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x@ |y=JuwQO CtON |x�=Q= |xw}W w OwW|t x�=Q= hrDNt u=UQCtON ẁv wO
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O=OaD p}=Uw ẁvD QO |QDWt s=Rr=

OwHw
|xw}W ẁvD O=OaD xQ=tW

xr�Ut hOy
p}=Uw pkv w ptL CtON Ci=} QO

|Ov@u=tR
CtON C=tON x=oDU}= `HQtw ptL |x�=Q= |=Q@ |xQHvB QO

QO |D=}rta
x@ |v=UQ R=}vOQwt |RmQtpkv ẁv OvJ XNWt |v=tR
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QwO
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Q}U
t"1 pwOH |xt=O=

pL VwQ `@=D Q=DN=U
O=OaD p}=Uw ẁvD QO |QDWt s=Rr=

OwHw
|xw}W ẁvD O=OaD xQ=tW

xr�Ut hOy
p}=Uw pkv w ptL CtON Ci=} QO

|Ov@u=tR
CtON C=tON x=oDU}= `HQtw ptL |x�=Q= |=Q@ |xQHvB QO

QO |D=}rta
x@ |v=UQ R=}vOQwt |RmQtpkv ẁv OvJ XNWt |v=tR

|xw}W
|QDWt |QDWtCtON |v=UQCtON

|@}mQD
=@ u}}=B OL |xaUwD u=tR |R=Uxv}tm

OwOLt � � � |O=Qiv= ẁv l} x=oDU}= l} [13]Sv=Qo q |R=UO=R; sD} Qwor= |QDWt Q=_Dv=
CtON Ci=} QO |=Q@

=@ q=@ OL |xaUwD
|R=Uxv}tm

OwOLt � p � |O=Qiv= ẁv l} x=oDU}= l} [14]

|Q=mD@= sD} Qwor=
'QiU |xv} Ry
Q=_Dv= '|Q=m|@

|Q=m pO=aD sOa w
pkv w ptLp}=Uw

=@ q=@ OL |xaUwD
|R=Uxv}tm

OwOLt � � � |O=Qiv= ẁv l} x=oDU}= l} [15]

|Q=mD@= sD} Qwor=
QiU |xv} Ry

|OwHwt |Q=Oyov w
Ot;QO |R=Uxv}W}@ w

=@ q=@ OL |xaUwD |R=U xv}tm OwOLt � � � |O=Qiv= ẁv l} x=oDU}= l} [16]

|Q=mD@==Qi sD} Qwor= QiU |xv} Ry

=@ q=@ OL |xaUwD |R=Uxv}tm
OwOLt � p � |O=Qiv= ẁv l} x=oDU}= l} [17]

|Q=mD@==Qi sD} Qwor= w QiU xv} Ry
=yQ}Ut pO=aD sOa

=@ q=@ OL |xaUwD |R=Uxv}tm OwOLt � � � |O=Qiv= ẁv l} x=oDU}= l} [18]

|Q=mD@==Qi sD} Qwor= QiU |xv} Ry

|R=Ux}@W pOt |xaUwD |xQ=H= |R=Uxv}y@ OwOLt=v � p � |O=Qiv= ẁv l} x=oDU}= l} [19]Ot=W}B xDUUo |mQ=OD |=yQw=vW

=@ q=@ OL |xaUwD |R=Uxv}tm
OwOLt � � � |O=Qiv= ẁv l} x=oDU}= l} [20]

|Q=mD@= sD} Qwor= QiU |xv} Ry
CtON Ow@tm

=@ q=@ OL |xaUwD
|R=Uxv}tm

OwOLt p � � |O=Qiv= ẁv OvJ x=oDU}= OvJ [21]

|Q=mD@= sD} Qwor=
'QiU |xv} Ry

C=Q}taDw |Q=Oyov
CtON Ow@tm w

=@ q=@ OL |xaUwD
|R=Uxv}tm

OwOLt � � � |O=Qiv= ẁv l} x=oDU}= l} [22]

