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Ovyt Oy=wNv u} Ro}=H sr=U C=a]k =@ R}v |UQR=@ Ov}=Qi QO xOW |}=U=vW ?w}at C=a]k
k 'xOW u=}@ |=yZQi T=U= Q@ "OQ=O s=v �?QNt VwQ� |Q}oxvwtv VwQ u}= "OW
O=OaD u=}t u}= QO "OW Oy=wN ?=NDv= xa]k (N � n) ẁtHt R= |@=NDv= |xa]k
(N �n)� (y� x) = (N �n� y+ x) O=OaD w ?w}at |xa]k (y� x)

`} RwD j@=]t m R= k sDU}U l} |=Q@ |}=}=B `@=D u}=Q@=v@ "OQ=O OwHw sr=U |xa]k
%OwW|t h} QaD 4 |x]@=Q j@] w '|UOvy jwi

R(y) =
mX
s=k

�N�n�y+x
s

��y�x
m�s

��N�n
m

� (4)

C=a]k O=OaD u}UB `} RwD `@=D w u=v}t]= C}r@=k `@=D h} QaD =@ [19]'u=Q=mty w w} Qo
%Ovvm|t h} QaD u}vJ =Q Q=_Dv= OQwt |}=}=B 'xDW=@v= ?w}at

E(R(y)) =
NX
y=0

h(yjx � c)R(y) (5)

C=a]k O=OaD xR=Ov= x@ w OwW|t x@U=Lt yhrDNt Q}O=kt |=R= x@R(y) xm =Hu; R=
XN=W u=wva x@ |Q=_Dv= |}=}=B R= 'O};|t CUO x@ |}=}=B Q=Okt 'xDW=@v= ?w}at
CQ=@a xr�Ut |=yZQi 'xYqN Qw] x@ u}=Q@=v@ "OW Oy=wN xO=iDU= sDU}U |}=}=B

%R= Ow@ Oy=wN
"OvDU}v |}=U=vW p@=k |UQR=@ Ov}=Qi QO ?w}at C=a]k s=tD �

"OwW|t ?=NDv= |iO=YD CQwY x@ xa]k n �
"Ovvm|t C}a@D |ivt sv}@ `} RwD R= ?w}at C=a]k �

"CU= ?QNt CQwY x@ |UQR=@ VwQ �
|xv} Ry "OwW XNWt O}=@ sDU}U pm |xv} Ry `@=D '|}=}=B `@=D h} QaD R= Oa@
QO ?w}at |xa]k OwHw |xv} Ry '|UQR=@ |xv} Ry 'xDW=@v= OQ |xv} Ry pt=W pm
uOW xi=[= |xv} Ry w sDU}U uO=Di= Q=m R= |xv} Ry 'xDW=@v= VQ}PB R= TB sDU}U
h} QaD p@=k 6 |x]@=Q R= xO=iDU= =@ pm |xv} Ry `@=D u}=Q@=v@ "CU= sDU}U x@ <RH

%CU=
CTotal = B(1� PfAcceptg) + C1n

+C2PfAcceptg
NX
y=0

yh(yjx � c)

+PfAcceptg(1� E(R))A+ C3mPlus (6)

'|UQR=@ |xv} Ry C1n 'xDW=@v= OQ |xv} Ry B(1 � PfAcceptg) u; QO xm
VQ}PB R=TB ?w}at |xa]k OwHw |xv} RyC2PfAcceptg NP

y=0
yh(yjx � c)

u}vJty "CU= ?w}at C=a]k O=OaD |[=} Q O}t= NP
y=0

yh(yjx � c) w 'xDW=@v=
|xv} RyC3mplus w sDU}U uO=Di= Q=m R= |xv} Ry PfAcceptg(1�E(R))A

