 15
18096 2 101 14 0 3
18132 1 101 14 0 35
18312 8 102 14 0 6

'|r=UQ= |q=m Q=Okt Vy=m Cra "CU= xOW wQx@ wQ V}=Ri= =@ |OwHwt |=yxv} Ry
"CUq=m OL R= V}@ |Q=Oxov |xv} Ry =@ xyH=wt R= |Q}owrH

ẁtHt =t= 'xDi=} Vy=m |r=UQ= |q=m Q=Okt '(C) O} QN |xv} Ry V}=Ri= =@
'|r=UQ= |q=m Q=Okt QO Vy=m Cra "CU= xDW=O V}=Ri= |OwHwt |=yxv} Ry

"CUq=@ O} QN |xv} Ry =@ xyH=wt R= |Q}owrH

"|OOa p=Ft p}wLD COt Vy=m |xv} Ry C=Q}}eD Q=Owtv "2 pmW

"|OOa p=Ft pm |xv} Ry C=Q}}eD Q=Owtv "3 pmW

" = 0 0005 w k = 100 '"1"4 VN@ QO xOW x�=Q= sD} Qwor= |=QH= QO
pL Matlab c
 Q=Ri=sQv ltmx@ pwyHtlD =@ 26 w 24 CqO=at w 'xOW ZQi
|xQwO Qy pw] |xv}y@ Q=Okt w RwQ 14 p} wLD COt |xv}y@ Q=Okt "CU= xOW
18096 2 =@ Q@=Q@ |OwHwt |=yxv} Ry ẁtHt u}vJty "CU= RwQ 59 |yOVQ=iU
u}= x@ \w@ Qt p} wLD COt Vy=m |xv} Ry C=Q}}eD Q=Owtv "Ow@ Oy=wN |rwB OL=w
|xQwO pw] V}=Ri= =@ OwW|t xOy=Wt xm u=vJ "CU= xOW xOQw; 2 pmW QO p=Ft
COt Vy=m =@ u}vJty "O@=}|t Vy=m p} wLD COt Vy=m |xv} Ry '|yOVQ=iU
u}= QO xHwD p@=k |xDmv "OwW|t wQx@ wQ V}=Ri= =@ Vy=m u}= |xv} Ry 'p} wLD
CUmW \=kv R= Qw@a u=tR QO p} wLD COt Vy=m |xv} Ry |v=yo =v C=Q}}eD 'Q=Owtv
|}xv} Ry ?}=Q[ QO Q}}eD Qt= u}= Cra "CU= �RwQ 28 w 14 p} wLD COt� |}xv} Ry

"CU= \=kv u}= R= Qw@a s=ovy QO (ci)

xOW xO=O u=Wv 3 pmW QO p=Ft u}= x@ \w@ Qt pm |xv} Ry C=Q}}eD Q=Owtv
COt QO w CU= ?OLt pm |xv} Ry `@=D Q=Owtv 'OwW|t xOy=Wt xm u=vJ "CU=
Vy=m |xv} Ry Q}F-=D R= |W=v xm OwW|t xO}O Kw[w x@ |oDUmW RwQ 14 p} wLD

"CU=yxv} Ry ẁtHt Q@ p} wLD COt
Qw_vt x@ �2 w �1 'cd 'C 'h 'A 'D |=yQDt=Q=B |wQ C}U=UL p}rLD G}=Dv
QO |OOa G}=Dv w xDiQo CQwY =yxv} Ry ẁtHt w xv}y@ ?=wH Q@ u=WQ}F-=D |UQQ@
|q=m Q=Okt =yvDxv (A) |yOVQ=iU |xv} Ry V}=Ri= =@ "CU= xOW x�=Q= 3 pwOH

"OQ=O |W}=Ri= OvwQ sy hOy `@=D Q=Okt xmr@ 'xDi=} V}=Ri= |r=UQ=
ẁtHt =t= 'O@=}|tVy=m|r=UQ= |q=m Q=Okt '(h) |Q=Oxov |xv} RyV}=Ri= =@
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u=DU
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QW

