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"OwW|t

=@ j@=]D |=Q@ xm CU= 6pQDvm s}tYD |=yQ}eDt x@ \w@ Qt Q=OQ@ %y 2 Rn2

sy =yQ}eDt u}= |xv}y@ Q=Okt "OvwW|t h} QaD xOW xOy=Wt |a]kQ}e |=yQDt=Q=B
"CU= xDU@=w |L=Q] |=yQ}eDt |xv}y@ Q=Okt x@ sy w |a]kQ}e |=yQDt=Q=B x@

"CU= Q} R CQwY x@ pOt |rm Q=DN=U u}=Q@=v@
MincTx+ dT y

s:t: (1)

Ax = b; (2)

Bx+ Cy = e; (3)

x; y � : x 2 Rn1 ; y 2 Rn2 (4)

CU= C@=F ?}=Q[ |=Q=O xm CU= 7|Q=DN=U |=yC}OwOLt '�2� |=yC}OwOLt
|=Q=O xm CU= 8pQDvm |=yC}OwOLt '�3� C}OwOLt "CU= =Q@t |Q}PB Q}}eD R= w

"OvDUy Q}}eD ZQat QO xm CU= |@}=Q[

|=y|oS} w =yv; "OvOQm x�=Q= 'OvDUy pqDN= ZQat QO xm =}=B |xv=}t -p Cq}yUD
Ow@y@ |=yOQ@y=Q =@ C}OwOLt - uwDU O}rwD VwQ R= w p}rLD =Q =ypOt |Q=DN=U
|iO=YD Cq}yUD |@=}u=mt |xr�Ut [17]"OvOQm xO=iDU= =ypOt pL |=Q@ VQ=iU
xm OQ=O OwHw xQ=mOvJ Cq}yUD u; QO xm CU= xOW x�=Q= u=Q=mty w Q=v}Brwo \UwD
p=tDL= 'xr�Ut QO "OvyO|t C=tON 'OvQ=O R=}v =Q pwYLt ẁv l} xm |v=} QDWt x@
VwQ R= =yv; "CU= xOW xOQw; |r=tDL= C}OwOLt l} CQwYx@ |OwHwt Ow@tm
|=y=]N R= |W=v lU} Q =D Ov=xOQm xO=iDU= Cq}yUD |@=}u=mt |=Q@ 4sQv Q=wDU=
VywSB QO [18]"O@=} Vy=m =y=[=kD Rm =Qt QO =y=[=kD |r=tDL= `} RwD QO OQw;Q@
|xr�Ut |=Q@ K}LY OOa \rDNt |]N |R} Qxt=vQ@ pOt '|iUw} w |Q@xW}W
=yv; "CU= xOW x�=Q= |} wQ=O C=tON Rm =Qt |@=}u=mt |xm@W Q=wDU= w =}=B |L=Q]
x@ =Q |Q=Pox}=tQU |xHOw@ C}OwOLt w Cq}yUD pqDN= '=yQDt=Q=B C}a]k sOa

[19]"Ov=xDiQo Q_v QO OwN pOt QO u=tRsy CQwY
|v=}DW; "Ovm|t =O}B X=YDN= |D@=kQ Cq}yUD x@ xv}W}B QwQt sQ=yJ CtUk
|=[i QO wQ}B - Q@yQ |D@=kQ Cq}yUD |@=}u=mt |=Q@ Q=wDU= pOt l} u=Q=mty w
O}OH Cq}yUD |=Q@ Cq}yUD |xv}y@ u=mt u}}aD =yv; hOy "OvO=O x�=Q= =Q xDUUo
'OvmT}U-=DCU= Q=Qk xOv}; QO wQ}B xm |Dq}yUD O=OaD R= Q@yQ xm |Qw] x@CU= Q@yQ
CU= Q=Qk xOv}; QO wQ}B xm |r}yUD O=OaD |xv}W}@ xm OvOQm ZQi =yv; "OQ=Ov |aq]=
Cq=L R= l} Qy p=tDL= xm OvOQm ZQi u}vJty "CU= XNWt Q@yQ |=Q@ Ovm R=@
uOQmxv}W}@ 'pOt u}= QO hOy "CU=XNWt R}v wQ}BhrDNt p}yUD O=OaD uOQmR=@
O=O MQ |=R= x@ Q=wDU= ?=wH uOQw; CUO x@ u}vJty w Q@yQ |=Q@ Q=R=@ syU
[20]"CU= 'ODi}@ j=iD= xOv}; QO wQ}B p}yUD |=Q@ CU= umtt xm |Dw=iDt |=yw} Q=vU
|D@=kQ |D=tON Cq}yUD |L=Q] |=Q@ xDUw}B |@} QkD VwQl}nv=} w= wnv=w
|QDWt |=[=kD syU =yu; "OvO=O x�=Q= =Q p}yUD QO pqDN= lU} Q \}=QW CLD
xm |Qw] x@ &OvDiQo Q_v QO l}ORv |=@kQ Qw[L w Cq}yUD OQmrta x@ xDU@=w =Q
=yv; "OvDUy C=tON Ci=} QO |=Q@ RmQt u} QDl}ORv p=@vO x@ pwtat Qw] x@ u=} QDWt
Cq}yUD |xv}y@ u=mt uOQw; CUO x@ |=Q@ =Q wQ}B - Q@yQ nQ@rmDU= |D@=kQ pOt
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s�=O Qw] x@ =y=[=kD xm OvOQm ZQi =yv; "OvOQm |UQQ@ =Q |D@=kQ p}yUD xU |=Q@
xO=O Q=Qk |r=wD R= |Y=N s_v l} =@ Cq}yUD w OwW|t `} RwD |]N Q=R=@ QO
ẁv xU =@ |D@=kQ Cq}yUD |@=}u=mt |=Q@ nQ@rmDU= pO=aD |=ypLx=Q R= "OvwW|t