"Ow@ Oy=wN �R=}v CQwY QO� sDU}U x@ <RH uOW xi=[=
xOvvmhQYt w xOvvmO}rwD |=Q@ xW=@v=?w}at sqk=C@Uv 'OWu=}@ QDV}B xm u=vJ
?w}at C=a]k O=OaD Q@ xar=]t u}= T=U= xm =Hu; R= u}=Q@=v@ "CU= LQL w AQL
?w}at C=a]k O=OaD |x}=B Q@ R}v xOvvmhQYt w xOvvmO}rwD |=ylU} Q 'CU= Q=wDU=

%R= CU= CQ=@a xr�Ut |=yC}OwOLt u}=Q@=v@ "OwW|t h} QaD
pfacceptgAQL = P (x � n�AQL) � 1� � (7)

PfacceptgLQL = P (x � n� LQL) � � (8)

xOW |UQR=@ |xvwtv O=OaD n
xDW=@v= pm ?w}at C=a]k O=OaD y

|UQR=@ Ov}=Qi QO xOW |}=U=W ?w}at C=a]k O=OaD x
VQ}PB OOa c

xa]k Qy |UQR=@ |xv} Ry C1
xDW=@v= VQ}PB R= TB ?w}at |xa]k Qy OwHw |xv} Ry C2

sDU}U x@ <RH uOW xi=[= |xv} Ry C3
xDW=@v= OQ |xv} Ry B

sDU}U uO=Di= Q=m R= |xv} Ry A
pw@k p@=k C}i}m K]U AQL

|OL C}i}m K]U LQL
xOvvmO}rwD lU} Q �

xOvvmhQYt lU} Q �
xDiQo Q_v QO O}=@ |@U=vt `} RwD '�y� xDW=@v= ?w}at C=a]k O=OaD |=Q@ =OD@=
?w}at C=a]k O=OaD |=Q@ |irDNt |xDUUo |=y`} RwD C=ar=]t QO uwvm =D "OwW
sv}@ `} RwD xm OvO=O u=Wv 'CU=Qm}t=U w u=J "CU= xOW xDiQo Q_v QO xDW=@v=
|R}@ |=y|UQR=@ QO xDW=@v= ?w}at C=a]k O=OaD |=Q@ `} RwD u} QD?U=vt |ivt
sv}@ `} RwD '�P (y)� xDW=@v= ?w}at C=a]k O=OaD u}W}B `} RwD u}=Q@=v@ [29]"CU=

"OwW|t h} QaD 1 |x]@=Q j@=]t 'b w a |=yQDt=Q=B =@ |ivt
P (y) = �(y + a)

�(y + 1)�(a)

�
b

b+ 1
�y� 1

b+ 1
�a

(1)

�P (x) 'xOW|}=U=vW ?w}at C=a]k O=OaD `@=D� OwW|t|iQat xm |Qo}O syt `@=D
QO %OwW|t h} QaD u}vJ |UOvy jwi `} RwD C}Y=N R= xO=iDU= =@ `@=D u}= "CU=
OwHw u; QO ?w}at |xa]k y0 O=OaD xm N sHL x@ |}xDW=@v= R= xa]k n |UQR=@

%CU= 2 |x]@=Q CQwY x@ ?w}at |xa]k x OwHw p=tDL= 'OQ=O

P (xjy = y0) =

�N�y0
n�x

��y0
x

��N
n

� (2)

=@ CU= Q@=Q@ xDW=@v= VQ}PB p=tDL= 'VQ}PB OOa u=wva x@ c OOa uDiQo Q_v QO =@
Q@=Q@ w CU= Q}N= |x]@=Q ptmt xDW=@v= OQ p=tDL= "PfAcceptg = P (x � c)
`@=wD h} QaD =@ "Ow@ Oy=wN PfRejectg = 1�PfAcceptg = P (x > c) =@
`@=D u}= "CU= x@U=Lt p@=k ?w}at C=a]k O=OaD u}UB `} RwD `@=D 'P (x) w P (y)

?w}at C=a]k O=OaD *u}UB `} RwD `@=D "OwW|t h} QaD xDW=@v= uOW xDiQ}PB \QW =@
%OwW|t h} QaD 3 |x]@=Q j@]

h(y = y0jx � c) = p(y = y0 \ x � c)
p(x � c)