C}
Q}Ot

w`}
=vY

|U
Ovyt ?} Q[ QO V}=Ri= Ea=@ ?}=Q[ u}= QO V}=Ri= xm =Hv; R= Cio u=wD|t "CU= xOW

QO "CW=O =Q p} wLD COt Vy=m Q=_Dv= u=wD|tv u}=Q@=v@ 'OwW|t (ci) pm |}xv} Ry
p} wLD COt xOW xDiQo Q_vQO (xi) C@=F |}xv} Ry ?}=Q[ |=Q@ xm |D=Q}}eD xvt=O
V}=Ri= "O@=}|t V}=Ri= VQ=iU xR=Ov= =t= CU}v T=UL C=Q}}eD u}= x@ C@Uv
x@ (xi) C@=F |}xv} Ry ?}=Q[ V}=Ri= =@ =Q} R "CU= Q=_Dv= p@=k VQ=iU xR=Ov=
xR=Ov= V}=Ri= x@ QHvt xv} Ry V}=Ri= u}= &O@=}|t V}=Ri= |yOVQ=iU |xv} Ry |awv

"OwW|t VQ=iU
xOQw; 5 pwOH QO (yi) Q}eDt |xv} Ry ?}=Q[ |wQ C}U=UL p}rLD G}=Dv
?} Q[ QO V}=Ri= Ea=@ ?}=Q[ u}= QO V}=Ri= xm =Hv; R= Cio u=wD|t "CU= xOW
'u}vJty "CW=O =Q p} wLD COt Vy=m Q=_Dv= u=wD|tv 'OwW|t (ci) pm |}xv} Ry
?=wH xOW xDiQo Q_vQO (yi) Q}eDt |}xv} Ry ?}=Q[ |=Q@ xm |D=Q}}eD |xvt=O QO
(yi) Q}eDt |}xv} Ry ?}=Q[ V}=Ri= "CU}v T=UL C=Q}}eD u}= x@ C@Uv xv}y@
xR=Ov= V}=Ri= Q=_Dv= `@Dx@ w OwW|t |yOVQ=iU |xv} Ry V}=Ri= Ea=@ |awvx@
C@Uv (ci) pm |}xv} Ry ?} Q[ V}=Ri= u=R}t 'Qo}O |wU R= "OQ=O OwHw VQ=iU
xR=Ov= Vy=m Q}eDt |xv} Ry ?}=Q[ V}=Ri= '=Pr w OQ=O VQ=iU xR=Ov= =@ s}kDUt
Q}}eD sOa 'C}U=UL p}rLD u}= QO '\@=wQ u}= pYL=t "Ovm|t ?=H}= =Q VQ=iU

"CU= VQ=iU xR=Ov= QO
x@ C@Uv xv}y@ p} wLD COt p=Ft u}= QO xm OyO|t u=Wv 5 w 4 pw=OH
xR=Ov= C=Q}}eD "CU}v T=UL p} wLD COt Vy=m |xv} Ry Q}eDt w C@=F |=yQ}eDt
R= u=wD|t OW=@v umtt ?}=Q[ u}= j}kO OQw;Q@ Qo = =Pr "CU= R}J=v R}v VQ=iU

"OQm xO=iDU= xv}y@ ?=wH u}}aD QO u; |@} QkD OQw;Q@
"CU= x}v=F 1 R= QDsm pL u=tR u; |=yC}U=UL p}rLD w |OOa p=Ft pL QO
Cio u=wD|t =Pr OyO|t =Q xv}y@ ?=wH pL sD} Qwor= xm u}= x@ xHwD =@ |iQ] R=

"CU= Q=OQwNQ@ |}q=@ |}=Q=m R= sD} Qwor=

|Q}oxH}Dv "6
u; QO xm OW x�=Q= |vOWOU=i |q=m |=Q@ |O=YDk= VQ=iU Q=Okt pOt xr=kt u}= QO
OQ=w s}tYD Q}eDt u=wva x@ p} wLD COt "OwW|t xDiQo Q_v QO Q}eDt p} wLD COt
`@=D x@ p} wLD COt Vy=m |xv} Ry u=wva =@ |O}OH |}xv} Ry VN@ w xOW pOt
R= |a@=D CQwY x@ p} wLD COt Vy=m |xv} Ry Q=DN=U "OW xOwRi= xr�Ut hOy
|R=UpOt R=TB "CU= xOW xDiQo Q_v QO p} wLD COtVy=m u=R}t w VQ=iU xR=Ov=
'=yC}U=UL p}rLD QO ?r=H |xDmv "OW x�=Q= pL |=Q@ |OOa sD} Qwor= 'j}kO
QF=Q@ 'O=Ui |xv} Ry OL R= V}@ V}=Ri= R= |Q}owrH |=Q@ |r=UQ= |q=m u=R}t Vy=m
QO |OwHwt O=Ui MQv V}=Ri= =@ xm u; p=L "CU= Q=@v= |OwHwt O=Ui MQv V}=Ri=
sy=Qi |r=UQ= |q=m u=R}t V}=Ri= u=mt= p}rO u}ty x@ w Vy=m p} wLD COt 'x=Q
V}=Ri= =@ |OwHwt sDU}U |=yxv} Ry 'Q=_Dv= j@=]t w Cq=L u}= wO Qy QO "OW|t