[22]"CU= xOW xO=iDU= p}yUD
QO =Q CmQW l} O}OH Cq}yUD uO=OQ=Qk |xr�Ut u=Q=mty w uO}=mwmwm
u}= hOy "OvOQm |UQQ@ 'OQ=O Q=Qk u; QO ?}kQ CmQW Cq}yUD xm |Q=R=@
CU= VO}OH Cq}yUD C}@=PH w u=mt |xQ=@ QO |Q}os}tYD 'O}OH CmQW
=@ Ov=wD|t ?}kQ CmQW p@=kt QO "OwW xv}W}@ u; R= pY=L OwU xm |Qw] x@
Cq}yUD C}@=PH K]U 'OwN OwHwt Cq}yUD uDU@ =} O}OH p}yUD uOQmR=@
xm OvOQm ZQi =yu; "OwW xv}W}@ u; R= |W=v OwU xm Ovm s}_vD |Qw] =Q OwN
O}=@ \ki CmQW wO Qy |=Q@ O}OH Cq}yUD w CU= |a]k CQwY x@ =y=[=kD
|Q=mD@= VwQ R= 'pL |=Q@ =yu; "OvQ}o@ Q=Qk xOW u}}aD V}B R= |=yu=mt QO
xO=iDU= 'O};|t CUOx@ j}kO |=ypLx=Q VwQ =@ ẁvtt |wHDUH ?}mQD R= xm

[23]"OvOQm
|@=}u=mt |xv}tR QO |at=H C=k}kLD OyO|t u=Wv u}W}B |=yVywSB QwQt
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'�1
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=D�h
}QW

C}
Q}Ot

w`}
=vY

|U
Ovyt �x@P=H `@=D� |}=[i pt=aD pOt "4

x@P=H `@=D w =y|R=@ |x} Q_v VwQ wO R= '|D@=kQ \}Lt uDiQo Q_v QO |=Q@ ,qwtat
xOW x�=Q= [24]h=y O} w}O \UwD xm 'x@P=H `@=D R= VywSB u}= QO "OwW|t xO=iDU=

"OwW|t xDN=OQB VwQ u}= K}[wD x@ xt=O= QO "OwW|t xO=iDU= 'CU=
C}@=PH =@ OwW ?PH u}at p}yUD l} CtU x@ |QDWt l} xmu}= p=tDL=
x�=Q= pOt "OQ=O Tma |x]@=Q p}yUD =@ |QDWt xrY=i =@ w s}kDUt |x]@=Q p}yUD

"CU= �8� |x]@=Q CQwY x@ xOW

pij =
sj
dij
nP
j=1

sj
dij

(8)

|r}yUD x@ i |x]kv QO |QDWt xmu}= p=tDL= pij '�8� |x]@=Q QO xm |Qw] x@
CU= |r}yUD C}@=PH hQat sj "OyO|t u=Wv =Q Ovm xaH=Qt 'CU= j u=mt QO xm
%xrtH R= |vwo =vwo pt=wa Q}F-=D CLD 'C}@=PH u}= xm CU= xOW `k=w j u=mt QO xm
x�=Q= |q=m =} |yOCtON C=R}yHD C}i}m 'C=tON =} q=m Ct}k 'p}yUD |xR=Ov=
u}@ Ci=Ut Qou=}=tv dij "CU=: : : w C=R}yHD O=OaD w CtON |x�=Q= CaQU 'xOW

"CU= j w i xQo
xO=iDU= j p}yUD R= xm OvQ=O p}=tD i xQo QO xm |v=} QDWt u}ov=}t xt=O= QO

%OwW|t x@U=Lt 'Ovvm
Eij = pijCi (9)

i xQo R= |v=} QDWt O=OaD |[=} Q O}t= xOvyO u=Wv Eij '�9� CQ=@a QO xm
u=Wv Ci w Ovvm CQi=Ut OQ=O Q=Qk j u=mt QO xm |r}yUD x@ =D OvQ=O p}=tD xm CU=

"CU= i u=mt QO OwHwt C}atH |xOvyO
`k=w j u=mt QO xm |r}yUD x@ OvQ=O p}=tD xm |O=Qi= pm ẁtHt 'C}=yv QO

"OwW|t x@U=Lt �10� |x]@=Q j} Q] R= (Tj)Ovvm xaH=Qt 'CU= xOW

Tj =
nX
i=1

PijCi =
nX
i=1

Eij (10)

xr�Ut h} QaD "5
R= |}xawtHt O}vm ZQi "OwW|t xO=O K}[wD xr�Ut |rm Q=DN=U VN@ u}= QO
|=yx=Q R= |}xawtHt u}vJty "OQ=O Q=Qk |}=}i=QeH |xk]vt l} QO =[=kD |=yxQo
xOW h} QaD 'CU= sRq pkvwptL |xm@W l} CN=U |=Q@ xm O}Ov=m pkvwptL
Oy=wN|t xOvwW OQ=w CmQW w OQ=O OwHw xk]vt QO p@k R= p}yUD |O=OaD "CU=
=Q |Q=_Dv= C}@ wr]t u} QDW}@ xm |Qw] x@ OyO Q=Qk xk]vt QO O}OH p}yUD |O=OaD
'p}yUD O=H}= pt=W� |Q=Pox}=tQU |xv} Ry ẁtHt 'xmCU=|r=L QO u}= "Ovm?Um
�pkvwptL |xv} Ry pFt� |D=}rta |=yxv} Ry ẁtHt w �|]=@DQ= |=yx=Q uDN=U

"OwW xv}tm O}=@ R}v sDU}U pm
QO =t "CU= |R=UQyW w x=Q CQ=Rw |xOya Q@ |]=@DQ= Q}Ut O=H}= |xv} Ry
R= xm |@=wH x@ xHwD =@ TBU w s}vm|t xv}tm =Q sDU}U |=yxv} Ry ẁtHt '=Hv}=
=yv; x@ w l}miD sy R= =Q u=tR=U =} O=yv Qy |=yxv} Ry 's} Qw;|t CUO x@ pOt