=

cP
x=0

p(xjy = y0)p(y = y0)

NP
y=0

cP
x=0

p(xjy)p(y)
(3)

QO |}=}=B "OQm h} QaD =Q sDU}U |}=}=B `@=D u=wD|t 'sRq `@=wD h} QaD R= TB p=L
l} QO xO=iDU= |=Q@ sr=U |xa]k k pk=OL uDi=} p=tDL= 'm R= k sDU}U l}
|iO=YD ,qt=m CQwY x@ |xa]k k u}= xm OwW|t ZQi "CU= |}xa]km sDU}U
OwW|t ZQi u}vJty "OwW|t ?=NDv= 'xOW xDiQ}PB |xDW=@v= l} C=a]k u=}t R=
w OvwW|t xDW=Po Q=vm xDW=@v= uOW xDiQ}PB CQwY QO xOW |UQR=@ C=a]k xm
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w k = 2 <RH O=OaD |xv}tm 'm R= k sDU}U QO u}vJty "Ovm|t Q}}eD |UQQ@
x@ VQ}PB OOa Q=Okt u} QDW}@ "OwW|t xDiQo Q_v QO m = 4 <RH O=OaD |xv}W}@
|Dw=iD|@ |xR=@ "Ow@ Oy=wN cmax = 2 =@ Q@=Q@ R}v |Q}oxvwtv QO CU=}U l} u=wva
xr�Ut |=yC}OwOLt <=[Q= =@ "OwW|th} QaD (0=9; 0=91) CQwY x@ R}v |}=}=B
'hOy u=wva x@ |}=}=B |xR=@ uDiQo Q_v QO w �xOvvmhQYt w xOvvmO}rwD lU} Q�
xOW pY=L ?rDt Q=Ri=sQv R= xO=iDU= =@ 1 pwOH QO xOW xO=O u=Wv |=yw} Q=vU

"CU=
Q@ =yQ}eDt C=Q}}eD Q}F-=D w w} Q=vU Qy |xv} Ry p=L '=yw} Q=vU p}mWD R= TB
pt=W xv} Ry |=yQ}eDtC}U=UL p}rLD G}=Dv 2 pwOH "OwW|t |UQQ@ pm |xv} Ry
Qy |=Q@ pm |xv} Ry Q=Okt '2 pwOH QO "OyO|t u=Wv =Q C3 w B 'C2 'C1 'A
u}}aD |rm Qw] x@ "CU= xOW x�=Q= xv} Ry |=yQ}eDt hrDNt Q}O=kt |=R= x@ w} Q=vU
xHwD =@ '=yQ}eDt Vy=m w V}=Ri= =@ w OQ=O |oDU@ =yQ}eDt Q=Okt x@ xv}y@ |w} Q=vU
xv}y@ |w} Q=vU u=wva x@ u=wD|t w} Q=vU OvJ =} l} 2 pwOH QO xOW x�=Q= G}=Dv x@

"OQm ?=NDv=
C=Q}}eD 'OQ=O Q=m w QU sDU}U |}=}=B =@ s}kDUt Qw] x@ A Q}eDt xm =Hu; R=
Q}O=kt QO xm u=vJ "OW=@ xDW=O |tyt Vkv xv}y@ |w} Q=vU u}}aD QO Ov=wD|t u;
=OD@= 'A Q}eDt Q=Okt V}=Ri= =@ w CU= Cr=L u} QDy@ 4 |w} Q=vU Q}eDt u}= u}}=B
"Ow@ Ovy=wN =yw} Q=vU u} QDy@ ?}DQD x@ 3 |w} Q=vU 'QDq=@ Q}O=kt QO w 1 |w} Q=vU
'OQ}o|t Q=Qk |UQQ@ OQwt A Q}eDt xm |v=tR 'xv}y@ |w} Q=vU u}}aD QO syt |xDmv
C}U=UL p}rLD QO xm u=vJ "CU= (C3) sDU}U x@ <RH uOW xi=[= |xv} Ry
3 w 2 |=yw} Q=vU ?=NDv= 'xv} Ry u}= Vy=m =@ 'CU= xOW xO=O u=Wv C3 x@ \w@ Qt
A = 100000 Q]U QO xm u=vJ "Ovm|t =O}B |O=YDk= x}HwD 1 |w} Q=vU x@C@Uv
u=Wv R}v 2 pwOH QO xm u=vJ 1 |w} Q=vU 'C3 = 20 uDiQo Q_v QO =@ 2 pwOH QO

