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ODi=|tv j=iD= Ow@tm xm |v=tR "1 Cr=L "1"3
"s} Q=O CUO QO |OwHwt K]U x@ R=}v '|Q=Oxov |xv} Ry uOQw; CUO x@ |=Q@
xi
Ti

=[=kD w (1� ei)Pi sr=U O}rwD hqDN= p}Uv=Qi}O R= qi(t) |OwHwt K]U
3 |x]@=Q j@] u; R= TB w pwYLt O}rwD u=tR =D x]@=[ wO QO w O};|t CUO x@

%OwW|t x�=Q=
dqi(t)
dt

=

8<:(1� ei)Pi � xi
Ti

0 � t � t1i
xi
Ti

t1i � t � Ti
(3)

"CU= Qi(0) = 0 u; QO xm
3 |xrO=at MU=B 'p=QoDv= |x@U=Lt w |}=OD@= |=yC}OwOLt R= xO=iDU= =@

%R= Ow@ Oy=wN CQ=@a

qi(t) =

8<:(Pii � xi
Ti

)t 0 � t � t1i
Piit1i � xi

Ti
t t1i � t � Ti

(4)

5 |x]@=Q xH}Dv QO w qi(Ti) � 0 O}=@ 'CU}v R=Ht Ow@tm ZQi j@] xm =Hv; R=
%Ow@ Oy=wN Q=QkQ@

) xi � piit1i (5)

|Q=Oxov |xv} Ry 'Qii = Piit1i w Qi = Pit1i |=yO=tv |xr}Uwx@ p=L
=@ Q@=Q@ 5 w 4 \@=wQ x@ xHwD =@ 'i pwYLt |=R=x@ pw@k p@=k sqk= |=Q@ Q=_Dv= OQwt

%Ow@ Oy=wN 6 |x]@=Q

Cli
Z 1

0

24Z Qii

0

8<:R t1i0 (Pii � xi
Ti

)tdt

+
R Ti
t1i (Piit1i � xi

Ti
t)dt

9=;fi(xi)dxi
35gi(ei)dei

=Cli
Z 1

0

�Z Qii

0

�
QiiTi � Q2

ii

2Pii �
Ti
2 xi

�
fi(xi)dxi

�
gi(ei)dei

(6)

j@] s=i pwYLt |=R=x@ ?w}at sqk= |=Q@ Q=_Dv= OQwt |Q=Oxov |xv} Ry u}vJty
%OwW x�=Q= Ov=wD|t 7 |x]@=Q

Cli
Z 1

0
eiPi
2 t21igi(ei)dei = Cli

Z 1

0
eiQ2

i

2Pi gi(ei)dei (7)

%OwW|t x@U=Lt 8 |x]@=Q j@] R}v G=QL VRQ=

Li
Z 1

0

�Z Qii

0
(Qii � xi)fi(xi)dxi

�
gi(ei)dei (8)

11



"""O}
rwDC

}iQ_
=@|

}xQw
Ol

D|
OwH

wtp
Otl

}

"CU= Q=QkQ@ bidi = 1 (i = 1; 2; :::; n) |x]@=Q OwW|t C@=F
|x]@=Q 'xr=kt |=OD@= QO xOW xQ=W= |=yZQiV}B w 15 |x]@=Q x@ xHwD =@

%OQm x�=Q= u=wD|t hOy `@=D XwYNQO =Q 22

EAP (Q1; Q2; :::; Qn) =

nX
i=1

1
Ti

24di Z bi

0
[si

8<:AiQ2
ii2 + BiQ3

ii3 +QiiAi(Ri �Qii)
+QiiBi2 (R2

i �Q2
ii)

9=;
+LiQ2

ii(
Ai
2 + QiiBi

6 ) + kiQiei

�Cli
��

QiiTi � Q2
ii

2Pii
��

AiQii + BiQ2
ii

2
�

�1
2Ti

�
AiQ2

ii

2 + BiQ3
ii

3
�

+ 1
2AiTiQ

2
ii ln

�
Ri
Qii

�
+ Q2

ii

2Pii (PiiTiBi �Ai) (Ri �Qii)� Q2
ii

4PiiBi(R
2
i �Q2

ii)

+ eiQ2
i

2Pi
�
� 1

2TiCsi fQii (BiQii � 2Ai) (Ri �Qii)

+1
2 (Ai � 2BiQii) (R2

i �Q2
ii)� Bi

3 (R3
i �Q3

ii)

+ AiQ2
ii ln

�
Ri
Qii

��
dei � (sc + Cpi)Qi

�
(22)

|x@U=Lt w Pii = (1 � ei)Pi w Qii = (1 � ei)Qi Q}O=kt uO=OQ=Qk =@
%CU= Q=QkQ@ 23 |x]@=Q 'p=QoDv=

EAP (Q1; Q2; :::; Qn)=
nX
i=1

di
Ti

�
si(bi� b

2
i

2 )(AiRi+
1
2BiR

2
i ) Qi

+(Li � si)
�
AiQ2

i

6 (1�(1�bi)3) + BiQ3
i

24 (1�(1�bi)4)
o

+1
2kiQib

2
i � Cli

�1
3 (1� (1� bi)3)(3

4AiTiQ
2
i

+1
2AiTiQ

2
i ln Ri

Qi
+ 1

2TiQ
2
iBiRi)

� 1
24 (1� (1� bi)4)TiQ3

iBi � 1
18AiTiQ

2
i

(1� bi)3 f1� 3 ln(1� bi)g �
n
1� (1� bi)2o (AiRiQ

2
i

4Pi
+Q2

iBiR2
i

8Pi )+ b2iQ2
i

4Pi
�
� 1

2TiCsi
�1

3 (1�(1�bi)3)(Q2
iBiRi

+5
2AiQ

2
i +AiQ2

i ln Ri
Qi

)� 1
2
n
1� (1� bi)2o (2AiRiQ2

i

+QiBiR2
i)� 1

6
n
1� (1� bi)4oQ3

iBi + 1
2AiR

2
ibi

+1
3BiR

3
ibi � AiQ2

i

9 (1� bi)3(1� 3 ln(1� bi))
�

� (sc + Cpi)Qi
di

�
(23)

u; p=QoDv= pL w xOw@ 15 |x]@=Q QN; CQ=@a Q@=Q@ Qsi Q=Okt CU= QmP x@ sRq
%CU= 24 |x]@=Q Q@=Q@

sqk= |t=tD |=Q@ jwi |x]@=Q x@ xHwD =@ Q=_Dv= OQwt OwU pm \UwDt wQ u}= R=
%CU= 15 |x]@=Q j@]

