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�(x)F�1(x)dx (1)
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hwQat R}v |R} QolU} Q `@=D =} lU} Q h}] `@=D x@ xm CU= |yOuRw `@=D �(x)

`@=D u; |yOuRw `@=D xm CU= M' ẁv R= xHvU l} lU} Q Q@=Q@ QO VRQ= "CU=
%CU= l =Q}O |=DrO

�(x) =

8<:0 x 6= �

1 x = �
(2)

2|]QW lU} Q Q@=Q@ QO VRQ= "2"2
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u=wD|t R}v =Q xHvU u}= "OwW|t xO=iDU= |]QW lU} Q Q@=Q@ QO VRQ= swyit R=

%CU= Q} R CQwY x@ u; |yOuRw `@=D xm CUv=O M' ẁv R= xHvU l}

�(x) =

8<:0 x > �
1
� x � �

(3)

Q} R CQwY x@ CV aR�(x) w V aR�(x) p=tQv `} RwD |=Q@ p=Ft |=Q@
[11]"OvwW|t x@U=Lt

V aR�(x) = �+ ���1(x) (4)

CV aR�(x) = �+ ��[��1(x)]
1� � (5)
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xO=iDU= =@ T=RoD Civ w CvQ@ s=N Civ |xv=RwQ |Okv |=yCt}k |=Q@ lU} Q
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XN=W |=yxO=O |]QW lU} Q Q@=Q@ QO VRQ= w lU} Q Q@=Q@ QO VRQ= OQw;Q@ x@
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%OwW|t xO=iDU= Q} R |x]@=Q

CV aRT day = CV aR1 day
p
T (10)

7R=UQ=wty QDt=Q=B wO =@ RQDv} w - Cry |}=tv |R=UQ=wty VwQ �?
|=yxO=O x@ w CU= lQLDt u}ov=}t |awv |rm Cr=L QO RQDv} w - Cry |=yVwQ
uRw =@ OvDUy |QDQwO |xrY=i QO xm |}=yxO=O w OvyO|t |QDW}@ �VRQ=� uRw Q}N=
RQDv} w - Cry |}=tv |R=UQ=wty VwQ "OvwW|t xO=O Cr=NO C=@U=Lt QO |QDtm
|xrO=at ?}DQD x@ xm xrO=at xU w R=UQ=wty ?} Q[ wO =@ R=UQ=wty QDt=Q=B wO =@

[15]%CU= Q} R CQwY x@ 'OvwW|t xO}t=v |v}@V}B |xrO=at w OWQ 'K]U

Ŷt+1 = �1:Yt + (1� �1)(Ŷt + Ft) (11)

Ft+1 = �2:(Yt+1 � Yt) + (1� �2):Ft (12)

Ŷt+h=t = Ŷt + hFt (13)

Q@ |v}@V}B Q=Okt Ŷt+1 't + 1 u=tR QO |R=UQ=wty XN=W Ft+1 u; QO xm
u=tR QO |ak=w Q=Okt Yt+1 't+ 1 u=tR QO xO=U |}=tv |R=UQ=wty VwQ T=U=
h w CU= OWQ w K]U QO R=UQ=wty ?} Q[ u=wva x@ ?}DQD x@ �2 w �1 't+ 1

"CU= |v}@V}B |=Q@ |wrH x@ wQ |=ys=o O=OaD
8R=UQ=wty QDt=Q=B xU =@ |@ Q[ RQDv}w - Cry |}=tv |R=UQ=wty VwQ �G
=yxO=O xm |ak=wt 'R=UQ=wty QDt=Q=B wO =@ RQDv} w - Cry |}=tv |R=UQ=wty VwQ
OvwQ |wor= =Q} R &OwW|tv ?wULt |@U=vt VwQ OvW=@ |rYi OvwQ |wor= |=Q=O
RQDv} w pmWt u}= `iQ |=Q@ wQ u}ty R= "OwW p}OaD R=UQ=wty ?} Q[ =@ O}=@ |rYi
x�=Q= R=UQ=wty QDt=Q=B xU =@ |@ Q[ RQDv} w - Cry |}=tv |R=UQ=wty VwQ �1960�
|xrO=at ?}DQD x@ xm CU= xrO=at Q=yJ w R=UQ=wty ?} Q[ xU |=Q=O VwQ u}= "OQm
- Cry VwQ x@ \w@ Qt CqO=at "OvwW|t xO}t=v |v}@V}B w pYi 'OWQ 'K]U