|Q=mD@= sD} Qwor=
QiU |xv} Ry
|Q}oQ=mx@ w

Qw=vW
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"1 pwOH |xt=O=

pL VwQ `@=D Q=DN=U
O=OaD p}=Uw ẁvD QO |QDWt s=Rr=

OwHw
|xw}W ẁvD O=OaD xQ=tW

xr�Ut hOy
p}=Uw pkv w ptL CtON Ci=} QO

|Ov@u=tR
CtON C=tON x=oDU}= `HQtw ptL |x�=Q= |=Q@ |xQHvB QO

QO |D=}rta
x@ |v=UQ R=}vOQwt |RmQtpkv ẁv OvJ XNWt |v=tR

|xw}W
|QDWt |QDWtCtON |v=UQCtON

|@}mQD

=@ q=@ OL |xaUwD
|R=Uxv}tm

OwOLt � � � |O=Qiv= ẁv l} x=oDU}= l} [23]

|Q=mD@= sD} Qwor=
QiU |xv} Ry
EO=wL w
Q=_Dv= OQwt

p
|R=Uxv}tm

OwOLt=v p � � |O=Qiv= ẁv l} x=oDU}= OvJ [24]
QiU |xv} Ry
|xQ=H= w
QDB wm}ry

=@ q=@ OL |xaUwD |R=Uxv}tm OwOLt p � � |O=Qiv= ẁv l} x=oDU}= l} [25]

|Q=mD@==Qi sD} Qwor= QiU |xv} Ry

=@ q=@ OL |xaUwD |R=Uxv}tm OwOLt � � � |O=Qiv= ẁv l} x=oDU}= l} [26]

|Q=mD@==Qi sD} Qwor= QiU u=tR

� |R=Uxv}tm OwOLt p � � |O=Qiv= ẁv l} x=oDU}= l} [27]

QiU |xv} Ry

=@ q=@ OL |xaUwD
|R=Uxv}tm

OwOLt p � � |O=Qiv= ẁv OvJ x=oDU}= OvJ [28]

|Q=mD@= sD} Qwor=
'QiU |xv} Ry

C=Q}taD w |Q=Oyov
CtON Ow@tm w

=@ q=@ OL |xaUwD
|R=Uxv}tm

OwOLt p � � |O=Qiv= ẁv OvJ x=oDU}= l} [29]

l}DUQw}y sD} Qwor=
w QiU |xv} Ry
CtON Ow@tm

'u}=Q@=v@ &CU= QDtm Q=}U@ '=yx=J |xawtHt CtON x@ |OvtR=}v u=R}t =@ xU}=kt
h} QaD CtON ẁv wO |=Q@ |R} Qxt=vQ@ |xQwO Qy QO Ow@tm |Q=Okt xQ=wty
'|y=JuwQO w |y=JQU CtON Ow@tm OL=w Qy |=Q@ xm ODi=|t j=iD= xOW
xm |Qw]x@ &OwW|t xO=O V}=tv RHi =@ xm OwW|t xDiQo Q_v QO |}xv} Ry

"(H 2 fa; bg; i 2W )

xawtHt wO '=yx=J |vi C=tON |=yxwQo R= Qw_vt xr=kt u}= QO "CU= Q_v Ot
|=yC}r=ai u=wva =@ xm OvDUy (B) |y=JuwQO w (A) |y=JQU |=yu=UQCtON
QO QkDUt (W ) |O}rwD |Div |=yx=J R= |}xawtHt |wQ =yx=J |vi C=tON
"OvyO|t x�=Q= =Q R=}v OQwt C=tON '?}kQ QwWm =@ lQDWt |Div |xRwL l}
QO O=OaD u}= =t= 'CU= XNWt xr�Ut |=OD@= QO =yu=UQCtON u}= O=OaD
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t"xRwL u}= QO |YYND |=ypt=a x@ xHwD =@ |rL=U=Qi Civ CavY |xRwL QO ẁ[wt |xv}W}B |}xU}=kt pwOH "2 pwOH

hkwD s=Rr= |v=UQ CtON xr}Uw |xir-wt |Q}oQ_v QO C=tON xRwL \=@DQ= |QDWt xQ=tWCiv O}rwD OQop=@ Qw=vW u=O}t uOw@ lQDWt |DUOu}}=B |DUOq=@ lQLDt C@=F `HQtOv}=Qi QO |UQQ@ QO |Div C=R}yHD w sqk=� �Civ |=yx=J�|v=UQCtON �|[Qq=K]U