EAP (Q1; Q2; :::; Qn) =
nX
i=1

1
Ti
EPi

=
nX
i=1

1
Ti

24si Z 1

0

8<:R Qii0 xifi(xi)dxi
+Qii

R1
Qii

fi(xi)dxi

9=;gi(ei)dei
+Li

Z 1

0

�Z Qii

0
(Qii � xi)fi(xi)dxi

�
gi(ei)dei

+kiQi
Z 1

0
eigi(ei)dei

�Cli
Z 1

0

�Z Qii

0
(QiiTi� Q2

ii

2Pii �
Ti
2 xi)fi(xi)dxi

�
gi(ei)dei

�Cli
Z 1

0
eiQ2

i

2Pi gi(ei)dei � (sc + Cpi)Qi

�Cli2
Z 1

0

�
Q2
ii

Z 1
Qii

(Ti
xi
� 1
Pii

)fi(xi)dxi
�
gi(ei)de

�Csi Ti2
Z 1

0

�Z 1
Qii

xi(1� Qii
xi

)
2
fi(xi)dxi

�
gi(ei)dei ]

(15)

|=yC}OwOLt w O}rwD C}iQ_ |a]k C}OwOLt x@ xHwD =@ =Q xr�Ut |rm pOt
x�=Q= 20 =D 16 |x]@=Q j@=]t u=wD|t Ow@tm |xv} Ry w xHOw@ |a]k Q}e w |r=tDL=

%OQm
Max EAP (Q1; Q2; :::; Qn) (16)

s:t:
nX
i=1

(Cpi + sc)Qi � B (17)

nX
i=1

CsiQsi � SM (18)

nX
i=1

�iQi � CAP (19)

Qi � 0 (i = 1; 2; ::; n) (20)

w \xi" |=Q@ XNWt |r=oJ `@=wD uDiQo Q_v QO =@ xr�Ut |rm pOt 'xt=O= QO
j@=]t '=[=kD p=tDL= |r=oJ `@=D pmW w �Qi QO ?w}at |=yOL=w OYQO� ei

"OQ}o|t Q=Qk |UQQ@ OQwt 1 |x]@=Q
x@ xHwD =@ w

nR1
�1 f(x)dx = 1

o
p=tDL= |r=oJ `@=D |oS} w x@ xHwD =@

%1 |x]@=QZ Ri

0
fi(xi)dxi = 1

%s}UQ|t 21 |x]@=Q x@ u; |R=UxO=U =@ xm
AiRi + BiR2

i

2 = 1; i = 1; 2; :::; n (21)

%ei |=Q@ p=tDL= |r=oJ `@=D uDiQo Q_v QO =@

gi(ei) =

(
di 0 � ei � bi
0 Otherwise
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|xQ
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u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt |r=tDL= C}OwOLt |R} Qxt=vQ@ VwQ "5

|Uv=W |=yC}OwOLt =@ |r=tDL= |]N Q}e |R} Qxt=vQ@ |xr�Ut l} |rm Qw]x@
%CU= x�=Q= p@=k 32 =D 30 \@=wQ j@=]t |]N

Max Z(x1; x2; :::; xn) (30)

s:t:

prob

"
nX
j=1

akjxj � bk
#
� rk; (31)

xj � 0; j = 1; 2; :::; n; rk 2 (0; 1); k = 1; 2; :::;m
(32)

|=Q@ "Ov=XNWt Cq=tDL= rk w p=tQv |iO=YD |=yQ}eDt bk 'akj u; QO xm
QO Cr=L u}= =Hv}= QO "Ov=|a]k xj s}tYD |=yQ}eDt xm OwW|t ZQi 'CrwyU
Tv=} Q=w w u}ov=}t =@ p=tQv |iO=YD |=yQ}eDt =ybk \ki xm OwW|t xDiQo Q_v
=Q bk p=tQv |iO=YD Q}eDt Tv=} Q=w w u}ov=}t V ar(bk) w E(bk) "OvW=@ swrat

%Ovvm|t XNWt

prob

2664 bk � E(bk)p
V ar(bk)

�
nP
j=1

akjxj � E(bk)p
V ar(bk)

3775 � rk;
k = 1; 2; :::;m (33)

xm ''(rk) uDiQo Q_v QO =@ "CU= OQ=Ov=DU= p=tQv Q}eDt bk�E(bk)p
V ar(bk)

u; QO xm
%s} Q=O 'OQ=Ov=DU= p=tQv |r=oJ `@=D '(t) 'R1'(rk) '(t)dt = rk

nP
j=1

akjxj � E(bk)p
V ar(bk)

� '(rk)

%CWwv u}vJ =Q 33 |x]@=Q u=wD|t
nX
j=1

akjxj � E(bk) +
p
V ar(bk)'(rk) (34)

u=}@ 34 =D 30 CqO=at QO xm |r=tDL= |]N Q}e |U} wvxt=vQ@ |xr�Ut u}=Q@=v@
|=yC}OwOLt w 30 hOy `@=D =@ u}at |]N Q}e |R} Qxt=vQ@ |xr�Ut pO=at OW

"Ow@ Oy=wN 34 w 32

s=Rr=/u=mt= |R} Qxt=vQ@ VwQ "6
|R=i \}Lt QO s=Rr=/u=mt= "1"6

|k}kL O=Oa= R= |}xawtHt |xOv}=tv<�< R= ~a|R=i |xawtHtQ} R Qy |rm Qw] x@
"OwW|t xO}t=v |R=i OOa l} �~a(x) : < ! [0; 1] C} w[a `@=D =@ �CU=
�~b(y) w �~a(x) ?}DQDx@ C} w[a `@=D =@ |R=i Q=Okt wO =Q ~b w ~a O}vm ZQi
Q=QkQ@ 36 w 35 \@=wQ [27w15]u}kkLt C=ar=]t T=U=Q@ CQwY u}= QO 's}yO Q=Qk