[16]%CU= Q} R KQW x@ R=UQ=wty QDt=Q=B xU =@ |@ Q[ RQDv} w

It = �1
At
St�1

+ (1� �1)(It�1 + Tt�1) (14)

Tt = �2(It � It�1) + (1� �2)Tt�1 (15)

St = �3
At
It

+ (1� �3)St�1 (16)

Ft+m = (It + Ttm)St�1+m (17)

It '=yxO=O OvwQ w |rYi pt=a |=Q=O t u=tR QO xm |ak=w Q}O=kt At u; QO xm
'CU= xOW xDiQo =yv; |rYi QF= t u=tR QO xm CU= |}=yxO=O |xOW Q=wty Q=Okt
L' t u=tR QO pYi |xOW Q=wty Q=Okt St 't u=tR QO OvwQ |xOWQ=wty Q=Okt Tt
R=UQ=wty ?}=Q[ ?}DQD x@ ; �; � w t u=tR R= Oa@ xQwO O=OaD M 'pYi pw]

"OvDUy pYi w OvwQ 'K]U
9R=UQ=wty QDt=Q=B xU =@ |atHD RQDv}w - Cry |}=tv |R=UQ=wty VwQ �O
|}=tv |R=UQ=wty VwQ Ovv=ty R}v |atHD RQDv} w - Cry VwQ x@ \w@ Qt CqO=at
|xrO=at xm Cw=iD u}= =@ =t= "CU= R=UQ=wty QDt=Q=B xU =@ |@ Q[ RQDv} w - Cry

VywSB |U=vWVwQ "3
TQw@ pm XN=W |xv=RwQ |tD} Q=or xOR=@ j}kLD u}= |xO=iDU= OQwt |=yxO=O
xm CU= 1395 p=U x=t Qw} QyW =D 1389 p=U x=t u}OQwQi R= u=QyD Q=O=y@ j=Qw=
OQw;Q@ x@ CUNv pw= VN@ QO "CU= xOW s}UkD CtUk wO x@ OwN QwmPt |xR=@
'EGARCH 'GARCH |=yVwQ R= xO=iDU= =@ |]QW lU} Q Q@=Q@ QO VRQ=
'swO CtUk QO|v}@V}B |=Q@ Q=}at pOt u}}aD R= TB w xOW xDN=OQB TGARCH

lU} Q Q@=Q@ QO VRQ= |wrH x@ �|oDiy� s=o GvB '�xv=RwQ� s=o l} |v}@V}B x@
'R=UQ=wty QDt=Q=B wO =@ RQDv} w -Cry|}=tv |R=UQ=wty |=yVwQ R= xO=iDU= =@|]QW
|}=tv |R=UQ=wty 'R=UQ=wty QDt=Q=B xU =@ |@ Q[ RQDv} w - Cry |}=tv |R=UQ=wty
u=v}t]= K]U wO QO l}Uqm VwQ w R=UQ=wty QDt=Q=B xU =@ |atHD RQDv} w - Cry
s=Hv= |=y|v}@V}B |HvUQ=@Da= Qw_vt x@ "OW xDN=OQB OYQO 99 w OYQO 95
'|]QWQ}eVWwB uwtR; '|]QWVWwB uwtR; R= pmWDt|@=} RQ= |=yuwtR; R= xOW
xOW xO=iDU= py}= w wmvq@ u=} R `@=D uwtR; w RB wr u=} R `@=D uwtR; '|@}mQD uwtR;
|@=} RQ= |=yuwtR; w |v}@V}B |=yVwQ 'OQw;Q@ |=yVwQ KQW x@ xt=O= QO "CU=

"OwW|t xDN=OQB

OQw;Q@ |=yVwQ "1"3
3xDi=}s}taD |]QW Tv=} Q=w |v=Uty=v VwQ �hr=

R= xm OQ=O OwHw |irDNt |=yVwQ |]QW lU} Q Q@=Q@ QO VRQ= |x@U=Lt |=Q@
xQ=W= |]QW u=Uty=v Tv=} Q=w |=ypOt x@ u=wD|t =yVwQ u}= u} QDOQ@ Q=mQB xrtH
|=ypOt u=wva =@ ARCH |=ypOt R= xDi=}s}taD Cr=L �1986� wrUQr@ "OQm
QO 'u=tRsy lQLDt u}ov=}t w |vw}UQoQOwN pOt u}= QO xm OQm x�=Q= GARCH