� � |=yQw=vW � q=m lQ=OD � � |Q=OQ@xQy@ |=ywmU
[18]

|D=mQ=OD Civ

� � |=yQw=vW � q=m lQ=OD � |=ypmO |Q=OQ@xQy@ |=ywmU
[19]

|D=mQ=OD |Q=iL Civ

� � |=yQw=vW � |mO} sqk= w q=m lQ=OD � � |Q=OQ@xQy@ |=ywmU
[20]

|D=mQ=OD Civ

� |=yOQop=@ |=yQw=vW � pvUQB s=Ra= w q=m lQ=OD � � |O=@ |=yu}@ QwD
[21]

|Q@ Qi=Ut |D=mQ=OD C=Q}taD w |Q=Oyov |rL=U=Qi

� � |=yQw=vW � q=m lQ=OD � � |Q=OQ@xQy@ |=ywmU
[22]

|D=mQ=OD Civ

� |=yOQop=@ � � |D=}rta u=vmQ=m s=Ra= � � |Q=OQ@xQy@ |=ywmU
[23]

|Q@ Qi=Ut Civ

� |=yOQop=@ � � |D=}rta u=vmQ=m s=Ra= � |=ypmO |Q=OQ@xQy@ |=ywmU
[24]

|Q@ Qi=Ut |Q=iL Civ

� |=yOQop=@ � � |D=}rta u=vmQ=m s=Ra= � � |Q=OQ@xQy@ |=ywmU
[25]

|Q@ Qi=Ut Civ

� |=yOQop=@ � � |D=}rta u=vmQ=m s=Ra= � � |Q=OQ@xQy@ |=ywmU
[26]

|Q@ Qi=Ut Civ

� � |=yQw=vW � pR}O CNwU lQ=OD � � |Q=OQ@xQy@ |=ywmU
[27]

u=UQCNwU Civ

� � |=yQw=vW � u=vmQ=m s=Ra= w q=m lQ=OD � � |O=@ |=yu}@ QwD
[28]

|D=mQ=OD C=Q}taD w |Q=Oyov |rL=U=Qi

� �

|=yQw=vW
� 'q=m Q}_v |twta C=tON

C=tON
|=yQw=vW Civ |y=JQU |=ywmU [29]

|D=mQ=OD
u=vmQ=m s=Ra= w CNwU

CW=Oyov
Q=}U |y=JQU|=yQw=vW w C=R}yHD

Q=}U |y=JQU |y=JQU
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u=tR QO TBU "OyO|t CQwY =Q x=J O}rwD hkwD w |R=UxO=t; C=}rta db1 COt
|@}mQD CQwYx@ |y=JuwQO w |y=JQU u=UQCtON |=yxwQo t2 = t1 + db1
C=}rta C}=yv QO w OvyO|t s=Hv= =Q |v=UQCtON C=}rta db2 COtx@ |t}D w
u=UQCtON t3 u=tR QO "O@=}|t xtD=N t3 = t1 + db1 + db2 u=tR QO |y=JuwQO
C=}rta db3 COt x@ O}=@ |y=JQU u=UQCtON =t= 'Ovm|t lQD =Q x=J |y=JuwQO
t4 = t1 +db1 +db2 +db3 u=tR =D =Q u; |H} QOD uOv=UQO}rwD x@ w x=J |R=UxO=t;

"Ovm lQD =Q x=J u; R= TB w OyO CQwY
R= l} Qy |=Q@ |O}rwD |DUOq=@ |xt=vQ@ l} OwHw p}rOx@ xr�Ut u}= QO
xm |y=JuwQO CtON |x�=Q= OQwt Qy |=R=x@ 'lQDWt |=yu=O}t QO |Div |=yx=J
O=tv =@ |}xv} Ry 'OwW|t lQDWt |xRwL |xS} w \}=QW QO x=J O}rwD hkwD x@ QHvt
l} O}=@ xr�Ut u}= QO '`k=w QO "OwW|t xDiQo Q_v QO (i 2 W ) xm |Qw]x@ Oi
"OwW s=Hv= |DUOq=@ O}rwD |xt=vQ@ w =yx=J CW=Oxov |xt=vQ@ u}@ xv}y@ |xvR=wt
xikw u=mt= 'OwW |oO}UQ =yx=J CW=Oxov |=yxt=vQ@ x@ QDW}@ xJQy xmu}= p}rO x@
O}rwD |xt=vQ@ ?wr]t xm ODi=|t j=iD= lQDWt |=yu=O}t |=yx=J O}rwD C=}rta QO
|DUOq=@ O}rwD |=yxt=vQ@ QDW}@ xJQy jkLD xJQy 'Qo}O hQ] R= w CU}v |DUOq=@
Ow@tm |=yxv} Ry =@ xyH=wt xH}Dv QO w =yx=J O}rwD hkwD |R=Uxv}tm 'OwW x@r=]t

