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xOvvmO}rwD nQ@rmDU= |w} Q=vU "1"3
pmW x@ �wQ}B u=wva x@� VwQixOQN w �Q@yQ u=wva x@� xOvvmO}rwD pt=aD 'w} Q=vU u}= QO
Q@yQ C=t}tYD x@C@Uv =Q OwN MU=B u} QDy@ 'wQ}B =OD@= "CU= xv=Q=mty Q}e w |@}DQD
=Q ?U=vt s}tYD OwN hOy `@=D |R=Uxv}W}@ Qw_vtx@ Q@yQ TBU "Ovm|t ?=NDv=
=} wB sDU}U C}a[w Q}eDt R= |a@=wD s}tYD |=yQ}eDt =Hu}= QO [16]"Ovm|t P=ND=

xv} Ry `@=D w =[=kD `@=D |R=UpOt w =yh} QaD "2
l} w VwQixOQN l} R= pmWDt u}t-=D |xQ}HvR Q=DN=U xm CU= u}= Q@ ZQi
w |WwQixOQN |DvU p=v=m j} Q] R= u}t-=D |xQ}HvR QO xOvvmO}rwD "CU= xOvvmO}rwD
VwQixOQN u}vJty "Ovm|t s=Ok= OwN pwYLt VwQi x@ s}kDUt p=v=m u}vJty
R}v xQ}HvR |=[a= s}tYD |=yQ}eDt "OWwQi|t =Q xOvvmO}rwD u}= pwYLt \ki R}v
QDj}kO h} QaD xt=O= QO "CU=yu; C=e}r@D sHL w |WwQixOQN K]U QO Ct}k

"OwW|t u=}@ =yu; R= s=OmQy

xr�Ut |=yQDt=Q=B w s}tYD |=yQ}eDt "1"2
|QU=QU C=e}r@D Q}eDt ẁv wO xQ}HvR |=[a= |D=e}r@D |=yOQ@y=Q |R=UpOt |=Q@
QO OwN |Q=HD u=Wv Q=@Da= V}=Ri= |=Q@ xOvvmO}rwD "CU= xOW h} QaD |rLt w
|Q=HD u=Wv Q=@Da= K]U V}=Ri= =@ xm OyO|t s=Hv= |QU=QU d}r@D COtR=QO
QF= xm OwW|t xOy=Wt ?}DQD u}O@ "O@=}|t V}=Ri= R}v xOvvmO}rwD OwU xOvvmO}rwD
s}kDUtQ}e p=v=m wO Qy QO xOvvmO}rwD VwQi R= pY=L OwU QO |QU=QU C=e}r@D
QF= p=ta= Qw_vtx@ xOvvmO}rwD "CU= xOW xO=O u=Wv am(t) =@ Q}eDt u}= "CU=
Ovm|t s=Ok= |rLt C=e}r@D x@ R}v \NQ@ p=v=m QO 'VwQi R= pY=L OwU Q@ s}kDUt
QF= p=ta= Qw_vtx@ R}v VwQixOQN 'p@=kt QO "CU= xOW xO=O u=Wv ao(t) =@ xm
Ovm|t s=Ok= |rLt C=e}r@D s=Hv= x@ '|DvU p=v=m QO OwN OwU Q@ C=e}r@D s}kDUt

"CU= xOW xO=O V}=tv ar(t) =@ Q}eDt u}= xm
|R=@ QO VwQixOQN w xOvvmO}rwD |Dt}k |=yOQ@y=Q |R=UpOt Qw_vtx@
u}vJty w \NQ@ p=v=m QO xOvvmO}rwD |WwQixOQN Ct}k |=yQ}eDt '|r}Uv=Qi}O
pOt x@ s}tYD |=yQ}eDt u=wva x@ |DvU p=v=m QO VwQixOQN |WwQixOQN Ct}k
|R=@ u}= QO "Ov=xOW xO=O V}=tv Pr(t) w Po(t) =@ ?}DQD x@ w xOW xi=[=
nvy; w CU=} wB sDU}U C}a[w Q}eDt xOvvmO}rwD |Q=HD u=Wv Q=@Da= '|r}Uv=Qi}O
Q}eDt u}= |rai Q}O=kt w xOvvmO}rwD |QU=QU C=e}r@D Q}F-=D CLD \ki u; C=Q}}eD