Qsi =1
2Ti

�1
3
n
1� (1� bi)3o (Q2

iBiRi + 5
2AiQ

2
i

+AiQ2
i ln Ri

Qi
)� 1

2
n
1�(1� bi)2o(2AiRiQi+BiQiR2

i )

� 1
6
n
1� (1� bi)4oQ3

iBi + 1
2AiR

2
ibi + 1

3BiR
3
ibi

� AiQ2
i

9 (1� bi)3 (1� 3 ln(1� bi))g (24)

j@=]t hOy `@=D u; QO xm CU= 20 =D 16 \@=wQ CQwYx@ xOW x�=Q= pOt u}=Q@=v@
"OwW|t x@U=Lt 23 |x]@=Q

=yC}OwOLt hrDNt |=yCr=L |UQQ@ "4
|r=tDL= w |R=i |=yC}OwOLt w O}rwD C}iQ_ |a]k C}OwOLt VN@ u}= QO

"OQ}o|t Q=Qk |UQQ@ OQwt xHOw@ w Ow@tm |xv} Ry

|a]k C}OwOLt "1"4
CQwYx@ =Q O}rwDC}iQ_C}OwOLt xm Ovm|t ?=H}= |ak=w |=}vO\}=QW R= |Q=}U@

%s} Q}o@ Q_v QO |a]k
nX
i=1

�iQi � CAP (25)

'OW=@ |r=tDL= |v}@ R=@ |xv} Ry w O}rwD |xv} Ry pm |wQ C}OwOLt xm |v=tR �hr=
%O=O V}=tv 26 |x]@=Q j@] =Q u; u=wD|t

prob

"
nX
i=1

(Cpi + sc)Qi � B
#
� r1; 0 < r1 < 1 (26)

u=wD|t 'OW=@|r=tDL= Ow@tm |xv} Ry =@ xyH=wt u=R}t |wQC}OwOLt xm|v=tR �?
%OQm x�=Q= 27 |x]@=Q CQwYx@ =Q u;

prob

"
nX
i=1

CsiQsi � SM
#
� r2; 0 < r2 < 1 (27)

�s=Rr=/u=mt=� |R=i |=yC}OwOLt "3"4
xHOw@ |=yC}OwOLt 'OvW=@ sy@t |D=P Qw] x@ ~SM w ~B ' ~Csi ' ~Cpi xm |DQwY QO

%Ow@ Oy=wN x�=Q= p@=k 29 w 28 \@=wQ j@=]t Ow@tm |xv} Ry w

hr=� nP
i=1

( ~Cpi + sc)Qi � ~B (28)

?� nP
i=1

~CsiQsi � ~SM (29)

"CU=yQDt=Q=B uOw@ |R=i |xv=Wv � |Hwt Q=wv =Hv}=
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�sy@t� |R=i |=yC}OwOLt "3"6
w s=Rr= s}y=it QO u=wD|t =Q C}OwOLt u}= "O} Q}o@ Q_v QO =Q ~a � ~b C}OwOLt
Nes(~a � ~b) "O=O V}=tv Pos(~a � ~b) w Nes(~a � ~b) CQwYx@ u=mt=
Tv=W �QFm =OL� pk=OL =@ ~a � ~b Ot=W}B xm Ovvm|t OQw;Q@ (Pos(~a � ~b)) w
Nes(~a � ~b) > � CQwYx@ xOWO=} C}OwOLt u}=Q@=v@ "O=O Oy=wN MQ � pk=OL

"OwW|t xO=O V}=tv (Pos(~a � ~b) > �)

"s} Q}o|t Q_v QO =Q~b = (b1; b2; b3) w~a = (a1; a2; a3)|FrFt|R=i OOawO
%OvwW|t G=DvDU= "2 w "1 sr [29w28]xOW s=Hv= C=k}kLD T=U=Q@ |R=i O=Oa= u}= |=Q@

Q=QkQ@ Q} R |w=Ut=v Qo = \ki w Qo = CU= Q=QkQ@ Nes(~a > ~b) > � |x]@=Q "1 sr
%OW=@

�1 = b3 � a1
a2 � a1 + b3 � b2 < 1� �; (a2 > b2; b3 > a1)

42 |x]@=Q xm CU= K[=w 2 pmW T=U=Q@ 'Nes(~a > ~b) > � s} Q=O %C=@F=
%CU= Q=QkQ@

Pos(~a � ~b) =

8>>>><>>>>:
1 a2 � b2
�1 = b3�a1

a2�a1+b3�b2 a2 > b2; b3 > a1;

0 a1 � b3
(42)

%u}=Q@=v@
Nes(~a > ~b) > � ) (1� Pos(~a � ~b)) > �

%OW=@ Q=QkQ@ Q} R |w=Ut=v Qo = \ki w Qo = CU= Q=QkQ@Nes(~a > ~b) > � x]@=Q TB

�1 = b3 � a1
a2 � a1 + b3 � b2 < 1� �; (a2 > b2; b3 > a1)

Q=QkQ@ Q} R |w=Ut=v Qo = \ki w Qo = CU= Q=QkQ@ Pos(~a � ~b) > � |x]@=Q "2 sr
%OW=@

�2 = a3 � b1
b2 � b1 + a3 � a2

> �; (a2 < b2; a3 > b1)

xm CU= K[=w 3 pmW T=U=Q@ "O} Q}o@ Q_v QO =Q Pos(~a � ~b) > � %C=@F=

"Pos(~a � ~b) w ~b '~a |R=i OOa wO "2 pmW

%Ow@ Oy=wN
Pos(~a � ~b) = sup

(
min(�~a(x); �~b(y));

x; y 2 <; x � y
)

(35)

Nes(~a � ~b) = inf

(
max(1� �~a(x); �~b(y));

x; y 2 <; x � y
)

(36)