"Ow@ Oy=wNv Q=_Dv= R= QwO
hkU =@ |}xQwOOvJ |R} Qxt=vQ@ ji= QO =yxQwO |xawtHt xr�Ut u}= QO P
QwmPt |=yx=J R= l} Qy 'ji= u}= QO xm|Qw]x@ 'CU= xQwO Qy |=Q@ D |v=tR
|xawtHt w FHi Tv=mQi Q=Okt =@ |y=JuwQO w |y=JQU C=tON Ci=} QO OvtR=}v
OvDUy (H 2 fa; bg; i 2 W ) xm|Qw]x@ QHi CtON Ci=} QO R=Ht C=@}mQD

"OvwW|t XNWt |DUOq=@ |vi |=yOL=w \UwD xQwO Qy |=OD@= QO xm
xDiQo Q_v QO |}xQwO5 |R} Qxt=vQ@ ji= l} |=Q=O xr�Ut l} p=Ft |=Q@
F a1 = =@ Q@=Q@ CtON Ot=U@ Q}O=kt 1 |xQ=tW x=J |=Q@ xm |}xvwox@ &OwW|t
=@ Q@=Q@ C=tON Ci=} QO R=Ht C=@}mQD |xawtHt u}vJty w F b1 = 2 w 3
Qb1 = f(1; 3); (1; 4); (2; 5); (2; 4)g w Qa1 = f(1; 2; 4); (2; 3; 5)g
u=R}t x@ |y=JQU CtON Ci=} QO Qw_vtx@ 1 |xQ=tW x=J p=Ft u}= QO "OvW=@
Qa1 xawtHt QO ?=NDv= wO |=Q=O |}xQwO5 |R} Qxt=vQ@ ji= l} QO x@DQt xU
1 |xQ=tW x=J 'OwW ?=NDv= (1; 2; 4) |va} xawtHt pw= w[a Qo = "CU=
|y=JQU u=UQCtON xwQo R= =Q |y=JQU CtON 4 w 2 '1 |=yxQwO QO O}=@
x=J CU= sRq 'OwW ?=NDv= QwmPt |xawtHt swO w[a Qo = =t= 'Ovm Ci=} QO
u}ty x@ "Ovm Ci=} QO =Q R=}v OQwt CtON 5 w 3 '2 |=yxQwO QO 1 |xQ=tW
x@DQt wO u=R}t x@ |y=JuwQO CtON Ci=} QO Qw_vtx@ 1 |xQ=tW x=J ?}DQD
Qo = "CU= Qb1 xawtHt QO ?=NDv= Q=yJ |=Q=O |}xQwO5 |R} Qxt=vQ@ ji= l} QO
|=yxQwO QO 1 |xQ=tW x=J O}=@ 'OwW ?=NDv= (1; 3) |va} xawtHt pw= w[a
|y=JQU |=yu=UQCtON R= |@}mQD CQwYx@ =Q |y=JuwQO CtON 3 w 1
?=NDv= (2; 5) |va} xawtHt swU w[a Qo = =t= 'Ovm Ci=} QO |y=JuwQO w
Ci=} QO =Q R=}v OQwt CtON 5 w 2 |=yxQwO QO 1 |xQ=tW x=J x=ov; 'OwW

"Ovm|t
|=yQwD u=}=B w ẁQW |x]kv u=wva x@ |RmQt x=oDU}= l} |=Q=O xr�Ut
|=OD@= QO Qo = "OwW|t xO=O u=Wv o O=tv =@ xr=kt u}= QO xm CU= =yu=UQCtON
'Ovvm lQD =Q |RmQt x=oDU}= |y=JuwQO w |y=JQU R= sa= =yv; R= l} Qy 'xQwO l}
Ov=wD|t x=J l} xr�Ut u}= QO "OvOQoR=@ |RmQt x=oDU}= x@ xQwO u=ty u=}=B QO O}=@
l} xmu}= Qo}O ZQi "Ovm Ci=} QO =Q CtON ẁv wO Qy |R} Qxt=vQ@ |xQwO l} QO
|y=JQU CtON |YNWt x=J x@ xmu}= R= TB XNWt |y=JQU u=UQCtON