"s}vm|t dq@=


 = f1; 2; 3; :::Sg CQwY x@ =yw} Q=vU R= |}xawtHt O}vm ZQi
CQwY x@ |a]kQ}e |=yQDt=Q=B s 2 
 w} Q=vU Qy |=R= x@ "CU= xOW h} QaD
"P
s2


ps = 1 xm|Qw] x@CU=ps 'w} Q=vU Qy O=ONQp=tDL= wfds; Bs; Cs; esg
'Ow@ Oy=wN Q=wDU= |ov}y@ x@ C@Uv �4� =D �1� |[=} Q |R} Qxt=vQ@ R=xv}y@ pLx=Q
,=Lq]Y= =Q u; xm Ov=t@ |k=@ xv}y@ Q=Okt x@ �l}ORv� 's 2 
 w} Q=vU Qy |=R= x@ Qo =
Oy=wN Q=wDU= '|Q}PBu=mt= x@C@Uv xv}y@?=wHu}vJty "Ovt=v|t �?=wH|Q=wDU=�
,=Lq]Y= xm Ov=t@ |k=@ Q}PBu=mt= �=@} QkD� ?=wH 's 2 
 w} Q=vU Qy |=Q@ Qo = Ow@
xm s} Q}o@ pQDvm C}OwOLt QO =]N Q}eDt =Q �s Qo = "Ovt=v|t �pOt |Q=wDU=� =Q u;
Qo = u}vJty w Ovm|t |Q}oxR=Ov= s w} Q=vU Qy CLD =Q ?=wH |Q}PB=vu=mt= u=R}t
=@ xmCU=|iO=YD Q}eDt�s = cTx+dTs ysCQwYu}= QOOW=@� = cTx+dT y

%OwW|tp}O@D Q} RCQwY x@ Q=wDU=pOt x=ov; &OyO|tMQs|w} Q=vUCLDps p=tDL=
Min�(x; y1y2; :::; ys) + !p(�1; �2; :::; �s)

s:t:

AX = b;

Bsx+ Csys + �s = es; for alls 2 
;

x � :; ys � : for alls 2 
; (5)

'� C@=FQ=Okt |xwqa x@ |Q=_Dv= Q=Okt pt=W �5� hOy `@=D R= xrtH u}rw=
CQwY x@ u=wD|t xm CU= u; u=} Q=w QO@ Q[

"CWwv �(x; y1; y2; :::; ys) =
P
s2


ps�s+�
P
s2


ps(�s� P
s02


ps0�s0)2

s}tYD |Q}PBlU} Q u=R}t xJQy "CU= |R} QolU} Q?} Q[ u=wva x@ '�?} Q[
�5� hOy `@=D R= xrtH u}twO "OwW|t ?=NDv= QDlJwm � Q=Okt 'OW=@ QDW}@ xOvQ}o
uOQm xt} QH |=Q@ xm CU= |Q}PBu=mt= |xt} QH `@=D (p(�1; �2; :::; �s) |va}�
|xrtH Ck}kL QO "CU=yw} Q=vU R= |[a@ CLD pQDvm |=yC}OwOLt R= |]ND
Q=Okt swO |xrtH xm |r=L QO &Ovm|t |Q}oxR=Ov= =Q ?=wH |Q=wDU= Q=Okt pw=
|Q=wDU= u}@ xrO=@t u=wD|t ! uRw ltm x@ "Ovm|t |Q}oxR=Ov= =Q pOt |Q=wDU=

"O=O s=Hv= =Q xQ=}atOvJ |Q}os}tYD Ov}=Qi QO pOt |Q=wDU= w ?=wH
swO u=wD |=Q=O �?=wH |Q=wDU=� pw= CQ=@a O}vm|t x_Lqt xm Qw] u=ty
|r w w} 'wQ u}= R= "OQ=O �l}D=QO=wm � swO xHQO `@=D pmW |R=UpOt QO w CU=
R= C=@U=Lt |oO=U |=Q@ u=wD|t xm OvOQm Q=y_= OwN |xr=kt QO 2000 p=U QO

[26]"OQm xO=iDU= Q} R pwtQi
�(x; y1; y2; :::; ys) =

X
s2


ps�s + �
X
s2


ps
�����s �X

s02


ps0�s0
���� (6)

C@=F OwN VywSB |xt=O= QO =yv; "CU= |]NQ}e u=vJty hOy `@=D u}=
"Ovvm p}O@D |]N CQwY x@ =Q u; 'h=QLv= Q}eDt uOQm xi=[= =@ u=wD|t xm OvOQm

"OwW|t p}O@D 7 |x]@=Q pmW x@ =yv; pOt C}=yv QO
Min

X
s2


ps�s + �
X
s2


ps[(�s �X
s02


ps0�s0) + 2�s] + !
X
s2


ps�s

s:t

Ax � b;
�s �X

s02


ps0�s0) + �s � 0; 8s 2 


�s � 0; 8s 2 
 (7)
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k xQo QO xm |r}yUD w |rY= p}yUD u=wva x@ i xQo QO OwHwt p}yUD Qo = %Zik
QiY CQwY u}= Q}e QO w 1 'OW=@ u=@}DWB p}yUD u=wva x@ OQ=O Q=Qk

OwN x@ QiY Q=Okt CQwY u}= Q}e QO w 1 Q=Okt OwW O=H}= (i; j) Q}Ut Qo = %Xij
"OQ}o|t

Cq}yUD u}@ |]=@DQ= x=Q O=H}= |=Q@ |} wOwO Q}eDt %Rik
CmQL s |w} Q=vU CLD (i; j) Q}Ut |wQ xm k |QDWt |=[=kD R= |QUm %Y ksij

"Ovm|t
xOQw;Q@ s |w} Q=vU CLD i p}yUD \UwD xm k |QDWt |=[=kD R= |QUm %W ks

i

"OwW|t
pQDvm C}OwOLt x@ \w@ Qt =]N Q}eDt %�+s

ij

Q=wDU= *hOy `@=D |R=U|]N |=Q@ 'u}ov=}t R= h=QLv= Q}eDt %�

hOy `@=wD "3"5
%CWwv Q} R CQwY x@ u=wD|t =Q hOy `@=wD

max
X
i2E

X
j2N0

X
k2E

X
s2S

psCsi

Sj
dijP

j2N0
sj
dij

Zik (11)

min
X
i2N0

X
k2E

fiZik +
X

(i;j)2G
hijdijXij +

X
k2E

X
(i;j)2G

CktijY kij

(12)

xOvwWOQ=w Cq}yUD/ p}yUD CtU x@ xm |O=Qi= O=OaD u}ov=}t �11� hOy `@=D
|=yxv} Ry pt=W �12� hOy `@=D "�C}@=PH `@=D� Ovm|t xv}W}@ =Q Ovvm|t xaH=Qt
K}[wD QO "CU= pkvwptL |=yxv} Ry w |]=@DQ= |=yx=Q O=H}= 'Cq}yUD O=H}=
k xQo R= xm CU= |O=Qi= O=OaD |xOvyO u=Wv 'CkY kij xm Cio O}=@ swU CQ=@a
Qiv Qy |=R= x@ pkvwptL |xv} Ry Qou=}@ sy tij w Ovvm|t CmQL (i; j) Q}Ut |wQ
=yv; `tH TBU w sy QO CQ=@a xU u}= ?Q[ xH}Dv QO "CU= (i; j) Q}Ut |wQ
sDU}U pkvwptL |xv} Ry pm Qou=}@ '�(i; j) hrDNt |=yQ}Ut w =y k |=R= x@�

"CU=
|=[=kD |=yQDt=Q=B w s} Q}o@ Q_v QO C}a]k sOa Cr=L QO =Q xr�Ut Qo = p=L
=Q Q}eDt x=ov; 's} Q}o@ Q_v QO |a]kQ}e CQwY x@ =Q pkvwptL |xv} Ry w u=} QDWt

%OQm h} QaD Q} R CQwY x@ u=wD|t
�s =

X
i2N0

X
k2E

fiZik +
X

(i;j)2G
hijdijXij +

X
k2E

X
(i;j)2G

Cskt
s
ijY

ks
ij

(13)

`@=D 'OW xDio Q=wDU= |R=Uxv}y@ pOt OQwt QO xm xJu; T=U= Q@ u}=Q@=v@
%OQm |U} wvR=@ Q} R CQwY x@ u=wD|t =Q �12� hOy

min
X
s2S

ps�s + �
X
s2S

ps(�s �X
s02S

ps0�s0 + 2�s) + !
X
s2S

ps�+s
ij

(14)
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O}Ov=m \=kv |xOvyO u=Wv sy w CU=[=kD \=kv |xOvyO u=Wv sy xQo Qy "1
"O}OH p}yUD O=H}= |=Q@

C}iQ_ |=Q=O |]=@DQ= |=yx=Q |rw &OvOwOLt=v C}iQ_ |=Q=O Cq}yUD |xty "2
"OvDUy OwOLt

OQ=Ov OwHw u=mt= u}= w OvwW `k=w xm@W |=yxQo |wQ Ovv=wD|t \ki Cq}yUD "3
"OvQ}o@ Q=Qk xm@W \w]N |wQ xm

"OwW `k=w Ov=wD|t p}yUD l} QFm =OL xQo Qy |wQ "4
xOW |R} Qxt=vQ@ xOvyO CtON x@ |QDWt sDU}U T=U= Q@ xm@W |rm Q=DN=U "5
=Q OwN CtON w xaH=Qt p}yUD x@ O}=@ VOwN |QDWt Qy xmu}= |va} &CU=

"Ovm Ci=} QO
"CU= uQ=kDt QiU |=yxv} Ry |xty "6

umtt |r}qO x@ |va} &OvDUy =}=B=v �OwHwt xJ w O}OH xJ� Cq}yUD |xty "7
"OvwW GQ=N |yOCtON R= xm CU=

"OvDUy =}=B w Q=OCyH xm@W |]=@DQ= |=yx=Q |xty "8
"OwW|t ?=QN u=tR OL=w QO p}yUD l} QFm =OL "9

p}yUD l} QFm =OL *u=@}DWB p}yUD u=wva x@ Ov=wD|t 'xOW `k=w p}yUD Qy "10
"OQ}o@ Q=Qk Qo}O

"OW=@ xDW=O OwHw O}=@ |]=@DQ= Q}Ut l} QFm =OL xQo CiH Qy u}@ "11
"Ov=|a]kQ}e CQwY x@ pkvwptL |xv} Ry w u=} QDWt |=[=kD |=yQDt=Q=B "12

"CU= xOW xO=iDU= x@P=H `@=D R= '|D@=kQ \}Lt uDiQo Q_v QO |=Q@ "13

=y|Q=PoO=tv "2"5
=yQDt=Q=B w =yT}Ov=

xm@W |=yxQo |xawtHt %E
OQ=O OwHw p}yUD u; QO =OD@= R= xm |}=yxQo |xawtHt %N

xOvwWOQ=w CmQW p}yUD |Q}o Q=Qk |=Q@ O}Ov=m |=yxQo |xawtHt %N 0 = E�N
xm@W |]=@DQ= |=yx=Q |xawtHt %G

|=yw} Q=vU w =y=[=kD |=yw} Q=vU ?}mQD� xr�Ut pm x@ \w@ Qt |=yw} Q=vU %s
�pkvwptL |xv} Ry