"CU= xOW xO=O V}=tv G(t) =@ xOvvmO}rwD Q=@Da= [18]"CU=

xQ}HvR |=[a= |xv} Ry `@=D w =[=kD `@=D "2"2
h} QaD wQ; - wqQv pOt |rm Q=DN=U x@ xHwD =@ VwQixOQN w xOvvmO}rwD |=[=kD `@=D
u}= QO u=tR x@ xDU@=w |rLt w |QU=QU C=e}r@D `=wv= Cw=iDt C=QF= xm CU= xOW
u=Wv Q=@Da= Q@|vD@t =} wB sDU}U C}a[w |xrO=at [19]"CU= h} QaD p@=k pOt

%OwW|t h} QaD Q} R CQwYx@ wQ; - wqQv pOt QO '|Q=HD
G(t) = 'mam(t)� �G(t); G(0) = G0 (1)

xOvvmO}rwD |Q=HD u=Wv Q=@Da= QO |QU=QU C=e}r@D QF= ?} Q[ 'm '1 |x]@=Q QO
"CU= xOvvmO}rwD |Q=HD u=Wv Q=@Da= p=wR ?} Q[ � w

p=v=m QO VwQi K]U Qou=}@ ?}DQD x@ Sr(t) w So(t) xm CU= u}= Q@ ZQi
%R= Ov=CQ=@a w OvDUy |WwQixOQN p=v=m QO VwQi u=R}t w \NQ@

So(t) = �o + �oao(t)� 
oar(t)� �opo(t) + �oG(t) (2)

Sr(t) = �r + �rar(t)� 
rao(t)� �rpr(t) + �rG(t) (3)

%Ov=xOW h} QaD Q} R KQW x@ 3 w 2 |=[=kD `@=wD QO OwHwt ?}=Q[
\NQ@ p=v=m QO x}=B VwQi %�o
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mQtD

tw
nQ@

rmDU
=|

=yOQ
m}wQ

|U
QQ@%OW=@ Q=QkQ@ u=tRsy Q} R\}=QWCU= sRq xv}y@ ?=wH |R=Uxv}W}@ |=Q@ '?}DQD u}O@

 r > 0 (14)

2�r r � �2
r > 0 (15)

%R=CU=CQ=@axOvvmO}rwD|R=Uxv}y@|xr�Ut|=Q@utr@ -|@ wm =S -uwDr}t=y|xrO=at

�Vm(t) = max
am;ao;po

8>>><>>>:
(w � c)Sr(t) + (po(t)� c)So(t)
�
�
 m2 a2

m(t) +  o2 a
2
o(t)

�
+ @Vm(t)

@G(t)
_G(t)

9>>>=>>>; (16)

- |@ wm =S - uwDr}t=y |xrO=at CU=Q CtU QO 12 w 11 MU=B `@=wD uO=O Q=Qk =@
xO=O V}=tvHm =@ w CU= xOW xO}t=v xOvvmO}rwD |vwDr}t=y xm 16 xOvvmO}rwD utr@
'xOvvmO}rwD s}tYD |=yQ}eDt |=Q@ pw= x@DQt |ov}y@ \QW p=ta= TBU w OwW|t

%OwW|t pY=L Q} R CqO=at x=oDUO
@Hm

@am
= 'm

@Vm(t)
@G(t)

�  mam(t) = 0 (17)

@Hm

@ao
= �o(po(t)� c)� 
r(w � c)�  oao(t) = 0 (18)

@Hm

@po
= �o + �oao(t)� 
oar(t)

��o(2po(t)� c) + �oG(t) = 0 (19)

%R= CU= CQ=@a jwi CqO=at x=oDUO x@ \w@ Qt u}Uy T} QD=t

HSm =

266664
� m 0 0

0 � o �o �
�

�r
o
r
�2
r�2�r r

�
0 �o �

�
�r
o
r
�2
r�2�r r

�
�2�o

377775
(20)

%OvDUy Q=QkQ@ xQ=wty \@=wQ '?=wH |ov}y@ \}=QW |Q=QkQ@ |=Q@ '?}DQD u}= x@
 m > 0 (21)

 o > 0 (22)

2�o o �
�
�o�2

r � �r
r
o � �o�r r
�2
r � 2�r r

�2
> 0 (23)

|xv}y@ |=yQ}eDt '19 w 18 '17 \@=wQ R= pY=L CqO=at x=oDUO pL =@
xOvvmO}rwD |xv}y@ |=yQ}eDt \@=wQ |q=@ sHL Cra x@ "OwW|t pY=L xOvvmO}rwD
'a�r(t) 'a�o(t) 'a�m(t) =@\ki wCU= xOW |Q=OOwN =yu; uOQw; R= 'VwQixOQN w