"x=J l} pLt QO |y=JQU CtON |x�=Q= |xwLv "1 pmW

"x=J l} pLt QO |y=JuwQO CtON |x�=Q= |xwLv "2 pmW

|y=JQU C=tON "1"2
CU= CQ=@a 'OwW|t \w@ Qt x=J |[Qq=K]U VN@ x@ ,=DOta xm CtON ẁv u}=
w Q=Wi C@F '|y=JQU G=D x@ |WmQU Q}_v OQ=Ov=DU= C=tON R= |}xawtHt R=
Civ R= |Q}oxvwtv '|y=JQU |=yQ}W |Q=mv=wQ w |Q=mT} Qo '|y=JQU CQ=QL
OQmrta V}=tR; w RwUv T} Qo w |Ov@?; O=wt j} QRD 'x=J OQmrta V}=tR; 'x=JQU
xwQo x@ R=}v uwO@ w |y=JQU u=UQCtON xwQo \UwD xm |y=JQU |vt}= |=yQ}W
|y=JQU XYNDt u=vmQ=m R= pmWDt xwQo u}= "OQ}PB|t s=Hv= x=J pLt QO Qo}O
x@ |y=JQU CtON Cq;Q=R@= w C=wO= x@ RyHt |=yQw=vW |Q}oQ=mx@ =@ xm OvDUy

"OvyO|t x�=Q= QwmPt C=tON OvtR=}v |=yx=J
C=tON |x�=Q= Qw_vtx@ "O} Q}o@ Q_v QO =Q 1 pmW QDW}@ K}[wD Qw_vtx@
t1 u=tR QO Qo}O xwQo R= pkDUt CQwYx@ |y=JQU u=UQCtON xwQo '|y=JQU
QO =Q C=}rta 'da COt x@ C=}rta uOv=QPo R= TB w OwW|t Q[=L x=J pLt QO

"Ovm|t lQD =Q x=J w Ov=UQ|t s=tD= x@ t2 = t1 + da u=tR

|y=J uwQO C=tON "2"2
CU= CQ=@a 'OwW|t \w@ Qt x=J |[Qq=CLD VN@ x@ ,=DOta xm CtON ẁv u}=
'=yxOvvmOwOUt '|vt}= Q}W?Yv wCi=} R=@ Q}_v OQ=Ov=DU= C=tON R= |}xawtHt R=
|Ret xrwr w xQ=OH |]=@DQ= |=yQ}W uOQm xDU@ w R=@ '|y=JuwQO j} QRD |=yQ}W w
Civ u=} QH |xOvvms}_vD ?Yv w |y=JuwQO |vt}= |=yQ}W OQmrta |UQQ@ 'x=J
QO w |@}mQD CQwYx@ |y=JuwQO w |y=JQU u=UQCtON |=yxwQo \UwD xm
hkwD =@ |y=JuwQO C=tON |x�=Q= Qw_vtx@ "OQ}o|t s=Hv= x=J O}rwD hkwD \}=QW
w OwW Q[=L x=J pLt QO |y=JQU u=UQCtON xwQo =OD@= CU= sRq 'x=J O}rwD
s=Hv= x=J |R=UxO=t; w |R=Uut}= 'O}rwD hkwD |=Q@ =Q x}rw= C=t=Ok= R= |}xawtHt
CQwY x@ |y=JuwQO w |y=JQU u=UQCtON |=yxwQo xrY=iq@ TBU "OyO
|y=JQU u=UQCtON xwQo 'swU |xrLQt QO w Ovvm|t CtON |x�=Q= |ywQo

"OyO|t CQwY =Q x=J uOv=UQ O}rwD x@ Qw_vtx@ |R=UxO=t; |=Q@ sRq C=t=Ok=
"OyO|t u=Wv =Q x=J l} pLt QO |y=JuwQO CtON |x�=Q= |xwLv 2 pmW
x@ TBU w CU= xOW Q[=L x=J pLt QO t1 u=tR QO |y=JQU u=UQCtON
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viC