"OQ=O |OwaY |OvwQ O=Ui |=yMQv
sD} Qwor= x�=Q= x@ QHvt Ov=wD|t u; X=wN hWm w hOy `@=D |[=} Q p}rLD
xO}J}B |tm hOy `@=D uOw@ |]NQ}e w |}xa]k p}rO x@ Qt= u}= "OwW QD=Q=m pL
s}taD x@ u=wD|t |D; C=k}kLD QO "OwW|t O=yvW}B |D; C=k}kLD u=wva x@ w CU=
O=OaD C}OwOLt w Q=@v= |=[i C}OwOLt 'Ow@tm OwHw u=mt= Cq=L x@ xr�Ut
pw@} w Q}_v G}=Q |xDUw}B O=Ui `@=wD R= |m} u=wD|t u}vJty "CN=OQB C=WQ=iU

"OQm xO=iDU= C@=F O=Ui MQv |=H x@ =Q |]N =}

w s}tYD |=yQ}eDt xv}y@ Q}O=kt Q@ C@=F |}xv} Ry ?}=Q[ Q}}eD Q}F-=D "4 pwOH
"=yxv} Ry ẁtHt

x1 x2 x3 L Q K

0 2 0 6 2 5 14 97 18008 6
0 3 0 9 3 75 14 98 18044
0 4 1 2 5 14 101 18096 2
0 5 1 5 6 25 14 101 18113 3
0 6 1 8 7 5 14 102 18147 3

w s}tYD |=yQ}eDt xv}y@ Q}O=kt Q@ Q}eDt |}xv} Ry ?}=Q[ Q}}eD Q}F-=D "5 pwOH
"=yxv} Ry ẁtHt

y1 y2 y3 L Q K

0 006 0 002 0 0006 14 101 18009 5
0 009 0 003 0 0009 14 101 18061 5
0 012 0 004 0 0012 14 101 18096 2
0 015 0 005 0 0015 14 101 18166 9
0 018 0 006 0 0018 14 101 18201 6

Cra &CU= xDi=} Vy=m |r=UQ= |q=m Q=Okt '(cd) O=Ui |xv} Ry V}=Ri= =@
xOW OU=i |=yq=m O=OaD 'OW=@ QDsm |OwHwt K]U \UwDt xJQy xm CU= u;
Qw_vt x@ pOt u}= QO "Ci=} Oy=wN Vy=m q=m O=Ui |xv} Ry u; p=@vO x@ w
xm CU= u=vJ (�1) Q=@v= |OwHwt O=Ui MQv 'xOW OU=i |=yq=m O=OaD Vy=m
|v=tR u}vJty "OyO jwU |r=UQ= |q=m u=R}t Vy=m CtU x@ =Q OwN pOt
wQx@ wQ V}=Ri= =@ R}v |OwHwt |=yxv} Ry ẁtHt 'O@=} V}=Ri= O=Ui MQv xm

"OwW|t
Vy=m =@ VQ=iU p} wLD COt (�2) x=Q QO |OwHwt O=Ui MQv V}=Ri= =@
p} wLD COt QO q=m OL R= V}@ O=Ui R= |Q}owrH u; Cra xm OwW|t wQx@ wQ
p} wLD COt Vy=m |xv} Ry V}=Ri= |xrRvt x@ 'p} wLD COt Vy=m w CU=
VQ=iU C=aiO O=OaD O}=@ 'q=@ |xv} Ry =@ uOWv xH=wt |=Q@ pOt u}=Q@=v@ "CU=
|q=m Q=Okt V}=Ri= x@ \wvt 'xDU=wN u}= x@ |@=}CUO &OyO Vy=m =Q p=U QO
Q=Okt V}=Ri= ?Hwt x=Q QO |OwHwt O=Ui MQv V}=Ri= OvJQy "CU= |r=UQ=
OwHw x@ VQ=iU p} wLD COt QO |Q}}eD xm |v=tR =D =t= 'OwW|t q=m VQ=iU
Cio u=wD|t "Ow@ Oy=wN R}J=v Q=}U@ q=m VQ=iU Q=Okt C=Q}}eD 'OW=@ xOt=}v
VQ=iU Q=Okt QO Q}}eD ?Hwt x=Q QO |OwHwt O=Ui MQv QO Q}}eD |v=tR =yvD
ẁ[wt u}= "Ovm Q}}eD R}v VQ=iU p} wLD COt Q}}eD u; |] xm OwW|t q=m