p=tDL= =@ LQL w q=@ p=tDL= =@ AQL xm CU= |k]vt 'jwi |=yC}OwOLt j@]
&OW=@ 1�� |w=Ut =} QDnQR@ O}=@ PfacceptgAQL u}=Q@=v@ "OwW xDiQ}PB u}}=B
u=Wv |=Q@ "OW=@ � |w=Ut QDlJwm PfacceptgLQL OwQ|t Q=_Dv= u}vJty
=yQ}eDt C}U=UL p}rLD G}=Dv x=Qty x@ |OOa |r=Ft '|O=yvW}B pOt OQ@ Q=m uO=O

"CU= xOW xOQw; Oa@ CtUk QO

|OOa p=Ft "3
'AQL = 0=02 w |ivt sv}@ `} RwD QO b = 3 'a = 2 uDiQo Q_v QO =@ G}=Dv s=tD
xOW x@U=Lt =yC}OwOLt QO � = 0=01 w � = 0=05 'LQL = 0=05
'C2 = 30 'C1 = 7 'N = 100 %R= CU= CQ=@a R}v =yQ}eDt Qo}O Q=Okt "CU=
Qy QO "Ov=C=@U=Lt QO x}=B Q}O=kt xm 'B = 1000 w A = 5000 'C3 = 20
OQwt Q}eDt =yvD 'Qo}O |=yQ}eDt uOv=t C@=F ZQi =@ C}U=UL p}rLD R= xrLQt

"|}=}=B |xR=@ x@ \w@ Qt |=yw} Q=vU "1 pwOH
E(R) mopt copt nopt w} Q=vU
0 9036 2 0 93 1
0 9055 3 0 93 2
0 9073 4 0 93 3
0 9051 2 1 96 4
0 9075 3 1 96 5
0 9094 4 1 96 6

"xv}y@ |w} Q=vU u}}aD |=Q@ xv} Ry |=yQ}eDt C}U=UL p}rLD "2 pwOH
w} Q=vU Q=Okt Q}eDt6 5 4 3 2 1

1626 7 1606 7 1588 7 1654 6 1634 6 1615 2 5000
A3037 3 3056 6 3075 9 2256 8 2259 0 2252 2 100000

16420 16793 17166 8062 5 8174 4 8286 3 1000000

1626 7 1606 7 1588 7 1654 6 1634 6 1615 2 7
C12872 7 2854 7 2836 7 2852 6 2843 6 2824 2 20

4792 7 4774 7 4756 7 4722 6 4703 6 4684 2 40

1626 7 1606 7 1588 7 1654 6 1634 6 1615 2 30
C21654 8 1636 8 1618 8 1655 6 1636 6 1617 2 300

1678 1 1659 1 1641 1 1657 1 1638 1 1618 8 500

1626 7 1606 7 1588 7 1654 6 1634 6 1615 2 1000
B1374 2 1356 2 1338 2 1374 7 1355 4 1336 1 700

873 1 855 1 837 1 818 4 797 1 777 8 100

1586 7 1587 7 1588 7 1616 0 1615 6 1615 2 1
C31626 7 1606 7 1588 7 1654 6 1634 6 1615 2 20

1784 7 1686 7 1588 7 1814 0 1714 6 1615 2 100
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QW
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|U