'= '> '< \@=wQ R= l} Qy � w s=Rr= hiNt Nes 'u=mt= hiNt Pos u; QO xm
%CU= 37 |x]@=Q |Q=QkQ@ sRrDUt s=Rr= w u=mt= |xv=owO |x]@=Q "CU= � w �
Nes(~a � ~b) = 1� Pos(~a � ~b) (37)

%O=O K}[wD p=Ft u}= =@ u=wD|t =Q Nes(~a � ~b) = 1� Pos(~a � ~b) swyit
Nes(~a � ~b) = 1� Pos(~a > ~b)

%Ovm|t jOY 38 \QW QO s=Rr= Q}O=kt u}vJty
Min(Nes(~a � ~b); Nes((a � b)) = 0 (38)

39 \}=QW QO [14]xOW s=Hv= C=k}kLD T=U=Q@ s=Rr= w u=mt= Q}O=kt u}@ |x]@=Q
%Ovm|t jOY

Pos(~a � ~b) � Nes(~a � ~b) ; Nes(~a � ~b > 0)

) Pos(~a � ~b) = 1
Pos(~a � ~b) < 1 ) Nes(~a � ~b) = 0 (39)

|FrFt |R=i OOa "2"6
CW=ov l} '�~a(x) C} w[a `@=D =@ |R=i OOa l} 1 pmW (~a) |FrFt |R=i OOa

%OwW|t h} QaD 40 |x]@=Q j@=]t xm CU= �~a(x) : R! [0; 1] %xDUw}B

�~a(x) =

8>>>>>>><>>>>>>>:
0 �1 < x < a1;
x�a1
a2�a1 a1 � x < a2;
a3�x
a3�a2 a2 � x < a3;

0 a3 < x <1

(40)

|R=i OOa VQ@ � � "1"2"6
41 |x]@=Q j@=]t |a]k |xawtHt l} CQwYx@ ~a |R=i OOa VQ@ � � l}

%OwW|t h} QaD
a� = fx : �~a(x) � �; x 2 Rg ; � 2 [0; 1] (41)

"~a |R=i OOa C}w[a `@=D "1 pmW
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u=DU
tR�
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QW

C}
Q}Ot

w`}
=vY

|U
Ovyt w |r=tDL= C}OwOLt |R} Qxt=vQ@ VwQ T=U=Q@ |R=i w |r=tDL= |=yC}OwOLt xm

"CU=xOW p}O@D u}at |=yC}OwOLt x@ s=Rr=/u=mt= |R} Qxt=vQ@ VwQ

w xHOw@ |=yC}OwOLt w |a]k O}rwD C}iQ_ C}OwOLt "1"7
CU= |r=tDL= Ow@tm |xv} Ry

27 '26 '19 |=yC}OwOLt w 16 hOy `@=D CQwYx@ =t |xr�Ut Cr=L u}= QO
%CU= 44 w

Qi � 0; 0 < r1 < 1; 0 < r2 < 1 (44)

hOy `@=D \@=wQ CQwYx@ jwi |R=Uxv}y@ |xr�Ut 34 w 32 '30 \@=wQ j@] TB
%OwW|t u=}@ 47 '46' 45 '19 |=yC}OwOLt w 16

nX
i=1

(Cpi + sc)Qi � E(B)�pV ar(B)'(r1) � 0 (45)

nX
i=1

CsiQsi � E(SM )�pV ar(SM )'(r2) � 0; (46)

Qi � 0; Qsi � 0; i = 1; 2; :::; n; 0 < r1 < 1;
0 < r2 < 1 (47)

xHOw@ |=yC}OwOLt R= |m} '|a]k O}rwD C}iQ_ C}OwOLt "2"7
CU= |R=i |Qo}O w |r=tDL= Ow@tm |xv} Ry =}

%CW=O s}y=wN Cr=LQ} R Q=yJ p@k C=L}[wD x@ xHwD =@ CQwY u}= QO
C}OwOLt w|r=tDL= xHOw@C}OwOLt '|a]kO}rwDC}iQ_C}OwOLt "1"2"7 pOt

"CU= s=Rr= ẁv R= Ow@tm |xv} Ry
'19 |=yC}OwOLt w 16 hOy `@=D j@=]t xr�Ut pOt CQwY Cr=L u}= QO

%CU= x�=Q= p@=k 48 w 26

Nes

"
nX
i=1

~CsiQsi � ~SM

#
> �2 (48)

R= xO=iDU= =@ Nes
�
nP
i=1

~CsiQsi � ~SM
�
> �2 C}OwOLt |R=Uu}at

Q}=U |=Q@ "CU= xDiQo CQwY 43 w 38 \@=wQ w s=Rr=/u=mt= |R} Qxt=vQ@ l}vmD
"CU= xOW pta xw}W u}ty x@ R}v s=Rr= |=yC}OwOLt

w 49 '45 '19 |=yC}OwOLt w 16 hOy `@=D j@=]t =Q xr�Ut |a]k pO=at
%OQm x�=Q= u=wD|t 50

nX
i=1
f�2csi3 + (1� �2)csi2gQsi < �2SM1 + (1� �2)SM2

(49)

Qi > 0; i = 1; 2; :::; n; 0 < r1 < 1; 0 < �2 < 1
(50)

|xv} Ry w |r=tDL= xHOw@C}OwOLt '|a]k O}rwDC}iQ_C}OwOLt "2"2"7 pOt
w 16 hOy `@=D j@=]t xr�Ut Cr=L u}= QO "CU= u=mt= ẁv R= Ow@tm

"Pos(~a � ~b) w ~b '~a |R=i OOa wO "3 pmW
%CU= Q=QkQ@ 43 |x]@=Q

Pos(~a � ~b) =

8>>>><>>>>:
1 a2 � b2
�2 = a3�b1

b2�b1+a3�a2 a2 < b2; a3 > b1;

0 a3 � b1
(43)

Q=QkQ@ Q} R |w=Ut=v Qo = \ki w Qo = CU= Q=QkQ@ Pos(~a � ~b) > � |x]@=Q u}=Q@=v@
"OW=@