"OvwW|t xO=O V}=tv P �r (t) w P �o (t)

w @Vr(t)
@G(t) 'G(t) ?ULQ@ s}tYD |=yQ}eDt |xv}y@ Q}O=kt |Q=Po|=H =@

%CW=O s}y=wN '16 w utr@ - |@ wm =S - uwDr}t=y CqO=at QO @Vm(t)
@G(t)

�Vm(t) = (w � c)S�r (t) + (p�o(t)� c)S�o
�
�
 m
2 (a�m(t))2 +  o

2 (a�o(t))2
�

nvy; w Q=Okt w u=tR pw] QO w CU= xOvvmO}rwD |Q=HD u=Wv Q=@Da= u=ty xm OvDUy
pY=L |rO=aD Q}Ut "OwW|t u}}aD xOvvmO}rwD |QU=QU C=e}r@D \UwD u; C=Q}}eD

"s}t=v|t xOvvmO}rwD nQ@rmDU= |OQwNR=@ pO=aD Kq]Y= QO =Q w} Q=vU u}= R=
5 =D 1 \@=wQ uDiQo Q_v QO =@ VwQixOQN w xOvvmO}rwD |xOW p} RvD OwU `@=wD

%R= Ov=CQ=@a ?}DQD x@

Vm(t) = max
am;ao;po

1s
0
e��t

26664
(w � c)Sr(t)+
(po(t)� c)So(t)
�
�
 m2 a2

m(t) +  o2 a
2
o(t)

�
37775 (6)

Vr(t) = max
ar;pr

1s
0
e��t

264(pr(t)� w)Sr(t)

�
�
 r2 a

2
r(t)

� 375 dt; (7)

|R=@ u}= QO u=vm} R=@ R= l} Qy "CU= u=tR pw] QO OwU p} RvD MQv � u; QO xm
OwN VwQi R= pY=L OwU xH}Dv QO w Ct}k 'C=e}r@D sHL u=tRsy |R=Uxv}y@ x@

"Ovvm|t s=Ok=
VwQixOQN|R=Uxv}y@ |xr�UtpL Qw_vtx@utr@ -|@ wm =S - uwDr}t=y|xrO=at

%R= CU= CQ=@a

�Vr(t) = max
ar;pr

0BBB@
(pr(t)� w)Sr(t)

�
�
 r2 a

2
r(t)

�
+ @Vr(t)
@G(t) � _G(t)

1CCCA (8)

CtU CQ=@a QO VwQixOQN s}tYD |=yQ}eDt |=Q@ pw= |x@DQt sRq\}=QW p=ta= =@
VwQixOQN |vwDr}t=y xm '8 |x]@=Q QO utr@ - |@ wm =S - uwDr}t=y |xrO=at CU=Q
|=Q@ Q} R |]N CqO=at x=oDUO 'OwW|t xO=O V}=tv Hr =@ w CU= xOW xO}t=v

%OW Oy=wN pY=L VwQixOQN s}tYD |=yQ}eDt MU=B `@=wD u}}aD
@Hr
@ar

= �r(pr(t)� w)�  rar(t) = 0 (9)

@Hr
@pr

= �r + �rar(t)� 
rao(t)
��r(2pr(t)� w) + �rG(t) = 0 (10)

Q} R ?}DQD x@ VwQixOQN s}tYD |=yQ}eDt MU=B `@=wD 'CqO=at x=oDUO u}= pL =@
%OvwW|t pY=L

a�r(t) =
�
�r(��r + 
oao + �r)

�2
r � 2�r r

�
�
�

�r�r
�2
r � 2�r r

�
G(t) (11)

p�r(t) =
�
w�2

r � (�r � 
oao + w�r) r
�2
r � 2�r r

�
�
�

 r�r
�2
r � 2�r r

�
G(t) (12)

|xrO=at CU=Q CtU CQ=@a swO x@DQt |�RH C=kDWt R= pY=L u}Uy T} QD=t
%R= CU= CQ=@a s}tYD |=yQ}eDt x@ C@Uv VwQixOQN utr@ - |@ wm =S - uwDr}t=y

HSr =

24 @2Hr
@a2
r

@2Hr
@ar@pr

@2Hr
@pr@ar

@2Hr
@p2
r

35 =

"� r �r
�r �2�r

#
(13)
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1/
2|

xQ=t
W'

35
�1

|xQ
wO'

�13
98

u=DU
@=D�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt @Hc

@ao
= �o(po(t)� c)� 
r(pr(t)� c)
� oao(t) = 0 (32)

@Hc

@po
= �o + �oao(t)� 
oar(t)
��o(2po(t)� c) + �oG(t) = 0 (33)

@Hc

@ar
= �r(pr(t)� c)
�
o(po(t)� c)�  rar(t) = 0 (34)