Ovyt C}@ wr]t c = 0|=yKQ] "OW=@ c = 0 |va} OwN Q=Okt pk=OL QO O}=@ VQ}PB
QO =@ u=wD|t 'R=}v CQwYQO u}=Q@=v@ [30]"Ovvm|t O=H}= xOvvmhQYt |=Q@ |QDW}@
QO "OQm |UQQ@ =Q ?wr]t |=yw} Q=vU 'xr�Ut ZQi u=wva x@ c = 0 uDiQo Q_v
3 w 2 '1 |=yw} Q=vU '|}=}=B xR=@ |=Q@ Q=Okt u=ty uDiQo Q_v QO =@ jwi |xr�Ut
QO '|rm Qw]x@ "O=O Q=Qk EL@ OQwt u=wD|t '=yv; VQ}PB OOa Q=Okt x@ xHwD =@ =Q

"CU=yKQ] Q}=U R= QDtm xv}y@ |xvwtv xR=Ov= c = 0 |=yKQ]

|Q}oxH}Dv "5
|Q}oxvwtv pt=a wO uDiQo Q_v QO =@ xv}y@ |w} Q=vU u}}aD |=Q@ |rOt 'xr=kt u}= QO
sDU}U |}=}=B `@=D '?U=vt `@=wD h} QaD =@ "CU= xOW x�=Q= <=RH= |ovwRi= w VQ}PB
xv} Ry u}= "CU= pm |xv} Ry `@=D |xv}y@ |w} Q=vU u}}aD Q=}at "O};|t CUO x@
|xv} Ry '?w}at |xa]k OwHw |xv} Ry '|UQR=@ |xv} Ry 'xDW=@v= OQ |xv} Ry pt=W
T=U= Q@ "Ow@ Oy=wN sDU}U x@ <RH uOW xi=[= |xv} Ry w sDU}U uO=Di= Q=m R=
CU= QF-wt |rt=a 'xv}y@ |w} Q=vU u}}aD QO A

C3 C@Uv 'C}U=UL p}rLD G}=Dv
x@ <RH uOQm xi=[= |O=YDk= |xiQY 'O@=} V}=Ri= A

C3 C@Uv xJQy xm |Qw]x@
x@ u=wD|t =Q 6 w 3 |=yw} Q=vU 'c w n Q}O=kt x@ xHwD =@ "OW Oy=wN QDW}@ sDU}U
Ovv=wD|t 4 w 1 |=yw} Q=vU C@Uv u}= Vy=m =@ w OQm ?=NDv= xv}y@ |w} Q=vU u=wva
1 |=yw} Q=vU R= |m} ?=NDv= Ea=@ =yQ}eDt Q}=U C=Q}}eD "OvW=@ =yw} Q=vU u} QDy@
|xa]k OwHw |xv} Ry w (C1) |UQR=@ |xv} Ry |=yQ}eDt V}=Ri= =@ "OwW|t 4 =}
xDW=@v= OQ |xv} Ry V}=Ri= =@ w 'xv}y@ |w} Q=vU u=wva x@ 1 |w} Q=vU '(C2) ?w}at
x@ xHwD =@ u}vJty "OwW|t |iQat xv}y@ |w} Q=vU u=wva x@ 4 |w} Q=vU '(B)

|UQQ@ OQwt c = 0 |=yKQ] '`}=vY R= |NQ@ QO m R= k |=ysDU}U C}ty=
=Q CUNv |w} Q=vU xU 'Q[=L j}kLD QO xOW x�=Q= |OOa p=Ft j@] "CiQo Q=Qk
,qt=m xOW x�=Q= pOt xm u}= x@ xHwD=@ "CiQo Q_v QO |}=yKQ] u}vJ |=Q@ u=wD|t
|=yQ}eDt |xv}y@ Q}O=kt u}}aD |xQDUo QO xar=]t |xt=O= O=yvW}B 'CU= O}OH
"OQ}o Q=Qk hOy Ov=wD|t sDU}U uOw@ Q}PB Q}taD ZQi =@ '<RH O=OaD w |Q}oxvwtv
xt=O= |=Q@ 'OW=@ u=tR R= |a@=D C=a]k CUmW xm |v=tR '|}=}=B |UQQ@ u}vJty