�2 = a3 � b1
b2 � b1 + a3 � a2

> �; (a2 < b2; a3 > b1)

`@=vt |a]k Q}e C}OwOLt |=QH= "4"6
"OwW|t KQ]t |R=i w |r=tDL= pmW wO x@ `@=vt |a]k Q}e C}OwOLt ,=twta
C}OwOLt CQwYx@ u=wD|t =Q `@=vt C}OwOLt '|r@k ?Q=HD OwHw CQwYQO

"OQm |R=UxO=}B |r=tDL= swyit =@ TBU w OQm xrwtQi [13]|Uv=W
�pwYLt uOw@ O}OH p=Ft Qw]x@� xDWPo |=yxO=O OwHw sOa CQwY QO
|R=i C}OwOLt 'Qo}O hQ] R= "OwW|t xDiQo Q_v QO |R=i CQwYx@ =yC}OwOLt
OQm KQ]t xv=v}@O@ w xv=v}@VwN s}y=it QO ?}DQDx@ s=Rr= w u=mt= Q}O=kt =@ u=wD|t =Q
(Pos(~a � ~b) > �)Nes(~a > ~b) > � CQwYx@ =Q `@=vt |R=i C}OwOLt w
'Pos(~a � ~b) |=Q@ ~b = (b1; b2; b3) w ~a = (a1; a2; a3) ZQi =@ "O=O u=Wv
ZQiV}B u=ty =@ w [[a2; a3] ; [b1; b2]] pO=at xv=v}@VwN swyit QO ~b '~a Q=Okt
�xv=v}@O@ swyit QO� [[a1; a2] ; [b2; b3]] pO=at Q=Okt u}= Nes(~a � ~b) |=Q@

"Ow@ Oy=wN

hrDNt |=ypOt |x�=Q= "7
=yC}OwOLt |=Q@|irDNt |=yCr=L O}=@hrDNt |=ypOt |x�=Q= |=Q@VN@ u}= QO

%s} Q}o@ Q_v QO
&OW=@ |r=tDL= Qo}O C}OwOLt wO w |a]k 'O}rwD C}iQ_ C}OwOLt �hr=

|xv} Ry =} xHOw@ |=yC}OwOLt R= |m} w |a]k O}rwD C}iQ_ C}OwOLt �?
&OW=@ |R=i |Qo}O w |r=tDL= 'Ow@tm

"OW=@ |R=i Qo}O C}OwOLt wO w |a]k O}rwD C}iQ_ C}OwOLt �G
Cr=L wO |R=i |=yC}OwOLt |=Q@ xm u}= w xOW xO=O C=L}[wD x@ xHwD =@
CU= QmP x@ sRq "OwW|t x�=Q= hrDNt pOt 9 'OwW|t xDiQo Q_v QO u=mt= w s=Rr=

15



"""O}
rwDC

}iQ_
=@|

}xQw
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}

u=mt= ẁv R= xHOw@ C}OwOLt '|a]k O}rwD C}iQ_ C}OwOLt "4"3"7 pOt
w 16 hOy `@=D pO=at xm CU= u=mt= ẁv R= Ow@tm |xv} Ry C}OwOLt w

"CU= 56 w 55 '52 '19 |=yC}OwOLt

|OOa |=yp=Ft ltmx@ p�=Ut pL "8
|OOa p=Ft "1"8

lQDWt |OwQw |=yQDt=Q=B 'hrDNt |OOa |=yp=Ft =@ xDioV}B p�=Ut pL Qw_vtx@
u}vJty "Ov=xOW x�=Q= 1 pwOH QO 'Ov=xDiQo Q=Qk xO=iDU= OQwt jwi |=ypOt QO xm

"OwW|t xDiQo Q_v QO CqwYLt pm |=Q@ CAP = 1000 Q=Okt
CQ=@a "4"2"7 w "3"2"7 '"2"2"7 '"1"2"7 '"1"7 |=ypOt |=Q@ =yxO=O Q}=U

%R= CU=
%"1"7 pOt

Cp1 = 2; Cp2 = 3; E(B) = 510; �(B) = 10;
'(r1) = �1 645; Cs1 = 3 7; Cs2 = 5 3;
E(SM ) = 45; �(SM ) = 3; '(r2) = �1 645

%"1"2"7 pOt
Cp1 = 2; Cp2 = 3; E(B) = 510;
~Cs1 = (3 5; 3 7; 3 9); '(r1) = �1 645;
~Cs2 = (4 9; 5 3; 5 5); ~SM = (37; 40; 43);

�2 = 0 05; �(B) = 10

%"2"2"7 pOt
Cp1 = 2; Cp2 = 3; E(B) = 510; �(B) = 10;
~Cs1 = (3 5; 3 7; 3 9); ~Cs2 = (4 9; 5 3; 5 5);

~SM = (37; 40; 43); �2 = 0 95; '(r1) = �1 645;

"=ypOt u}@ lQDWt |=y|OwQw |=yQDt=Q=B "1 pwOH
2 1 pwYLt

0 003 0 0035 Ai
0 55 0 45 Cli
13 12 Li

18 5 17 5 si
50 45 Pi
7 6 Ti

900 800 Ri
5 5 5 ki
20 25 di

0 04 0 05 bi
0 25 0 25 Sc
5 3 6 4 �i

%CU= x�=Q= p@=k 51 w 26 '19 |=yC}OwOLt

Pos

"
nX
i=1

~CsiQsi � ~SM

#
> �2 (51)

VwQ R= xO=iDU= =@ Pos( nP
i=1

~CsiQsi � ~SM ) > �2 C}OwOLt |R=Uu}at
|=yC}OwOLt Q}=U|=Q@ "CU= xDiQoCQwY42|x]@=Q w s=Rr=/u=mt=|R} Qxt=vQ@

"CU= xOW pta xw}W u}tyx@ R}v u=mt=
w 50 '45 '19 |=yC}OwOLt w 16 hOy `@=D j@=]t =Q xr�Ut |a]k pO=at