@Hc

@pr
= �r + �rar(t)� 
rao(t)
��r(2pr(t)� c) + �rG(t) = 0 (35)

R= |Q}ojDWt QO jwi ?}DQD C}=aQ =@ 36 � 31 CqO=at x=oDUO u}Uy T} QD=t
%R= CU= CQ=@a s}tYD |=yQ}eDt

HSc =

266666664
� m 0 0 0 0

0 � o �o 0 �
r
0 �r �2�o �
o 0
0 0 �
o � r �
r
0 �
r 0 �
r �2�r

377777775 (36)

|ov}y@ \}=QW 'HSc u}Uy T} QD=t |=Q@ u}at |ivt \}=QW |Q=QkQ@ ZQi =@
|=yQ}eDt |xv}y@ Q}O=kt |Q=Po|=H R=TB "OwW|t pY=L xr�Ut s}tYD |=yQ}eDt
- |@ wm =S - uwDr}ty |xrO=at '30 |x]@=Q QO G(t) w @Vc(t)

@G(t) ?ULQ@ s}tYD
`@=D |=Q@ |YwYN ?=wH "OwW|t p}O@D |D=m} Q p}Uv=Qi}O |xrO=at l} x@ utr@

"OR=U|t xOQw;Q@ =Q QwmPt p}Uv=Qi}O |xrO=at pL \}=QW 'Q=Okt
Vc(G) = c1

2 G
2 + c2

2 G+ c3 (37)

p}Uv=Qi}O CqO=at pL =@ "OvwW x@U=Lt O}=@ w Ov=pwyHt?}=Q[ 'c3 w c2 'c1 Q}O=kt
|=yQ}eDt?}DQD u}O@ w u}}aD Vc(G(t)) Q=Okt `@=D wG(t) C}a[w Q}eDt '|D=m} Q

"OvwW|t pY=L 'RmQtDt |Q}os}tYD \}=QW QO 'xv}y@ s}tYD
u=vm} R=@ |=yOQ@y=Q w Q=Okt `@=wD |ov}y@ |=Q@ |OL |i=m \}=QW 'u}vJty

[16]%R= CU=CQ=@a
lim
t!1 e

��tVc(G; t) = 0 (38)

xDU@=w |D=m} Q p}Uv=Qi}O CqO=at x=oDUO |r@k |w} Q=vU x@=Wt R}v w} Q=vU u}= QO
xr�Ut u}= pL w CU}v pL p@=k |r}rLD sQi x@ VwQixOQN w xOvvm O}rwD ?}=Q[ x@

"OW Oy=wN x�=Q= ?}=Q[ x@ |OOa |yOQ=Okt =@ Q=yJ VN@ QO R}v

G}=Dv |xU}=kt w |OOa p=Ft "4
VwQixOQN w xOvvmO}rwD ?}=Q[ x@ xDU@=w |D=m} Q p}Uv=Qi}O CqO=at |=yx=oDUO
'wQu}=R= "OvDU}v pLp@=k |r}rLD sQi x@ 'OwHwt ?}=Q[ |oO}J}B p}rO x@ w} Q=vU QO
|Q@yQ x@ nQ@rmDU= |rO=aD pOt R= pY=L G}=Dv 'p=Ft l} |x�=Q= =@ VN@ u}= QO

"OwW|t xU}=kt Qo}Om} =@ RmQtDt pL x=Q w xOvvmO}rwD

+@Vm(t)
@G(t)

_G(t) (24)

�Vr(t) = (p�r(t)� w)S�r (t)�  r
2 (a�r(t))2

+@Vr(t)
@G(t)

� _G(t) (25)

?ULQ@ [20]|D=m} Q p}Uv=Qi}O CqO=at x=oDUO l} 25 w 24 u=tRsy CqO=at
x=oDUO pL QO G(t) Q}eDt |=Q@ Q=Okt `@=wD |YwYN |=y?=wH "CU= G(t)

[16]%R= Ov=CQ=@a 25 w 24 CqO=at
Vm(G) = m1

2 G2 + m2
2 G+m3 (26)

Vr(G) = r1
2 G

2 + r2
2 G+ r3 (27)

x@U=Lt O}=@ w Ov=pwyHt ?}=Q[ 'r3 w r2 'r1 u}vJty w m3 w m2 'm1 Q}O=kt
`@=wD w G C}a[w Q}eDt u}}aD x@ QHvt '|D=m} Q p}Uv=Qi}O CqO=at pL "OvwW
nQ@rmDU= pO=aD 'xv}y@ pQDvm |=yQ}eDt u}}aD =@ "OwW|t Vr(G) w Vm(G) Q=Okt