"OwW|t O=yvW}B j}kLD

xi=[= |xv} Ry� C3 = 10 xm |v=tR |rw Ow@ Oy=wN xv}y@ |w} Q=vU 'xOW xO=O
w 2 |=yw} Q=vU |xv} Ry �O@=}|t Vy=m x}=B Cr=L x@ C@Uv sDU}U x@ <RH uOW
w OvQD|O=YDk= 1 |w} Q=vU x@ C@Uv xm Ow@ Oy=wN 2245 8 w 2249 ?}DQD x@ 3
|=yQ}eDt C=Q}}eD |xH}Dv u=wD|t |UQQ@ u}= j@] "Ow@ Oy=wN xv}y@ 3 |w} Q=vU
=O}B V}=Ri= A

C3 C@Uv xJQy %OQm u=}@ Q}eDt wO u}= C@Uv ?ULQ@ =Q C3 w A
Q}O=kt x@ xHwD =@ &OwW|t QDW}@ sDU}U x@ <RH uOQm xi=[= |O=YDk= |xiQY 'Ovm
u}tyQ@ "OQm ?=NDv= xv}y@ |w} Q=vU u=wva x@ =Q 6 w 3 |=yw} Q=vU u=wD|t 'c w n
|=yw} Q=vU 4 w 1 |=yw} Q=vU 'Qo}O Q}O=kt x@ xHwD =@ w C@Uv u}= Vy=m =@ T=U=

"OvDUy xv}y@
=yv; C=Q}}eD w Ov=x=Qty VQ}PB OOa w xvwtv xR=Ov= =@ xv} Ry `@=D QO =yQ}eDt Q}=U
V}=Ri= =@ 'jwi G}=Dv T=U= Q@ "Ow@ Oy=wN 4 =} 1 |=yw} Q=vU R= |m} ?=NDv= Ea=@
|xv} Ry '(C2) ?w}at |xa]k OwHw |xv} Ry w (C1) |UQR=@ |xv} Ry |=yQ}eDt
xv}y@ |w} Q=vU u=wva x@ w OwW|t 4 |w} Q=vU pm |xv} Ry R= QDtm 1 |w} Q=vU pm
4 |w} Q=vU '(B) xDW=@v= OQ |xv} Ry V}=Ri= =@ 'Qo}O hQ] R= "OW Oy=wN ?=NDv=
pOt T=U= Q@ R}v =yQ}eDt u=tRty C=Q}}eD "OwW|t |iQat xv}y@ |w} Q=vU u=wva x@
QO =Q =yQ}eDt |wQ C}U=UL p}rLD G}=Dv |xYqN "CU= |UQQ@ p@=k xOW x�=Q=

%OQm u=}@ u}vJ u=wD|t jwi pOt
"Ovm|t =O}B |O=YDk= |xiQY sDU}U x@ <RH uOQm xi=[= ' AC3 C@UvV}=Ri= =@ �
|=yw} Q=vU x@C@Uv OvQ=O |QDW}@|ovwRi= xm|}=yw} Q=vU ' AC3 C@UvV}=Ri= =@ �

"OvQD|O=YDk= '�|ovwRi= uwO@ =}� QDtm |ovwRi= =@
QD|O=YDk= <=RH= |ovwRi= uwO@ |=yw} Q=vU 'B w C2; C1 |=yQ}eDt C=Q}}eD =@ �

"Ow@ Ovy=wN

c = 0 |=yKQ] "4
|}q=@ Q=}U@|}=}=B R= 'm R= k |=ysDU}U OQwtQO xQ=W= OQwt |=yOQ@ Q=m R=|NQ@ QO
OOa|]}=QW u}vJ QO "OQm xQ=W= =[i=wy `}=vY x@ u=wD|t p=Ft |=Q@ &CU= R=}v OQwt
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