Q} R KQW x@ GARCH �1'1� |rm pOt "OwW|t xDiQo Q=m x@ Tv=} Q=w |v=Uty=v
[12]%CU=

�21 = ! + �"2
t�1 + ��2

t�1 (6)

4|}xv=DU; xDi=}s}taD |]QW Tv=} Q=w |v=Uty=v VwQ �?
u=Um} uRw uDiQo Q_v QO GARCH w ARCH |=ypOt|U=U= Cq=mW= R= |m}
|ak=w |=}vO QO =t= "CU= uQ=kD QF= u=ty |oS} w u}= "CU= O@ w ?wN Q=@N= |=Q@
"OyO u=Wv Cw=iDt Vvm =w Q@=Q@ jr]t QOk =@ O@ w ?wN Q=@N= x@ Q=R=@ CU= umtt
|]QW Tv=} Q=w |v=Uty=v VwQ �1994� u=} wm =R pmWt u}= `iQ |=Q@ wQ u}ty R=

[13]%CU= Q} R KQW x@ xm OQm x�=Q= =Q |}xv=DU; xDi=}s}taD
�21 = ! +

qX
i=1

�i"2
t�i + "2

t�1It�1 +
pX
j=1

�j�2
t�j (7)

%OwW|t u=}@ Q} R CQwY x@ It Q}eDt 'pOt u}= QO xm

It =

8<:1; if "t < 0
0; if "t � 0

(8)

5|}=tv |xDi=}s}taD |]QW Tv=} Q=w |v=Uty=v VwQ �G
Q@ uOt; j�=i Qw_vt x@ �1991� uwUrv \UwD EGARCH�1'1� pOt Q=DN=U

[14]%CU= Q} R CQwY x@ xm OW x�=Q= |r=t |=yxOR=@ |orwJ
log(�2

t ) = ! + �j "t�1
�t�1

j+  "t�1
�t�1

+ �log(�2
t�1) (9)

105



"""Q@
=Q@Q

OV
RQ=

=@|
wrH

x@s
=o-

H
|v}

@V
}Bw

u}t
NDl} OOa u; x@ w Ovm|t ZQi |]ND l} u=wva x@ 'OW=@ |]QW lU} Q Q@=Q@

[19]"OyO|t X=YDN=

Ct =

8<:1 if Lt > CV aRt

0 if Lt < CV aRt
(26)

14py}= w wmvq@ u=} R `@=D uwtR; �x
Q@ xr=@vO |=yu=} R s}UkD =@ Q@=Q@ |vRw 'xr=@vO QO xOy=Wt Qy |=R= x@ u=} R `@=D u}=

[20]"OyO|t X=YDN= |]QW lU} Q Q@=Q@ QO VRQ=

Ct =

8<: (Lt�CV aRt)
CV aRt

if Lt > CV aRt

0 if Lt < CV aRt
(27)

VywSB |=yxDi=} "4
=yxO=O "1"4

|xv=RwQ |tD} Q=or xOR=@ xO=iDU= OQwt |=yxO=O OW QmP xm xvwou=ty j}kLD u}= QO
p=U x=t Qw} QyW =D 1389 p=U x=t u}OQwQi R= u=QyD Q=O=y@ j=Qw= TQw@ pm XN=W
xOR=@ Rt u; QO w Ovvm|t |wQ}B Rt = Log( Pt

Pt�1 ) |xrO=at R= xm CU= 1395
w t u=tR QO QwmPt |=yXN=W Q=Okt ?}DQD x@ Pt�1 w Pt 't |v=tR |xQwO QO
QO xar=]t OQwt XN=W |tD} Q=or xOR=@ w Ct}k Q=Owtv xt=O= QO "OvDUy t� 1
|yOR=@ |=y|oS} w CN=vW |=Q@ |i}YwD |=yxQ=t; R= |NQ@ w 2 w 1 |=ypmW