%OQm x�=Q= u=wD|t 52
nX
i=1
f�2csi2 + (1� �2)csi1gQsi < �2SM2 + (1� �2)SM3

(52)

w s=Rr= ẁv R= xHOw@ C}OwOLt '|a]k O}rwD C}iQ_ C}OwOLt "3"2"7 pOt
|=yC}OwOLt w 16 hOy `@=D pO=at xm OW=@|r=tDL= Ow@tm |xv} RyC}OwOLt

%CU= 54 w 53 '46 '19
nX
i=1
f�1(Cpi3 + sc) + (1� �1)(Cpi2 + sc)gQi <�1B1

+(1� �1)B2 (53)

Qi > 0; i = 1; 2; :::; n; 0 < �1 < 1; 0 < r2 < 1
(54)

w u=mt= ẁv R= xHOw@ C}OwOLt '|a]k O}rwD C}iQ_ C}OwOLt "4"2"7 pOt
|=yC}OwOLt w 16 hOy `@=D pO=at xm OW=@|r=tDL= Ow@tm |xv} RyC}OwOLt

%CU= 55 w 54 '46 '19
nX
i=1
f�1(Cpi2 + sc) + (1� �1)(Cpi1 + sc)gQi <�1B2

+(1� �1)B3 (55)

w xHOw@ |=yC}OwOLt w |a]k O}rwD C}iQ_ C}OwOLt "3"7
OvDUy |R=i Ow@tm |xv} Ry

w s=Rr= ẁv R= xHOw@ C}OwOLt '|a]k O}rwD C}iQ_ C}OwOLt "1"3"7 pOt
|=yC}OwOLt w 16hOy `@=D pO=at xmCU= s=Rr= ẁv R= Ow@tm|xv} RyC}OwOLt

%CU= 56 w 53 '49 '19
Qi > 0; i = 1; 2; :::; n; 0 < �1 < 1; 0 < �2 < 1

(56)

w s=Rr= ẁv R= xHOw@ C}OwOLt '|a]k O}rwD C}iQ_ C}OwOLt "2"3"7 pOt
w 16 hOy `@=D pO=at xm CU= u=mt= ẁv R= Ow@tm |xv} Ry C}OwOLt

"CU= 56 w 53 '52 '19 |=yC}OwOLt
w u=mt= ẁv R= xHOw@ C}OwOLt '|a]k O}rwD C}iQ_ C}OwOLt "3"3"7 pOt
|=yC}OwOLt w 16hOy `@=D pO=at xmCU= s=Rr= ẁv R= Ow@tm|xv} RyC}OwOLt

"CU= 56 w 33 '49 '19
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xQ=t
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�1

|xQ
wO'
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u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "xv=oxv |=ypOt |=Q@ |OOa |=yp=Ft pL R= pY=L G}=Dv "3 pwOH

EAP Qi pwYLt pOt xQ=tW
194 285 42 347 1 "1"7121 181 2

193 921 47 934 1 "1"2"7118 404 2

194 511 42 82 1 "2"2"7120 79 2

188 941 30 505 1 "3"2"7130 988 2

188 941 30 505 1 "4"2"7130 988 2

189 636 32 102 1 "1"3"7129 665 2

190 144 33 263 1 "2"3"7128 704 2

189 636 32 102 1 "3"3"7129 665 2

190 144 33 263 1 "4"3"7128 704 2

"O}rwD C}iQ_ QFm =OL Q}}eD ?ULQ@ OwU Q}}eD Q=Owtv "4 pmW

OL=w Qy O}rwD |=Q@ sRq u=tR Q=Okt� �1 x@ C@Uv OwU C}U=UL p}rLD
u=Um} QF= =ypOt |t=tD QO 'xOWQmP QDt=Q=B QO Q}}eD "CU= xOW s=Hv= �1 pwYLt
xO=O u=Wv "2"3"7 pOt QO �1 x@ C@Uv OwU C=Q}}eD 5 pmW QO "OQ=O OwU Q@
"O@=}|t Vy=m OwU '�1 V}=Ri= w �2 uOw@ C@=F =@ xm OwW|t xOy=Wt "CU= xOW
OL=w Qy O}rwD |=Q@ sRq u=tR Q=Okt� �2 x@ C@Uv OwU C}U=UL p}rLD
Q@ u=Um} QF= =ypOt |t=tD QO 'xOWO=} QDt=Q=B QO Q}}eD "CU= xOW s=Hv= �2 pwYLt

"=ypOt QO Cw=iDt |=yQDt=Q=B "2 pwOH
�2 �1 pOt

0 05 0 05 "1"3"7
0 95 0 05 "2"3"7
0 05 0 95 "3"3"7
0 05 0 95 "4"3"7

%"3"2"7 pOt
~Cp1 = (1 8; 2 0; 2 3); ~Cp2 = (2 3; 3 0; 3 5);

~B=(500; 510; 520); �1 =0 05; Cs1 =3 7; Cs2 =5 3;
E(SM ) = 40; �(SM ) = 3; '(r2) = �1 645

%"4"2"7 pOt
~Cp1 = (1 8; 2 0; 2 3); ~Cp2 = (2 3; 3 0; 3 5);

~B=(500; 510; 520); �1 =0 95; Cs1 =3 7; Cs2 =5 3;
E(SM ) = 40; �(SM ) = 3; '(r2) = �1 645

%Ov=lQDWt "4"3"7 w "3"3"7 '"2"3"7 '"1"3"7 |=ypOt QO Q} R |=yQDt=Q=B
~Cp1 = (1 8; 2 0; 2 3); ~Cp2 = (2 3; 3 0; 3 5);

~B = (500; 510; 520); ~Cs1 = (3 5; 3 7; 3 9);

~Cs2 = (4 9; 5 3; 5 5); ~SM = (33; 36; 39)

QO Cw=iDt "4"3"7 w "3"3"7 '"2"3"7 '"1"3"7 |=ypOt QO xm |=yQDt=Q=B Q}=U w
"CU= xOW C@F 2 pwOH QO VN@ u}=

xOWO=} p�=Ut pL G}=Dv "2"8
Q=Ri=sQv QO SQP sD} Qwor= R= xO=iDU= =@ Q_v OQwt p�=Ut 'x]w@ Qt |=yxO=O T=U=Q@
xHwD =@ "CU= xOW xO=O u=Wv 3 pwOH QO xOt; CUO x@ |=y?=wH w 'pL ?rDt