=tON
|=y

xwQo
|}x

QwO
|@=}

Q}U
t|y=JuwQO u=UQCtON \UwD j x=J pLt QO b CtON |x�=Q= R=e; u=tR %Se0jml

"(j 2W;m 2 B; l 2 P ) "l |xQwO QO m
|=yxv} Ry u}@ xvR=wt s=Hv= xr�Ut u}= QO 'OW xQ=W= QDV}B xm Qw]u=ty
ẁtHt |vat x@ CW=Oxov |=yxv} Ry VN@ "CU= Q_v Ot O}rwD Vy=m w CW=Oxov

Ow@tm |=yxv} Ry w |y=JuwQO w |y=JQU u=UQCtON |=yxwQo QiU |=yxv} Ry
QiU |=yxv} Ry VN@ xU pt=W xm CU= |R} Qxt=vQ@ ji= |=yxQwO s=tD QO C=tON
j@=]t =yx=J u}@ QiU |=yxv} Ry '1 CQ=@a j@=]t =yx=J w |RmQt x=oDU}= u}@
Vy=m |=yxv} Ry VN@ w 3 CQ=@a j@=]t C=tON Ow@tm |=yxv} Ry w 2 CQ=@a

%CU= 4 CQ=@a j@=]t O}rwD
Obj1 =

X
H

X
j

X
l X

k

(cojxsHjkl + cjoxHejkl) +
X
m

(coj 0ysbjml + cjo0ybejml)
!

(1)

Obj2 =
X
H1

X
H2

X
i

X
j
j 6=i

X
l

 X
k

cijxH1H2
ijkl +

X
m

cij 0ybbijml

!
(2)

Obj3 =
X
i

X
H1

RH1
i0BB@FH1

i �
0BB@X

k

X
l

(xH1e
ikl +

X
j
j 6=i

X
H2

xH1H2
ijkl )

1CCA
1CCA (3)

Obj4 =
X
i

X
H1

X
k

X
l

Oi(xH1e
ikl +

X
j
j 6=i

X
H2

xH1H2
ijkl ) (4)

CQ=@a j@=]t QwmPt |=yxv} Ry ẁtHt |R=Uxv}tm =@ Q@=Q@ pOt hOy `@=D u}=Q@=v@
%CU= Q} R CQwYx@ 5

Minimize Obj = Obj1 +Obj2 +Obj3 +Obj4 (5)

Qou=}@ 6 CQ=@a "OwW|t xDN=OQB |[=} Q pOt |=yC}OwOLt |UQQ@ x@ p=L
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"OQ=Ov OwHw pOt QO|Qo}OVN@I}y QO|oS} w wOu}= "CU= u=UQCtON ẁv wO Qy
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uOW nQR@ =@ |@Uv hqDN= Q}O=kt 'OwW|t xO}O pmW u}= QO xm Qw]u=ty
C@Uv |QDy@ OQmrta swU Cr=L QO swU sD} Qwor= w OwW|t QDW}@ 'xr�Ut O=a@=

"OyO|t u=Wv OwN R= swO sD} Qwor= x@
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pL |=ysD} Qwor= QO xO=iDU= Qw_vtx@ u}}=B OL l} |iQat 'OQ=O Q=Qk NP-hard

|=v@tQ@ sD} Qwor= xU xr=kt u}= QO p}rO u}tyx@ "CU= Q=OQwNQ@ |}=RU@ C}ty= R=
u}}=B OL |xaUwD |=Q@ Sv=Qo q |R=UO=R; w L-shaped 'RQOv@ hwQat |=yVwQ
|a}Uw h}] QO xOW |R=Ux}@W |xr�Ut xvwtv 54 |wQ p=ta= R= TB w |iQat
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swO sD} Qwor= w swU Cr=L QO swU sD} Qwor= |@Uv hqDN= Q}O=kt Q=Owtv "6 pmW
"=yx=J O=OaD |=R= QO