s |w} Q=vU uO=O MQ p=tDL= %ps
s |w} Q=vU CLD i xQo QO |QDWt O=OaD %Csi

j xQo w i xQo u}@ |xrY=i %dij
"CU= xOW `k=w j u=mt QO xm |r}yUD C}@=PH %Sj

i x]kv QO p}yUD uOQm R=@ C@=F |xv} Ry %fi
(i; j) Q}Ut O=H}= |xv} Ry %hij

s |w} Q=vU CLD (i; j) Q}Ut |wQ CQi=Ut |xv} Ry :tsij
(i; j) Q}Ut C}iQ_ %Vij

Ovm|t R=@ xOvwWOQ=w CmQW xm |r}yUD O=OaD %Q
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x=Q l} QFm =OL xQo wO u}@ xm OQ=O xQ=W= xDmv u}= x@ 18 C}OwOLt "OwW|t
|HwQN w |OwQw u}@ pO=aD Qou=}@ 19 C}OwOLt "OQm O=H}= u=wD|t xiQ]l}
p}yUD \UwD O}=@ =} i xQo |=[=kD xm Ovm|t O}m -=D 20 C}OwOLt "CU=yxQo
C}OwOLt "OwW u}t-=D Qo}O Cq}yUD \UwD xmv}= =} OwW xOQw;Q@ i xQo QO OwHwt
GQ=N u; R= O}=@v |v=} QH I}y OW=@ p}yUD i xQo QO Qo = xm Ovm|t u=}@ 21
u}t[D 22 C}OwOLt "OwW ptL Qo}O |k]=vt x@ u; |=[=kD O}=@ xvQow OwW
xDW=O OwHw p}yUD xQo u; QO xm Ovm hQ]Q@ =Q =y=[=kD Ov=wD|t |yQo Ovm|t
pkvwptL |=Q@ Q}Ut l} R= u=wD|t |t=ovy xm OQ=O O}m -=D 23 C}OwOLt "OW=@
|xOvyO u=Wv 24 C}OwOLt "OW=@ xOW O=H}= =OD@= Q}Ut u; xm OQm xO=iDU=
QDW}@ O}=@v Q}Ut Qy u=} QH ẁtHt xm CU= |]=@DQ= |=yQ}Ut C}iQ_ C}OwOLt
xk]vt QO =OD@= R= xm |Dq}yUD u=mt 25 C}OwOLt "OW=@ Q}Ut u; C}iQ_ R=
QO xm Ovm|t xQ=W= xDmv u}= x@ 26 C}OwOLt "OyO|t u=Wv =Q Ov=xDW=O OwHw
?=NDv= u=mt= 27 C}OwOLt "O=O Q=Qk p}yUD l} u=wD|t QFm =OL u=mt l}
|UQQ@ =Q CU= xOW QkDUt |oR=D x@ xm u=@}DWB p}yUD u=wva x@ =Q p}yUD l}
u=@}DWB p}yUD u=wva x@ Ov=wD|tv p}yUD Qy xm Ovm|t O}m -=D 28 C}OwOLt "Ovm|t
hOy `@=D QO xv} Ry Tv=} Q=w x@ \w@ Qt 29 C}OwOLt "OwW ?=NDv= VOwN
xr�Ut QO xDiQ Q=m x@ |=yQ}eDt |xOvyO u=Wv 35 =D 30 |=yC}OwOLt "CU=

"OvDUy

pL VwQ "5"5
l} QDt L� p VwQ R= xr�Ut pL |=Q@ 'CU= xiOy `@=D wO =t pOt xmu}= p}rO x@
Q=Okt R= hOy `@=wD C=i=QLv= |R=Uxv}tm p=@vO x@ VwQ u}= "CU= xOW xO=iDU=
Q=OQwNQ@ |QDtm |oO}J}B R= Qo}O |=yVwQ x@ C@Uv VwQ u}= "CU= u=Wxv}y@
|}=yv ?=wH 'Qo}O |=yVwQ QO "OQ=O xOvQ}o s}tYD Q_v x@ |QDtm G=}DL= w CU=
|=Q@ "OQ=O |oDU@ 'OwQ|t Q=m x@ pOt u; QO xm |QDt=Q=B Q=Okt x@ |O=} R OL =D
u}}aD w OQ=O |oDU@ " Q=Okt x@ |}=yv ?=wH '"�Constraint VwQ QO p=Ft
QO "Ovm QwO ?wr]t ?=wH R= =Q =t CU= umtt 'QDt=Q=B u}= |=Q@ ?U=vt=v Q=Okt
`@=D TBU w x@U=Lt hOy `@=D Qy |ov}y@ |=Q@ |O=Qiv= |=y?=wH =OD@= VwQ u}=

"OwW|t xv}tm hOy

Minimize
� qX
k=1

�

k
����f�k � fk(x)

f�k

�����p� 1
p

s:t:

Xa; Xa = fx=g(x) � bh; h = 1; 2; :::; gg (36)

"CU= s= i hOy `@=D |=Q@ �uRw� C}ty= |xHQO Qou=}@ 
k '36 CQ=@a QO
XNWt p VRQ= "CU= L� p xO=wv=N |xOvvm XNWt QDt=Q=B 1 � p � 1
QDnQR@ p Q=Okt xJQy xm |}xvwo x@ "CU= OwHwt C=i=QLv= Q@ O}m -=D |xHQO |xOvvm
'p = 1 |=yVRQ= ,qwtat "Ow@ Oy=wN h=QLv= u} QDnQR@ Q@ |QDW}@ O}m -=D 'OW=@
u; |xOvyO u=Wv p = 1 "OvwW|t xDiQo Q=m C=@U=Lt QO p = 1 w 'p = 2
CtU x@ p |Dkw "OwW|t xDiQo Q_v QO C=i=QLv= s=tD |=Q@ |v=Um} C}ty= xm CU=
'OwHwt C=i=QLv= R= h=QLv= u} QDoQR@ xm Ow@ Oy=wN swyit u=O@ 'Ovm|t p}tC}=yv|@
x@ p}O@D pOt ' p = 1 xm |t=ovy [27]"OwW|t xDiQo Q_v QO |R=Uxv}y@ |=Q@

"CU= xOW xO=iDU= p =1 R= VywSB u}= QO [28]"OwW|t Minmax Cr=L

Q=Okt |xOvyO u=Wv ?}DQD x@ '14 hOy `@=D QO CQ=@a u}twO w u}rw= xm
"OW=@|t ?=wH |Q=wDU= Qov=}@ CQ=@a wO pm wCU= pm |xv} RyTv=} Q=w w u}ov=}t
C}OwOLt R= |]ND |xt} QH |xOvyO u=Wv '14 hOy `@=D QO CQ=@a u}twU
CLD pQDvm C}OwOLt uOw@ xHwt=v x@ C@Uv 'pOt |Q=wDU= hQat xm CU= pQDvm

"CU= s |w} Q=vU

=yC}OwOLt "4"5X
i2N0

X
j2E

Zij = Q (15)X
i2E

X
k2E

Zik = M (16)X
k2E

Zik +
X

j2E;j 6=i
Xij � 1 8i 2 E (17)

Xij +Xji � 1 (i; j) 2 G (18)X
j2E;j 6=i

Y ksji = W ks
i +

X
j2E;j 6=i

Y ksij

8i; k 2 E : i 6= k; s 2 S (19)X
k2E

Zik +
X

j2E;j 6=i
W is
j = 1 8i 2 E; s 2 S (20)X

k2E
Zik +

X
j2E

Y isij = 1 8i 2 E; s 2 S (21)

W js
i �

X
k2E

Zik 8i; j 2 E : i 6= j; s 2 S (22)

Y ksij � Xij 8i; j; k 2 E; (i; j) 2 G; s 2 S (23)X
k2E

CskY
ks
ij � �+s

ij � VijXij 8(i; j) 2 G; s 2 S (24)X
k2E

Zik = 1 8i 2 N (25)X
k2E

Zik � 1 8i 2 E (26)X
i2E

Zik �X
j2E

Zkj 8k 2 E (27)