"OvQ=O |k]vt |HwQN |OOa |=yp=Ft xrY=L G}=Dv x@

C}U=UL p}rLD "9
QO xm OW xO=O u=Wv w s=Hv= hrDNt |=yQDt=Q=B x@ C@Uv OwU C}U=UL p}rLD
p}rLD |xvwtv u=wva x@ CtUk Qy QO "OQ=O OwU Q@ u=Um} QF= =ypOt |x}rm =@ x]@=Q

"CU= xOW xO=O u=Wv Q=Owtv ?r=k pOt l} C}U=UL
C}iQ_ u} QDW}@ x@ C@Uv hOy `@=D |R=Uxv}W}@ |=Q@ C}U=UL p}rLD
u=Um} QF= =ypOt |t=tD QO 'xOW O=} QDt=Q=B QO Q}}eD "CU= xOW s=Hv= O}rwD
�OwU� EAP hOy `@=D C=Q}}eD "2"3"7 pOt QO 'xvwtv u=wvax@ "OQ=O OwU |wQ
"CU= xOW xO=O u=Wv 4 pmW QO �O}rwD C}iQ_� CAP QO C=Q}}eD x@ C@Uv
V}=Ri= hOy `@=D CAP V}=Ri= =@ "2"3"7 pOt QO OwW|t xOy=Wt xm u=vJ
CQwY |QDOvD ?}W =@ CAP = 140 Q=Okt OwOL =D V}=Ri= u}= xm O@=}|t

"OQ}o|t
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}|xwLv CLY R= |m =L w xOw@ C=Q=_Dv= =@ j@=]t C}U=UL |=yp}rLD G}=Dv
"CU= xr�Ut u}= |=Q@ |R=UpOt

|D; |=yO=yvW}B w |Q}oxH}Dv "10
CU= xOW xO=O xaUwD ?w}at sqk= |=Q@ |O=YDk= O}rwD Q=Okt pOt 'xr=kt u}= QO
pOt w CU= |r=tDL= w xDUw}B =[=kD "OwW|t ZQi OwOLt O}rwD MQv u; QO xm
xOW xDiQo Q_v QO Ow@tm |xv} Ry w xHOw@ 'O}rwD C}iQ_ |=yC}OwOLt CLD
O}rwD C}iQ_ C}OwOLt '|r=tDL= uOw@ �Xk=v� ?w}at OYQO 'u}= Q@ xwqa "CU=
=@ "Ov=xOW ZQi |R=i w |r=tDL= Ow@tm |xv} Ry w xHOw@ C}OwOLt w |a]k
xHOw@ |=yC}OwOLt |=Q@ Cr=L xU 'O}rwD C}iQ_ C}OwOLt C}a]k x@ xHwD
|xv} Ry w xHOw@ C}OwOLt wO Qy "1 %OwW|t xDiQo Q_v QO 'Ow@tm |xv} Ry w
|r=tDL= 'Ow@tm |xv} Ry w xHOw@ |=yC}OwOLt R= |m} "2 "OvW=@ |r=tDL= Ow@tm
Ow@tm |xv} Ry w xHOw@ C}OwOLt wO Qy "3 "OW=@ �|R=i� |a]k Q}e |Qo}O w
swyit wO |R=i Cr=L QO xm u}= x@ xHwD =@ u}vJty "OvW=@ �|R=i� |a]k Q}e
9 |UQQ@ x@ C}=yv QO 'CU= xOW KQ]t �xv=v}@VwN� u=mt= w �xv=v}@O@� s=Rr=
|=yCr=L QO |]N Q}e |R} Qxt=vQ@ |xr�Ut QO "CU= xOW xDN=OQB hrDNt pOt
C}OwOLt|R} Qxt=vQ@ |=yl}vmD R= xO=iDU= =@ xr�Ut '�s=Rr=/u=mt=� |R=i w|r=tDL=
9 |=ypOt u}vJty "CU= xOW p}O@D u}at |}xr�Ut x@ u=mt=/s=Rr= w |r=tDL=
|xr}Uwx@ xOW u}at p�=Ut "CU= xOW xO=O u=Wv |OOa p=Ft ?r=k QO xv=o
`@=D |wQ C}U=UL p}rLD 'xOW |R=Uxv}y@ SQP pL |xw}W w ?rDt Q=Ri=sQv
CU= xOW xOy=Wt w xDiQo CQwY �2 w �1 'CAP |=yQDt=Q=B x@ C@Uv OwU
QHvt OwU Vy=m x@ �2 w �1 V}=Ri w 'OwU V}=Ri= x@ CAP V}=Ri= xm

"OwW|t
`} RwD |twta Cr=L xm � |]N CQwYx@ =[=kD |r=oJ `@=D 'Q[=L Q=DWwv QO
uDiQo Q_v QO =@ |D; C=k}kLD Qw_vtx@ "CU= xOW xDiQo Q_v QO �CU= CN=wvm}
u}vJty "OQm pL w xrwtQi =Q pOt u=wD|t R}v |r=oJ `@=D hrDNt |=yCr=L
s=Ok= u; C}U=UL p}rLD x@ C@Uv w xrwtQi |vOWOU=i sqk= |=Q@ =Q pOt u=wD|t

"OQm

"�1 Q}}eD ?UL Q@ OwU Q}}eD Q=Owtv "5 pmW

"�2 Q}}eD ?ULQ@ OwU Q}}eD Q=Owtv "6 pmW

xOW xO=O u=Wv 6 pmW QO �2 x@ C@Uv "3"2"7 pOt QO OwU C=Q}}eD "OQ=O OwU
"O@=}|t Vy=m EAP '�2 V}=Ri= w �1 uOw@ C@=F =@ xm OwW|t xOy=Wt "CU=
|Dr=L R= QDW}@ Q=}U@ OwU QO Vy=m 'Ov=t@ C@=F �1 w V}=Ri= �2 xm |v=tR u}=Q@=v@

"O@=} V}=Ri= �1 w C@=F �2 xm CU=

=yCWwv=B
1. sequential quadratic programming
2. economic order quantity
3. necessity
4. possibility

�References� `@=vt
1. Goyal, S.K. and Cardenas-Barron, L.E. \Note on eco-

nomic production quantity model for items with imper-
fect quality a practical approach", International Journal
of Production Economics, 77, pp. 85-87 (2002).