u}= QO xm CU= x=Dwm u=tR l} QO pta CaQU QU Q@ ẁ[wt =t= 'CU= xv}y@
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LBL�shaped � �100
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'u; R= h=QLv= CQwY QO xm OW=@ hkwDt Ov=wD|t �u; |=yC}U=UL x@ xHwD =@�
x@ |v=UQCtON 'xmu}= x@ Q_v u}vJty "OwW xDiQo Q_v QO hOy `@=D QO |}xt} QH
C=Q}}eD |x@vH 'xOW xO=O xaUwD pOt QO 'OQ}o|t CQwY =} QO QDU@ QO|Div |=yx=J
|v=UQCtON w QiU |=yu=tR QO |r=tDL= |=yxir-wt CQwYx@ u; Q}F-=D w |}=wyw?;
|=ysD} Qwor=ha[ 'OW xO}O |OOa G}=DvVN@ QO xm xvwou=ty "OwW xDiQo Q_v QO
u}= =@ u}=Q@=v@ "Ow@ Sv=Qo q |R=UO=R; sD} Qwor= =@ xU}=kt QO L-shaped w RQOv@
|x} RHD |=ysD} Qwor= |yO?=DW 'xr=kt u}= |O=yvW}B |=}=wR R= Qo}O |m} 'xtOkt
l} O}rwD hOy =@� l}DUQw}y sD} Qwor= l} |xaUwD j} Q] R= L-shaped w RQOv@
O}rwD u}}=B OwOL xr}Uw u}O@ =D CU=ysD} Qwor= u}= =@ u; ?}mQD w �?wN |q=@ OL
p}tmD CYQi u}vJty "O@=} Ow@y@ xr=kt u}= QO =ysD} Qwor= |}=QH= Ov}=Qi QO xOW
?}=Q[h} QaD |=Q@ |O}OH |=yQ=mwR=Uh} QaD j} Q] R= 'Qo}O |x} w=R R= j}kLD u}=
sD} Qwor= \UwD xOt; CUO x@ u}}=B OwOL xr}Uwu}O@ =D OwW|t pY=L Sv=Qo q

"O@=} Ow@y@ xr=kt u}= QO Sv=Qo q |R=UO=R;

|iQat =QH= hrDNt Cr=L Ciy 'swU sD} Qwor= |xQ=@ QO "Ow@ Q=OQwNQ@ QDW}@ |vOW
w |} wOwO |=yQ}eDt |kqD C}OwOLt hPL =v=ty xm swU Cr=L =yv; u}@ QO w OW
?}=Q[ =@ hOy `@=D x@ p=kDv= w |y=JuwQO w |y=JQU |=yu=UQCtON |xDUw}B
"Ovm O}rwD xOW |R=Ux}@W |=yxvwtv s=tD QO |QDy@ u}}=B OwOL CUv=wD 'Ow@ Sv=Qo q
u=wD|t xm OW XNWt swU sD} Qwor= w swO sD} Qwor= u}@ |xU}=kt QO C}=yv QO
|=Q@ |QDtm u=tR QO |QDy@ u}}=B OwOL 'swU Cr=L QO swU sD} Qwor= Q@ x}mD =@

"OQw; CUOx@ nQR@ O=a@= =@ xr=kt u}= Q_vOt p�=Ut
|Div |=yu=O}t QO =yx=J |vi C=tON |=yxwQo |}xQwO |@=} Q}Ut |xr�Ut
l} w CU= xDiQo Q=Qk j}kLD OQwt CQOvx@ xm CU= |}xr�Ut |rL=U=Qi lQDWt
QO xDiQoCQwY j}kLD 'u}=Q@=v@ "CU= |D; C=k}kLD s=Hv= |=Q@ OaDUt Q=}U@ |xv}tR
|O=yvW}B |=}=wR R= |m} "CU= Q}PBp}tmD w Q}PBxt=O= hrDNt |=}=wR R= xr=kt u}=
|y=JuwQOCtON u=tR uDiQo Q_v QO 'xr=kt u}= pOt uOWQD|OQ@ Q=m |=Q@ xr=kt u}=
lQDWt |=yx=J O}rwD xm CU= |v=tR |xv}W}@ uDiQo Q_v QO w |r=tDL= CQwYx@

=yCWwv=B
1. mixed integr programming
2. periodic vehicle routing problem
3. vehicle routing problem
4. upper bound
5. lower bound
6. customizing
7. polyhedron
8. optimality cut
9. feasibility cut
10. primary problem
11. sub problem
12. dual sub problem
13. benders master problem
14. sub sub problem
15. dual sub sub problem
16. http://www.iooc.co.ir/khark.aspx

http://www.iooc.co.ir/lavan.aspx
http://www.iooc.co.ir/siri.aspx
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