14 x@ RwQ 42 R= p} wLD COt Vy=m =@ "CU= xOy=Wt p@=k 3 pwOH QO
COt Vy=m =@ w Ovm|t Q}}eD OL=w 101 x@ OL=w 95 R= VQ=iU u=R}t 'RwQ
V}=Ri= OL=w 109 x@ OL=w 101 R= VQ=iU u=R}t 'RwQ 7 x@ RwQ 14 R= p} wLD

"O@=}|t
xOQw; 4 pwOH QO (xi) C@=F |xv} Ry ?}=Q[ |wQ C}U=UL p}rLD G}=Dv
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w OwW|t xO}J}B |x]@=Q l} u; u=v}tQDO xm CU= |}xvwo x@ u}Wy T} QD=t QY=va
|=yp}rLD R= =Pr "OQm u}}aD =Q u; Ctqa u=wD|tv |r}rLD CQwY x@ |rm Cr=LQO
Q=Okt |OOa p=Ft Qy |=Q@ "CU= xOW xO=iDU= `@=D ?OLD |UQQ@ |=Q@ |OOa
hrDNt Q}O=kt |=R=x@ |OOa CQwY x@ w OwW|t x@U=Lt u}Wy T} QD=t u=v}tQDO
O}Ov=m |=yMU=B 'u=v}t]= CyH u}vJty "OOQo|t |UQQ@ ?OLD \}=QW T w L
p}rLD "s}vm|t |UQQ@ ?OLD \}=QW QO =Q OvwW|t pY=L sD} Qwor= R= xm |ov}y@
|rw OQ=O |QDsm VRQ= |r}rLD VwQ x@ C@Uv |OOa VwQ x@ hOy `@=D ?OLD
"OW xO=iDU= VwQ u}= R= 'u}Wy T} QD=t u=v}tQDO QO =yQDt=Q=B uOw@ O=} R p}rO x@
CQwY x@ hOy `@=D ?OLD \}=QW Qo}O OOaDt |=yp=Ft w xr=kt |OOa p=Ft QO

"CU= ?OLt hOy `@=D w OW |UQQ@ |OOa

hr= CUw}B
'`@=D u}= ?OLD C=@F= |=Q@ 'CU= T w L Q}eDt wO T=U= Q@ hOy `@=D xm |}=Hv; R=

%s}vm|t xO=iDU= Q} R CQwYx@ u}Wy T} QD=t R=

H =

"
@2Ki
@T 2

@2Ki
@L:@T

@2Ki
@T:@L

@2Ki
@L2

#
i = 1; :::; n

T} QD=t pw= uwDU w pw= Q]U QYva uOw@ C@Ft 'hOy `@=D uOw@ ?OLt \QW
u}= u=v}tQDO "CU= T} QD=t u}= u=v}tQDO uOW C@Ft u}vJty w ( @

2Ki
@T 2 ) u}Wy

%OwW|t h} QaD Q} R CQwYx@ R}v T} QD=t
det(H) = @2Ki

@T 2 � @
2Ki

@L2 �
�
@2Ki

@L:@T

�2

%OvDUy Q} R Q=Qk R= hOy `@=D |=Q@ u}Wy T} QD=t |=yx}=QO
@2Ki

@T 2 =De�1T

T
(h+ e�2L(C + cd)�1)(

�2
T�1

+ 1)

� D
T 2 e

�1T+�2L(yi(Li�1�L)

+
i�1X
j=1

yj(bj � aj))(�1 � 2
T

)� 2A
T 3

@2Ki

@L:@T
= 1
T 2�21

D(e�1T (�1T � 1) + 1) � (�1�2e�2L(C + cd)

� 1
T 2 (D�2e�1T+�2L(yi(Li�1 � L)

+
i�1X
j=1

yj(bj � aj))(yiDe�1T+�2L)

@2Ki

@L2 =D�2
T�1

(e�1T � 1)e�2L � (�2(C + cd + yi(Li�1 � L)

+
i�1X
j=1

yj(bj � aj)) + 1) + yi)
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