"CU= xOW |iQat 1 pwOH QO u=QyD Q=O=y@ j=Qw= TQw@ pm XN=W

"u=QyD Q=O=y@ j=Qw= TQw@ pm XN=W Ct}k Q=Owtv "1 pmW

"u=QyD Q=O=y@ j=Qw= TQw@ pm XN=W xOR=@ Q=Owtv "2 pmW

%CU= |atHD CQwY x@ u; pYi w K]U
It = �1(At � St�1) + (1� �1)(It�1 + Tt�1) (18)

Tt = �2(It � It�1) + (1� �2)Tt�1 (19)

St = �3(At � It) + (1� �3)St�1 (20)

F1+m = (It+ Ttm)St�l+m (21)

|@=} RQ= |=yuwtR; 3"3
|=Q@ |Q=t; |=yuwtR; x@ 'pOt l} uOw@v =} uOw@ ?U=vt j}kO p}rLD Qw_vt x@
VWwB '|]QWQ}e VWwB |=yuwtR; "CU= R=}v Zkv C@Uv |Q=O=vat |UQQ@
OvJ xm|DQwY QO =t= "Ov=xOW xOQ@ Q=m x@ Qw_vt u}ty x@ |@}mQD uwtR; w |]QW
O=O s=Hv= =ypOt u}@ |}xU}=kt u=wD|tv Qo}O 'OwW O}}-=D uwtR; xU u}= \UwD pOt
x@ R}v py}= w wmvq@ w RB wr u=} R `@=D uwtR; R= wQ u}= R= "OQm |}=U=vW =Q QDQ@ pOt w

"CU= xOW xO=iDU= =ypOt |Ov@x@DQ Qw_vt
10|]QWQ}e VWwB uwtR; �hr=

xOW OQw;Q@ u=} R R= |ak=w u=} R Q=Okt xJu=vJ '|]QWQ}e VWwB uwtR; T=U= Q@
Q_v QO �|]ND� CUmW l} u=wva x@ O=ONQ u}= x=ou; 'OW=@ QDW}@ pOt \UwD
l} u=wva x@ 'OW=@ xOW OQw;Q@ u=} R R= QDlJwm |ak=w u=} R Qo = w OwW|t xDiQo
wO|=m `} RwD |=Q=O |]QWQ}e VWwB uwtR; "OwW|t C@F �|]ND sOa� C}kiwt

[17]"CU= Q} R CQwY x@ u; |xQ=t; w CU= |O=R; xHQO l} =@

LRUCC = 2Ln
�
a�̂0(1� �̂)���0

��0(1� �)���0

�
(22)

C@Uv �̂ w VWwB K]U � '=y|v}@V}B pm O=OaD � '=yCUmW O=OaD �0 u; QO xm
"CU= CUmW

11|]QW VWwB uwtR; �?
QPo p=tDL= T} QD=t l} |=v@t Q@ =Q |]QW VWwB uwtR; �1998� uUQiwDU} Qm
%CU= Q} R KQW x@ T} QD=t u}= |=yx}=QO xm OQm x�=Q= hwmQ=t pw= x@DQt |xQ}HvR |=Q@
�01 = �01

�01 + �00
�11 = �11

�10 + �11
�00 = 1� �01 �10 = 1� �11 (23)

[18]%OwW|t x@U=Lt Q} R |x]@=Q j} Q] R= |]QW VWwB uwtR; |xQ=t; C}=yv QO
LRCC = 2Ln

�
(1� �01)�00��0101 (1� �11)�10��1111

��̂0(1� �̂)���0

�
(24)

12|@}mQD uwtR; �G
|=Q=O w CU= |]QW VWwB uwtR; w |]QWQ}e VWwB uwtR; R= |@}mQD 'uwtR; u}=

%CU= Q} R KQW x@ xm CU= wO |O=R; |xHQO =@ wO|=m `} RwD
LRJT = LRUCC + LRCC (25)