Zii = 0 8i 2 E (28)

�s �X
s2S

ps�s + �s � 0 8s 2 S (29)

�s � 0 8s 2 
 (30)

Xij 2 f0; 1g 8(i; j) 2 G (31)

Zik 2 f0; 1g 8i; k 2 E : i 6= k (32)

Rij 2 f0; 1g 8(i; j) 2 G (33)

Y ksij � 0 8(ij) 2 G; 8k 2 E; s 2 S (34)

W ks
i � 0 8i; k 2 E : i 6= k; s 2 S (35)

R=@ xOvwW OQ=w CmQW xm CU= |r}yUD O=OaD |xOvyO u=Wv 15 C}OwOLt
"OyO|t u=Wv =Q �O}OH w OwHwt� Cq}yUD pm O=OaD 16 C}OwOLt "Ovm|t
QO OwHwt p}yUD \UwD =} i xQo QO =[=kD xm Ovm|t u}t[D 17 C}OwOLt
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w O@=}|t Vy=m 'CU= pOt |Q=wDU= |xOvyO u=Wv xm xOWv xOQw;Q@ |=y=[=kD
QiY x@ �xOWv xOQw;Q@ |=y=[=kD Q=Okt� Q=Okt u}= '! uRw O=} R Q=}U@ V}=Ri= =@
Ck@=]t |mUv} SQ w |wrwt \UwD xOt; CUO x@ G}=Dv =@ G}=Dv u}= "Ovm|t p}t

[29]"OQ=O

"! w � u=tRsy Q}}eD |=R= x@ hOy `@=D Q}}eD Q=Owtv "5 pmW

"Q Q=Okt Q}}eD |=R= x@ xv} Ry `@=D C=Q}}eD "6 pmW

� QDt=Q=B QO Q}}eD "1"1"6
?=wH |wQ Ov=wD|t xm CU= xOW x�=Q= pOt QO syt |=yQDt=Q=B R= |m} � QDt=Q=B
xO=O u=Wv xv} Ry hOy `@=D |wQ � QDt=Q=B Q}F-=D 3 pmW QO "OW=@ xDW=O Q}F-=D xv}y@
V}=Ri= =@ xv} Ry *hOy `@=D Q=Okt xm CiQo xH}Dv u=wD|t '3 pmW j@=]t "CU= xOW
Tv=�} Q=w |vRw QDt=Q=�B x@ 'hOy `@=D u=R}t 'Qo}O CQ=@a x@ "O@=}|t V}=Ri= � Q=Okt
w CU= T=UL - OwW|t u}}aD u=oO�vQ}o s}t�YD |w�U R= x�m � (�) p�L
O�t;Q=m w ?�U=vt u}}aD 'u}=Q@=v@ &OQ=O |yHwD u=}=W Q}F-=D hOy `@=D Q@ 'u; |=yQ}}eD
u=ty "OWN@|t Ow@y@ |yHwD p@=k |xR=O�v=x�@ =Q p�L ?=wH C}i}m 'QDt=Q=B u}=
l} '� QDt=Q=B x@ C@Uv hOy `@=D V}=Ri= 'CUy XNWt 3 pmW QO xm Qw]

"CU= C@=F ?}W =@ |]N V}=Ri=
! QDt=Q=B QO Q}}eD "2"1"6

'Ovm|t =i}= xv}y@ ?=wH QO =Q |tyt Vkv xm xr�Ut syt |=yQDt=Q=B R= Qo}O |m}
Cw=iDt Q}O=kt T=U= Q@ xv} Ry *hOy `@=D Q=Okt x} wQ C=Q}}eD 4 pmW "CU= ! QDt=Q=B
'O@=}|t V}=Ri= ! Q=Okt xm |t=ovy xm OyO|t u=Wv pmW u}= "OyO|t u=Wv =Q !
|QDW}@C}ty= ,qta '!V}=Ri= =@ xmu}= p}rO x@ "O@=}|tV}=Ri= R}v hOy `@=D Q=Okt
=@ 'OwW|t QDtm pQDvm C}OwOLt Zkv Q=Okt w OwW|t xO=O pQDvm C}OwOLt x@
=@ 'Qo}O CQ=@a x@ "Ovm|t =O}B V}=Ri= |QDtm C@Uv x@ hOy `@=D Q=Okt ! V}=Ri=

"OwW|t QDtm hOy `@=D V}=Ri= ?}W ' ! V}=Ri=
! w � |=yQDt=Q=B QO u=tRsy Q}}eD "3"1"6

|UQQ@ ! w � QDt=Q=B wO Qy QO Q}}eD |=R= x@ 'xv} Ry `@=D C=Q}}eD 'CtUk u}= QO

"� QDt=Q=B C}U=UL p}rLD Q=Owtv "3 pmW

"! QDt=Q=B C}U=UL p}rLD Q=Owtv "4 pmW
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Maxf2(x)

s:t:

Ax � b; x � 0 (38)

f2(x�2 ) = f�2 ; x�2 %O} Q}o@ Q_v QO Q} R CQwY x@ =Q xr�Ut R= pY=L ?=wH
"O} Qw; CUO x@ =Q fx�1 ; x�2g |xawtHt

x@ u; QO x�1 |x]kv uOQm u} Ro}=H j} Q] R= =Q swO hOy `@=D Q=Okt "4 s=o
CQwY x@ =Q u; ?=wH w �O} Qw; CUO x@ =Q f2(x�1 ) Q=Okt |va}� "O} Qw; CUO

"O} Q}o@ Q_v QO f2(x)min = f2(x�1 )

Q_v QO f2(x)min � "2j � f2(x�2 ) |xR=@ CQwY x@ =Q "2j Q=Okt "5 s=o
"O} wQ@ 6 s=o x@ w O}vm s}UkD CtUk 10 x@ =Q xrY=i u}= w O} Q}o@

"O}vm pL =Q Q} R pOt '"2j |=yCtUk R= l} Qy |=R= x@ "6 s=o
Maxf1(x)

s:t:

Ax � b
f2(x) � "2j (39)

=y?=wH Qo = "O}vm |UQQ@ =Q uOw@ Q}PBu=mt= |=Q@ xOt; CUO x@ ?=wH Qy "7 s=o
CtU |va}� OW=@ binding sy f2(x) � "2j C}OwOLt w OW=@ Q}PBu=mt=
xOt; CUO x@ 9 NDS |x]kv l} x=ov; �OW=@ Q@=Q@ sy=@ xrO=at CU=Q w AJ