"OwW|t pY=L |OQwNR=@
|x]@=Q R= R}v u=vm} R=@ |=yOQ@y=Q w Q=Okt `@=wD |ov}y@ |=Q@ |OL |i=m \}=QW

[16]%Ovm|t |wQ}B Q} R
lim
t!1 e

��tVi(G; t) = 0; i 2 fm; rg (28)

pL 'CU}v pL p@=k |r}rLD sQi x@ pY=L |D=m} Q CqO=at x=oDUO xm |}=Hu;R=
x�=Q= Q=yJ VN@ QO w pOt ?}=Q[ x@ |OOa |yOQ=Okt =@ |r}Uv=Qi}O |R=@ u}=

"OW Oy=wN

RmQtDt pO=aD |w} Q=vU "2"3
Qw_vtx@ lQDWt hOy `@=Dl}uDiQo Q_v QO =@ VwQixOQN w xOvvmO}rwD w} Q=vUu}= QO
|xOWp} RvD OwU `@=D "Ovvm|t |Q=mty Qo}Om} =@ xQ}HvR pm OwU |R=Uxv}W}@

%R= CU= CQ=@a u}t-=D |xQ}HvR |=[a= RmQtDt

Vc(t) = max
am;ao;po
ar;pr

1s
0
e��t

2666664
(pr(t)� c)Sr(t)
+(po(t)� c)So(t)
�
 

 m2 a2
m(t) +  o2 a

2
o(t)

+ r2 a
2
r(t)

!
3777775 dt;

(29)

u}= CU=Q hQ] xm CU= Q} R CQwYx@ 'xr�Ut u}= utr@ - |@ wm =S - uwDr}t=yxrO=at
%OwW|t xO=O V}=tv Hc =@ xm s}t=v|t RmQtDt |vwDr}t=y =Q xrO=at

Vc(t) = max
am;ao;po;
ar;pr

8>>><>>>:
(pr(t)� c)Sr(t) + (po(t)� c)So(t)
�
�
 m2 a2

m(t) +  o2 a
2
o(t) +  r2 a

2
r(t)

�
+ @Vc(t)
@G(t)

_G(t)

9>>>=>>>;
(30)

%OwW|t xOQw;Q@ |]N CqO=at x=oDUO pL =@ 'pw= x@DQt |ov}y@ \}=QW
@Hc

@am
= 'm

@Vc(t)
@G(t)

�  mam(t) = 0 (31)
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mQtD
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nQ@

rmDU
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=yOQ
m}wQ

|U
QQ@

"nQ@rmDU= |w} Q=vU QO VwQixOQN OwU w \NQ@ OwU "4 pmW

"RmQtDt |w} Q=vU QO C=e}r@D |rO=aD |=yOQ@y=Q "5 pmW

"RmQtDt |w} Q=vU QO Ct}k |rO=aD |=yOQ@y=Q "6 pmW

"RmQtDt |w} Q=vU QO VwQi xOQN OwU w \NQ@ OwU "7 pmW

%xr�Ut ?}=Q[ x@ |yOQ=Okt
w = 5 c = 2 �r = 1 �o = 1
�r = 10 �o = 10  o = 1  r = 1
 m = 1 �r = 0=2 �o = 0=2 'm = 1=5

r = 0=4 
o = 0=3 �r = 1 �o = 1

� = 0=09 � = 0=09 G(0) = 12
|=yQ}Ut QwmPt|=yw} Q=vU QO|D=m} Qp}Uv=Qi}OCqO=at x=oDUOpL =@?}DQDu}O@
pY=L VwQixOQN w xOvvmO}rwD OwU `@=wD w Ct}k 'C=e}r@D |rO=aD |=yOQ@y=Q xv}y@

"OvwW|t
u}= QO xm CU= u}= u:}@t nQ@rmDU= |w} Q=vU QO xr�Ut pL |OOa G}=Dv
u} QDtm w OyO|t s=Hv= =Q C=e}r@D sHL u} QDW}@ \NQ@ p=v=m QO xOvvmO}rwD w} Q=vU
"�2 pmW� CU= |DvU p=v=m QO VwQixOQN C=e}r@D x@ \w@ Qt R}v C=e}r@D sHL
"�3 pmW� CU= |DvU p=v=m QO Ct}k R= QDW}@ \NQ@ p=v=m QO Ct}k u}vJty
QO VwQixOQN OwU R= QDW}@ xQ=wty \NQ@ p=v=m QO xOvvmO}rwD OwU 'w} Q=vU u}= QO

"�4 pmW� CU= |DvU p=v=m
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