13RBwr u=} R `@=D uwtR; �O
CUNv 'OvQ=O |U=U= pmWt wO C=�=vFDU= O=OaD Q@ |vD@t |}=tR;TB |=yuwtR;
u=} R O=a@= uDiQov Q_v QO pmWt u}twO w =yv; u}}=B |Q=t; C}r@=k =@ \=@DQ= QO
QO VRQ= Q=Okt R= V}@ u; Q=Okt xm =Q u=} R Qy RB wr l} w QiY u=} R `@=D "CU=
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"IQ=o xO=wv=N |=ypOt |=yQDt=Q=B u}tND G}=Dv "3 pwOH
TGARCH EGARCH GARCH QDt=Q=B
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|=yVwQ R= xO=iDU= u; `@D x@ w OwW|t O}}-=D R}v IQ; QF= u}vJty "Ovvm|t |wQ}B =v=t
"OwW|t R=Ht GARCH |xO=wv=N

IQ=o x=Owv=N |=yQDt=Q=B u}tND G}=Dv "2"4
lU} Q Q@=Q@ QO VRQ= OQw;Q@ |=Q@ IQ=o xO=wv=N |=yQDt=Q=Bu}tND?}DQD x@ 3 pwOH QO
'� '! 3 pwOH QO "CU= xOW xOQw; u=QyD Q=O=y@ j=Qw= TQw@ pm XN=W |]QW
"OvDUy sQy= QF= ?} Q[ w IQ=o ?} Q[ 'IQ; ?} Q[ 'C@=F ?} Q[ ?}DQD x@  w �

Q@=Q@ QO VRQ= OQw;Q@ R= pY=L |}=tR;TB |=yuwtR; G}=Dv "3"4
|]QW lU} Q

xO=O x�=Q= |]QW lU} Q Q@=Q@ QO VRQ= R= |k}kO OQw;Q@ xm |rOt |}=U=vW |=Q@
uwtR; w |@}mQD '|]QW VWwB '|]QWQ}e VWwB |}=tR;TB |=yuwtR; R= 'CU=
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u=wD|tv |@}mQD uwtR; w |]QW VWwB '|]QWQ}e VWwB |=yuwtR; |HwQN =@
xHwD =@ "OW xO=iDU= RB wr u=} R `@=D uwtR; R= p}rO u}ty x@ "OQm |}=U=vW =Q QDQ@ pOt
OQmrta =yVwQ Q}=U x@ C@Uv GARCH VwQ xm Ci=} QO u=wD|t 6 pwOH x@
|]QW lU} Q Q@=Q@ QO VRQ= OQw;Q@ |=v@t VwQ u}= 'wQ u}= R= "CU= xDW=O |QDy@
|=v@t Q@ |D; |=yxQwO |=Q@|]QWlU} Q Q@=Q@ QO VRQ= |v}@V}B wCU= xDiQo Q=Qk
"OQ}PB|t CQwY GARCH VwQ R= xOW pY=L |]QW lU} Q Q@=Q@ QO VRQ=
`} RwD R= u; |xQ=t; xm Ovm|t O}}-=D =Q pOt |DQwY QO |]QWQ}e VWwB uwtR;
VWwB uwtR; |xQ=t; Qo = Qo}O CQ=@a x@ "OW=@ QDlJwml} |O=R; |xHQO =@ wO|=m
3 84 R= QDW}@ ?}DQD x@ OYQO99 w OYQO95 u=v}t]= Kw]U |=Q@ |]QWQ}e
"OwW|t O}}-=D CQwY u}= Q}e QO w OwW|t OQ QiY ZQi x=ou; 'OW=@ 6 33 w
Kw]U QO xm|DQwY QO '|]QWQ}e VWwB uwtR; Ovv=ty R}v |]QW VWwB uwtR;
6 33 w 3 84 R= QDW}@ ?}DQD x@ uwtR; |xQ=t; OYQO99 w OYQO95 u=v}t]=
?}mQD R= CU=O}B Vt=v R= xm xvwou=ty |@}mQD uwtR; "OW Oy=wNv O}}-=D pOt 'OW=@
=@ wO|=m `} RwD =@ w OwW|t pY=L |]QW VWwB w |]QWQ}e VWwB |=yuwtR;
Qo = xm CU=vat u=O@ u}= "OwW|t xU}=kt |v=QL@ |x}L=v u=wva x@ 'wO |O=R; xHQO
w 5 99 R= QDW}@ ?}DQD x@ OYQO99 w OYQO95 u=v}t]= Kw]U QO QwmPt |xQ=t;
QO VRQ= Q=Owtv xt=O= QO "OwW|t O}}-=D CQwY u}= Q}e QO w OQ pOt 'OW=@ 9 21