"CU=
|vLvt TBU w O}vm x@U=Lt =Q hOy `@=wD Q}O=kt 'xOt; CUO x@ \=kv |=Q@ "8 s=o

"O}vm sUQ =Q wD=Q=B \=kv
Q_v QO Max � fxv} Ry hOy `@=Dg CQwY x@ =Q xv} Ry *hOy `@=D =Hv}= QO

"CU= xOW xv} Qk xOt; CUO x@ ?=wH =yDv= QO w xDiQo

|Q}oxH}Dv "7
|xr�Ut |=Q@ xiOy`@=D wO \rDNt K}LY OOa |]N |R} Qxt=vQ@ pOt xr=kt u}= QO
C}a]k sOa \}=QW QO |D@=kQ \}Lt QO xm@W |L=Q] - Cq}yUD |@=}u=mt
uOQm xv}tm pt=W pOt u}= QO hOy `@=wD "CU= xOW x�=Q= p}yUD QO pqDN= w
|=[=kD 'pOt u}= QO "CU= u=} QDWt |=Q@ p}yUD C}@=PH uOQm xv}W}@ w =yxv} Ry
xr@=kt |=Q@ "OW xDiQo Q_v QO |a]kQ}e CQwY x@ pkvwptL |xv} Ry w u=} QDWt
"OW xO=iDU= 'CU= w} Q=vU Q@ |vD@t xm |wrwt Q=wDU= VwQ R= C}a]k sOa =@
OwHw Cq}yUD uOW GQ=N TQDUO R= w |@=QN u=mt= xmu}= p}rO x@ u}vJty
"OW xO=iDU= u=@}DWB p}yUD R= sDU}U u=v}t]= C}r@=k uOQ@q=@ |=Q@ 'CW=O
xO=iDU= l} QDt L � P VwQ R= xr�Ut uOQm xiOylD |=Q@ 'Qo}O |iQ] R=
|xv}tR QO |OQwt |xar=]t l} R= pOt |}=Q=m uO=O u=Wv |=Q@ 'C}=yv QO "OW
sy=Qi |=Q@ 'xwqa x@ "OW xO=iDU= TQ=i u=DU= QO umU=|D|U x=oDUO |@=}u=mt
s=Hv= xr�Ut |O}rm |=yQDt=Q=B |wQ C}U=UL p}rLD pOt R= |vWwQ lQO uOQm

"OW

"?=wH |Q=wDU= w pOt |Q=wDU= u}@ x[w=at "7 pmW

"h=Oy= pO=@D Q=Owtv "8 pmW

=@ =Q} R "CiQo Q_v QO 80 Q@=Q@ u=wD|t =Q ! Q=Okt u} QDy@ '7 pmW Q=Owtv j@]
|xR=Ov= x@ � CU= ! = 0xm |Dr=L x@ C@Uv - |i=[= |xv} Ry �8 \ki uDiQ}PB

"OwW|t xDU=m pQDvm C}OwOLt Zkv u=R}t R= �90
wD=Q=B \=kv |UQQ@ "6"1"6

wD=Q=B \=kv |x]@=Q u}}aD j} Q] R= =Q C}@=PH w xv} Ry hOy `@=wD pO=@D '8 pmW
|v=tR CUQO u}= w OvW=@ xQ}J=v sy x@ C@Uv O}=@ wD=Q=B x]kv wO Qy "OyO|t u=Wv
u=wD|t =Q ẁ[wt u}= "Ovvmv xQ}J =Q |Qo}O x2 w x1 |=y?=wH xm ODi=|t j=iD=
Q=Owtv u}= |wQ OwHwt \=kv R= l} I}y xm CQwY u}= x@ &Ci=} R}v 8 pmW QO
R= |}xawtHt "Ovvm|tv ?wret =Q Qo}Osy ,=Lq]Y= w OvQ=Ov |QDQ@ sy x@ C@Uv
|=Q@ Q} R |=ys=o =@ " � constraint OQm} wQ j} Q] R= xr�Ut wD=Q=B |=y?=wH
ẁv R= hOy `@=D wO Qy xm ZQi u}= =@� CU= xOt; CUO x@ xiOywO |xr�Ut l}

�"OvW=@ xv}W}@
"O}vm pL =Q Q} R pOt "1 s=o

Maxf1(x)

s:t:

Ax � b; x � 0 (37)

f1(x�1 ) = f�1 ; x�1 %O} Q}o@ Q_v QO Q} R CQwY x@ =Q jwi |xr�Ut ?=wH

32



1 1
|xQ

=tW
'35

�1|
xQwO

'�1
39

8u
=DU@

=D�h
}QW

C}
Q}Ot

w`}
=vY

|U
Ovyt =} |R=i CQwY x@ =Q xr�Ut |=yQDt=Q=B u=wD|t u}vJty "OwW xO=iDU= xr�Ut pL

Q_v QO =@ u=wD|t 'xwqa x@ "OQm |UQQ@ ,=OOHt =Q xr�Ut w CiQo Q_v QO |QDUm =N
xr�Ut x@ R}v =Q Q}N-=D w xDiQ CUO R= |QDWt |=yxv} Ry 'Cq}yUD C}iQ_ uDiQo

"OQm xi=[=

|=yVwQ Qo}O 'Ovm =O}B V}=Ri= =yw} Q=vU O=OaD xm |DQwY QO xmu}= x@ Q_v
|D=aw[wt xrtH R= 'OwW|t Np-hard xr�Ut w OvDU}v xr�Ut pL x@ QO=k j}kO
|Q=mD@= |=yVwQ R= xm CU= u}= OQm xQ=W= u; x@ xOv}; |=yVywSB |=Q@ u=wD|t xm
|=Q@ xQ}e w �PSO� C=QP |R=Uxv}y@ w �TS� ẁvtt |wHDUH Ovv=t |Q=mD@==Qi w

=yCWwv=B
1. stochastic
2. facility location network design problem
3. cut-set
4. tractable robust approach
5. design variable
6. control variables
7. structural constraints
8. control constraints
9. non dominated solution

�References� `@=vt
1. Daskin, M.S., Hurter, A.P. and Vanbuer, M.G. \To-

ward an integrated model of facility location and trans-
portation network design", The Transportation Center,
Northwestern University, 35(6), pp.515-538 (1993).