2. Ben-Daya, M. \The economic production lot-sizing prob-
lem with imperfect production process and imperfect
maintenance", International Journal of Production Eco-
nomics, 76, pp. 257-264 (2002).

3. Goyal, S.K., Huang, C.K. and Chang, K.C. \A simple
integrated production policy of an imperfect item for
vendor and buyer", Production Planning and Control,
14, pp. 596-602, (2003).

4. Salama, M.K. and Jaber, M.Y. \Economic production
quantity model for items with imperfect quality", Inter-
national Journal of Production Economics, 26, pp. 59-6
(2000).

5. Wang, D., Qin, Z. and Kar, S. \A novel single-period
inventory problem with uncertain random demand and

18



2/
2|

xQ=t
W'

34
�1

|xQ
wO'

�13
97

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt its application", Applied Mathematics and Computation,

269, pp. 133-145 (2015).
6. Zhou, Y.-W., Wen, Z.-L. and Wu, X. \A single-period

inventory and payment model with partial trade credit",
Computers and Industrial Engineering, 90, pp. 132-145
(2015).

7. Park, K. and Lee, K. \Distribution-robust single-period
inventory control problem with multiple unreliable sup-
pliers", OR Spectrum, 38, pp. 949-966 (2016).

8. Chang, S.C. \Fuzzy production inventory for fuzzy prod-
uct quantity with triangular fuzzy number", Fuzzy Sets
and Systems, 107, pp. 37-57 (1999).

9. Chen, S.H. and Hsieh, C.H. \Optimization of fuzzy pro-
duction inventory model under fuzzy parameters", Pro-
ceedings of the Fifth Joint Conference on Information
Science (JCIS'2000), 1, pp. 1098-1101 (2000).

10. Hsieh, C.H. \Optimization of fuzzy production inventory
models", Information Sciences, 146, pp. 29-40 (2000).

11. Lee, M. and Yao, J.S. \Economic production quantity for
fuzzy demand quantity and fuzzy production quantity",
European Journal of Operational Research, 157, pp. 357-
37 (2004).

12. Tsourveloudis, N.C.. Dretoulakis, E. and Ioannidis, S.
\Fuzzy work-in-process inventory control of unreliable
manufacturing systems", Information Sciences, 127, pp.
69-83 (2000).

13. Charnes, A. and Cooper, W. \Chance constrained pro-
gramming", Management Science, 6, pp. 73-79 (1959).

14. Dubois, D. and Prade, H. \Systems of linear fuzzy con-
straints", Fuzzy Sets and Systems, 3(1), pp. 37-48 (Jan-
uary 1980).

15. Dubois, D. and Prade, H., Fuzzy Sets and Systems: The-
ory and Applications, Academic Press, New York (1980).

16. Wang, J.T. and Hwang, W.L. \A fuzzy set approach
for R&D portfolio selection using a real options valua-
tion model", Omega-International Journal of Manage-
ment Science, 35, pp. 247-257 (2007).

17. Dey, O. and Chakraborty, D. \Fuzzy periodic review
system with fuzzy random vari-able demand", Euro-
pean Journal of Operational Research, 198, pp. 113-120,
(2009).

18. Karimi, M., Niknamfar, A.H. and Pasandideh, S.H.R.
\Two-stage single period inventory management for
a manufacturing vendor under green-supplier supply
chain", International Journal of System Assurance En-
gineering and Management, 8(4), 704-718 (2017).

19. Jana, D.K., Das, B. and Maiti, M. \Multi-item par-
tial backlogging inventory models over random plan-
ning horizon in random fuzzy environment", Applied Soft
Computing, 21, pp. 12-27 (2014).

20. Chou, S. and Chen, C.-W. \Supply chain coordina-
tion: an inventory model for single period utility prod-
uct under fuzzy demand", The International Journal
of Advanced Manufacturing Technology, 88, pp. 585-594
(2016).

21. Maity, K. and Maiti, M. \Possibility and necessity
constraints and their defuzzi�cation | A multi-item
production-inventory scenario via optimal control the-
ory", European Journal of Operational Research, 177,
pp. 882-896 (2007).

22. Panda, D., Kar, S., Maity, K. and Maiti, M. \A sin-
gle period inventory model with imperfect production
and stochastic demand under chance and imprecise con-
straints", European Journal of Operational Research,
188, pp. 121-139 (2008).

23. Jim�enez, F., S�anchez, G. and Vasant, P. \A multi-
objective evolutionary approach for fuzzy optimization
in production planning", Journal of Intelligent and
Fuzzy Systems, 25, pp. 441-455 (2013).

24. Diaz-Madronero, M., Peidro, D. and Vasant, P. \Vendor
selection problem by using an interactive fuzzy multi -
objective approach with modi�ed S-curve membership
functions", Computers and Mathematics with Applica-
tions, 60, pp. 1038-1048 (2010).

25. Dubois, D. and Prade, H., Possibility Theory, Academic
Press, New York (1988).

26. Liu, B. and Iwamura, K.B. \A note on chance con-
strained programming with fuzzy coe�cients", Fuzzy
Sets and Systems, 100, pp. 229-233 (1998).

27. Liu, B. and Iwamura, K.B. \Chance constraint program-
ming with fuzzy parameters", Fuzzy Sets and Systems,
94, pp. 227-237 (1998).

28. Wang, J. and Shu, Y.F. \Fuzzy decision modelling for
supply chain management", Fuzzy Sets and Systems,
150, pp. 107-127 (2005).

29. Inuiguchi, M., Sakawa, M. and Kume, Y. \The usefulness
of possibility programming in production planning prob-
lems", International Journal of Production Economics,
33, pp. 45-52 (1994).

19