"TQw@ pm XN=W |=]N CqtH `} RwD uOw@ p=tQv uwtR; "3 pmW

"xar=]t OQwt XN=W IQ; QF= w |}=v=t uwtR; G}=Dv "2 pwOH
uwtR; xH}Dv P � V alue Q=Okt xQ=t; Q=Okt uwtR; ẁv

OvDUy =v=t =yxO=O 0 0000 �16 4879 Qrwi |m}O uwtR;
OvDUy =v=t =yxO=O 0 0000 �26 3780 uwQB w TB}r}i uwtR;
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OQwt |=yxO=O `} RwD xm Ci=} CUO xDmv u}= x@ u=wD|t 1 pwOH x@ xHwD =@
QDW}@ `} RwD |DQ=@a x@ 'CU= CU=Q x@ xrwJ CQwY x@ w CU}v uQ=kDt xO=iDU=
w |rm Cr=L QO u}vJty "OQ=O p}=tD C@Ft |tD} Q=or xOR=@ =} CU=Q CtU x@
QO xOW pY=L =Q@l =H p value w |oO}Wm '|orwJ |=yXN=W x@ xHwD =@
x@ w Ovvm|tv |wQ}B p=tQv `@=D R= =yxO=O xm O}UQ xH}Dv u}= x@ u=wD|t 3 pmW
OQw;Q@ j}kLD u}= QO wQ u}= R= "OvQ=O CvOwDU=|D `} RwD x@ p}=tD |vyBsO p}rO
CQwY CvOwDU=|D `} RwD ZQi =@ |]QW lU} Q Q@=Q@ QO VRQ= |v}@V}B w

"OQ}PB|t
Q=O=y@ j=Qw= TQw@ pm XN=W �OL=w xW} Q� |}=v=t uwtR; j}kLD u}= QO
uwQB w TB}r}i uwtR; w xDi=} s}taD Qrwi - |m}O uwtR; R= xO=iDU= =@ u=QyD
CQwY �CU=v=t=v Q_v OQwt xO=O� OL=w xW} Q OwHw QiY x}[Qi T=U= Q@
|UQQ@ Qw_vt x@ ARCH-LM Sv=Qo q ?} Q[ uwtR; R= u}vJty "OQ}PB|t
xOW xDiQo xQy@ �Tv=} Q=w |v=Uty=v� =]N |xrtH Tv=} Q=w uOw@ Q}eDt =} C@=F
xOW x�=Q= Tv=} Q=w |v=Uty=v w |}=v=t uwtR; x@ \w@ Qt G}=Dv 2 pwOH QO "CU=
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u=Wv uwQB w TB}r}i uwtR; w xDi=} s}taD Qrwi|m}O uwtR; G}=Dv 2 pwOH QO
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VwQ ẁv |}=tR;TB uwtR; ẁv

TGARACH EGARACH GARACH
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XN=W ẁvC = 0=99 C = 0=95
TGARACH EGARACH GARACH TGARACH EGARACH GARACH

0 0064 0 0127 0 0064 0 0223 0 0191 0 0159 uwtR; |}=yv |xQ=t; pm XN=W1 2 1 3 2 1 x@DQ

Q@=Q@ QO VRQ= |wrH x@ s=o CU}@ w GvB 'l} |v}@V}B G}=Dv "4"4
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HWES |=yVwQ w l}Uqm VwQ |xr}Uw x@ �wrH x@ s=o GvB� |oDiy w �wrH

|=yVwQ R= l} Qy |=R= x@ xar=]t OQwt |xQwO pw= CtUk QO |]QW lU} Q Q@=Q@
"CU= xOW xOQw; IQ=o xO=wv=N
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1. value at risk
2. conditional value at risk
3. generalized auto regressive condituonal heteroskedasticity
4. threshold generalized auto regressive condituonal heteroskedas-

ticity
5. exponentail generalized auto regressive condituonal het-

eroskedasticity
6. Classic model
7. holt-winters exponential smoothing method with two parame-

ters
8. holt-winters exponential smoothing multiplicative method with

there parameters
9. holt-winters exponential smoothing additive method with there

parameters
10. unconditional coverage test
11. conditional coverage test
12. joint test
13. Lopez loss function test
14. Blanco and Ihle loss function test
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