2. JabalAmeli, M.S. and Mortezaei, M. \A hybrid model
for multi-objective capacitated facility location network
design problem", International Journal of Industrial En-
gineering Computations, 2(3), pp. 509-524 (2011).

3. Drezner, Z. and Wesolowsky, G.O. \Network design: se-
lection and design of links and facility location", Trans-
portation Research Part A: Policy and Practice, 37(3),
pp. 241-256 (2003).

4. Contreras, I., Fern�andez, E. and Reinelt, G. \Minimizing
the maximum travel time in a combined model of facility
location and network design", Omega, 40(6), pp. 847-860
(2012).

5. Rahmaniani, R. and Ghaderi, A. \A combined facility
location and network design problem with multi-type
of capacitated links", Applied Mathematical Modelling,
37(9), pp. 6400-6414 (2013).

6. Ghaderi, A. and Jabalameli, M.S. \Modeling the budget-
constrained dynamic uncapacitated facility location-
network design problem and solving it via two e�cient
heuristics: a case study of health care", Mathematical
and Computer Modelling, 57(3), pp. 382-400 (2013).

7. Rahmaniani, R. and Ghaderi, A. \An algorithm with dif-
ferent exploration mechanisms: Experimental results to
capacitated facility location/network design problem",
Expert Systems with Applications, 42(7), pp. 3790-3800
(2015).

8. Lim, M., Daskin, M.S., Bassamboo, A. and et al. \Fa-
cility location decisions in supply chain networks with

random disruption and imperfect information", Working
Paper, Department of Business Administration, Univer-
sity of Illinois, 15(2), pp. 165-165 (2009).

9. Jabbarzadeh, A., Jalali-Naini, S.G., Davoudpour, H. and
et al. \Designing a supply chain network under the risk
of disruptions", Mathematical Problems in Engineering ,
Article ID 234324, p.23 (2012).

10. Alcaraz, J., Landete, M. and Monge, J.F. \Design and
analysis of hybrid metaheuristics for the reliability p-
median problem", European Journal of Operational Re-
search, 222(1), pp. 54-64 (2012).

11. Shishebori, D. and Jabalameli, M.S. \Improving the ef-
�ciency of medical services systems: a new integrated
mathematical modeling approach", Mathematical Prob-
lems in Engineering, 2013, pp. 13 (2013).

12. Shishebori, D., Snyder, L. and Jabalameli, M. \A reli-
able budget-constrained FL/ND problem with unreliable
facilities", Networks and Spatial Economics, 14(3), pp.
549-580 (2014).

13. Shishebori, D. \Study of facility location-network de-
sign problem in presence of facility disruptions: a case
study", IJE TRANSACTIONS A: Basics, 28(1), pp. 97-
108 (2015).

14. Rosa, V.D., Hartmann, E., Gebhard, M. and et al. \Ro-
bust capacitated facility location model for acquisitions
under uncertainty", Computers & Industrial Engineer-
ing, 72, pp. 206{216 (2014).

15. Hate�, S.M. and Jolai, F. \Robust and reliable forward-
reverse logistics network design under demand uncer-
tainty and facility disruptions", Applied Mathematical
Modelling, 38, pp. 2630-2647 (2014).

16. Baghalian, A., Rezapour, S. and Farahani, R.Z. \Robust
supply chain network design with service level against
disruptions and demand uncertainties: A real-life case",
European Journal of Operational Research, 227, pp. 199{
215 (2013).

17. An, Y., Zeng, B., Zhang, Y. and et al. \Reliable p-median
facility location problem: two-stage robust models and
algorithms", Transportation Research Part B, 64, pp.
54{72 (2014).

18. G�ulpinar, N., Pachamanova, D., and C�anakoglu, E. \Ro-
bust strategies for facility location under uncertainty",
European Journal of Operational Research, 225, pp. 21-
35 (2013).

19. Shishebori, D. and Youse� Babadi, A. \Robust and reli-
able medical services network design under uncertain en-

33



"""Q=
wDU

=|
R=Ux

v}y@
|xi

Oy
OvJ

pOt
|x�

=Q=

vironment and system disruptions", Transportation Re-
search Part E: Logistics and Transportation Review, 77,
pp. 268-288 (2015).

20. Ashtiani, M.G., Makui, A. and Ramezanian, R. \A ro-
bust model for a leader-follower competitive facility loca-
tion problem in a discrete space", Applied Mathematical
Modelling, 37(1), pp. 62-71 (2013).

21. Wang, X. and Ouyang, Y. \A continuum approximation
approach to competitive facility location design under
facility disruption risks", Transportation Research Part
B: Methodological, 50, pp. 90-103 (2013).

22. Shiode, S., Yeh, K.Y. and Hsia, H.C. \Optimal location
policy for three competitive facilities", Computers & In-
dustrial Engineering, 62(3), pp. 703-707 (2012).

23. K�u�c�ukayd�n, H., Aras, N., Kuban Alt�nel, _I. \A leader{
follower game in competitive facility location", Comput-
ers & Operations Research, 39(2), pp. 437-448 (2012).

24. Hu�, D.L. \De�ning and estimating a trading area",
Journal of Marketing, 28, pp. 34-38 (1964).

25. Mulvey, J.M., Vanderbei, R.j. and Zenios, S.A. \Ro-
bust optimization of large-scale systems," Operations
Research, 43, pp. 264-281 (1995).

26. Yu, C.S. and Li, H.L. \A robust optimization model
for stochastic logistic problems", Int. J. Production Eco-
nomics, 64, pp. 385-397 (2000).

27. Asgharpour, M.J. \Multiple criteria decision making,
Iran:" Tehran University Publications, pp. 12-15 (1998).

28. Noorossana, R. and Kamali Ardakani, M. \Robust pa-
rameter design using An L-p metric", International
Journal of Industiral Engineering & Producion Manage-
ment, 19(4), pp. 63-70 (2008).

29. Mulvey, J.M. and Ruszczy�nski, A. \A new scenario de-
composition method for large-scale stochastic optimiza-
tion", Operations Research, 43, pp. 477-490 (1995).

34


